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PREFACE. 


The remarkable progress made in recent years in the Theory of 
General Functions has revolutionised the method of treatment 
of many of the higher branches of Pure Mathematics ; and the 
brilliant work of Riemann, Weierstrass, and their followers has 
opened out new paths for research. The discovery by Stokes 
and Seidel of the fundamental principles underlying the con- 
vergence of an infinite series has been far-reaching, and the 
question of uniformity or non-uniformity of approach to a 
limit which arises in dealing with such series and of continuity 
in the limiting values of functions dependent upon more than 
one variable when those variables are made to approach definitely 
assigned values, are matters which necessitate close attention. 
Professor Chrystal, in his Algebra, vol. ii., discusses such ques- 
tions at considerable length in a most useful chapter on “ The 
Convergence of Infinite Series and Products.'* 

A general discussion of Abel's Theorem regarding .the general 
integration of Algebraic Functions and of its development by 
Liouville and others is given by Bertrand (Calc, Integ,, ii., ch. v.), 
and an account of the general problem of integration of a function 
of a single variable, its possibilities and its barriers, is to be found 
in No. 2 of the Cambridge Mathematical Tracts (2nd ed.) by Mr. 
G. H. Hardy. A clear and careful exposition of the modern 
theory of Integration from Riemann's point of view, and of 
the question of Convergence of Infinite Integrals, is given in 
Professor Carslaw’s work on the Theory of Fourier's Series, 

It was my original intention to incorporate into this book some 
account of the more recent developments of the subject, and a 
long chapter was written for Volume I. with that view. But the 
further I progressed the stronger was my conviction, gained from 
many years of experience of work with post-graduate students, 
that there is in these days far too great a tendency on the part 
of teachers to push on their pupils so fast to the Higher Branches 
of Analysis or to Physical Mathematics that many have neither 
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time nor opportunity for the cultivation of real personal pro- 
ficiency, or for the acquirement of that individual manipulative 
skill which is essential to any real confidence of the student in his 
own power to conduct unaided investigation, and without the 
possession of which any temporary interest he may have gained 
as a student must speedily die a natural death. I therefore felt 
that I should best serve the interests of the majority of readers 
by endeavouring to help them to cultivate and consolidate their 
knowledge, and to acquire an adequate mastery over the common 
processes of the Calculus rather than by pointing out the direc- 
tion of the more modem trends of thought and by indicating 
further vistas for research. To do this, it has been necessary to 
exhibit a large number of worked-out illustrative examples, in 
addition to furnishing an adequate selection for personal practice. 
A great part of what I had prepared with regard to modem work 
was regretfully withdrawn, and other projected and partially 
completed portions either abandoned or drastically abridged, as 
they dealt with matters which would rather be of interest to 
specialists than helpful to the average reader. 

The functions considered are for the most part combinations of 
the Elementary Functions of Ordinary Analysis, continuous and 
in general bounded, and for such the definition of integration as 
used by Cauchy and generally adopted in text-books will suffice, 
and form an adequate instmment for the treatment of the 
particular classes discussed. The more elaborate definition by 
Riemann, which furnishes a more powerful and delicate, but at 
the same time somewhat complex instrument for the discussion 
of generalised functions, introduces certain difficulties of con- 
ception likely to be an unnecessary source of trouble to the 
ordinary student in his earlier studies. It is therefore postponed 
until it is to be expected that he has arrived at a thorough 
mastery of the common processes to be used in the various appli- 
cations of the Calculus, and has gained a riper experience for its 
consideration. And it does not appear that any danger is to be 
apprehended in such delay, seeing that Riemann’s definition is 
specially devised to meet generalities which will only have to be 
dealt with in a later stage of specialisation. 

JOSEPH EDWARDS. 

Queen’s College, London, 

Jyibi, 1922 . 
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CHAPTER XXIIL 


CHANGE OF THE VARIABLES IN A MULTIPLE 
INTEGRAL. 

82G. A NUMBER of cases have occurred in previous chapters 
ill which the evaluation of an area or a volume has been much 
facilitated by a proper choice of coordinates, and changes 
have been made from one specific system of coordinates to 
another specific system, such, for example, as from Cartesians 
to polars, or to elliptic coordinates. 

In particular, we have established the results, that in 
transforming from an x, y system, which may be regarded as 
Cartesian, to a w, r system, we have 

and when we change from a three-dimensional Cartesian ar, y, z 
system to another system in terms of new variables w, Wy we 

the symbol V' representing merely the value of V as expressed 
in terms of the new coordinate system. 

These changes have been found very especially useful in 
the case where the bounding curves or surfaces of the regions 
under consideration are themselves members of the three families, 

w=:const., i;=const., ?/;=const. 

This was the case in the typical example of Art. 793, viz. the evalua- 
tion of the area of a Carnot’s cycle, bounded by isothermals a’y=ai, 
*^.y = a 2 , and the adiabatics — and it will be recalled that 



2 


CHAPTER XXIII. 


the region thus bounded was divided into elementary areas bounded by 
curves of the same types, viz. 

xy — u-^- 5m. = V + Sr. 

Exactly the same course was followed in the three-dimension 
typical examples of Articles 797, 798. 

827. Further Examples. 

1. The quadrilateral bounded by the four parabolas 
y* — a}x^ y* = b*x^ A** = e*//, x*—f*y^ 

revolves round the axis of y ; find the volume generated. 

[CoLLEora a, 1890.] 

If 8x 8y be an elementary rectangle of this area, we have 


V—j j^TTX dx dy 



Now, instead of taking elements of rectangular shape such as 5.r5y, let 
us divide up the area by the families of paiabolas 

x^^ v^y^ (I) 

Then w=a and m=6, v^e and v=/ are the bounding parabolas of 
the region, and the elementary area enclosed by w, m + r, v + Sr is 
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From equations (1) f/=u*v, 

J = ^7-’ = I V*, '2uv I = — 

|2«r, «• I 


F=6>r^ J u*v‘dwclv 




2. Evaluate the triple integral j f taken through a volume 

bounded by six confocal quadrics, the seniiaxes of the quadrics being 

"». 1 ht, Ca, } a,, rg, ) 

and Oi, /q', Ci',J and 6,, Cg,j and 6*, c*'./ 

[Math. Trip., 1889 .] 

Taking a definite confocal «, 6, c, let the three confocals through any 
point .r, y, 2 of the region be 


and we have 


whence 


“a ~ ’ 2'j l* + =l, — 1- + — 1, 

a* 4- A fi* 4- fL (r 4- v 

,.i- (^ + «*)(M + «*)(f+«*) ete /A,,. S12V 

2 ?.r 2 0.r _ 1 

.r '<4A .r c^/x /u-fo®’ ^ 

/_ 1 _L _L ' 

’ '''Z^(A,//, r) '8' A4-«*’ /x + f/®’ r4-o* 


A4-/>*’ /x4-/>"’ r+6*; 

1 J 

U + r*’ p+>> r + c»l 


///'-^r-l///-xiTr.(7Ti<- rTT'-^T?' 

i 2 [log (A 4- o*)] {[log {fL 4- />*)] [log (r + c*)] 

- [log {fL 4- c*)] [log {v 4- i*)]}, 

and at one set of the boundaries 


A + o*-=Oi*, A4-6* = ?q*, A4 -c* = Ci®, 

q- rt 2 = J* , /4 4- = 62 *, /X 4- c® = cj®, 

1; 4- rf ® = a ,®, V 4 - = ?>8*, v 4 - c® = C3® ; 

and for the other set, 

A 4- a® = Oi' ®, A 4- ?>* = ®, etc. 

Hence the limits for A are from «i®-a* to Oj'®-u®, 

for /X from b^*-b* to hi^~b\ 

for V from Cj* — c* to Ci'*-c®. 
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Therefore 



828. Remarks on the Transformation. 

The usefulness of a change of variables is not, however, 
confined to the case in which the bounding curves or surfaces 
of the region considered are particular cases of the families of 
curves or surfaces by which it has been deemed desirable to divide 
up the region into elements and for which case the limits are 
constants. 

The process of transformation is threefold : 

(a) The transformation of the subject of integration into 
terms of the new variables. 

(b) The determination of the new element of integration, 

which resolves itself into the calculation of J. 

(c) The determination of the new limits. 

Of these, (a) and (b) are merely algebraic processes, and give 
no trouble. 

The determination of the new limits (o) however, often 
presents considerable difficulty to the student. And we can- 
not lay down explicit rules to be followed to suit all cases. 
Generally speaking, it is best to proceed, from geometrical 
considerations, first forming a clear idea of the region which the 
original dement of area or volume was made to traverse. This 
will be clearly indicated by the limits of the integrals occurring 
in the expression to be transformed. Then the new limits 
for the transformed integral must be so chosen that the new 
element of area or volume, as the case may be, traverses the same 
region^ once and onee only, as was traversed by the original 
element in its march as defined by the limits of the original 
integral. 

The student will require considerable practice in the assign- 
ment of the new limits, and therefore a number of illustrative 
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examples are appended from which he may gather an idea of 
the course to be adopted. 

And before proceeding to discuss them in detail the student 
is advised to note that at times, even a change of order in the 
integration, without any change in the variables, may be useful, 
and that in some cases an integration in different orders may 
lead to important conclusions. Some of the earlier examples 
are therefore confined to mere change of order with no change 
in the coordinates, and the necessary change in the limits 
will be the subjc^ct of main attention. 

S2I). Change of Order of Integration. 

rh i*#e 

Ex. 1. Consider / c/j- y), all the limits being known constants. 

Hei’e the sjjacc bounded by y = c, g — d, j'~a, :r~b is tlie region 
through which all jjroducts such as /*(./', are to be added, viz. the 



0| M X 

Fig. 2*Xk 

rectangle AliCD in Fig. 29G. In the integration as it stands we integrate 
first with regard to //, kee|)ing ,r constant, thus adding up all elements 
in such a strip as HSS' R' in the figure. Then all such strips are to be 

added in the operation ^ ( )d.r. 

If we wish t ) change the order of the operation and express it as 
f di/ jdx 

we have to assign the new limits. 

Clearly in this case the sum of such elements as we have considered, 
added up along sucli a strip as PQ(/ 1^ parallel to the .r-axis, wull be 

/ f{x,y)dx, 

•’a 
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and the sum of all these strips, from y—c to = will be 

Jc J a 

Thus / ( ^yA^'yy)= ( { d,vf{,r,y). 

It appears therefore that in the case of constant limits no change is 
entailed by a change in the order of integration. 

Ex. 2. Consider \ f f(xyy)d.rdy. 

Jq Jq 

Here the limits for y are from y = 0 to y=:t\ and for x from .r=0 to 
X = a. 

These indicate that the boundaries of the region for which the elements 
/(.r, y) Sx 8y are to be added are 

the .r-axis, the line y -.r, the line x~a. 

And if instead of taking strips parallel to the y-axis, we add up the 
elements in strips parallel to the :r-axis, of which PQQ ' is a type 



(Fig. 297), this summation is to be taken from x=y to .r = a, and 
j f{^yy)^^ will be the sum for the strip P(^(/ F. 

These strips are then to be added from y = 0 to y = giving 

\ j /(■'■, 

Jo Jv 

as the transformed result. 

co8« If* 

Ex. 3. Consider I I f{Xyy)dxdy. 

Jo JX tiin a 

The region o f inte gration is bounded by the straight line y = j*tana, 
the circle y^Ja* - and the y-axis. 

The present summation is that of strips pamllel to the y-axis. If we 
change the order of the integration we must add up all elements in a strip 
parallel to the a;*axis before adding the strips. 
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These strips change their character at the point where y = ap\i\ a ; from 
y—0 to, y — a sin a, the length of a strip is bounded by the y-axis and 
tlie straight line y==aJtana; from y=a8ina to y — a the strip is termi- 
nated by the circle. 

Hence the integration consists of two separate parts, viz. 



Fig. 2118. 


It is often useful to test general results and verify our conclusions by 
application to some simple case. Take, for instance, /(.r,y) = l. Then 
the primary integral represents the area of the sector of a circle of 
radius a and angle ^-a. Hence the result should be 
The integration of the transformed result is 

ra sin a ra 

I y cot a dy -f I yja*- ?/• dy 
Jo * J a sin a 

cot (iT o ’ll • 

L” Jo ttJaHino 


~ -V i^i^i a a + irt* . ; 


, . a* a*(Tr 

- Aa'^sin a cos a — 


as it should be. 


Ex. 4. To change the order of integration in the integral 


n \ax 

/(•'•. 

\!ax-x* 


y)dxdy. 


Here the region of integration is bounded by 

(1) The parabola y^~ax. 

(2) The semicircle x* -^y^ — ax^ which we may note is the circle of 

curvature at the vertex of the parabola, and lies entirely within 
the parabola. 
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(3) The straight line x^a ; and this is a tangent to the circle. 

Instead of adding up the quantities /(x, y) 8x 8y along strips such as 
2>j^(Fig. 299) parallel to the ^-axis, and then adding the strips, we have 



A] S N X 


Fig. 299. 


to add up elements in a strip parallel to the .r-axis, and then add up these 
new strips. It will be noted that so long as y is less than - such strips 
are broken into two parts as FG and HK^ but for values of y>^ they 

are continuous as at UV, Let W be the point of contact of the tangent 
BC to the semicircle, which is parallel to the ^-axis. The new integration 
must cover the three portions 

(1) AFBWOA ; (2) WGKNHW ; (3) BUPCWB, 

Referring to the figure in which the lines FK and parallel to the 
x-axis meet the y-axis at L and M respectively, 

In region (1), 

the limits for x are from LF to Z(7, and for y from 0 to NC. 

In region (2), 

the limits for x are from LH to LK^ and for y from 0 to NC. 

In region (3), 

the limits for x are from MU to MV^ and for y from NC to NP. 
Hence the ti’ansformed result will be 


f{x,y)dydx + 


-f(x,y)dydx + 




y) dy dx. 


Ex. 5. Change the order of integration in 


a(l+co8®) ra(l+co8®) 

/(r, 0) r dr -j- 1 I /(r, d)r dS dr. 

a cos 9 J J 0 

1 

As the integral stands, integration is effected through a region bounded 
by the upper half cardioide r=a(l +cos 0), the upper half circle r*:a cos ^ 
and the intercepted portion of the initial line. 
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When the order of integration is changed we are to add elements along 
strips which are bounded by circular arcs as shown in Fig. 300, and then 
add all the strips. Let BC be the arc, with centre 0, which touches the 
circle at B. Let M'Q' be contiguous arcs with centres at 0 inter- 
cepted between the circle and the cardioide, and NP, N'P' contiguous 



arcs with centres at 0 intercepted between the initial line and the 
cardioide. Then the new limits of integration are : 

A A 

for from 6=AOM to 0==AOQy for values of r from 0 to OB^ 

A 

and for 6, from 0=0 to 6=A0P, for values of r from OB to OA. 
The first of these accounts for the region OMBCQO. 

The second accounts for the region APCBA. 

And the transformed integral stands as 

I .ir - a 

r 2a “iT 

/(r, 0)rdrd$A-\ /(r, 6)rdrd$. 

Ex. 6. Change the order of opei-ation in the integration system 

Pa 2 aag 
3a 

f(x,y)dxdy 
f I f{x,y)dxdy. 

J*2J* (20-*) 


■a fv2aa:— *• 


•a f ‘ 

. 0 . 


a(2o-*) 


f{x,y)dxdy+ 
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Here summation is effected by strips parallel to the ^-axis within a 
region bounded by 

( 1 ) the parabola 2rt?y = ,r(2a - j*), 

(2) the semicircle — 

(3) the hyperbola 5.r*y = 2a.v 4- .3wy. 

The coordinates of the intersections of the curves are shown in Fig. 301. 



Let C\ D be the intersections of the circle and the hyperbola, and B 
the vertex of the parabola. Let LPQ be the tangent to the parabola at 
i?, and let MB be drawn through I) parallel to the .r-axis, cutting the 
y-axis at L and Af respective!}'. 

Then in division by strips parallel to the .r.axis we have four regions 
to consider, viz. : (i) OPB, (ii) Bi^A^ (iii) PHDQ^ and (iv) RCEDH. 

We then obtain for the transformed result, 



/(.c, y) 

— v^a*— y* 



/(.r, y) f/y dx 


3a 

r a' ra-fN/a*-y* Ca r'>y— 2a 

4-1 I /(•i’,y)<^y^^.r4- 1 I 

Ja Ja-Va*— 1/* 

•J 5 

the several items of integration referring to the respective regions 
enumerated. 


Ex. 7. Evaluate the integral 


— dxdt/. 

y 


[St. John’s Coli.., 1889.] 
As the integral stands, summation is conducted over the infinite region 
bounded by the line y = .r, the y-axis, and an infinite boundary, say 
y = «, where a is infinitely large, and along which the subject of integra- 


tion ^ is ultimately zero, the strips being taken parallel to the y-axis. 

Change the order of integration, taking strips parallel to the jr-axis. 
The new limits are : for x, from .r==0 to a:=y 
and for y, from y=0 to y = <?. 
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And the integral becomes ~ dy dx 

A^a=co ^ e-v dy 
= M.=.(I -e-") = ]. 

Hence the value of the integral is unity. 



Ex. 8. CJhange the order of integration of the triple integral 

n 'a—x ra—z—y 

fkAlh z)d,vdydz 

0 .'0 

in all po.ssible permutations of f/.r, dy, dz. 

The integration referred to is evidently through the volume bounded 
by the three coordinate planes and the plane ,r + ?/-|-^ = «. 

The integration as it stands siip|x>8ea this region divided into volume- 
elements 8,rSy82 by means of slices or laminae parallel to the plane .r = 0, 
subdivided into tubes or prisms parallel to the r-axis, and these further 
subdivided into elementary cuboids by planes }>arallel to the plane z — 0. 
The other modes of division and summation are obvious. 

And the transformations are 

n *«i— X ,'a—t~x 

, X f{x,y,z)dxdzdy, 

I I Jo fi^<!>,z)dydzdx, 
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joi Jo 

i'a fa — t I'rt— z— X 

ii i 

L i L /(■'•.?/. •5)'^* 

Jo Jo Jo 

Ex. 9. Express tlie integral 

^ /(•\y^2)drdy<h 

0 J.v 

as an integral of the form 

/ i 

In the first integral the region over which the sninniation is conducted 
is bounded by 

(1 ) the sphere ./•* 4 - ~ a-, 

(:2) the plane // = 0, 

(3) the plane .r = 0, 

(4) the plane z~y^ 




'y 

Fig. 303. 


and the first integration was that of elementary cuboids in the tubes on 
hxhy for base and parallel to the 2 :-axis. The second with regard toy 
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added the tubes in a slice parallel to the plane ^=0, and the third, 
integrated with regard to jr, added up the slices. 

We are now to construct tubes on 8t/Sz for base, and the limits for the 
first integration will be for x from 0 to 



Then we are to sum these tubes which are bounded on two sides by 
planes parallel to the plane of y=0, and the limits for z are from z^y to 
z — sla^-y^. 

Finally the .slices thus formed are to be added from y = 0 ^ 

The transformed integral is therefore 

a 

/ / / Ar,y,z)dydzdx, 

Jo J» Jo 

830. Examples of Change of the Variables. 

We shall use the notation F for any function of the original 
variables and V' for the same function expressed in terms of 
the new variables. 

In the caise of change from Cartesians to Polars for two- 
dimension problems, the element of area SxSy is replaced by 
T S6 Sr, and for three-dimension problems Sx Sy Sz is replaced 
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by sin 9 SO S<l> Sr. In converting from three-dimension Car- 
tesians to cylindrical coordinates SxSySz is replaced by the 
new element of volume r SO Sr Sz. 

It is convenient to remember these, as the labour of calcu- 
lating the new element from the general result, viz. 

JSu Sv Sw or Su Sv Sw 

o(u, V, w) 

is in these cases thereby avoided. 

831. Illustrative Examples. 

Ex. 1. Show that / / Vd.rdu=Pf V'udvdu^ i 

-- . Jo Jo ^ .'o Jo [Colleges, 1881 . 

(Jacobi’s Tiansformation, Crellds Journal, vol. xi. p. 307.*) 
Here .v=u{l -v), y — uv, 

«/== I 1 ~ r, ~ I = ?/, 

I I 

Hence J Su Sv — « Su Sv. 

Also V upon transformation becomes V\ 

The transformed result therefore becomes 



O] Liz J 


Fig. 305. 

In our example the former is the case. We now have to determine the 
proper limits of integration. 

In the original form the integration was for y from 0 to c-x and for 
X from 0 to c. 


Gregory’s Examples, p. 41. 
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The region throiigli which the integration is to be conducted is then 
that bounded by the axes and the straight line x^^y—c. 

The transformation formulae 

x+y=^u, y = 

indicate that the new division of the area is to be by means of lines 
drawn parallel to x-\-y — c and by rudial lines through the origin, the 
lines w + Sw, v, r + bounding the element whose area has already 
been formed, viz. u Sr. 

Let these lines be ZA/, L'M\ OP, OQ respectively. Then as we are to 
integrate first with regard to u, keeping v constant, we are to add up all 
the elements in the triangle OPQ, and afterwards add up the elementary 
triangles. In passing from 0 to P u increases from n — O to u=c. 

Hence the first integration is f V'lidu. 

Jo 

In the second integration - changes from tan 0 (t.e. 0) to tan 90“ 
{{.€. 00 ), and V changes from 0 to 1. Hence the transformed result is 

J V't/dvdu. 

If we had elected to integrate in the opposite order the result would 
have been n 

/ / V'u du dv. 

.'0 Jo 

Ex. 2. Change the variables in j jdxdy to u, v, where 

y5> — 7 , ; and apply the result to show that the area included between 
the circles x^-^y^ — a\ one branch of the hyperbola x’^-y'^^c^ 

and the axis of y is 

'2\ . • -1 ' _i 1 h^-k-^b^-c* 

+ ■j-*-?'"" 


where c<a<h. 
Here 


and therefore 


J' = 2./*, 2.?/ = - 8.ry, 

2.r, — 2;/ 


Sxy 


I 1 
4 >Ju^- 


and the ti*ansformed integral is - 
the proper limits. 

The region over which summation is to be conducted is the portion 
ABECDFA ot Fig. 306. 

If OFE be the asymptote of the rectangular hyperbola, the area of the 
portion FECD is plainly -KTri^ — Tra*). We have then to turn our atten- 
tion to the portion ABEF, And for this the line FE is a case of 
rectangular hyperbola, viz. r=0. Hence for this region the limits are 


Iff where it remains to assign 

4JJ^u^-vi* 
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constant, viz. M=a* and u — b^, v=0 to v = c^, and with this assignment of 
limits we may omit the - sign and take 


Area ABEF 


4jaJo 


1 

4./a« 


du dv 


1 r 

— - / sin * — cftA 
4 U 

If -1 <^T . 1 r' ^ 

= - 4- / ~p====du 

4 L. —la* 4 Ja* V 

h'^ . , 6’^ a* . C-, 6*4- s/6* -o'* 

= -- 8in“* T5 - X ***' + T — ?=r=i • 

4 6^ 4 a* 4 ^a2 4.^a4_^.4 



Hence adding the portion FECD already found, we have 


Area of ABECDFA 


IT 

8 


6® ^2 ^2 ^2 
(6*_a*) + Jsin-^-^8ir.-^,+^-log 


b^ + -Jb*-c* 

c*4-s^a*- 6-* 


Ex. 3. Show by transforming to polar coordinates that 


taiK 


a ra tan dy 


(^+y2^„2)2 

— ^ ^ tan"”* (tan cos a) 4- sin j5 tan~* (tan a cos P)). 

[Colleges, 1887.] 


Putting a7=rco8^, y—r Bin 6 and remembering that the element of 

area SxSy is replaced in polars by r3^8r, we have 
remains to assign the limits for r and 6* 


fii 


rdBdr 
(r2 4-tt*)2 ’ 


and it 
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The region of integration is the rectangle bounded by *r==0, j>7=*atana, 
y =. 0, y = n tan p. J f y be the angle which the diagonal through the origin 

makes with the ^-axis, tany=^^^^^. 

’ • tan fi 



The whole integration consists of two j)arts, viz. 

I’y I'a Un a sec $ r dO dr fa tan /3 c< 


rr 

Jo Jo 


conecB rdOdr 


the fn*st referring to the portion of the rectangle between the diagonal 
and the .r-axis, and the second to the part between the diagonal and the 
y-axis. 

This is clearly 

1 ryf ^ "la tan a sec 0 1 Pf 1 natan^coscc^ 

5 .i L-rq^J„ ''<'+ 5 , 1 , L-;:q: 7 J„ 

=-1- rfi Vfff , L /'V, sitting N 

\ cos“6/ + tan^a/ ' 2 * 1 ^ jy \ (J 13 ) 


J__f 4-J- /'■ tiui2/3rf(9 

2«2 .'o aec'-a c<m^6 + taii’^a ai ii“</ + ./, aeir/i ailing + teu ^ fi cosrb 


00860 ^ 6 ^ dd 


t’An^add 

]_ dd 1 cost 

~~ 2 dKfQ Qosec^a + tiin^d^ 2 (?Jy cosec-^+ cot^ 

[®‘" ** ® P tan-’(ain /3 cot e)J 

*T 

= 2^ sin a tan-'(co.s a ten ^) + L sin fi ten->(cos^ ten a). 


Ex. 4 . Two lemniscates whose equations are — coH 2 d and 
?-‘^ = 6 i^sin 26 ^ respectively, aie drawn through a point P, and two others 
whose respective equations are r‘^=fi/cos20 and r^^^fe/sin 2 d are drawn 
through Q. P and Q are both in the first quadrant. Tlie lemaining 
intersections of the four curves in the first quadrant are H and /S. The 
coordinates of these points are respectively (r^, dt), (r„ (rg, ^3), 
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It is required to show that the curvilinear quadrilateral thus enclosed 
has an area t f / q 9 \ / 9 

^f( ^ 3 ^ 1 W I 

2 \ Vsin 4^3^8in 4t^4/ Vsin 4^/i^8in 46/*/ / ’ 

Considering the two types = cos 2^, r^ — v^ sin 20, we obtain 


•(-+-)= 
\?t V/ 


1 and tan 20=^ 


»>. r*=-^. e = Jtan-‘4. 

Hence 

d(u,v) 16 r*| „-i„i (» + »>' !«'• („ + «)? 

Also ^ =jjrd0dr=jlr^^dud.^ 

The limits of integration are o,'* to n^* for ?/., and tc for v taking 
a positive sign before the integral. 



Fig. 308. 


Hence 


— Jl 

16Ja,4 Jfc,4 (‘14 4-1;)^ 

'rf ' — L_^i* 

=J[(V+»)i-(V+«)*J] 

■=lUh,* + n + ‘ + rT ♦’ii + ffi ‘ + 
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Now the ciii vea intersect at r,, and 


«i* + V = 


cos* 2^1^ sin® 2 6^1 8in*46?i* 






Similarly, 


+ &»*= - » 02* + V = — w » and ttj* + 6a* = . 

8111*404 Sin®403 8111*402 

1 r” 1*3* r^* i*j* I'a* ”1 

Hence ~ 2 Lsin 403'^8in 40 * sin 40 i sin 40 *J 


Ex. 5. Transform the integral i f *^c?</>(/0 by the substitution 

Jq Jq ^ sin tf 

.?; = sin </>cos 0, y = sin </> sin 0, 

and show that its value is tt. [Oxford II. P., 1880.] 

y) _ I cos <l> cos 0, — sin </> sin 0 | 

0(<^, 0) lcos^sin0, sin ^008 01 

= sin ^ cos ^ 

and f fi?0= r 1 

j j * sin 0 ^ j j sin </) cos ^ sin 0 •' 

*'•' v/y v/1 -•^•“-2/“ 

The original limits w'ere 0=0 to 0=^ and </>=-0 to <^ = ^. 

Now ^•*+//* = aiii*</» and 'p^taiid. 



We may then regard the integration as extending through the positive 
quadran t of t he circle :e:*+^*= 1. The limits for x will then be from x— 0 
to .r=>/l — y*, and for y from y=Q to y— 1. 
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Keeping y constant 



Ex. 6. Show that if = + Jind y — v{\-\-u\ 

■2 

/ / {{x-yy-\-2(x-¥y)-\-l}~^djcdy=l f dvduy 

Jq Jq Jq Ju 

and prove the identity by finding the value of each integral. 

[Oxford II. P., 1889.] 

Here •/— u \ = \-\-u-\-v 

\ V, 1 + ?« ! 

and + 2 (.r +,?/)+ 1 ~{u-vy + 2{u-\-v)-\-Auv-\-\ = (w4*i’4- 1)®. 

Hence J j{(T-yY-\-2{x-\-y)-\-\}~^dxdy = j jdvdu. 


RU2) 



Fig. 310. 

Next consider the limits. The region thr ough which the summation in 
the first integral is to be effected is that bounded by the .r-axis, the line 
V=a;, and the ordinate x — 2; i.e. the triangle ONR in the accompany in tr 
figure (Fig. 310). 

The loci const., i; = const, are respectively the lines 
U 1 * V 1 
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We are to integrate first with regard to Uy keeping v constant, 
i.e. along a strip formed by the lines v, v + 8o. These lines, represented 
by CiAiPiQi and C 2 AiP 2 Q% respectively in the figure, form a strip of 
gradually widening bieadth in passing from P to Q, for, as the intercept 
OCi on tVie rr-axis increases (negatively), the line rotates counterclock- 
wise. It begins its rotation, as far as our triangle is concerned, with 
coincidence with ON, for which v~0, and ends its rotation when v = l, 

when the line is f -^ = 1, and passes. through i?(2, 2), taking the position 
1 H 

OR. Now along the whole length of ORy i.e. ?/ = .r, we have w = v, and 

2 

alotjg the whole length of NjR, i.e. :r=2, w'e have 2 — m-( 1 -f v), i.e. u = - . 

Hence, in integrating along the strip PiQ^QiP^y keeping v = constant 

2 

u changes from = v at Pj to Qi‘ 

Hence the limits for w are v and and for v. 0 and 1. 

1 4-v 


Hence j / ((x 2 (ar-f,y)-|-l} I dvdti. 

.Q *0 ' ' ' ‘'O 

The student may show without difficulty that each side of the identity 
takes the value 2 log 2 - 

If, liowever, the integration had been conducted in the reverse ordei*, 
integrating first foi* strips along whicli n is constant, it is to be noted 
that tlie character of such strips changes when the line passes 

through R(], 0), the strips being terminated by ON (r = ()) and OR (v = 'u) 

for the portion ORR and by NiV (r = 0)and xVR = for the second 

part. 

We then have ^ dv+ dv. 


Ex. 7. Obtain the value of 



- d.v di/ dzy 


the integral being taken for all values of .r, ?/, Zy sucli that 


We shall divide up the ellipsoidal volume into a set of thin homoeoidal 
shells, that is shells bounded by ellipsoidal surfaces, concentric, similar 
and similaily situated with the bounding surface. Let a typical mem- 
ber of this family of surfaces be 


.r* y* ^ 

c® 




p lying between 0 and 1. 
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Then the volume of the shell bounded by p and p-^Sp is 
S{f^7r{ap)(bp)(cp)} = 4irabcp^ S/a, 

and the value of “+T^-f- 5 -at points between the boundaries of the 
a* 6* c* ^ 

shell differs from p* by an infinitesimal only. 

Hence 1=1 Airabcp^dp. 

Write p = Qos </>. 

w 

Then a/t — • 4irabc . cos^ (b sin (bdd) 

‘'0 \ 1 +. cos </> ^ ^ ^ 

w 

= 4Trabc I (1 -cos <^)cos*</>c/</> 

= 4,r«fccg|-|) 

— ;:7ra6c(37r-8). 

o 


Ex. 8. If = and xv-yu=0y prove that 




And if the limits in the former integral are y—0 to y=^<x^-3(^ and 
0^=0 to = investigate the limits in the latter. [St. John’s, 1885.] 


Here 

and 

whence 




I v^-u\ -%v,v _ 

{u^ + v^f I _ ^2uv, -v^ ’ 


where V' is what V becorae.s after substitution for x and y in terms of 
u and V. 

Vdxdy the integration is over the 


ff 


Next, as to the limits. In 

region bounded by the positive quadrant of the circle :K^-\-y^ = d^. 
Eliminating v and u alternately, we have 


^24.y2__^^0, :r2+/-^y=:0, 


and the curves w — const., const., are orthogonal circles touching 
the axes at the origin. Let us integrate first with regard to v, then with 
regard to u. Whilst integrating with regard to v, the element J 8u Sv is 
bounded always by the two complete semicircles u and w + 5 ? 2 , so long as 
this ring lies entirely within the circle x^4-y^=^a^y and the limits for v are 
from the case where the v-curve is a circle of infinite radius coinciding 
with the .r-axis, to the case where it is a point circle at the origin. The 
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radius is Hence the limits for v are from to v = oo. And the 
2v 2 a 

w-circle has a radius — , and changes from a circle of radius g to a circle 

of radius zero, i.e. u changes from u—a to m — oo. 

When the circle has a radius in excess of the limits for v will be 

from the value of v for which the ^-circle cuts the a-circle, viz. at P, in 
Fig. 311, to the value of v for which the v-circle becomes a point-circle 
at the origin, i.e. when v — oo. 

Now at P we have 

i.e. at that point x^u and y—v^ whence 



O AX 


Fig. 311. 


Hence the limits for v are from to ao, and u now varies 

between the value which makes the w-circle a straight line coincident 
with the y-axis, i.e. u = 0^ and the value of u which gives a semicircle on 
the ladius 0^4, i.e. u=a. Thus the integration referred to divides into 
two portions, the first referring to the portion of the quadrant included 
in a senncircle on OA for diameter, and the other to the remainder of 
the quadrant. 

Thus 


f.iT’’'*''-'--/.'! 


'V'dudv ^ V'dudv 
(u^ H- ^ Jo 


a^u ah) 

It may be observed that the transformation formulae .r y — 

indicate an inversion from the Cartesian coordinates x,yoi^ point within 
the circle, with a for the constant of inversion, to a point whose coordi- 
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nates are w, v, which lies without the circle. Hence as (a?, y) is to traverse 
the interior of the quadrant of the circle, (w, v) is to traverse the portion 
of the first quadrant of space which lies outside the quadrant of the circle, 
and therefore, the circle having equation + in the new coordinates, 

the limits must be 

v — Jd^-u^ to v=co from i4=0 to w = a, 
and v=0 to t;=c30 from w = a to w = oo, 

which agrees with the result stated. 


Ex. 9. Obtain the value of the integral 

/= j j A r* + 2Bxy + Cy*^) dx dy^ 

extended to all values of y which satisfy the condition 
Ax^-^^Bxy-\- 1, 

A and C being supposed positive, and AC— B* > 0. 

The conditions given indicate integration within the area bounded by 
the ellipse A.^ + 2Bxi/+Ci/* = }. 

Divide this area up by a family of similar and similarly situated con- 
centric ellipses, of which a type is 

Ax^-{-2 Bxy -h Cy^ = ^ 

t varying from 0 to 1. 

The equation to find the semi-axes of this ellipse is 

Jl _ 0 [Smith, Conic Sections^ 

p* t ’ Art. 171.] 

and its area is Tr- 7 =L==. 

sJAC-B^ 


Hence the area of the annulus bounded by the ellipses t and is 


and <ii*{Aji^A-^BxyA-Cy^) only differs from by an infinitesimal at 

any point of this ring. 

fi (Ji 

Hence in the limit 1— / </)'(^) . tt 

Jo •JAC-B^ 

^AC-E^ ' 

- Ex. 10. Prove that f fdudv over a portion of the surface u> = 0 is 


f rg(n, V, w) 
Jj d(x,y, z) 


dS 




1' 


M, v, w being functions of .r, y, z. 

Let A*, y, 2 be a point on the surface u>=0 at which an element of the 
normal is 8n. Then — where (Art. 789). 
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Also &8f.8n is an element of volume^ and may be replaced in volume- 
integration by 

(Art. 794), 

t.e. 88 . ^ may be replaced by 8u8v8w 

y, 4 


SuSv 


and (Uudv^ff^^)^. 

JJ J J o{x, y, z) h 

Ex. 11. Prove that j j j dxdydzdw for all values of the variables 
for which + + is not less than and not greater than 6* is 

In this case we cannot appeal immediately to a figure to help in the 
determination of the limits. 

We may at first ignore the condition that tr* is not less 

than a\ and let the variables have full range of any values up to such as 
will make We shall then subti'act the result for such 

as make the variables in the extreme case such that jT^+y* - 1 - 2 *+ 

In the first integration, keeping Xy y, z fixed, w ranges through all 
values from - •*y6* - a:* -y* - 2 * to + >/6* - -y* - 2 *, and 

j j j j dxdydzdw^ j j j[w]dxdydz 

— - y^ - z^ dx dy dz. 

In this integral, keeping x and y constant, z ranges from 
2 = ~^/6*~a;*-y* to z= 

and 

X and y being constant during the integration. And inserting the limits, 
///•'*' --j^-y^-z^dxdydz— J J^(b^-x'^—y^)dxdy. 

We have now raduced J jjjdxdydzdw to J(b^-x^-y^)dxdy ; 

and now we are to integrate with regard toy, keeping ar constant, and the 
limits for y are from - n/ 6* - a:* to + *^6* - a;*. 

Also 

and =2[i}{6»-ic»)*] 

when the limits are taken. 
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We have now arrived at the limits for jc being from 

— i to 4-i. Put :p=s6aiii 6. The integral then becomes 

2 . 5 TT f 008^0 h cos ddB or 1 7r6* j i i.e. ~ b*. 

o Jq o 4 a Jt A 

Now, in exactly the same way we may see, as is indeed obvious at once, 
that the amount included in excess by giving the variables free play up 
to the case — instead of excluding those values which 

make .r* is ~ a*. 

Hence the summation of the cases from 

is 

It is clear also that after the first integration with regard to w had been 
completed we might for the remainder have illustrated the triple integral 

j j j \Ib^ - ~y^ — z^ dx dy dz 

by integration through a spherical volume, the summation being that of 
slW -x^—y^ — z^ throughout the sphere + 

Then writing we have 

'-nX''*--- sin 0 dO d<l> dr 

rb *5 

— SttI dr ^ Btt b^ j sin’^ X X ^X» ^ sin x) 

832. Case of an Implicit Relation between Two Sets of Variables. 

In our previous work and in the typical examples discussed, 
we have regarded the transformation formulae to be such 
that each of the one set of variables is expressed, or easily 
expressible, as an explicit function of the variables of the new 
group. If this be not so, we can still form the Jacobian by 
the rules of Arts. 543 and 544, Diff, Calculus, 

For in the case when 

f^(Xi y, u, v)=0, U(x,y,u,v)=0 
are the connecting equations, we have 

'd(Uh) . y) _^(/i,A) . 

3(*. y) 3(“. 3(w, v) ’ 

/i(!r, y, z, u, V, w)=0, 
fi{x, y, z, u, V, w)=0, 
fs{x, y, z, M, V, w)-=0, 


and when 
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are the connecting formulae, 

^ ifv fjy fs) , 5 y> _ / 2 V3 • 

0(a;, y, 2 j) 3(w, i;, w) ^ ^ B(w, v, 

and generally, if there be n connecting equations, 

/i=0, /2=0, /3=0, .../„=0, 

between 2?i variables, 

Wp ^ 2 , and a?!, Xg, 

•••fn) ^(agi> ag2> ••• ^n) __/ •••fn) 


Hence for a double integration 


and for a triple integration 


^(/i> /2) 

B^dudv, 

o(x, y) 


fs ) 


and so on. 


131A 

^(a^, y, 2) 


Digression on Jacobians. Jacobi's and Bertrand's 
Definitions. 

833. Jacobi's Definition. 

^f/i»/ 2 »/ 3 » a-ny function of the n variables 


the determinant 




®l. 

a^2> ^3» 





3/> 

3A 

oaji' 

ax,’ 

ax,’ " 

■ 



3/2 


^x^ 

ax,’ 

ax,’" 

■ 

3/» 

9/- 

3/« 

§/» 


ax,' 

ax,’ " 

■ a!®« 


is called the Jacobian of /gj/s, .../« with regard to x^, ajg, ... 
Jacobi in one of his memoirs pointed out the strong analogy 
which the properties of this function bears to those of a 
differential coefficient of a function of a single variable. This 
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resemblance of results, rather than of demonstrations, has 
already been mentioned {Diff, Calculus^ Articles 642 onwards). 
It was by starting from the form of this determinant that 
Jacobi’s investigation proceeded. 

834. Bertrand's System of Increments. 

A different standpoint was suggested by M. J. Bertrand in 
a memoir to the Academie des Sciences (1851), which has 
many advantages, and Jacobis results may be deduced from 
M, Bertrand’s new definitions almost as corollaries. 

Bet •••/« be n functions of the n independent variables 

^2» ••• 

Let us give to these independent variables the following n 
systems of increments, viz. 

d-^x-^y d^x,^y ... d-^Xy^ 

d^ij d^.p d.jpC'^y ... d^fy 

etc., 

d^X^y djyX,^y d^X^f ... dy^yXy^j 

and let the corresponding increments in the several functions be 

^ifv ^i/i> ••• ^l/n 

^2/1* ^2/2* ^2/3? ••• ^2/n 

etc., 

dnfv ^nf2f dyyf.^y ... dyfyffy 

Le. dyfs is the increment of /, when Xp x.,, etc., increase to 
x^+drX^y Xg+dyXg, etc. 

These several increments d^Xp dgXp djXp etc., though in- 
crements of the same variable, are arbitrary and independent, 
and there is reserved to us the power of making them equal 
later, or of assuming any such relations between them as we 
may subsequently choose. 

It is clear that we have the relations of which 






is a type, it being unnecessary in the partial differential 
coefficients occurring to specify which of the particular in- 
crements we choose when we proceed to the limit in their 


formation. 
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835. Bertrand’s Definition of a Jacobian. 

M. Bertrand’s definition of a Jacobian is that it is the ratio 
of the determinant formed by the increments of Group B to 
the determinant formed of the increments in Group A. 

Now 


1 

1 

d^x^i 

diX^t . 


X 

3 A 

a/i 
ax,’ *■ 



d^Xi , 

d^Xt. 

d^X^y . 

.., d^x,^ 


3/2 

^1’ 

3/2 

ax,’ •• 

^2 

ax„ 

1 d„Xi, 

df^x^i 

d^x^y . 

' • > djf^x^ 


3 /n 

aa:,’ 

3 /« 

ax,’ 

3 /« 

== 

djt. 

diU 

^1/3 » • 

difn 

» 





^2/2* 

d^fzy . 

..., dgf,^ 





^»/i» 

dnfiy 

dnf Zy 

d„f„ 





by the rule of multiplication of determinants and by virtue 
of the equations of Group C. 

Hence Bertrand’s definition agrees with that of Jacobi. 
We have, however, gained command over the increments of the 
independent variables. 

If we adopt the notation ZJf and Dx for the determinants 


^ 1/1 > ^ 1 / 2 * ••• 

and 

d^X-yy dyX^y ... 

^ 2 / 1 » • • • » • • • 


d>^l ♦ . . . , 

dnf If •••» ••• 

1 

i 

dn^l* •••> 


respectively, we have 




Dx’ 


836. Corollaries. 

1. It follows at once that if jFj, F^ be functions of 

/i./s. •••/n. and/i,/g, .../„ be functions of a:,, sc,, ... a:„, then, 

we have 


/Jacobian of Fi, F^, ... | JJacobian of Fi, F^, ... | 
I with regard to , ajj, . . • / 1 with regard to /^ , /j, . . . / 

r Jacobian of •••] 

^ \ with regard to , ajj, . . . / 
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2 . 


Also, since 


Dx^Df 


Jacobian of /i, /a, 
with regard 


= 1, we have 

Jacobian of 
with regard to /i. /a, 




= 1 . 


3. Again, if jFi= 0, ^2=0, ... JF^=0 ... , fn==0 be n indepen- 
dent equations connecting n variables Wa, and n 

other variables ajj, aja, then, since 

3*1 0** 

, , , 3^’r , , A 

+ - +3^ ‘^.Wn = 0. 


we have 


dFrj, , aJr , 



which may be abbreviated into 




^»,x^r — ^»,uFri (®) 

the suffix X being attached to indicate those partial differential 
coefficients in which Ug, ... are regarded as constant whilst 
Xi, aja, . . . vary and vice versd. 

Now DxF and DuF are the respective determinants 


^l,xFit ■i^2> • 

^2,xF 1, d2^xF 2f • 

• ^2, xFft 

and 

dt,uFj, 

d\,uF2i • 

^2, u ^2 ♦ • 

• di^^Fn 

• d^^uF n 

^n,xF 1, dn^ggF 2, . 

■■ d,.xF„ 


d„.,F„ 

dn,uF2i • 



and by virtue of equations (a) the constituents of the one only 
differ from the corresponding constituents of the other by 
a negative sign, whence 

D^F=i^l)^DuF, 


that is 


DxF 

’ ' />u.y 

Du 


Dx' 


Hence in the case of implicit connections amongst the 2n 
variables Wj, ... ••• ®n» l>y virtue of n equations 

jPi= 0, jPa=^» ••• ^n=0, connecting them, 
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JThe Jacobian of Wj, Wg, ... 

( with regard to Xg, ... x^j 

JJacobian of Fi, ^^ 2 * ••• with regard to Xj, X 2 , ... A 

— ( treating ... as constants £ 

’ [Jacobian of ... with regard to ... 

( treating Xj, Xg, ... as constants / 

The substance of this and the immediately preceding articles 
on M. Bertrand’s treatment of Jacobians was communicated to 
the author many 5 ^ears ago by his former tutor, the late 
Dr. E. J. Routh. The reader may consult Bertrand s Calcul 
Differentiel, pages 62-70, and Calcul Integral, pages 465-469. 

837. Advantage of Bertrand’s Definition. 

It will be seen that M. Bertrand’s definition leads to simpler 
proofs of the fundamental properties of Jacobians than those 
given in Arts. 540, 544 of the author’s Differential Calculus, 
and retains a command of the several increments which we 
shall find useful for subsequent work in the transformation of 
a multiple integral. 

838. Bertrand’s Method of Calculating the Jacobian Determinant. 

Let there be 2a variables, in two groups, viz. Xj, Xg, ... x„ 

and Ui, ••• connected by n independent implicit relations 
J^i=0, F 2 = 0 , F 2 —O, ... Then n of the 2n variables 

are independent. If increments be given to each, these 2n 
increments are connected by n homogeneous linear equations, 
and if w — 1 of the increments be chosen to be zero, the ratios 
of the remaining n-fl are determinate by the n connecting 
equations. 

Consider the n incremental systems, 


{d^Ui, 

d^u^y 

diU^, ... 

<^l«n 


djXi, 

0, 

0. ... 

0 ] 

0 , 


dgUg, ... 

, d^u^ 



dgXg, 

0, ... 

0 

0 . 

0, 

^3^3» ••• 



dgXj, 

djXg, 

d^^Zy ••• 

0 

1 0 , 

0, 

0 , ... 

3 

3 




d^Xg, ... 



that is systems in which 

increments d^Ui, d^u^, ...» give rise to an increment 
djXi in Xj, but make no change in Xg, Xj, ..., x„, 
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and increments d^u^, ..., ^ ^ change 

rfjiCg ®a> make no change in u^, 5P4, ..., x^* 

and so on. 

Let J be the Jacobian of ajj, X2, ...» a?n with regard to 
Wj, W2, ..., Wn« Then forming J according to Bertrand’s defini- 
tion, each of the determinants of the increments, the one 
formed from the oj-increments, the other from the w-increments, 
reduces to its diagonal term, and 

J d'yX^ , d^P^^^ d^x^ ••• d^x^ 3^2 3X3 3»r,j 

"" d^Uy . djWa . <^3^3 . . . d^Un 'du^ du^ 3w3 ' ’ ' 3w„ ' 

where — is the limit of the infinitesimal change in Xr to 

that in Ur when u^, Wj, ... Xr+u Xr+2 ••• regarded 

as constants. 

839. It is necessary for the use of this rule to consider the 
several connecting equations reduced to such form that 

(1) Xi is a function of Wj, Xj, X3, ..., x„ ; only varying ; 

(2) Xj is a function of Wj, X3, ..., x,j ; only varying ; 

(3) X3 is a function of Wj, Wg, X4, ... ,Xn ; W3 only varying ; 


(n) Xn is a function of Wj, Wg, W 3 , •••» only varying. 

The calculation of J will then be reduced to the multipli- 
cation of the several partial differential coefficients derived 
therefrom. 


840. Illustrative Examples. 

Ex. 1. If a?=rco8^, y»rsin^, write 

a:=\/r*-y*, containing one of the new variables; 
y=rsin 6j containing two and no .r. 

V 

Then rcos ^-r. 

V7**-*y* 


Ex. 2. If a:— r8iii^coa</», y^rein ^sin </», ^ = rcoa^, write 
containing one of the new variables ; 
z^rcofi containing two and no a; 
y sin $ sin <f>, containing three and no .r or z. 


- 'dx 'dz 'dy r , • m/ • /» j. 

g^=-.(-r8infl)(r8mdco8<#.) = 


“r*sin 0* 


Then 
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and 


Ex. 3. If y-^z^uv^ z=^uvu\ we have 

x—u-y-z^ containing one new variable, 
y^uv-z^ containing two and no x, 
z—uvWi containing three and no x or y; 
r Bx 


'dt/^z . 

^ ^ = 1 • w. tiv==u^v. 

OU OV GW 


Ex. 4. 
we have 


and 


If Xy — r sinO cos<l>y 

Xa-rsin Osin 




Xa = r cos 6 co.s 

.r4 = rcos^siu 




Xy = s/r* - X*® - .rj® 

-X4®, containing r, 


•^3, 

X4; 

Xa ~ •J r® cos* 0 — .^4* 

, containing 

0, 



.13 = rsin ^sin 

containing r, 

e, 



.1*4 = r cos 6 sin xj/y 

containing r. 

e. 


’A; 


A_ S r, 'dxi "drj 'dx^ _ r - r^sin d cos 0 
dr 'do d<l> dll' Xy .u 

— - r® sin 9 cos 0. 


r si n 0 cos <{> . r cos $ cos if/ 


Ex. r>. If .ri = rcos6^i, 

a'2 = »‘sin di\os 6>a, 

Xi — rsin ^isin 0% cos 6^*, 

.2;4 — rsin ^jsin 6^jain 6^jCos O^y 
Tj = r sin 0i sin 0 ^ sin sin 0^ cos O^y 
j'4 = rsin 6 1 sin ^gsin ^3 sin 6^4 sin 6^5, 
we have x* = n/?*® - Xj® — Xa® — - .r^*, 

Xy = r cos Oly 
X3 = r sin ^jcos 6%, 

X3 = r.sin 6/isin 0%cosi03y 
X4 = r sin 0i sin 6^ sin Oa cos ^4, 

Xa - r sin Oy sin O2 sin Oa sin $4 cos Oa ; 
and «/=-(- rsin 0i)( - rain ft .sin ft) (-r. sin ft sin ft sin ft) 

X ( - rain ^jsin ft sin ftsinft)(-rsin ft sin ft sin ft sin ft sin ft) 
= ( - l)®?'®sin*ft sin®ft siu*ft sin ft, 
a result which can obviously be generalised. 


841. Change of the Variables in any Multiple Integral. General 
Theorem. 

Let the integral in (]iiestion be 

/=|||...|Frfa;ida?2 ... dx^y 

there being n integration signs, and V any function of the 
variables ajp ... x„. Let the new system of variables be 
Uy, Wg, .,.Uny there being n independent connecting relations 
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between the two groups of variables, either set forming a 
group in which there is no interdependence. That is, the group 
Xp » 2 > ••• forms a set of n independent variables, as also does 
the group ... When a further relation is assigned, 

say ajg, ... = ^ be satisfied at the boundaries of the 

region of integration, an interdependence of the a;-group is 
created, and one of the x-group of variables is dependent upon 
the others. Integration is then to be conducted for the domain 
or region bounded by the specific limitation ^==0. There will 
then be a corresponding relation amongst the w-group of 
coordinates, and a specific limitation will be implied for the 
new definition of the domain of integration when I has been 
referred to its new coordinates. 

842. In the transformation of I three separate considerations 
are to be attended to. As lias already been pointed out in the 
case of double and triple integration, we have to consider 

(1) the determination of the new form of F, which is merely 

an algebraic matter of substitution or elimination ; 

(2) tlie assignment of the new limits which is also an 

algebraic matter, materially assisted in the case of 
double and triple integration by geometrical con- 
siderations ; 

(3) the determination of the new element of integration 

which is to replace dx^dx^dx ^ ... dx^. 

As regards the assignment of new limits it is not possible 
to give a general rule, but it must be such as mil cause the 
nuirch of the new element as described in the new system of variables 
to traverse the same domain once and once only as was traversed 
in the march of the original element, which domain was defined 
by the limits of integration in the original system of variables. 

Let us imagine that the connecting equations have been 
thrown into the forms 


^2> ^3> ••• 

X^) .... 

..(1), 

i.e. Uj, Mg, ... 

Un eliminated; 

®2=/2(“l. «2. »3. — 

*«) •••• 

••(2). 

i.e, x^, Wg, Wp 


®=3=/3(«l. «2. «3. *4. 

etc., 


..(3). 

etc. ; 

*n =/(«!. M2> «3. ••• 

«„) .... 

••(«) 

etc. 
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We have seen in earlier articles and examples, that in a 
given multiple integral the order of integration may be 
changed, provided a suitable change be made in the limits. 

Then, first, suppose we attempt to replace integration with 
regard to by integration with regard to Uy 
Change the order of iutogi ation in 

... 

so that dx^ stands last with the suitable change in tlie limits. 
We then have to perform the operation 

and in this operation ... are to be regarded as 

constants, and equation (1) gives 

And since we have as and are the 

only varying (luantities 

where is what F becomes wlien fy[u^, Xg, ... x„) has 
been substituted for Xp that is, Fj is the value of F expressed 
in terms of Wp x^, X3, ... x„. 

We have now arrived at 


Let us repeat the proce&s. 

By change of order of integration with a suitable change in 
the limits, transfer dxg so that it stands last. 

^ ~J11 ‘ "1^* *^4 . • . dx„ rfw, 

or IQ j. . . jy, (fe, . . . rf j?„ rfw, j dx^, 

and in this operation X3, x^, ... x^, are to be regarded as 
constants, and equation (2) gives 
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Whence again applying the theorem 
and Xg, being the only varying quantities, we have 


du, ^ 


where is what becomes when u.^, ... x„) is sub- 

stituted for a?2, that is Fg is the value of V expressed in terms 
of Wj, ^2, Xg, and we have now arrived at 

V tlnr. fi/r. //or /7'*/ /Jot. 


*•* ^^ndu,du.,. 


Continuing this process of changing the order of integration 
so that dx^ is transferred to the end, and then exchanging the 
variable x^ for w,, etc., we finally arrive at 

• l| - i; 

where is the value of F when all letters of the a;-group in 
F have been replaced by letters of the u-group, that is 
F,^F',say. 

Now it has been seen that 

du^ 3^2 3W3*’*3Wn * 

the Jacobian of x^y ... x^ with regard to Wj, Wg, ... ; and 




^F^ 

dF^ 

3^1 / 

3^1 

3^, 

31’, 1 


3^2* ’ 

■' 3«n / 

3xi ’ 

3X2’ * 

■■ 3®. 

di?, 

■dF^ 


32?-, 

31', 



du^’ ■ 

"3«» / 

3Xi’ 

3x,’ • 

■■ dx„ 


c)F„ 

3^ 

3i!’„ 

3^ 


dui ’ 

3m,’- 

” 3m„ 

3®,' 

3*,’ ■ 

■■ 3a:„ 


F^, F„ ... F„) 

0(a?j, a?2, ajg, ... x^) 


where in forming the numerator all letters of the a;-group are 
considered constant, and in the denominator all letters of the 
u-group are considered constant. 
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Hence, we have finally, 

III* ’ ^^2 rfiCa . . . dxn 


B(i’„ F^, . 

..F„} 

3(m„ u^, .. 

.. u„) 



3(a/j, x^y .< 

■ «») 


843. Ex. If 


xu-\-yv = 

XV —yu 


’ [ be the connecting equations, 




y 

-y, 


V 

—u 






Compare the process of Ex. 8, Art. 831. 


844. The Vanishing of J. 

It may be noted that the vanishing of J would imply that 
when x^, ajg, ... a;„ are regarded as functions of u^, u^, Ug, ... , 
there would be some identical relation amongst the members 
of the aj-group of variables ; and if J were infinite, w^e should 
have J'=0, and there would be some identical relation amongst 
the values of u^, Wg, ... as expressed in terms of Xp x^, ... a?„, 
(Art. 547, Differential Calculus). We have, however, assumed 
all our several connecting equations F^=0y ... F^^O, to 

be independent relations, so that no such identical relation 
can occur amongst either set of variables. 


845. Eemarks. 

It may be useful to call attention to the fact that in the 
geometrical treatment of Arts. 792 and 794 for double and 
triple integrals respectively, the new element of integration 
was formed and the variables were changed to the new group 
all together. In the general proof of Art. 842, the original 
variables were exchanged for the new variables one at a time. 
When a geometrical method of determining the new limits 
is not available, this consideration will often be useful for 
their proper assignment, and may be used when other means 
are wanting. But the process followed out in detail is 
generally tedious, as every change in order of an integration 
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as well as every exchange of a new variable for an old one 
necessitates in general a readjustment of the limits of each 
integration. 


846. Examples in which Multiple Integrals of Order higher than 
the Third occur in Physics. 


Multiple integrals occur frequently in researches of physical 
nature, of higher degree of multiplicity than the third. For 
instance, in the problem of the illumination of one surface by 
another, the two surfaces being such that every point of the 
one can be seen from each point of the other, the (juantity to 
be evaluated is the quadruple integral * 



cos <f> cos </»' 


dSdS\ 


where dS, dS' are the elements of the two surlaces ; ij>, (j> the 
angles which the outward normals make with r, the distance 
between dS and dS\ and the integration is to be conducted 
over each surface. In such case, the limits form two separate 
groups, the one referring to surface S, the other to surface S\ 
and if any transformation of variables be recjuired, a new 
assignment of limits being required, they will be available 
from geometrical conditions for each group. 

Another illustration from Physics is in the mutual potential 
of two attracting systems, which for a continuous distribution 
of matter in regions P, Q has for its expression the sextuple 


integral 



where pp is the volume density at a j)oint p of the region P ; 


p^ the volume den.sity at a ])oint q of the region Q ; 


drpy drq elements of voluuie at p and q, and Tpq the 
distance from p to q. 


In this case also the system of limits will be two separate 
systems, the one ensuring summation through the region P 
and the other through the region Q. And if any change of 
variable be required to facilitate integration, necessitating a 
new assignment of limits, they will be available as in the 
former case from the geometrical conditions for each group. 


♦ See Herman, Geometrical Optica^ Art. 157. 
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847. Case of Implicit Relations. 

If in Art. 839 Equations (1), (2), ... (n) had not been supposed 
to express 

Xi explicitly as a function of Wj, Xg, ... 

X 2 explicitly as a function of u^, ajg, ... 
etc., 

but had been given as implicit relations, viz. 

01 (^i> ••• ®w) =0 which tig, tia, ... tin 

eliminated, 

02 (%. ^ 2 > ^ 2 y ••• ...(2), in wliicli x^, tig, ... are 

eliminated, 

^2> ^3» ^3> ••• ^n)~9 ...(3), ctc., 

etc., 

0„(tii, tig, tig, ... u,,, ...(w) etc., 

we have in the subse(|uent work, from equation (1), con- 
sidering Xg, Xg, ... as constants, 

?01 

and from equation (2), considering tij, Xg, x^, ... Xn as constants, 


?02 

dx2~-~^^du2, 

'dX2 

and so on. 

And we finally obtain in the same way as before, 


||...|Fdxirfx2 ... dx„ 


301 




^^2 


du,' 


’ 3m, 


3*1 


^ , 

3x2 


9^3 
3x3 ’ 


Ms 

' 3x„ 


du^dui ... du„. 


848. For example, taking 

= 2* =<> (containing 2 , y, x, r), 

<l>^ = r^auy‘d-x‘-}f^=0 (containing y, x, r, 6), 
<j>f?srain &coa<f> — x =0 (containing x, r, f), <f>). 
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Then we have 


'dfji.t 

“F* W’B? 


-Iffy' 

'dy 'dx 

--fffr 2>- • «in g cos (9( - r sin g ain <fi) ^ ^ , 

= _[[/• dried,/. 

JJJ rsiin dsin<f> .rcos $ ^ 

-III V'r^ sill ^ d<f>^ 

as we should expect ; see Ex. 2, Art. 840, and elsewhere. 


849. Example of Assignment of Limits. 


£x. As an example of the assignment of limits in a multiple integiiil, 
let us take two squares of sides 2a in parallel planes at distance c apart, 
the squares being placed so that they form the ends of a rectangular 
parallelepiped of square section, and let us find the mean value of the 
squares of the distances of points on the one square from points on the other. 
By a mean or average value we shall suppose to be meant that each 
square is divided up into equal small elements, and the sum of the 
squares of the distances apart is to be divided by their number, i.e. if 
there be n such elements, and rpq be the distance between two of them at 

P and at Q respectively, or, which is the same thing, 

n 2^0^ p o^q 

if 8Sp and 8Sq be the elements at P and Q ; and in the limit, when n 
becomes infinitely large, we have 


/ /j 

JjjjdSpdS^ 


(See Chapter XXXVI., Art. 1657.) 


Let O, O' be the centres of the squares, and take O for origin and axes 
of X and y parallel to the sides of the squares. 

Divide up each square by families of lines parallel to the axes, and let 
(x, y, 0), (^, y% c) be the respective coordinates of P and Q. Then the 
Mean Value required is 




/ / j 


Now keeping the position of Q fixed, we may add up all the elements 
r*pq8x8y in a strip between x and by varying y from —a to +a, 

keeping x constant. Then, still keeping x\ y' constants, we may 

add up all the strips in the square A BCD which lies in the x-y plane, by 
integrating with regard to x from a7=-ato x=^-\>a. We have then 
completed the summation of all such quantities as r%q dx'dy' for all 
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positiouB of P in the square A BCD. In the same way we may add up the 
results of these integrations for various points of the square A^Bldy^ 
by integrating with regard toy from -a to +a, keeping constant to 
add up the elements in a strip between x' and And finally in- 

tegrating with regard to^' from -a to +a will add up the results for all 
the strips in the square A'BC^U and will complete the integration. 



And the same with the denominator. The result for the denominator 
is obviously the product of the two areas, i.e. 4a^ x 4a* or 16a^ 

The numerator is 

J J J - 2a:a:' - 2^;/' + c*) dx' dy' dx dy^ 

and it will save some trouble to observe : 

(1) That for every term x.v' ^y' ^ ^y, there is another term 

x{ - x') &x' 8y' 8x By. 

Hence such a term contributes nothing to the value of the 
integral, and the same with the yy' term. 

(2) That obviously 

2a:* dS dS' = 2y dS dS'^lx'^ dS dS' = 2y'* dS dS'. 

Hence it will be sufficient to attend to the value of one of them, 
and quadruple the result. 

Now 


r f f r a^d.v' dy' dxdy— r C f dx' dy‘ dbo 
J -aj -aj -aj -a J-aJ^aJ -a 


Bence the value of the numerator m 


4(Va«)+c*. 16a*, 
^ 4a»+3c8 


3 ■ 
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It follows that the mean of the squares of the distances from any point 

of a square to any other point of the same square is by putting c=0. 
[Also see Art. 1657 and Art, 1658, Ex. 2.] 


850. A Consideration useful for the Simplification of some 
Transformation Formulae. 

Let a multiple integral II... trans- 

formed in two ways : 

(1) to a set of variables x^, ajg, ... ; 

(2) to a set of variables ^ 2 » ••• 

And suppose these two sets are linearly connected with each 
other, the transformation formulae 
for the linear connections being 
given by the transformation scheme 
in the margin. And let the two 
results be 


J^dx^dx,, ... dxn 

and 

Then, the Jacobian is a covariant of Wp ... Wn J have 



^1 

^2 



a:, 

h 


Wl 



h 

m.y 

«2 



h 

1 »»3 





i ••• 






> ^2 > 

mp ^2, 


— //f/j 

(Diff. Calc., Art. 54C), 


/jL being the transformation modulus. And that the above 
expressions are equal may be seen by transforming directly, for 



Fi dx^dx.^ ... dxn 




and the results are identical, as might have been expected. 

It follows that if a transformation be proposed to a set 
of variables a transformation to another set 
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Xp X.J,, may be substituted for the former, where a 

suitable choice of linear connection between the former and 
the latter sets may sometimes be made to simplify the 
working. 

851. For example, if the transformation formulae proposed be 

w, == (A^ + Brf) sin + Drj), 

1 ^ 2 = + Brf) cos + Drf), 

we shall have the same result as if we transform with the easier formulae 
Wi=.r;8iny,) 

W2=.rcos^,J 

for which the Jacobian is obviously -.r, and multiply the result by the 
modulus AD - BO. 

Thus jjvduidu^ — - j j V^xdxdy 

==-{AD-BC)j j Vi{A^ + Br,)d$dr), 

thus avoiding tlie more troublesome evaluation of the Jacobian with 
regard to ry. 

852. Speaking of the result 

Lacroix* remarks : ‘‘Ce resultat a ete donnee pour la premiere 
fois par Lagrange en 1773. Mais Legendre, en 1788, en a 
fait des applications cjue Ijagrange n’avoit point indiquees.” 
This application referred in part to the analytical proof of a 
theorem Avith regard to the attraction of a spheroid. 

'Fhe corresponding result for a double integral had been 
employed by Euler in 1769. 

Many references wdth regard to the history of the subject 
are given by Todhunter, Integral Calculus, Art. 251. There is 
a valuable table of references in Lacroix’s Calc. Biff, et Int., 
vol. ii., prefixed to the volume, which may be useful to 
students interested in the subject and desiring to consult early 
writers. 

* Lacroix, Oalrul. Diff.et Int., vol. ii., p. 2f)6. 
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PROBLEMS. 

1. If the rectangular coordinates of a point are 

a; = a + cos a, y = /? + sin a, 

show that the area included between the curves a,, j 8,, a„, Bo is 

[Matii. Trip., 1873.] 

2. Integrate over the space enclosed by the four 

parabolas y2 = 4rtrc, x^ = ^dy, 

LTrinitv Coll., 1882.] 

3. The four curves y = y = y = cx^, y ~ dx^ intersect in four 

points, excluding the origin, and thus form a curvilinear quadri- 
lateral ; prove that its area is 

12^ '\d^ d^J [Oxford II. P., 1901.] 

4. An area is bounded by those portions of the four rectangular 

hyperbolae xy — a!^^ = x^-y^^c\ x^ - y‘^ = which lie in the 

first quadrant. Every element of the area is multiplied by the 
square of its distance from the centre. Prove that the sum of all 
such products is ,.o 

^ ^ (a2 ^ a -) (c- - c ^). [j. M . ScH. , Oxf. , 1 904. ] 

5. If the surface density <r of the area in the first quadrant 

bounded by == 

x^if = \ 

be given by axy — k^ show that the mass is 

«. /, 

mq - 11]} ® ^ K 

6. Change the variables from x and y to n and v in the double 

integral ^ 


<l>(x,y)dxdy, 


where xy^u^, x^-k-y^ — v^. 


[St. John’s, 1882.] 


7. Show that in j* | J{y',y)dxdy all terms in f{x,y) may be 
omitted which contain an odd power of x or y. 


(x + y) cos (?n c + ny) dx dy. 


JoJ“« ‘ [Trinity Coll., 1881. 

n s/2ax a^dcdy 

- n by the substitution 

0 (x^ + y^ ^a^f ^ 

x/f = y / r; = + y2 4. a^/ 

and show that its value is 7r/4\/2. 


[O.XFORD II. P., 1903.] 
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9. Change the order of integration in 

a 

r2 r 

F dx dy» 




[St. John’s, 1889.] 


ifl 


10. If transform 1 1 F dxdy so that in the 

Jo Jo 

result we integrate first with regard to ^ and then with regard to ly. 

[R.P.] 

11. Change the order of integration in the expression 




Jo 




also, change the variables to ^ and >/ where -h = >?, cy^ without 
assigning the new limits. (It may be assumed that k is greater 
than h.) [St. John’s, 1888.] 

12. Prove that 


1 


^ dxdy = '^(^-\^ab, 


the integral being taken for all positive values of x and y such that 

x^ 

h — 1. 

[Colleges, 1886.] 

13 Express y)dxdy in terms of r and where a;~r co8 6^, 

y = r sin 6, 

Change the order of integration in 

r f{x,y)dxdy. 

J 0 J Vo*— x* 

14. Change the order of integration in 

-*■ a / 


[CoiXEOira a, 1883.] 


rrt 


/(*■ y) dy dx. 


[St. John’s, 1892.] 


15. Change the order of integration in 
rf 




0 J o sec* - 


/(r, B) do dr. 


16. Change the variables from a*, y to m, v, where a;2 + y2 = w, 
= and find the limits in the new integral when integration is 
extended over the positive quadrant of the circle a;® + y® = a*. 

[St, John’s, 1881.] 
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17. Change the order of integration in the integral 

Vdxdy, 


a. 




where c is less than a. 


[Colleges a, 1888.] 


18. Change the order of integration in 

^ Wo*— a;* 
r f Udx V, 

JoJ Wa*-®* 

U being a function of x and y. 

Express the same integral in polar coordinates. [Colleges o, ]886.] 

19. Show that 


r 

•'o 


/•N/2oa; 


‘^2ax-z* 


V dx dy 


. r 2.r 


Fdvd$. 


when 




2x 


and change the order of integration in the latter integral. 


20. If the density of a plate be 




[Colleges /S, 1889.] 
show that the mass of the 


part enclosed by the curves = = .ry = 5 is 




dudv 
+ 4r-’ 


Show whether this gives the mass of one of the areas between the 
two curves, or of both. [Colleges a, 1883.] 

21. Change the variables from (a:, ?/) to (?^ v) in the double 

integral , y)dxdy^ where = xy — Vy and the integration 

extends over the area bounded by the straight lines 

y = x, a* + //=l, .v = 0, 

obtaining the new limits on the supposition that the order of inte- 
gration is first u and then ?». [Colleges a, 187U.] 

Verify your result by evaluation of the integral for the case 
when <#>(x, y) = l. 

22. Change the variables from x and y to ^ and rj in the expression 

dy, having given y, >}) = 0 and ^(*, y, rj) = 0. 

Show, by transforming to polar coordinates, that 

dxdy 


e 

fV 2 rVj 

Jo Jo 


(^2 + y 2 ^ 


= tan"^ 


sec a - cos a 


[Trinity, 1882.] 
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23. If ?•, r be the distances of a point in the plane of reference 
from two fixed points at a distance 2c apart on the axis of a*, then 
between corresponding limits of integration 


24. Prove that 


= ,886.3 

1 that 

[ dx [ dy F{x, y)== \ dx\ dy F{1 - ?/, I - x), 

Jo Jo Jo Jo 


and hence deduce that 


f f ^^'(sin 0sin ^sin(^~0') = 

Jo Jo 


25. Prove that 


1.3.5...(4i-l) TT 
2 . 4 . 6 . . . 4i I * 

[Sylvester.] 


f rf*[ dzf'{x)4>{x-z)={ dz{f(z)-f(0)}<l>{x-:). 
Jo Jo Jo ^ , 


[St. John’s, 1885.] 


26. Transform the integral ^Fdxdy by the substitution 

ic = c cos ^ cosh >;> y = c sin ^ sinh >/. 

[Colleges 7, 1890.] 

27. If u + vj - 1 =</)(a; + ?/v/ - 1), prove that 

when F' is the result of substituting for y in terms of v, r in F. 

[Colleges a, 1881.] 

28. If a: = fl sin a cos ^ cosh r/ and // ~ a sin a sin ^ sinh rjy transform 

0 co8aVa*-a;* 

{ (x - G sin a)2 + y - } “ 2 (If. Jy 

0 

into an integral in terms of ^ and y), and evaluate the new integral. 

29. I^ ^ + 12 ^ (/y \/l + y- + transform the 

variables in the integral to where 

x = a sin 6 cos y — h sin 6 sin *f>. 

[Ivory, Phil. Trans., 1809.] 

30. Prove that the assumptions 
= r cos , 

X.2 = r sin 6^ cos 


J^n-i = ^ sin 0^ sin 6,^... sin cos , 

== r sin 0^ sin 0^.,. sin sin , 
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will transform the integral ^^„.Vdx^d:t^dx^,,.dx^ into 

± Jll . . . sin**”"^ sin"”^ 0^... sin dr dO^.., rf^n-i • 


31. Show that 


[Clare, etc., 1881 ; Todhunter, Int. Ccdc.y p. 241.] 


48 j*Jj* {x^ + + -2^) dx dy dz — birw^ 


for positive values of x, y, z limited hy + 7/2 < az and > ( 


32. Prove that 


[Oxford II. R, 1889.] 


m r 

V- dxdi/dz^ T 7 -^-.x • A,. 

0 (x^ + //- -f -“ + a^) ' 

[COLLEOES 7, 1882.] 

33. Two given rccUingidar hyperbolae have the same asymptotes; 
two other given rectangular hyperbolae have also common asymp- 
totes, one of which coincides with an .asymptote of the first pair, 
while the other is parallel to their other asymptote. Show that the 
area of the curvilinear quadrangle formed by the four hyperbolae 
is the same, whatever the distance between the pair of parallel 
asymptotes. [Math. Tripos, 1895.] 

34. Transform the double integral 

dy dx 

by the formulae x-\-y=^Vy y = uv, showing that the transformed 
result is -- 

[Jacobi, CrelU's JounicUy tom. xi.) 




= Vat v = V 


1» 


prove that 


is transformed into 
36. Show that 


'^^Vdzdyd, 


[Oxford II. R, 1886.] 


faV2 r>/2a*-z* dv 

i; 


+ y2)l V iJaJi’ 


and both from geometrical considerations and by direct evaluation, 
show that this integral is equal to the integral 
-a dx 




(x* + [OXFORP I. P., 1912.] 
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EULERIAN INTE(JRALS, GAUSS’ 11 FUNCTION, ETC. 


853. The Origina.1 Forms of the Eulerian Integrals. 

The properties of the two important integrals 


A 







and 





were the subject of several remarkable memoirs by Philer. 
His investigations were published in the Institutiones Calculi 
IntegraliSy 1768-1770, and are of great importance in the 
general theory of Definite Integrals. The notation above, viz. 




is that used by Euler, and the above forms are 


those in which the integrals were studied both by Euler 
and Lagrange. In each of these the value of the integral 
was supposed to cliange by the variation of p and q ; the 
n which occurs in tlie first integral was supposed to be a 
constant. 

Legendre, for the purpose of characterising these integrals 
and honouring their great discoverer, named them “ Int6grales 
Eul^riennes.” * The second part of Legendre’s Exerdees de 
Oahul Integral is devoted to a discussion of their properties. 


He adheres to the notation for the first integral, but 
suggests the notation for the second, regarding r(a) as 
a continuous function of a. 


* Exercices de Calcul liU^gral^ par A. M. Legendre, 1811, p. 211. 
49 
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854. The More Convenient Modern Forms. 

The above forms of the integrals are not tlie most convenient 
in practice. Taking the fii'st integral, write and put 

j>=nl, g=^nm. 

Then 


'.=f 


xP-~^dx 


n-7 

(l-.r»‘) ” 


Jo 


— ' 1 X , 

■ S'- IP,., 


( 1 - 2 /) " 


f y'Mi- ?/)"'■%• 

Jo 


Taking the second integral and writing log that is 

X — and putting 


855. Definition. 

We shall therefore define the FrRST and Skcond Eulekian 

Integrals as n 

B(/, w)= 1 x'-^(\—x)”^'^dx 

Jo 

and r(n)HH| e~V~^dx, 

Jo 

and refer to them respectively as the Beta and Gamma 
Functions. This is now the commonly accepted notation and 
nomenclature. 


856. In Gregory’s Examples (p. 470), tlie digamma F(/, m) 
is used to denote what we have above defined as the Beta 
function. It will be observed that B(/, m) is n times the 


integral discussed by Euler, that is n 



We shall assume in our subseipient work that all the quanti- 
ties m, n are positive but not necessarily integral, and 
further that they are real unless the contrary be expressly 
stated. 


857. The Beta Function is symmetric in I and niy that is, 
B(/, m)=B(m, 1). 

If in the Beta function 


Jo 
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we write 1 for x, wo obtain 

B{/, m)= (1 y”‘-^{l—yy-^dy 

= r T”'-m-xY-'dx=B(m,l) , 

JO 

whence it appears Uiat 1^/, m) is a symmetric function of 
I and w?, the I and m b(»ing interchangeable and 
H(/, = /) 

Tliis property miglit be exhibited by wiiting B(?, m) as 

B(/, W) -1 r -sry-^Vx 

Jo 


858. Case when J or m is a Positive Integer. 

When either of the t\\o (|uantities m is a positive integer, 
the integration is e\pit*ssible in finite terms 
Suppose m is a positi\e integer, 

B(^, w)=f 

Jo 

and by continued integration by pai ts 

(1 -xr H ^ ^ (m-l )(1 

2)(1 • • 

rd\m—\ “il 

(»w-l)' 


Similarly, if / be a positive integer, 

ind if both be positive integers, 

(J-l)'(TO-l)' 




859. Various Forms of the Beta Function. 

. The Beta function may be thrown into many other forms 
[by a change of the variable, and therefore many other integrals 
are expressible in terms of the Beta function. 
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y—a 


Thus: (1) Let 

Then B(i, w) [ 

Jo 

f“ /a:V~Vi 

=Jo W 


Hence 
(2) Let 
Then 


f m). 

Jo 


V= 


1-fx 


B(i, 




dr. 


(1+x)* 


“f 


■dx, 


JoCl+x/^"* 

and since I, m are interchangeable this must also 
r X*-' 

JoCl+xp™*^*’ 

which would have appeared immediately if we had made the 


substitution y- 


instead of y- 


1 


1 -{-X ^ l + a? 

Note also that tlie symmetry in Z, m may be exhibited as 




(i+xy^ 

whilst for all positive values of I and m we have 
Jo (l4-x)‘+"> 


r 

Jo 


-(Zx=0. 


So that, for instance, 

r ' /.' 12). 

(3) Putting dy=a(a+l)^,, 
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Hence 




B(^, m) 


Jo (a+x)^^”* a'^{\~\-aY 

This is Abels transformation (CEuvres, Vol. I., p. 93). 

(4) P.t ^ 

Then B(Z, m)s[ y^'~^{l~y)”^~^dy 

Jo 

— r f a — x Y~^ dx 

Jft \a—bJ \a~bJ a—b 

and f (x—bY~^(a—xy^~^dx={a—by~^”^~^B{lym), 

J b 

Here the limits have been changed to any arbitrary con- 
stants a and b. 

(5) Transform by the formula - — =a — b. 

X y 

Here the limits remain unaltered, for if y~\ we have x=l, 
and if y — O, x = 0. 


B(^, m) ~ [ y^~\ 1 — dy 

Jo 

hx V”^/ (t(l— x) 1”*“^ 
~~Jo la-f (6 — {a 

^ Jo {a+(6-a)ic7^’ 


ah dx 

\(i-{-{b — a)xY 


also obviously 

and if we write a—b=c, 




Jo ( 6 +c*y+’« 
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(6) 111 the last transformation, put a?==sin-0. 


f siir^"- 0 cos^"'~^(^ o • n a jn ^ 13/7 \ 

I 2 sin 6 cos 0 ( 10 = B(t, m), 

Jo(acos-t^+/>siri-0y 

Jo(((cos>‘0+6sinS0/+“‘^^ -ia'-'V* 


7n, a and 6 being positive constants. 


(7) /=1 sin^dcos^ d(/d is expressible in the same way in 

JQ 

terms of a Beta function. 

Let sin0“v/.r, i.e. cos 0(10= \ dx. 

2v.r 

pi p 7-1 1 

/-= ./-’(I— .r) “ (lx 

Jo 2\/x 

1 ^+1-1 

“^^1 X - (1— a?) - (lx 

- Jo 

.^1 !>//>+ 1 
■ 2 \ ’ 2 / 

This also follows from No. (0) by putting i. 

860. Properties of the Gamma Function. 

Consider next the Gamma function, viz. 

r ( 71 ) = f dx. 

Integrating by parts 
r(?i)= 

-lo 

and whatever n may be, provided it be finite and >1, 
vanishes at both limits. 

Hence Y(^n)={yi—A)V{n — }), 

Similarly, ] V zi — . 1 )= ( — 2) F (n — 2 ), 

and so on. 

In the case then, where ')i is a positive integer, 

r(n) =(n-* l)(7i^ 2)(7 i~ 3) . . . 3 . 2 . 1 r( 1 ), 

and r(l)=| j 

whence r(7i)=(rfr-~l)! in that case. 
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861. Working Properties. 

We then have the properties 

r(n+l)=nT(7i), I. 

r(lHl; 11. 

and when n is a positive integer, 

r{n-{-l)=n\ III. 


The Gamma functions of the positive integers are then 

r(i)=i, 

r( 2 )=i.i=i, 

r(3)==2r(2)=:i.2. 

r(4)=3r(3)=1.2.3, 

r(5)=4r(4.)-1.2.3.4, 

etc, 

from which a rough idea of the niarch of r(ir) as a continuous 
function may be inferred, viz. a minimum existing somewhere 
between x=l and a? =2, and then after x—2 a quantity 
increasing more and more rapidly. 


862. In any case the equation r(7i+l)=7t r(7i) furnishes a 
means of reduction of the Gamma function of any number 
greater than unity to a Gamma function of a number less 
than unity. 

For instance 


p/l 7 \ 1 4 1''/! 4\ _ 1 4 lll'’/ll\_14 11 8p/8\_14 11 8 6p/6\ 

^ V'3 V “ ■ 3' ^ V':5V — • IS V S / - 3; • 3 • 3 VlT// - 'TJ‘ • • 3 • 3 ^ V 3>^ 

_14 11 8 « ap/2\ 

~"B'* ’3 • 3* 3 • 3 A V3/- 


That is, the Gamma function of any number greater than 
unity can be connected with the Gamma function of a number 
which is not greater than unity ; so that it is already obvious 
that when we come to the calculation and tabulation of the 
numerical values of Gamma functions it will be unnecessary 
to tabulate T{x) for any values of x except those which lie 
between 0 and 1. 


863. A Caution. 

The student should guard against the idea that the equations 

r(a;)=f and r(a;+l)=a;r(a;) 

•^0 

-are co-equivalent. They are not so. The latter is a conse- 
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quence of the former, not the former of the latter. The latter 
is a functional or difference equation, viz. 

^(x+l)=x0(aj) or 

and such equations may have many solutions. What is proved 


is that I dv is a particular solution of u^^y^xux- 

But so also are A] e-^v^^dv when A is any constant, or 
Jo 

such an expression as 

^ + BcQa«2Ta; f” 

C+D sin* 2xa;J(, 

where A , B, 0, D are constants, for these multipliers are not 
altered when x is increased by unity. Nor does it follow 


that I occurs as a factor in all solutions of the 

Jo 

difference equation. 

The solution of Ux+i^xUx is obviously 


Jx(x— l)(x~2) ... (r-+*l)rur 

when A is either a constant or some arbitrary periodic function 
of X whose periodicity is unity, and which therefore does not 
alter when x is increased or decreased by any integer, and Uf 
any assumed initial value of Ux- We shall return to this 
matter later. 


864. Transformation of the Gamma Function. 

As in the case of the Beta function, transformations of the 
variable will give rise to other integrals. 

(1) We have seen that a;=log^ or i/=e"* produces 

r(n)=| x^-^e'^dx=^ 

the form studied by Euler. 

(2) If we write kx for x, 

Jq 

whence | 

Jo 

provided fc be a real constant (see Arts. 1169 to 1162 
and 1327). 
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(3) If we put a;"==y where n is positive, 


r 

Jo 


e“V“ dy==nT {'n)=^T {n+l ). 


In this case, if we put >1 = ^, 

fe-s^di/^re— 

Jo Jo 

and this leads to an easy calculation of r(J). 


For {ira)P=r6“"*etex 

Jo Jo 

and as x and y are independent variables and the limits 
constant, we may write this as 


e-<^*^y*)dxdy. 


•'0 •'0 

Now, regarding », y as the Cartesian coordinates of a point 
we have to sum all such elements as through an 

infinite square in the positive quadrant, two of whose sides are 
the coordinate axes. 



Transforming to polars, we have to sum 
through the same square. 

Let aj=a, y=a, where a=oo, be the other two sides of the 
square. Then for the portion of the square which lies inside 

the circle the limits for 6 are 0 and and for r 

0 and 00 . 
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Hence the portion within the circular quadrant contributes 

e- r rfr J I” re - dr =1 [- ie - 

At points of the square outside the circle the elements are 
never greater than e“®*r Sr, and when a is made sufficiently 
great this becomes an infinitesimal of higher degree than the 
second, and hence in the double integration disappears. There- 
fore the portion of the area between the circle and the square, 
exterior to the circle, contributes nothing. 

Hence the value of F ( J) is and as all the Gamma 

functions are from the definition essentially positive quantities, 

865. We may also regard the investigation of 1 dti as 

the problem of finding the volume! bounded by the plane of 
x-y and the surface formed by the revolution about the z-axis 
of the curve for this volume may be regarded as 




being built up of cylindrical shells whose axes coincide with 

the 2 :-axis. The volume of this solid is then I du . z, where 

Jo 

u is the radius of a section parallel to the x-y plane, 

= 2x1 du^'TT, 

Jo 

♦ Euler, Tom. V., des anciem M4moirt9 de P4tersbourg, p. 44. 
t Airy, Errors of Observation, p. 12. 
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But dividing it by planes parallel to the coordinate planes 
of a;=0 and ^=0, the volume is also expressed by 

r I r dy\dx==r e-y'dy 

J — 'X.IJ— JO J J — CO 

whence f . 

j 0 ^ 

This gives another geometrical interpretation to the work 
of the preceding article. 

8G(>. When n is diminished without limit j e~^ dx be- 

Jq 

comes infinite. For the formula T (n + l)=nT{7i) holds for 
all positive values of ?i. Hence 

I'^n = ol (^0 — ~~ = 

i.e. r(0) — C3C. 

This is also obvious from the integral itself. For the 

~ z 

integrand — (for the case 7i=0) takes an oo value at the 

lower limit, and the principal value of the integral becomes 
infinite (see Art. 348). 

807. Connection of the Two Functions. 

We shall next prove that the Beta function is expressible in 
terms of Gamma functions, the connection being 

ii(6, m)- • 

Gonsider the double integral 

5 

g~xy(^^y-i ^ e~^x'^dx dy 


-n: 


[that xy is written for x in the integrand of T{1), and this is 
multiplied by the factors of the integrand of r(7a+l)], ie. 


r-JT 


e + - 1 yl - 1 (2x. 


Integrating first with regard to x, we have 

=ra+m)B(<.w). by Art. 859 (2). 
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But changing the order of integration, taking y first, 

/=f f 

Jo Jo 

= j* e-*^+”‘- tie 

=r(or(m). 

TT T,/; ^ r(or(w) 

Hence B(i m)= 

868. Deductions. 

It further follows that 

Tw;. X r{/+7M)r(n) 

and therefore that 

T3/7 NO// L .r(l)V(m)T(n) 

B(i, m) B{l+m, ^t)- • 

whicli is a symmetric function of Z, n. Hence we have 
B(^, m) B(i+7n, n)=B(m, T?)B(m+?i, ^)=B('7?, 1) B(n+Z, vi). 
Hence also 

B{1, m)B{l+m, n) B(^+m+'>t, 

869. It now follows that the results of the transformations 
of the Beta function given in Art. 859 could be further expressed 
as Gamma functions. 

Thus 

f V-^(l-a;)”»->tfa; _ 1 „ ^ ^ (0 

Jo {b+cxY'^”* {b+cyb^'^ (b+cyb^^ T(i+vi) 

sin^^-^gcos^^-^e , 1 . . 1 r(0r(m) 

Jo(acos*^0+fcsin^^)^^*" 2a^b^ * ' r(Z+77i) 

r(P±l\T(^±l\ 

<?+i\ V 2 rv 2 ; 

’-2®^ S ’ -2 -)- 2r(E±-«+i) 

etc. 


j: 


sinP0cos^ 9dd= 


The last of these integrals has already been used in earlier 
chapters, for convenience of calculation, with a temporary and 
limited definition of F. 



THE INTEGRAL I’^dx. 

Jo i+x 

870. We have also iu Art. 859, Case 2, the integral 

Put i+m=l. Then, since r{l)=l, we have 

where m is a positive proper fraction. 

We have then to consider this integral next. 

r® j.n-1 

871. The Integral / = J where 0 < 7 i< 1 . 

The integration 1 may be separated into two parts, viz. 
Jo 

h :- 

In the second part put .r=- . 
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Then 


‘1 —1 I 2 ^ ” 71 


Hence 

and by division 


^Jo ~iTF 


- dx, 


= l-a:+x*-x’+... + (-])V+(-l)*+>^. 


i-f z 
Hence 


/ = |'(z"-i+z-")(l-z+z*-...+ (-l)*z*) 

/I i_, J 1 . ./ ntJ_ 

In S+n”^*** ' ' k+n 
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1 1 1 1 1 1 

z z-\-ir z—7r z—Itt z+Stt 


- + • • • to 00 . 


Hence 


(Hobson, Trigonometry, p. 335.) 


1 1,1,1 1 1 , W X 

n~l+«+l-n+2+«“2-n“3+n+3-n+- "" 


and since in the limit when k is made indefinitely large the 
last term of the series for /, viz. ( — 1)*^ becomes zero, 

TT 

the portion of I within the brackets becomes . 

^ sin tlTT 

a:* ^ ‘ 1 I / may 

0 1 + 37 

note that as x lies between 0 and 1 and is a positive proper 
fraction, is diminished indehnitely by an infinite increase 
in k If then this integration be expressed as a summation 
according to tlie definition of Art. 11, each term of the sum- 
mation is diminished without limit, and may be regarded as 
an infinitesimal of the second or higher order when k is 
sufficiently increased. 


Hence 


and we are left with 


Lh^S 

Jo 

eft with 

j. i+i*“ 


dx~0, 


dx — where 0 < n < 1 . 

smnTT 


872. An Important Result. 

It now follows that 

r(n)r(l-n)= 

SID nTT 

As a particular case put n= J. 


(0<n<l). 




r(i)=N/^, as has been seen before, Art. 864. 


and 
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Again, put n=|. 



Hence r(i), VU), etc., are expressed in terins of Gamma 
functions of numbers whicli are < ^ ; whence it will appear 
that if all (hiniina functions were tabulated from r(0) to FQ), 
all others could be found by this theorem, together with the 
theorem r(n + l) = 7?r(?0« 

The result F (rj) F ( 1 ~ n) = ^ temporarily borrowed 

in an earlier chapter, Art. 592, in the calculation of a certain 
arc of a Lemniscate. 

Since r(l+n)==iir(^() and r(«) r(l - = . 

' Sin^^TT 

this formula may be written 

r(l + n)r(l-n)=-’--- (0<7!<]). 

Sin?/7r ' 

873. To show that 

We are now able to consider the continued product 

where n /or the present is any positive integer. 

By writing it down again in the reverse order, multiplying 
the results, and noting that 

r(Dr(>-;)— T- <-■<">• 

Sin TT 
n 


we have 


p2 


TT 


. TT 

Sin ~ 
n 


TT TT rr 

, 27r . Stt'*’ . (n— l)7r 

Sin — sin — sin 

n n n 
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and since 
sinnd 

sm sm sm ... sm 

(Hobson, Trigonomelryy p. 117), 


we have in the limit when 0=0, 


1 . TT . 2x . Stt . (n — l)7r 
n=2"“^ sm — sin — sin — ... sm 

n n n n 


,r«~i 


Hence P ^=— — 2"~\ and P being positive, we have 




J 


874. Gauss’ H Function. 

Taking the original Eulerian form of the Gamma function, viz. 

r(«)=£(iog^rV 

1 

l^af I 

and remembering that =log- (Diff, Calc,, Art. 21) 

1 X 


we may write 


('»4r‘=| 


1 1 

1 

l /U 1 


+ e, 


where € is something which vanishes in the limit when /x 
becomes infinite. 

Let us take /x as a positive integer. 

Then r(n)=j dx+j edx. 

In the first integral put 

Then r(n)=/x”f cdx, 

Jo Jo 

and as ix is a positive integer, 

(<■-1)1 I f j, 

n(n+l)...(n+;u-irJo • 


Hence 


r (»)=/*" 
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Hence, making fj. increase without limit, the integral ulti- 
mately vanishes, and 

(m-1)! 




or, which is the same thing, 
and writing n-f- 1 for n, 


w(»-|-l) ... (w-f-/x — 1)’ 




n(«-f 1) ...{n+p.- 
. 1.2.3...U 


T)’ 


(m+I). 

This limit is known as Gauss’ n function, and is written 

1 . 2 . 3 ...;/ 


or, which is the same thing, 


(n-t-1) ... (a-f/u)’ 


XL 




Here m ia integral, and n is essentially positive but not 
necessarily integral. 

875. The limiting form at which we have arrived at the 
end of the last article plays an extremely important part in 
the development of the general theory of Gamma functions. 
It will be very desirable for the student to pay considerable 
attention to it, and we propose therefore, in due course, to con- 
sider at some length the general behaviour of the function 

^ ^ ^ ••• for different values of /x and 

(x+ l)(aj+2)(ir+3) ... (37-4-^) 

for different values of 37 , and the only restriction we shall 
place upon it at present will be that /x is to be a positive 
integer, not necessarily large. 

Two theorems, however, are required in dealing with such 
expressions as will arise, viz. 

(1) Wallis’ Theorem, which states that when n is a very 

1 ‘j.* • 4 . « 2 . 4 . 6 . . . ^ »JnTr become in- 

large positive integer, ^ g - g — T) 

finite in a ratio of equality, i.e. 

2 .4.6 ... 2n 
i73 .5 ... (2n— 1) v/n-TT 
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(2) Stirling’s Theorem, which states that when n is a, very 
large positive integer 

1.2.3.,.n and v/2n7r . w” . e-” 


become infinite in a ratio of equality, that is 


Ltn — X, 


n!e" 


— s/'lir. 


The first of these appears in most treatises on Trigonometry, 
for instance, Hobson’s Trigonometry, p. 331, Ex. 1, but scarcely 
appears to receive the prominence in the text-books that it 
deserves. The second, Stirling’s Theorem, is less available for 
the student; hence these theorems are reproduced here for 
present use. 


876. Digression on Wallis’ and Stirling’s Theorems. 

Wallis. Expressing sin0 as ••• to oc , 


and putting have 




1.3 3.5 5.7 (2n-l)(2n+l) 

2'^ ■ 4* ■ 6* •" (2n)2 


P.32.5^. 
2® . 42 . 62 


(2«-l)2 

..(2n)2 


(2M+l)x(l-e), 


where e becomes indefinitely small when n becomes indefinitely 
large. 

Hence, when n is large, we have 

(2n+l) ultimately ; 
and since n is very great, we have 


j. 2.4..,2w 1 

"i.3...(2«-i)';^=i> 


2.4 ... 2n 


may be replaced by Jmr, these expressions 


1.3...(2n-l) 
being ultimately equal. This is Wallis’ Theorem. 
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877. Stikling. Stirliufj’s Theorem states that for very large 
values of w, 1 . 2 . 3 ... n and >j2mr e~"M" are ultimately equal. 
Write 0(w) for 1 . 2 . 3 ... n. 

Then 0(2») = 1.2.3 2w 

and 2"^(n)=2.4.6 ... 2m. 

Hence Wallis’ Theorem, which may be written as 
2“.42.6^..(2m)2 
1.2.3.4...(2m-l).2m“''”’'’ 

2*“[A(m)]2 / — 

gives 

Let — be called F{n). 

Then 22«[n’*\/2w7r F(w)p=v^n7r(2w)®"\/4n7r F(2n), 
i.e, F(2n) = [F(n)p. 

To solve this functional equation, write 2n for n. 

Then F(22n) = [¥(2n)f=[¥(n)f\ 

Similarly F(2'^n)=[F(n)P‘\ etc., 

and F (2^’n) = [F(n)P^ 

p being a positive integer. 

Now, putting 2^n=Xy 

F(a:) = {[F(m)]'-r. 

Let p increase indefinitely and n decrease indefinitely in 
such way as to keep the product 2^n finite. Also let 

be called k. 

Then F(a;)==A:® which indicates the form of F to be expon- 
ential. We have to determine k. 

Taking 1.2.3... n^(j}(n)=n^s/2n7rk^^ 

change n to w+1. 

1.2.3 ...m.(n+l) = (n+l)"W2m+l7rA:»+i. 


Hence, by division, n + 1 


(n+l)”+^ \/n4-l 
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in the limit when n is indefinitely large. Hence and 

therefore 1.2.3...n and >s/2n7rn”e“** become infinite with n, 
in a ratio of equality, or, what is the same thing, 


Ltn^co 


6"n! 

fin+i 




This is Stirling’s Theorem. The result will be considered 
further in a subsequent article (Art. 884). 

This particular form of proof was given by Dr. E. J. Routh 
in lectures at Cambridge (see also Dr. Glai slier on Stirling’s 
Theorem in the Messenger of Mathematics), 

878. Illustrations of the Use of Stirling’s Theorem. 

Stirling s Theorem is useful in such cases as involve factorials 
of large numbers. 


1. Thus the middle coefficient of the expansion of (1 +.r)®'* where n is 
(2n) ’ 

a positive integer, viz. j — j^, is ultimately when n is very large, 

{n l)* 

“ 2nir ' 

This is the limiting form. It is of course inhnite itself, but for large 
values of n a close approximation will be thus obtained. Thus, for in- 
stance, even taking a case when n is not exceedingly large, in calculating 
40 ! , 




(20 


and from the logarithm tables the latter only exceeds 


the former by about 0*7 per cent. ; and in calculating — 


2100 


100 ! 
(50 !)2 


and 


, the latter only exceeds the former by about 0*25 per cent.; and the 


VdOrr* 

error is diminishing as the magnitude of the numbers dealt with increases. 

Ultimately, for exceedingly large values of «, the middle coefficients of 
the successive expansions (1 *f etc., form what is nearly a 

G.P. with common ratio, 

22n42 j 22>* 

Lt , i.e, 4:1, 

V(n-hl)7r/ 

as is also directly obvious. 

2. The n“* number of Bernoulli, viz. (see Diff, Calc.^ p. 502), being 
given by 

_ 2(2n)! / 1 . 1 , \ 

"2.^1 - (2,r)** V P* 3^ ■*■■ ■■ / 

we have, when n is large, 

„ _„'v/2».2jr(2n)*»e-*» 

_4^-2*+Jj-2n„2n+l 
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K 

Similarly if ^ be the coefficient of af* in the expansion of sec;r+tanx, 
it is known that 

tJ« + 2 ^ f 

which embraces the cases of Bernoullian numbers and Eulerian numbers 
together, viz. 

the n“* Eulerian number, 

__22n(22n_i) 

and we have when n is very large, 

2*1 + 2 


2**+^ /nV 

^ »i~ .jj.n+T>^2»7m”e“” = ^ ) 

In this expansion, viz. 

sec a; + tan a’=l +jr,^+A',|j+A-33‘,+. 
the ratio of the (n 4- 1)**" term to the n*** is 


(see Biff. Calc.^ Art. 573, etc.), 

n\w + i 


.r’ 


£ 


and when n is large this becomes 


Lt~ 




ni i 


-Lt 


2nf 3 

ire 




,-n4 1 


X 

n 


•(” 4 )' 

. I • n^{n- 1)^ • - 

(■-i) 


^Lt 


1 .r 2.r 

C ' n TT 

2n 


It appears that, since Ltj^^- = — y the coefficients increase with great 
A n— l ^ 

rapidity ultimately, and the series will be divergent for values of a: . 

3. In the series which gives rise to the Bernoullian numbers, viz. 

the ratio of the (n-f 1)“* term to the n*** is 
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^-Lt 




jyin-ii (2n~ l)2w 
0:2 

(2w-l)2?i 


^^7r2‘e2^^_l^iin-^ ^ ^ *(2w-l)2 


= -Lt 


1 i ± 

-2 • p2 • .-i • ^ 


0“ 

' 4?i2 



The aeries is therefore divergent for values of .r2 (27r)2, and as 

the Bernoullian numbers ultimately increase with great rapidity. 

It will be noted that cotir| becomes infinite if .r have the unreal value 

2t7r- When .r is complex it is therefore necessary to limit expansion to 
the case for which the modulus of the complex is < 27r * 


879. A method of Calculation of the Numbers of P>ernoulli and the 
Numbers of Euler is explained in the Differential Calculus, Art. 573. 
Both sets have been calculated for many coefficients of their respective 
series (see Proceedings of the British Association 1877), and probably far 
enough for all practical purpose.s for which they will ever be required. 
Several are quoted on pages 106 and 501 of the Differential Calculus. A 
few extra results are put upon record here for reference, for the con- 
venience of the reader. Also, as we are about to deal w'ith such sums us 

^ + ~ + ... to 00 ^Sp, which for even values ofp are to be found from 
R _2(2n)! 

(27r)2n 

we tabulate a few of these results also. 

; 

= Et = G\, A?8 = 138r), ; 


*% — 


7r2 

6» 


'SV 


TT^ TT® Tj-S 

90’ 93555’ 


The values of Ep up to reduced to decimals will be found tabulated 
later for purposes of evaluation of integi*als to be discussed (Art. 957). 


880. For other methods of Calculation of Bernoulli’s Numbers etc., 
see Boole, Finite Differences, Chapter VI, 


881. We note that B-f< B^< etc., and the coefficient B^ 

is the smallest of Bernoulli’s Number.s, after which they rapidly increase. 

^*■866 Bertrand, Calc, Diff., Art. 412. 
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882 . The Value of n(i). 

Consider next the case of Gauss’ II function for n=^. 

2 2 2 

= Lf 2 ^ 4 ^ 6 ^..( 2 ;.)^ . 

''‘-"1.2.3.4....(2;x)(2^ + l)'' 

= i 


= Lt 


2^'^2fnr . 




+ 2 )^ ( 2 ;u + 1 )V + le-( 2 M + l) 

7 4^1™ 1 1 

. cVtt- — — j 


/—I , 1 

= es/‘7r,-. 1 . ,, = -^r- , 


whence 


2 2 
s/ir 


n©=4’ 


It will be remembered that for positive values of n, 

n(n) = r(n+l); 

therefore r(|) = Il(|) = ^^ and r(|) = lrg); 

r(i)=v^^. 

which agrees with Art. 864. 


883. The Graph of // = x'^e ~ *. 

We shall next study the nature of the family of curves 
for various values of n. 

The subject of integration in the Gamma Function r(ti + l) 
viz. has a maximum value when 

— 0, i.e. when x — n (71 > 0), 

and the maximum ordinate of the curve y = x'^e~^ for positive 
values of x is 71 ”^“*”. 

The graphs of the members of this family for ti = 0, 71 = 0*5 
71 = 1, 71 = 2 are shown in the accompanying figure for the first 
quadrant, which is all we require. 



72 


CHAPTER XXIV. 


The case -n = 0, viz. y = e“* is a logarithmic curve, and cuts 
the y~axis at a point y = 1. It has no maximum ordinate 



The ease n = 0*5 has a maximum ordinate at £C = viz. 


v/2e’ 


and then runs to the positive end of the x-axis asymptotically. 

The case n = \ has a maximum at x~\, viz. 

e 

4 

The case n = 2 has a maximum at cc = 2, viz. -r , . 

All the curves have the ac-axis as an asymptote, and all go 
through the point ^1, where they cross. 

For values of n between 0 and 1, the curves touch the ^-axis 
at the origin. 

The case n — 1 touches the line y = x at the origin. 

The cases for > 1 touch the aj-axis at the origin. 

The several maxima, viz. diminish for various values 

of n from n = 0 to n = \, and then increase again, all the crests 
the curves lying upon y = i,e. 


y 


-(!)■ 


the least of the maximum ordinates being at x=l, and 
belonging to the curve y = aje~* 

The area bounded by any of these curves = the 
aj-axis and the ordinate at a? = oo , is 

J e^^x'^dx, i,e. r(n-fl), 

and increases without limit as n increases. 
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884. Extension of Stirling's Theorem. 

We have shown (Stirling’s Theorem) that when n is a large 
positive integer f 

1.2.3. 2mrn‘^e‘~*^, 

the meaning of the equality sign being that these quantities 
become infinite in a ratio of equality. 

We proceed to show that even when n is not integral, but 
still positive. r (« + 1 )= 

when n is indefinitely increased. 


^00 

We have r(wq-l)=l x^e~^dx. 

Jo 

Let us transform this integral by putting 


x'^e-^^n'^e-^e ^ , ( 1 ) 

which is legitimate, as has been shown to be the 

maximum value of x^e~^. 

Now, as t ranges from — oo through zero to -f x , 

X ranges from 0 through n to + x . 

J-c. 


Thus 




and we have to find^. Let a; = n(l-f t). 


Then 


(n -h 




and 


<2 


log(H-T)-T=— g. ...(2) 


Clearly r vanishes with t, and as t can be expressed in 
terms of t by expanding the logarithm, we can by the 
ordinary process of reversion of series expand r in terms of L 
t t^ t^ 

Let T=^i 


Then, differentiating equation (2), 

t^=<(1+t); (3) 

whence, by substituting the series for r and equating 
coefficients, we can readily obtain tlie values of il^, .dg, etc. 
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by writing Kt for x in the result of Art. 223, Ex. 4, 


and J = 

as is obvious, for the negative elements of the summation 
cancel out the positive ones. 

Hence 

i (I) © © I 

and it remains to obtain the numerical values of the coefficients. 
Substituting the series for r in the differential equation (3), 

(^1 + X + + 1*^ •••) 

=t ^1 + ^1 Y^ + A3 — + ...^ ; 

whence a _i 




A 1 A 2 , ^2 

i ! 1 1 2 ! 




Ai A3 , Ag Ag , ^ _ A2 
1! 2!^ 2! 1!^3! ^ 2!’ 


and generally 

A^ Ay^ A 2 ^n-i I A 3 A^_ 2 , , A^ j _ 

1 1 (71- 1)!*^ 2! (71-2)!‘^3! (7i-3)!^“*^7i! 
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^,e. i~2~~ 172. 3 ^3^n-2 




4 -...+^„- 4 i=w^„_i, 

(•n.+l)'n.(n' 

■1"^ 1.2.3 

+ ...= 7 l^„_l, 


tlie series proceeding as far as the greatest binomial coeflBcient 
in (1 + 0 )“+\ and the last term of the series being halved if n 
be odd. 

Thus -d 1 = 1 , 

SAiA2=2Ai. 

4A^A,+’iA^^=^A^. 

5yl 5^4+ I 0.42^3=4^1 J, 

G.l 1^5+ 15^2^ 4+10^32=5^4. 
7.4ji4g+21.4245+35jl 3^14=6.4 5, 

8yli^, +28+2^6+56^ 34 s+35^4*=7^6. 

etc., 

giving ^, = 1, ^ 2 = 5 , ^4=-tV A=-sr> 

A — H A — 13 » A — 16 A 5 71 of ^ 

•^6 tH&> "7 lOAfiJ “^8 Hl» ^9 — ¥4 ft IT* 

Hence, finally, 

r(n+l)=s/ 29 i 7 r H»«-‘[l + ^ 2 +-} 


When n is indefinitely large, we therefore have 

r ( 71 + 1 ) = n /271 TT 71” e””, 

which removes the limitation that n should be a positive 
integer, as supposed in Art. 877. Moreover, it will be noted that 

an expanwsion of ~ ■ is effected in powers of ^ 

^ x/277.7r7i”e-” ^ 

r(7? + l) ^ , 1 I ^39 

v/27i^7i”e-« “^12 Ti"^ 288 712 51840 * 


n 


*-2p-H 


' 2Pp\ 

the law of formation of .4 2^+1 being as above stated. 


+ . 


885. Ex. 1. Ill calculating 10 ! in this way, 

logV^TT. 10. 10^® = 6*3561451 (Chambers’ seven-figure logarithms) ; 

.*. v27r . 10. lO'^e*”^® — 3598695 (the last figure doubtful). 

Carrying the series to four terms, viz. 

1 4 - 1 io + 2 Rfoo “ = i *00836537, 

we get 10 ! = 3598695 x 1 *00836537 = 3628799* etc. 
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The true value is 3628800, so there is only an error in the last figure 
in the approximation. 

Ex. 2. Calculate 100 I Here 

logdOO I)=log{s/2i;no0. lOO^Oe-io^l - ...)} 

= 157-9700036, 

indicating a number of 158 figures, beginning with 933262, viz. 
9-33262 X 101”. 

[The logarithms from 1 to 100 add up to 157-9700038, which is in 
agreement with this result, except for the seventh figure of logarithms.] 

886. Properties of Gauss* 11 Function. 

We may now proceed to discuss the nature and properties 
of Gauss* n function. 

Let us start again with a consideration of the expression 

where is a positive integer, not necessarily large, at present, 
and a; is a fixed number, either real or unreal, positive or 
negative, integral or fractional, but finite. Call the expression 
n(ic, //), and abbreviate it further into n(a;) when in the limit 
yu is 00 , so that 11 (a;) stands for 11(3?, qo ). 

Consider the graphs of 

1.2.3...M , 

y (x+i){,x+2)...{x+^)y- 

for different values of jul. 

There are jjl asymptotes parallel to the y-axis. 

y is positive from x=oo to a?— — 1, 
negative from x= — 1 to x— — 2, 
positive fromx=— 2 to x= — 3, 

and so on. 

And if /a be >1, the x-axis is an asymptote at its negative 
extremity only ; 

also when x=0, y—\ ; 

when x=l, 'V=— 

whe..-2, 

etc. ; 
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and these ordinates approximate to 1, 1, 2!, 3!, ... as /it in- 
creases, whilst at the same time the number of asymptotes 
increases. 

The cases of /it=l, 2, 3 and 4 are shown in the accompanying 
figures, which are intended to exhibit graphically the general 
characteristics of the functions, but are not drawn to scale. 

The case /ul~1 gives ^ rectangular hyperbola, with 

y=0, x~ — l for asymptotes. 



The case ^=2 gives 



Fig. 317. 
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The lengths of the ordinates for various values of x and /u 
are shown in tlie table : 




X- 

-4 

X- 

^3 

.0 = 2 

:r=l 

1 

^'~2 

a:=:0 


0167 

0*200 

0-2.70 

0*333 

0-.500 

0*067 

1 

II 

1 *524 

1 *0^37 

0 S<M) 

0*667 

0*667 


0*754 

1 

/x = 3 

4*339 

2*314 

1 350 

0*900 

0*7.50 


0*792 

1 

/u-4 

8*127 

3 •6,57 

1*829 

1*(M37 

0 800 


0*813 

1 





•* 







00 

120 

24 



2 

1 

0*886 

1 


1 i 

"2 

= - 1 

X — 

3 

o 

X- 

-2 

x~ - 

5 

2 *= " 

3 

7 

" 2 

a: - - 4 


2 i 

QC 


o 


1 

-0*667 -0*500 

-0*400 

-0*333 


1-886 1 

CO 

_ 0 

•828 

QO 

+ 0*4 

71 1 0*125 

1 

0*047 

0*021 

fx-3 

1-847 1 

(30 

- 3*079 

<» 

4 1 *026 00 

-0*068 

-0 012 

/a = 4 

1*S29 1 

1 

CC 

- 3 *200 

00 

+ 1 *333 (» 


-0*200 

QO 











fl — CC 

l-77i 1 

00 

- 3 545 

OO 

2 363 1 00 


-0*945 

QO 


887. General Bemarks. 

From tliese considerations it will appear that in these curves, 
viz. = ^==‘1, ^ = 4, etc., 

(1) At x=0 all the ordinates arc =1, and any two of the 
curves cross each other. 

(2) At x—jf, 1, 2, 8, 4, ... the ordinates of the several curves 
form an increasing series, so that the curves as ju increases 
are such that of any two the one with the greater ju. has the 
greater ordinate. 

(8) As X increases through zero the curves are all initially 
approaching the aj-axis. The limiting case of the hyperbola 

y = — v ^-r continues to do so, the others all ultimately have 

‘ x+l 
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ordinates >1, and therefore have minimum ordinates in the 
first quadrant. Moreover it may be shown that 

)u = 2 has a minimum ordinate between 1 and 2, 

Ai= 3 „ „ „ 0*9 and 1, 

= „ „ „ 0*7 and 0*8, 

etc. 

As iJL increases, the minimum ordinate begins to approach 
the i/-axis, but does not do so without limit. For in the 
case jUL—oo it lies somewhere between 0 and 1. 

(4) On the negative side of the y-axis at the succes- 
sive ordinates of the curves m=2, /x = 3, etc., form a 

diminishing set. 

(5) /x = l has one asymptote parallel to the y-axis, 
yu=2 has two asymptotes parallel to the ^/-axis, 

/x=3 has three asymptotes parallel to the y-axis, 

etc. 

is asymptotic to the x-axis at both ends. 

M=2, /x=3, yu=4, etc., are only asymptotic to the x-axis 
at its negative end, and alternately from above and 
below the x-axis. 

(6) Observe the behaviour between the several asymptotes. 

Between x= — 1 and x= — 2 the several ordinates at x~ — f 

are all negative but numerically increasing, i.e. the more 
asymptotes there are the further do these branches recede from 
the x-axis. Similarly between the asymptotes x= —2 and 
x= —3, or any consecutive pair. 

Note also that for each given value of /x the branch between 
two consecutive asymptotes has a numerically greater ordinate 
midway between those asymptotes than is the case for a branch 
between two consecutive asymptotes more remote from the 
y-axis. 

(7) The limiting case 

becomes, when x is positive, the curve y==r(x+l), as has been 
shown. 

The shape of this limiting form will be more carefully 
considered later in Art. 922. 
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But there is this difference between the functions 


that though they coincide in value for all positive values of x, 
the former becomes infinite at the values — 1, 2, 

X — — 3, etc, but has finite values for other negative values of 
X, whilst the definite integral is permanently infinite for all 
negative values of x+1. 


888. That the factor form has finite values, when fi becomes infinitely 
large, for negative values of x between the asymptotes may be made 
clear by taking a case. Take .r= — .1. 


Then //<« = «- 


,ri 


= -Lt 


2.4.6...2/X 1 




= _// _ 2».4».6°...(2m)^ (2jt-U 

i .2.3.4. ..(•2 m-3)(2,x-2)(2joi-1)(2/x) “ 


Sn/tT/A 1 

5 2“ 

Similarly at x = the corresponding limit is y^^vtt, 


7 2'* - 

at .r= - the corresponding limit is — 7— 

2 1 . o . o 

and so on. 

These mid-ordinates, half way between the successive asymptotes, thus 
form a regular descending series 


2 2'-= 


2 ® 


1.3 




2 * 


1.3.5.? 


■s/tt, etc. 


8<S9. It is worth noticing that n(a:, /x) may be written as 


nr. N- 

inx, ... {x+,.r 
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where P indicates that the product of all such fractions as 

r=l 

follow it is to be taken from r=l to r=yu. 

And in the limit, when /ul — oo, 


U(x)^- 



or, what is the same thing, when x is real and positive, 


r='x 


r(i+x)= p 

r = l 



890. Reduction of 11 (.r + 1 ). 
Again, 


n(a^+l) m)“ 


1.2.3. 

{i+2)(x+s)(x-fi)::. 


• .x+i 

(x+/x)(x+, *+!)'" 


Hence 

ri(x+i. ;x)=(x+i)n(x./x)x — 

l+5+i 

which is the law of connexion of the successive values of 
n(ic, yu) for unit differences in x. 

In the case when yu is indefinitely increased, the factor 

becomes unity, and we are left with n(a;+l)=(a;+l)n(aj) 
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and changing x to x—l, n(aj)=a;n(a;--l). This is true for all 
finite valuCvS of .r, positive or negative* 

In the case of values of x'^0 we hav^e n(ic)==F(a?+l), and 
therefore r(x+l)=xr(5c), the formula already established for 
the Ganiiua function. 


891. The Case when x is a Positive Integer. 

When X is a positive integer we may multiply the numerator 
and denominator of 


n(x, 


1 . 2 . 


(a;H-l)(a;4-2)...(a;H-yut)^ 


by x\ 


obtaining in that case 
and tlien removing ;/!, 


n(a;,/x)= 


xl ;x ! 

{x+^y/ 


IKX, 


1 . 2 ...^ 


X 


so that vvlien /j. is indefinitely increased, x remaining finite, 
11 ( 2 ;) becomes a;!, which is in accordance with the result 

r(a;+l)=a;!of Art. 800 . 


892. Comparison of the Gamma Function with Gauss’ Function. 
It will now be clear, from Art. 887, that the two functions 
11(2;) and r(2;-|-l) are identical for all real valiKiS of 2 ; greater 
than — 1 ; but tliat 11 ( 2 ;) is a more general function, embracing 
real or unreal values of x quite unrestricted as to sign. That 
n(x) becomes infinite for all negative integral values of x, but 
has finite value's for negative fractional values of x, whilst r( 2 ;) 

defined as 1 dv is infinite for all negative values of x, 

Jo 

Graphically this means that the curves 2/ = IT(^“^) 
y=zr(x) absolutely coincide for all positive values of x, but do 
not do so for negative values of x. If we had restricted the 
definition of Gauss’ function, viz. 

(x+l)(x+2)..!(x+/uy“'’ 

to real values of x greater than —1, the identity of n(ir) with 
Euler’s Gamma function r(a;+l) would have been complete. 
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893. We have, from the definition, 

1.2.3...(;x-lV 


■(l-x)(2-a:)(3-a;)...(M-l-a:)(M-») 




n(-x, /i) 

and U(x m)— j)' 

Hence multiplying them together, and assuming that x is 
not an integer, 

n(— X, yu)n(x— 1, yu) 

_1 H.2^3^..(yU-l)* 

X ■ (p-x^){2^-x^)(S^-x^)...{(f,-lf-x^} yu-x 


1 


Ji_ . 
fi — X’ 


and when ju increases without limit, Li —^ = 1, x being finite, 
and we have ^ 


n(-x)n(x-i)= 




sin TTX 


It will be noticed that in proving this result no assumption 
has been made with regard to x except that it is not to be an 
integer, either positive or negative. For such values one or 
other of the 11 functions would be infinite, as also of course 

would — . 

sin XTT 

Taking positive values of x less than unity, and remembering 
that in that case n(x) = r(x+l), we have 


r(i-x)r(x)=-r^, 

^ / V / sin XTT 

as previously found. 

894. If we were to base the discussion of the properties of 
r(x) on this method of procedure, we could therefore infer the 

— — dv of Art. 870 to be , 

Q 1 + 1; sm XTT 

where 0<x<l, instead of investigating the integral first and 
then deducing the result r(l—x)r(x)=- .— . 
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896. An Unreal Value of x. 

We note also that if x be unreal and =iy, 

but that r, as defined in the Eulerian manner, loses its meaning. 
See, however, Art. 900 for an extension of the definition of F. 

896. Both functions, viz. 11 (x) and r(.T+l), have been 
shown to satisfy the equation of differences 

I.K3t US see from this point of view what can be ascertained 
as to tlie nature of the function Ug.. 

It has already been stated that this equation necessitates 
one form of the result to be 

where A is a constant or some arbitrary periodic function of x 
of unit periodicity, and Ur is some initial value of Ux to be 
chosen at pleasure. 

Following Laplace’s mode of procedure in such cases, assume 
as a trial solution, r 

where the form of F{i) and the limits of integration are 
reserved for future choice. 

Then, since 

d<= (*+ 1 ) it 

=[/'(<) 

the integration being by parts, and the square brackets de- 
noting as usual that the term integrated is to be taken between 
the limits ultimately chosen. 

Hence the choice must be such as to satisfy the equation 

* See Boole, Finite DiJerenceSf p. 257. 
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Let us then take F{t) so that JP'(^)+jF^(0 = 0, and the limits 
such that [i^’(^)^*+i]=0. 

Our choice is now complete, and there is no further latitude. 

The first equation gives F{t)~Ce''\ where C 

is an arbitrary constant as regards t. 

This determines the form of the function F in our trial 
solution. 

The limits must then be such as will satisfy the equation 
[(76-*/*+!] -0. 

Supposing aj+l to be positive, this will be effected by taking 

^ar+l 

^==0 and t~oo , for in each case Lt —0. 

r 

Hence a solution of the equation for positive values of 1 is 

•'o 

= Cr(x+l). 

So Ux^GT{x-{-\) is a solution, provided x+1 be positive 
where C is any arbitrary constant an re(jar(h i. 

To put the possible dependence upon x in evidence call 

C, r,. 

Then 7/.^. — 

+ 2)-= r^.,,(x + 1 )r(x-f 1), 

but u^+i = (x+l)it^; 


whence it is clear that is either an absolute constant or 
some arbitrary periodic function of x whose periodicity is 

unity, such as cos”27ra; or wliere A, B, 0, D are 

0+/)sinP2'7rx ’ ’ ’ 

absolute constants, such functions returning to their original 
values when x is increased by unity. 

Thus Ug^—f(x)r{x+l) satisfies the difference equation con- 
sidered when f(x) is such a periodic function as described. 

It appears, therefore, that the equation u^^^ = (x+\)u^ 
is not co-equivalent with Ua.= r(»+1), Euler’s Gamma 
function, or with Ux~Tl{x)^ i.e. Gauss’ II function, but that 
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these are particular forms of the solution, as has been pre- 
viously pointed out. 


897. Euler’s Constant. 

The limiting value when n is made iiiHnitely great of 

i+2+3+...+--]og« 

is finite, positive and less than unity. This limit plays an 
important part in our subsequent work. It is called Euler’s 
constant and denoted by y. Its value has been computed to 
over 100 places of decimals (Proc. Royal Society, vol. xix. 
and vol. xx., p. 29). 

The first twenty figures are* 

y-3 0 j77 215 GG4 901 5:12 8G0 60... . 

We shall presently show how it is to be computed. For the 
present it is sufficient to show that it is a positive proper 
fraction, and this admits of elementary proof. 

For 


1 , . r 1 


■ lojx 


(>+;) 


=s-;. — n-^+T^— convergent series if 
2r- Sr* 5r‘ r 1 

r- \ 2 877 ^ 7’* \4 5 r/ ^ 

--positive, since r ^ 1, for every bracket is positive ; 
G + l‘'Sa) + (|+logi)+- + G+log,4T) is positive; 


1,1,1, , 1 , , 1 2 3 n . .... 

• • l+ 2 + 3 +- + «+l’’S.y 3 - positive, 

• ■ positive; 


and as log (n + 1 ) >• log n, 

-j- -f“ rt “h « log w is positive. 

12 3 n ^ ^ 

•See Todhuiiter, Integral Calcnln^t, p. 25G ; Serret, Calc, Integral, p. 183; 
Legendre, Exercicea, p. 29r) ; De Morgan, D. and /. Calcnlva, p. 578. 
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Secondly, 

i+log^=J+log(l-l) 


’2r^' 




j + loo 


r-1^ 


"Sr*" 

1^1 1^1 


etc., a convergent series if r > 1 ; 

which, when n — ao^ 
are all convergent 
series, 


Therefore 


=a negative quantity. 


],1,1, ,1,, 123 «-l . 

2 + 3 + 4 +- + -+log 2 • 3 • ^ 18 a negative quantity. 

+ ^ negative quantity, 

and l + s+i-h ... + ~ — locf n is less than 1, 

2 3 n ® 

and it has been shown to be positive. 

Hence, making n increase indefinitely, y is a positive proper 
fraction, 

898. Closer Limits for y. 

ti n 

Let Un = 2 - log (» -f- 1 ), - h>g (w > I ). 

1 1 

Then v„“?t„=log^l }X)8itive, if n he finite, and ultimately vanish- 

ing when 71 — CO, i.e. = v« = y. 

Now Un- Un-^ = - + log — positive ; v„ - v„_i = - -f- log - ~ negative; 

7i IX *T" 1 U 7X 

therefore, as ii increases, increases and decreases towards the common 
limit y ; and Wn<y<Vni whilst n remains finite. 

Taking Bottom ley’s tables of Reciprocals and Napierian Logarithms, we 
readily find 

Wi = *3069, 1^2== *'^t)14, ... ?<|o= *531 1, 'f)b22, 

t?i = 1 *0000, Va = -8069, . . . v,o = *6264, = 6020, = *9938, etc. 

We thus have an approaching set of inferior and superior limits for y, and 
note that it must lie between 0*56 and 0*60. It will he seen later that 
y =0*5772.. .(Art. 917). 


899. Except for negative integral values of z, 11(2;) is Finite 
whatever z may be, Beal or Complex. 

If W3, ... ««••• t)e any series of real positive quantities, 

r- « 

each of which is less than unity, the infinite products II (1 +«^r)» 

f=oo r-i 

II(l — Ur) are convergent or divergent according as the infinite 



GAUSS’ FUNCTION IS FINITE. 


89 


series Sm, is coHvergent or divergent (see Smith’s Algebra, 
p. 423 * and Hobson’s TrigorumHry, p. 319), and if the quantities 
M,, «jj, ... M„... be complex quantities, the modulus of each being 

f*= CO 

less than unity, the product II (l + w,.) converges if the series 

r=l 

S mod converges. (See Hobson’s Trigonometry, p. 320.) 

It can be shown that though the infinite product 

+ (l+l)(‘ + |)(l + |)(l + f)- to infinity. 


which occurs frequently in the present chapter, is obviously 
divergent, yet if we multiply the several factors by 

e \ e e ^ etc., respectively,! 
we arrive at a product 

which is absolutely convergent for all values of z positive or 
negative, real or complex. 


For 


log(l + ^) 


s I 

n 2n^^3n® 


is a series absolutely convergent if mod z <^n for some finite 
value of n ; whence 


e 






1 +- 

n 


J*- 

. g"2n*'^8n»~ 


t.e. 






= + say, 

where 6„ is a series absolutely convergent which for finite 
values of z ultimately vanishes when n is infinitely large ; 


* Also seo Arndt, Orunert, xxi. 78. 

tWeierstrass, AhhandUungen Acad, of Berlin, 1876. See also Hobson, Trigo- 
nometry, p. 327. 
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Suppose E the greatest of the moduli of l + e^ values 

of z within a range for which the greatest modulus of z 

...” Ez^ 
does not exceed a given finite quantity, then ^ mod 

is an absolutely convergent series, and therefore also 

+ is an absolutely convergent series, and since 

CO 

P(\+u^ is absolutely convergent when S mod is convergent, 

1 \ n/ 

is an absolutely convergent product, as is also 
1 \ n/ 

Now Gauss’ 11 function being defined as 

1.2.8...;. 


n {z) — Ltfj^ - 00 

can be written 

— * Lt^ ~ a 


(z-tl)(z+2)(z+:i)..,(z+jL,)^ 

/, 111 i\ 

.-j 


1 ^ /u/ 


e-y^ 


Lt^=o 


oo 

P 



e 


where y is Euler’s constant, which shows that for all values 
of z, real or complex, positive or negative, excepting negative 
integral values, 


e~y^ 

a finite function of 2 ’ 

and is therefore finite. 


900. Extension of Meaning of Ffs;). 

So far it has been convenient to adhere to the Legendrian 
definition of the symbol r(a:), viz. 

r(cc)=j 
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and to regard cc in this Eulerian integral as representing a real 
variable. It has been shown to be identical with Gauss’ 
II function, n(.?3— 1), for all real positive values of x. Having 
drawn attention to the difference of behaviour of the function 
defined as an integral and the factor-function of Gauss for 
negative values of x, it is scarcely worth while observing the 
distinction further, and we propose to extend the use of the 
symbol T{z) to negative and unreal values of 2 ;, which means 
that, when 2 ; is negative or unreal, F is defined by 


r(2+])= II(z) ...^(2 + ju)^'’ 

and that when z is positive it is defined either in this way 

or as 1 dv, and therefore we shall in general regard 11(2) 

Jo 

as identical with F (2:4-1) or ^F( 2 ) for all values of z. 


901. Thus a meaning will be given to such an expression 
as T (a+s/ — Ih), viz. 


X/^U, = W 


M 


fl-h lb 


g-y(a + i&) 

a finite function of (a+ib) 


902. Ex. 1. The modulus of Ffi + ta) is >yr(i + ta) r(i 


= >/{r(i + .a)r(l-i+-)} = VsiS(J^ (Art. 895) 

’ cosh aw 

Ex. 2. If 1, a, a*,... a""' be the «.**• roots of 1 (n odd), we have 
(1 +.r)(l 4-cur)(l4-aV) ... (1 4-a'*^^a;) = l-f-.r'*, 
and 1 +a4-a*+...-l-a"""' = 0. 

Hence 11 (.r) 11 {ax) 11 {a*x ) ... 1 1 (a**“^.r) = P 11 {d^x), say, 


r=n-l 


- (■+x)(>+¥) ■(•*¥) 




n >1 ; 
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1 


n{.ir*) r[(<i.r) ll(a‘^.r) ... 11 
1 1 1 . 


P {ri(a*-.r)} P r( I + a".r) P* P r(a".r) 

0 0 0 

thus + 

where 1, a, a*, ... are the roots of unity. 

903. Gauss’ Theorem. 

This theorem is a generalization of that of Art. 872, and 
includes it. It states that for any value of z 

Uinz) 

or, what is the same thing, as will be seen, 

»-rwr(.+i)r(.+f)...r(«+"=J) 


■={2w) n 


n-1 


r(nz) 


-(27rp^ 


Let the left-hand meinl)er of the first equality be called 
0{z). Then, first, we shall show that (f)(z) is independent of z. 
By definition, 

n{z-iyLt,., ” 


Ijtu = 


n*‘;u* ’*■ 1 ■ 2 ... 


~ " (m + W2 — r) {2w + M* - r) . . . (/UW + — r) ’ 




2 (^!)n 

5 

where D is the product of the factors 

n+nz, 2n+nz, Sn+nz, fin+nz, 

n-hnz—l, 2w-f-w2: — 1, dn-\-nz~lj ^n-f-w^;— 1, 

n+nz-2, 2n+w^-2, 3n+nz-2 i^n+nz-2, 


n+nz—{n—\), 2n+nz—{n — \\ 3n+nz — (n— 1), ... /iin-hw 2 --(n — 1) 


%.e, 

[(nz+l)(nz+2)...(wz+w)][(nz+M+l)...(n2+2n)]...[...(»i2+,iM)] 

= (nz + 1 ) (»« + 2) . . . (»z + )un). 
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Hence 


Again, writing njjL for yu in Gauss* expression for Il{riz)y 


l\{nz) — Lt 


{n/j)^(nfi !) 


{nz-\-])(nz+2 ) ... (ne+Wyu)' 


Hence f{z) = Lt'^ 






(n^)”‘(niui !) 

(mO" 


n-1 / 
2 




from which the z has disappeared. 

Hence, <f>{z) is independent of z. It remains to find its 
value. To do this we may eitlier obtain the limit of the right- 
hand side directly, or avoid this by comparison with a known 
case, for a particular value of z, which will be a legitimate 
process, inasmuch as its value, not containing z at all, is an 
absolute numerical constant containing n. 

Adopting the direct method and employing Stirling s result, 




-U 


(2ir) “ MV"'‘e-’^_(27r) 


Hence, finally. 


(ji(z)i 


(27r) 


Uinz) 




904. If we adopt the plan of comparison with a known 
case, take the case of a real value of z, viz. 2=0. 

Then, remembering that n(a:) = r(l+i^0» 

*W=^(o).r(i)r(i-!)r(i-?)...r(i-’i^)/r(.); 

or, reversing the order, 

n~\ 

t^/2\ t,/ 3\ ^/n — 1\ (27r) 2 , * I 
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Writing n(2)=r(2+l), etc, we have 

n-r(,+i)r(»+^)r(.+^^)...r(.+l) 

T{nz+\) 

i.e, reversing the order of the factors in the numerator, witli 
the exception of r(2 + l), and writing r( 2 +l)=zr( 2 ) and 
r{nz+l)=nzr(m), 

nzT(nz) 


i.e. 


»~rwr(,+!)r(»+?)...r(,+!Li) 


« 1 

= (27r) 


T{nz) 

whicli may be written as 

r(.)r(.+l)r(*+2)...r(.+l.^)=r(»)(2ri^="„i- 


905. Cases of Gauss’ Theorem. 

Putting ^ = “ have the result of Art. 873, viz. 


Particular cases are 

n= 2 , ^(x)^(a:+|) = ^{2x).(21r)i2i-'^ 

r(x)r{x+l)=-^l[^r{2x), 

i.e. putting - for x, 

n=3 gives r(*)r(x+^)r(x+|)=^^r(3a:), etc. 


906. The case 71=2 may be deduced directly from 


J sin*'6cosff0dO 


r(E±i)r(’4i) 
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For putting we have 

and writing 20~(j), 

J^sin?’2d c?d = ij* sinP0d^=J siriP^ 



2P V r =^i r(?>+ 1 ). 

907. An inter(\sting proof of tins result is due to M. Serret, 
(Calc. In teg., p. 174*). 

Since B(p, q)— f x^-^{l—jc)^-^dx we have 
Jo 

l^(p,p)=^ f (.r-x2)/’-idx=f 

Jo Jo 

And since the integivuid assumes equal values, Mdiether 
we put . 7 ;—.] + // or h~h, its values are symmetric about rr= J. 
Hence 

I J /z 

— Writing J — a :=-2 » 

B ( P .7>)=2 (1 


ie r(p)r(p) 1 r(^)r(y;) 

• • r(2p) 2*r-i r(i>+i) 


or 2=^->r(?or(/^+i)=V'rr(22)) 



96 


CHAPTER XXIV. 


or writing 2 ^= 5 +!, 

2«r (^) r(^) = r (?+ 1 ). 

908. Another form of the general theorem is ^writing - for 

■■■ r(i't^)-rw(-2.)’-'..>--, 

J x+1 

log r (;r) dx~x log X—X + 1 log 2'7r. 

X 

Taking Gauss’ Theorem for a real variable Xy 
r (^) r r (.c + 1 ) . . . r (x+ ) 2= r( >ix) (2,r)"?- n 
we have, upon taking logarithms, 

^log I r(r?a;)(27r) 2 

=,7(iogr(x)+iogr(x+;;J)+...+iogr(x+^~^)j 
= ^ log r(x+ from ?’=0 to r=n— 1, 


= [ logr(a;+v)(iv, when 71 is indefinitely increased, 

Jo 

= I logr(?;)rfi>, if V he put for x-\-y- 
Thus, by Art. 884, 

r./ r. li rs/2vX7r{vx)*^e-^^ . 1 

logr(v)di^=i^n=»-log[ ^ (27r) - 

= J log 27r +x log x—x= log x*6“*(27r)^. 


910. This expresses the area bounded by the a;-axis, the 
curve y=logr(a;), and two ordinates at unit distance. 
Changing x to x+1, and adding to the former, 



log r(x)<ia;==log {a;*(a;+l )*+ic“**e'^*+'^( 27 r)^ }, 
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and so on, and more generally, 

fx+n 

1 logr{a;)dx 

J X 

= log{ a:® (x + 1 )®+' (x 4- 2 )*+-. . . (x+ n — 1 )»+n-i g " " ^”2 ~( 27 r) 2 } , 
where n is a positive integer. 

911. Expressions for the Differential Coefficients of the Function 

lofif and Expansion of logr(£i?+l). 

d r^x^ 

Let us write \lr(x) for g- log r(x), i e, • 

Then taking the logarithmic differential of Gauss* Theorem, 


r(nx)=7i^ r(x) r .. 

.r(: 


'ni/y(»x)=7l log7t4-yr(x)+l/r^X + ~ 

)+...+^(x + '^l) 

and differentiating again. 



n^\l/{vx)=\l^'{x) +\j/''(x + 

)+•• 


Hence 



7lx/r'(l)X) = ^iV''(''+3’ 

from 

r=0 to r==n— 1, 


i.e. Un^^n\}/(nx)==^[ yf/ {x+y)dy-=\ \I^{x+y)] 

JQ L Jy = 0 

= </. (X + 1 ) -x/r (i) log r(x+ 1 ) log r (x) 

d , r{x+l) d , 1 

i.e. Ltn^^{nx)\J/'(nx)~l ; or writing v for vx, 

limit M'hen v is infinite, and therefore \fr'(v) ultimately 
vanishes. 

d^ 

That is ^2 r(x) vanishes when x is indefinitely increased. 

Now r(xl- r(x+n+l) 

iNow 1 W-a.(,.+ i)(a;+2)...(x+70 

Hence, taking the logarithmic differential, 

\1a(x)xsz-^^ r — 

* X x+1 x+2 x+n 
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and differentiating again, 

and it has just been proved that \Jr'{x+n+l) ultimately 
vanishes when n has been indefinitely increased. 

oo—d) 


The series (1 ) is obviously convergent for all values of x >► 0 
becoming infinite at x—0. 

Integrating this equation between limits 1 and x, we have 




which is a convergent series ; for the test expression, viz. 




n(x+2n) „ 

(«+!)(*+'«) ’ 


and is greater than unity. (See Smith’s Algebra, Art. 342.) 
Again, we have seen that 

nx/r{7ia;)=n log «+ V^(x)+ V' (« +^)+ ... (a:+^^) , 

and putting x=], 

>//‘(7i)=log7i+2 + from r=0 to r=n--l. 


Hence when n increases indefinitely, 

Xfn=. [V'l”)— log +») dx 

= [log r ( 1 + x)]^ = log = log 1 = 0. 

That is, log«)=0. 

Putting *= » in equation (2), 

1 . 1.1 


( 3 ) 
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Le. by equation (3), 

— + + i — logii) 

= Euler 8 Constant y, 

V'(l). or I^Jog r(a!+l)|^^^=-y (4) 


i.e. 

Hence, by equation (2), 

,B'°Br(»)-#'W=-y+(;-i)+(5-.i.)+ • “o ” 

to 00 (5) 


y+T -:r-+5— rT+...+z 


x+] 
X— 1 


1 X ' 2 x+l 
which may also be written as 

^ log r (x+ 1) = z,f„. . [log 1 


n x+n— 1 
1 1 


a- 


x+1 x+2 x+ 

Again, differentiating e4uation (1) n — 2 times, we have 




1 


... to X 


i.e. 


wliere 


(a;+l)"^(x+2)'' 

or {^logr(x)}^^^=(-l)"(«-l)!S„. 
J 

1" ' 2» ' 3 


]• 

( 6 ) 


.S -1+1+ 1 + 

in^On ' •**» 


which is convergent if n> 1 ; or, what is the same thing, 

{^ilogr(x+l)}^^^=(-l)”(n-l)!S„ (7) 

Also |logr(x+l)| =logr(l)=0; 

we thus have 

and |^logr(x+l)| =(— l)"(n— 1)!S„, where n is < 2. 

Maclaurin s Theorem then gives 

logr(x+l)=-yx+S,^-5,f+-S,^-...+(-l)"-S„f+..., 

a result otherwise established in a subsequent article, and which 
will be thrown into a more convergent form, by the addition 
of other known series, for working purposes. This series is 
convergent if x be numerically < 1. 
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912. Collecting for convenience other useful results of the 
above article, we have 

^2 ^2 

(a) i^«=«g-^logr(a;)=0 and logr(a;) = oo , and in 

any case |ilog r(x)= to =c . 

and is positive. 

(h) when n is infinitely large. 


id) 


dx 


logr(x+l)=-y + ([-^-^)+Q-^2)+...to 




(e) Since r(a;) is continuously positive for all positive 

values of x, ^logr(x) is an increasing function as x 

increases from 0 to x , starting from the value — x 
at x=0; or, putting this geometrically, the tangent 
to the graph of y=logr(ir) is continuously rotating 
in a counter-clockwise direction as x passes from zeio 
to infinity ; and tlie curve is alwa^^s convex to the 
foot of the ordinate. 

918. The student may note the following particular values 
of (^)» taking 7r^==!)'869604401 1, 


V^'(O) 

=* 00 , 

V''(-5) = ^+^+^+- = -‘(p+|2+i+-) 

= 4.^“ = ™ = 4*9348022, 

V^'(l)=p + ^2 + ^2+-=^ 

= 1*6449341, 

V^'(l-5) = 4(i+p+...)=4(|^i) = ^^4 

= *9348022, 

V^' (2) = 22 + y2 + 42 +“-='g 

= *6449341, 


= *4903578, 

1 vox 1.1.1, ’T* 1 1 IT* 

V"(3) 32 + 42 + 52 +"- g 12 2* 6 ^ 

= *3949341, 

etc. 


f{a) 

-0, 
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expansions of r(l+a:), log I' (1 + a:), etc. 

^2 

which indicate how is decreasing as x increases, 

but always remaining positive. 

914. Since logr(a:+l)=-ya:+S,|'-S3^+-S,|'-..., we 
may write r(a:+l)as 

iT* flf* „ 

r(x+l)=e"^*e ^ “c 






\ — yx-\- (y/ + ~ + *^y ^2 ‘1- 4- . . 


wliich expands r(a:^4-l) as far as cubes of x, and which might 
be useful for very small values of x, but the presence of 
powers of y renders calculation troublesome, and less incon- 
venient methods of calculation will be given later. 


915. It is noticeable, too, that 

logr(a:+l) ^ X ^ 

and that the several differential coefficients of this expression 
are therefore free from Euler s Constant y, viz. 
logr(x-f 1) 

dx^ X 

^ Wl n+~2 1! 2! ^ -7 

-(-1) rM-2®+~TT2 w+s"" -}■ 


And, similarly, if m be any positive integer, 


log r(a:+ l)=(^)"[-yx«>^»+|j (- 1 


d^ 

dx' 


- - (m+ l)nraJ’"+"-”+ J( - ir 7 (m+r),x-+-”, 

where (Tn + l),. denotes (m+l)(m)(m — 1) ... to r factors, if 
n ^ m + 1, and is free from y if n > 1 ; also that 

log r (*+ 1 - (»»+ 1 ) ! y- 



102 


CHAPTER XXIV. 


916 . Expansion of log r(l-j-^) deduced from the 11 Function. 
The series 

logr(l+x) = -yx+&, ^--83*454'-- 

may be arrived at at once by taking the logarithm of the 
Gauss formula in the form 


r(i+x*)==L^^=« 




VIZ. 


logr(l+a:)=a:log;u-log(l+|)-lo<j(|l + |)-log^l+^^--...; 
and expanding the logarithms, supposing ~1 <rr< 1, 


\ogr(l+x)==Li[x(\o<^^~S,)+S,^^~S,^^ 


where 


S =1+1+1+ . 
r jr ' 2^ ' 3’’ * ’ 


and — log //) = Euler’s Constant y, and the scries (r > 1 ) 
are all convergent. 

Hence, 

log r(l+i)= -yx+,S3|'-83^+S,|- ... +(-i)-.s/-4... ; 

(-l<x<l). (1) 

Now, the even terms may be removed by the addition of 

i log . 

" ^ sin XTT 




Sin xtt 
xtt 

and taking logarithms and expanding, 




Xtt 




' Sin Xtt 
Adding to equation (1), 


.( 2 ) 


l0gr(l+X)=i log-r 


Xtt 


x^ 


( 3 ) 

The coefficients ... all begin with a unit. This may 

be removed and the series reduced to a much more convergent 
form by the addition of the series for tanh^^x to each side, 


VIZ. 


tanh'''x==| log 
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And we then obtain 


logr(l+z)=Jlog^j^^-tanh-»x+(l-y)x 

-(S3-1)^-(S,-1)^_ (4) 

The values of y, S^, ... are all calculated, and the 
tabulated results are given in Art. 957. Euler calculated 
to Legendre* gave the values to to sixteen 
decimal places. The list in Art. 957 is taken from Legendre's 
list as given by De Morgan, Diff. Calc.y p. 554. The series (4) 
converges rapidly and is used for the calculation of the values 
of logr(a:). Legendre gives a table of values of LV(x)y i.e. 
10+logr(x), from Xr(rOOO) to Lr(2*000) to seven decimal 
places, in his Exerdces du Calcul Integraly pages 301 to 306. 
A table is also given by Bertrand, Calc. Int, p. 285. 


917. Calculation of Euler a Constant y. 

These series may be used for the calculation of Euler’s 
Constant y by taking a value of x, for which r(x) is otherwise 
known, viz. for which r(x)=^x. 

Equation (1) gives 


y=— ^logr(x+l)+52|— — . 


and putting x = 


, 4 , 1 1„ 1 , 1„ 1 


(5) 


Equation (3) gives, by changing the sign of x, 

logr(l-x) = Jlog^+yx+S,^+«3^+...; 
and putting x=J in this, 

y=log2 — * 


which is more rapidly convergent than the former. 
Formula (4) gives 


I n/tT * I n 


|logJ-|log3+i^- 


S,-l 1 S5-I 1 
■ 32 * 5 2»' 


t.e. 


y=log, 


2e S,-l 1 Ss-l 1 S,-l 1 


3 2* 


2« 


2* 


..(7) 


* TraiU dts fonctiona eUiptif/ueSy Legendre. 
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This is the best of the three series to employ to find y. 

And with the aid of the tables of values of Sp the calcula- 
tion to seven places, which is all that is likely to be wanted 
for ordinary purposes, may be readily performed. 

The value of y is 

y =-57721 56649.01532 8606... , 
and l-y=-42278 43350 98467 1394.... 

The value of log^lO is of course required. It is 

log,10= 2-30258 50929 94045 68401 79914 ... , 
and the modulus logiQC=-43429 44819 

918. The numerical calculation of values of log r(l and 
therefore of r(a;) itself, will now present no difficulty. With 

g I g I 

the values of — , etc., inserted, the working formula 

stands* as 

log.r(l+x)=| log, log, [-t|+-4227843aj 

--06735230ar^ 

— 007385 5a^ 
-0011927x7 
-•0002231X® 
—etc., 

and is rapidly convergent for the small values of x less than 
x=J, 2^® being 1024. Hence the last term •0002231x^ in 
the case x=J becomes 0000004, whilst for x=^, which is the 
largest value of x for which it will be necessary to use the 
series (see Art. 921), the error in omitting all the remaining 
terms of the series will not affect the seventh decimal place. 
Hence we have here all that is necessary for the construction 
of seven-figure tables for log F (x). 

919. It is worth noting that the addition of log(l-f-x) 
and log(l— x) respectively to r(l+ic) and r(l — x), viz. 

logr(l+x) = — yX+^ 2 ^ — 'Sfj, ^+<^ 4 ^ ... 

and logr{l-x)= 


Bertrand, Calc* lnti{/ral, p. 250. 
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give logr(l+a:) = — log(l+a:)+(l — y)a: 

+ (-S',-!) f - 


and log r(l — x)— — log (1— a;) — (1 — y)x 

whence 

i f ~ y)^~ (^3- 1) ^ 

-( 5 ,- 1 )^-.... 


But ilogr(l+x)r(l-a:)=|log-j^^, i.e. adding, 
log r(l+rr)=J log a; + ( 1 — y ) x 

CO /y2n+l 


the same series as before, which may be written 


iogr(i+x)=jiog 


/ TTX I —X\ 

\sin Tra; 1+a;/ 


+ (l-y)x-|^(S,„+i-l) 
1 


a; 2 n+l 


and putting a:=l, since 


l~x ^ -1 1 

sin TTOJ ttcostt tt’ 


and putting a;=J, since r(f)=|v/ 7 r, 

l-y„]„g, 5+|;j|^ („f. Art, 017). 

These series are given both by Serret and Bertrand for the 
calculation of r(l+a;) and y. 

The formulae 


iogr(i+x)=bog-^ 

” ' 2 ” sin wx 


logr(l-a;)=^log 


TTX 


Sin TTX 


y=log, 2 -^ 2 *- 


•yX-giS 3 X-''-|S 5 x 5 -... , 

• yx + |s8X»+ |/S6X*+ . . . 

5 2* 7 2« •••’ 


and 
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were given by Legendre {Exerdces, p. 299). But the addition of 
the series for tanh~*a 5 adds to the rapidity of the convergence. 

920. Since r(ni) r(l— m)==“; , we have, on putting 

, , ' smmTr’ ’ ^ ^ 

^ for m, 


But 


am - 

r(a:)=2‘-**v/;^ 

'•Q+*) 


-f® Xtt' 

am — TT coa -y 


-(i) 


(Art 905). 


Hence, writing ^ place of x, 


(ii) 

From equations (i) and (ii), eliminating we have 


r(x)= 


n/ti 


'(I) 


2i-*cos^ r 


Ct) 


.(iii) 


921. By means of the four formulae 

r(a;)=(*-l) r(*-l), ...(1) ; r(*) r(l-a:)=^-j^ ( 2 ) ; 


r(a:)=2«-**v/7r-p^^.. (3) ; r(*)= 


7 : 


ir 


Ki) 


01 « 

2‘ *cos-^ T{-^) 


. ( 4 ); 


2 


it may be shown that r(x) can be calculated for all values of 
X when those between r(J^) and r(i) have been calculated. 

(а) For 1 < a; < 00 , reduce by continued application of 
formula (1) to a case 0 < y < 1. 

(б) For |< a; < 1, reduce by formula (2) to a case 0 < y 

(c) For i < I, reduce by formula (4) to a case i < y < ^ . 

For if *>3, 2>g and -^<3. 

andif *<3. ^<3 and -^ > jj- 
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(d) If I < a: < J, the case needs no reduction. 

(e) If 0<a;< -J, use formula (•^). This involves r(^+a;), 
and ^ + x lies between J and f^, and therefore falls under case 
(c), and an application of formula (4) reduces r(a;+i) to cases 
in which the arguments lie as before, viz. ^ 

In r{2x), which occurs in the numerator of formula (3), if 
0 < a; -< J, we have 0 < 2a; < J, and if 2a; > -J-, no further 
reduction is necessary. 

But if 0 *< a; < we have 

0 < 2a; < and 0 < 4x < J. 

We tlien use formula (3) wdth 2a; written for x. 


^.e. 




r(i+2x) 

Similarly if 0 < a; < o\, use 

r{i+4*)’ 

and so on. 

Hence it follows that tlie use of series will be only 
necessary in the case of r(a;), where x lies from to -J, and 
that when this group is calculated by the series, all others 
follow by the above rules. 


922. Graph of // = r(a‘) = I dz. 

•lo 

Regarded as defined by the integral, it is plain that so long 
as X is real and positive r(x) is a positive function, and that it 
becomes infinite if a; = 0, as may also be seen from the fact 

that r(a;) = ^ r(si;+I), and therefore r(0) = ^”^= x . 

X u 

We have seen that 


dx^ ^(a:) - (a:+ 1)2+ (a:+ -2)2+ ' ’ ’ ' 

and therefore is infinite when x~0, but for all values of x 
from 0 to C50 it remains positive and finite. Hence 

d . , . r{x) 

di^ogrix), ^.e. 

is an increasing function of a;, and its value at a; = 0 is 
obviously — oo , for 

;/Mogr(x)=-y+(;-’)+g-j|,) + ... (Art. Oil). 
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.Also, when a? is + oo , 


(Zlogr(a;) 

dx 


— y+T+i*+*-*- 


to 00 = + 00 . 


Hence 


TXx) 

r(x) 


increases from — oo through zero to + oo as x 


increases from 0 to oo and as r( 2 c) remains positive throughout, 
r'(a;) changes from negative to positive once, and once only, 
as x increases from 0 to oo . 

Therefore r(a5) has one, and only one, stationary value, and 
that is a minimum, and r(x) decreases from qo when a; = 0 to 
r(l) = l when a;=l, and since r(2)=l and r(l) = 1, the ordi- 
nates at 35 = 1 and x — 2 are equal, and the minimum lies 
somewhere between x=l and x = 2, and is numerically less 
than unity. From x = 2 to a!;=oo the value of r(x) is con- 
tinually increasing. 

The curve then 


(а) lies entirely on the upper side of the a?-axis ; 

(б) it is asymptotic to the y-axis ; 

(c) it has a minimum between x = 1 and a; = 2 ; 

(d) it recedes from the a;-axis from x = 2 to a; = x . 

The equation to find the exact position of the minimum 
ordinate is ^ = 0, or writing x = 1 -f F ( 1 4 0 = 


Also 

Hence ^ 
at 


d\osT(\ + t) T\l+t) 
dt f(l + /)' 

r(n-o=r(i+o[-~+(i-y)+(-s,-i)< 


and t is to be found by trial from 


14-^ 


= ()-422784...-f-(S2-l)^-(S3~-l)i"+...; 


and substituting for and their values in decimals to a few 
places, an approximate value for t may be obtained, and by 
the usual approximation methods the result may be found as 
nearly as desired. Serret gives the result to seven places, viz. 

^ = 0-4616321... 
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i.e. the abscissa of the minimum ordinate is 
x=l+t==l-4C16321..., 

and the value of the corresponding ordinate is found to be 
i/ = 0-8856032... * 

In the tables for LT{x), i.e. 10+logr(a;), we find in the 
vicinity of the minimum 

•K LV{x) X LY(x) 

1-45 9-9472677 1-463 99472396 

1-46 9-9472397 147 9-9472539 

1-461 9-9472393 1-48 99473079 

1-462 9-9472392 

60 
5-8 
5-6 
5-4 
5*2 
SO 
4-8 
4*6 
4‘4 

4.2 

40 
3.8 
3-6 
3-4 
3-2 
30 
2 8 
26 
2*4 
2-2 
20 
1 8 
1-G 
1-4 
1 2 
1-0 
0-8 
0-6 
0-4 
0-2 
o>o 

Oe«4tpeooe(^<QoeooM''to ao(H«ocp 9 
66066 ^^ eincbwxbw* 

Fig. 320. 

So we see from the tables that the minimum ordinate is in 
the vicinity of 1*462, and the value of the corresponding 

* Bertrand gives 0*8556032, page 283, and again page 284, line 3, and the 
result is given elsewhere. This is evidently an error. The result is given 
correctly in Serret, Calc. Jntig.y p. 186. 
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logarithm, 1*9472392, indicates an ordinate 0*885603 approxi- 
mately. The minimum ordinate is reached, therefore, a little 
earlier in the march of x from 1 to 2 than the half-way 1*5, 
which might have been expected from the very rapid fall of 
value in r(x) between r(0) = oo and r(l) = l and the much 
slower rise on passing a; = 2, r(2) = l, r(3)=:2, r(4) = 6, 
r(5) = 24, etc. 

For large values of x, approximates to 

X X 


and the graph of 2/ = r(aj) to the curve y = 



We have now .seen to what shape the several curves in 
the graphs in Art. 88G are gradually tending, and com- 
parison should be made between the figures given there and 
the graph of the limiting form y = r(x) in Fig. 320 of this 
article. 


923. It will be noted that since r(x) is decreasing from 
x=0 to a:= 1*4616321... and increasing from a:=l 4616321 ... 
to x=oo much more slowly, the differences are negative for 
the first part of the march of r(a;) and positive for the second. 
Similarly for the differences in the tables which give logr(x) 
or Zr(a;). The tabulation is only effected from a:=l to . 7 != 2, 
for by virtue of the reduction formula r(a!;+ 1 )=a;r(r) this 
is all that is necessary. In using the tables care should \n\ 
observed with regard to the change of sign of the diflierences, 
and those who wish to make close calculations should observe 
the remarks made by Bertrand, Calc, IntSy., p, 284, with 
regard to the behaviour of the differences bt)th of the first 
and second orders. 

924. The rule of interpolation commonly used is 

Ux = X A2Uo+ . . . 

(Boole, Finite Differences^ Art. 2), 

rather than the ordinary rule of proportional parts, which 
stops at the second term. 
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Ill 


925. Expressions for 

®*®’ 

as definite integrals. 

The expressions for etc., viz. 

+ to =0 (2) 

,£i.grw-(-i).rw[i+,- Lj,+, to «]. (3) 

can readily be converted into dednite integrals by aid of the 
results p/«N 

(a) 

and f ~ — ^ — dz = log k (h) 


(a) lias been proved in Art. 864. 

(h) can be established thus : 

Integrating with regard to k between limits 1 and /*•, 

To convert 

~ log r (x) = Af „ ^ 00 ( log 74 — 1 — — — . . . ^ Y 1 ’ 

dx ^ ^ ^ ^ X x+l x+2 x+n — l) 

the right side may be written, by aid of (ft) and (6), 




for the second integral disappears when n is made infinite. 
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926. With regard to 

desirable to make a closer investigation, for though for all 
values of ^ between e and infinity where e is a given small finite 
quantity the factor destroys the integrand when n is made 
infinite, there may be some doubt as to the behaviour of the 
expression in the immediate proximity of the lower limit. 

We note that 


1 1 
/3 i-e-^ ^ 2 


fx{x—\) 



and is finite for all given positive values of x, however small 
/3 may be, tending to the finite limit x—\ when ft is inde- 
finitely diminished. 

Let K be its greatest numerical value between 
/3=0 and /3=f. 

Then the portion of the integral 1 between 0 and e does not 

I 

i.e. K , and therefore vanishes in 

0 

the limit when n is indefinitely increased. 

Hence 1 e-^ 

Jo 

infinite, for all positive finite values of x. 


2 I vanishes when n is made 


927. To convert 

log r w.(-ii-r(»)[ 1).+(.W-+ 

the right-hand side may be written by theorem (a), 

Jo 

f® 

= {n<2), ...(B) 

and this includes the case 

^,logT(x)=[j^c(^ (C) 

928. The same method of treatment will apply in many 
other cases. 
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Thus the sum 


(P>1) 


( *> fi ^ 

lip-ie-^_ 1 I / 8 P->e“ 5 jo 

el-e-; "'’'"'1 .ini, I 

0 •^0 2 


929. Again, 


1 , 1 , 1 , I , 

'‘'/>-iT-+;},'+5;-+77- + - (P>1) 


= r (V) 1 0 ‘ (e "'*+ e ■'*'’+ e - •••) 

“ r(?)) J 0 l -e-'-P - 2r{;)) J 0 siiih^ 


Similarly 


1 1.1 1 


'p [P 7 r 


+ ’n 7 >“' 7 p+- 


1 r/ 3 p-^e-p,^_ 1 r 

r(p)J„ l+e-^^ 2r(p)Jo cosh^*^^ 

And whenever such series occur the conversion to a definite 
integral form follows at once. For instance, in the expansion 
{Diff. Calc., Art. 574) 

seca;+tan x = l+A^ ... , 

^-^{'+(-r+(r+(-r+-}^ 

/0\ n+lf* 

A„= 2 \^ 1 ^j J ^p[e-^+e-^P+e-^^+e-'’P + w odd, 
and =2(^)"^^| j3”[e-^—e-^P+e-^^—p-'^ + ...]d^, neven; 
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Thus the Bernoullian number 

o _ 2n ^ f® 

^2«-l 22n(22n-l)^2n-l-(22n_l)^2nJ^ sinh 

and the E\derian number 

/0\2n+lf“ /32n 

^2n = ^2n==(-) cOSh 

If we write Bjn-i as 

■B*n-1 = (2^)]„ [l + 38S+ — ] = 2(2») ! ^ 

^00 

==4W I /82n-l(g-2»/i_|_g-4w^^_g-(W^_j_ ,,,)d/3, 

Jq 

we have 

f" /:)2n-l^-2»^ f*/Q2n-V-.^ 

B.-,-4.J^ tsi- ■'^ (•’) 

a result due to Plana. {Mem. de VAcad. de Turin, 1820.)* 

930. Another Method of obtaining Expressions for log r(a7), 
il (1^ 

^logr(ir), ••• Integrals is 

as follows: 

Differentiating the equation r(5c)=j' e“®a^“^da, we have 
^=j/-“«^-‘logarfa (1) 

But re-«rf^=r--:T=i. 

Jo L a Jo a 

and integrating this between limits 1 and a with regard to a, 


dz. 


log 0 = 1^ ; 


.( 2 ) 


dx 


da 


= f” ^^~~-dadz\ 

J 0 Jo ^ 


♦See Boole, Fin. Dijf., p. 110. 
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O 'Ji 

0 


and changing the order of integration, 



Integrating this with regard to x between limits a;— land 

loy r(x)=|^ + dz (4) 

Putting a;=2, 

o=ri{e-^_fO+fn,,. 

Multiply this by x— 1 and subtract from equation (4) ; 

('-) 

Now put 1+s— e^, 

logr(:r)^£{(:r-l)e-/’-?^^^^'}^ (0) 

Differentiating tliis with regard to x, 


d 

dx 


I<.8rW=f’(y-j^-,)iS; (7) 


and a further differentiation with regard to x gives 

jlliosr(x)=(^ (8) 

Differentiating (8) n — 2 times with regard to x, we get 

^„logI» = (-l)"J^ (n<2) (9) 

Results (G), (7), (8), (9) give logr(x), and its differential 
coefficients expressed as definite integrals. 

From (9), expanding (1— e"^)“h we have 

l^log r(a:) = (- 1 )"| |8— i(e- •'/>+e-<-'+»'’+e- (•'+ 2 )/’+ ...)d^ 

-(-l)TW[i+(jq^)i+^.+ ... to »], 

the formula of Art. 911 (6). 
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And so far as formulae (7), (8) and (9) are concerned, these 
definite integral forms are the same as those obtained in 
Arts. 925 to 927 from the result of Art. 911 (6). 

931. Approximate Summation. Maclaurin's Formula. 

As we are dealing with many series of the form 

(P>1)» 

and other forms in which in some cases an exact summation 
has not been effected, it is desirable to explain the method 
usually adopted for approximate evaluation of such summations. 

Defining the symbols K, A as in Differential Calculus, 
Art. 550, viz. such that 

Eug.—u^j^^ and ^u^—Uy,^^--Ug^~Eug^—Uj, or (E~l)Ug,\ 
and also remembering the symbolical form of Taylor’s theorem, 

e*'^*Ujc=Uxj.hi where 

we have the following identity of operators : 

E^eP=A+l, 

and it was pointed out in the Differential Calculus that these 
operative symbols obey the same elementary rules of algebra 
as quantities, viz. the three fundamental rules : 

(а) the associative law, 

(б) the commutative law, 

(c’) the index law for positive integral exponents, 
with the exception that they are not commutative with regard 
to variables. Hence, bearing this exception in mind, there is 
an algebra of operators bearing formal analogy with the 
ordinary algebra of quantities, and such theorems as the 
binomial, multinomial or exponential expansions hold. 

Let us define another symbol, 2, to be such that 

2^3,== + Ua:-2+ ^*-3+ • • • + . 

where u^ is some fixed term of the series. 

Then 

i.e. 2AUa.=U3r> 

and therefore 2 represents the inverse of the operation A, 
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which may be written as — or A~^; and since A {/(a;) +(7}, where 
C is a constant and f{x) is any function of x, is equal to 
[f(x+ l) + C]^lf(x)+C]=^f{x+l)-f(x). 
so that the constant disappears, so in reversing the process, if 
such reversal be possible, we must restore the constant, so that 
we shall regard 'Zux as A~^Ux-{-C where G is an arbitrary 
constant to be determined in each special case. 

In this respect the symbol of finite summation, or integration, 

S behaves exactly as the sign Jrfjc of the integral calculus. 

Thus 2u*=C+ j v,^=C+ j u*. 

Now it lias been shown that 


whence dividing out by t and writing D in place of t, we have 
the following equivalence of operators, viz. 


1 _1 


0—-^ /)»+— ® D5- 
2^2! 4! ^6! 


in which all the operations on the right side represent direct 
differentiations except the first, which represents an integration. 
Applying this to any function of x, viz. Hx, 

dux Ux 

21 ~dx~l\ 


2'?4x=0”i“ 


^Vixdx—]^Ux 


: + 


, ^5 d^Ux 

^ t) ! 3a^ 


For this and many other formulae derived from the same 
principles, the student may consult Boole, Finite Differences ^ 
p. 89, etc. 


932. Apply this theorem to the case of the series 

1 

’3‘ 


1+1+1+-+1- 


Here 

Hence 


1 V 

«*=-, 2«*=1+2+3+-- 


1 


x—1 




„ , , . 1 JS, 1 , B, 1 

=^+1o&®+^-Y- 5»+-4 ii- 


1 , 

6 
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The constant C must be determined in such examples, either 
by reference to some known case of the summation, or by 
absolute calculation of the result for a particular value of x, 
and when once found, the formula can be used with the deter- 
mined constant for summation for other values of x. 

In the present case, putting x=oc , 

C= Ltx ~ Euler’s constant = y. 


If this be available (see Art. 897) the series can be used for 
the calculation of the harmonic series to any degree of approxi- 
mation required. If C be not available take the case a;=10, 
and insert the values of Bernoulli’s coefficients, viz. 

^ 3 ~ 3 V» etc. (see Art. 8/9). 

Now 


1+ lv+i+i + i+i+ f + 1 + i + * = 2-928 968 254... 
Also loge 10 =2-302 585 09 ; 

/. 2-928 968 25... -2-302 585 09... 


"^ + 20 12 ' 


1 


1 1 


1 1 


1 


102 ^ 120 ’ 10 ^ 


252 ■ 10«'^240 


1 

108 ■ 


•62G 383 lC... = C’+ 04!) 1(17 4%'; 

C='b77 215 66... (Kuler’s constant), 
which is correct to eight places of decimals. 

Hence to the same degree of approximation we may now 
proceed to sum the series to any other number of terms by the 
result 




It will be noted that to obtain eight decimal places of Euler’s 
constant only three of the terms on the right-hand side affected 
the result. 


933. Take the case 

I+A+1+I+..+1 

in^2n^3n^4n^***^^n 


(n> 1). 


Here 


1 

- 
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^ n ^n-r -r J 2 2 \ dx .v^ 4 \ da,AxV d I d.v^ \x^ ) *" 

_ ^ \ 1 ^ _ 1 L _1_ 


n-l.t«-i 2;p« 12 

except in the case n=l, when log.r replaces - - 


720 

1 


1 


Hence 


+ + ^ (» >1) 


= r--^ J_ 4 . 1 -l_^ 1 w(w+l)(n + 2) J[ 

n - 1 720 “ ~ ’ 

and this series can be calculated to any degree of approximation when C 
has been found. 

In the case when n is even, the exact sums for an infinite number of 
terms are kuown for the earlier values of n. The values for » = 2, 4, 6, 8, 10 
are given in Art. 879. 

When this is the case the exact value of C is known, e.g, if w = 2, 
0 = ~ (Euler), and 

' 4 . I 4 . 4 .i _!L*-i4._L_i l-± Lx 

ti .r^2.r^ Qa^^'SOx^ 42 ^ 

If n = 4, ^ = (ICuler), and for even values of n higher than 10, 

C c.»n be found from ^ ~ 2 ^2^! 


934. For odd indices we proceed as in Art. 932, and the 
value of the constant is to be calculated, as it is not available 
otherwise. 


Thus, if n = 3. 


1 1 1 I I 11 


-,. + 2> + 3»+-"+a-*“^ .2.J-* ■*■£<•» la 


-3 + - 


Take the case .r=10. It will be found to give (7=1*202056903... to 
the first nine places of decimals, and to that approximation with this 
value of O the formula can be used for finding the sum of any other 
number of terms. 

The value of C is the sum to infinity, in all these examples, viz. 


s 


r=l 


yn 


, except when n=l, a case which lias been considered. 


935. Consider finally the Ciise 

log 1 -h log 2 + log 3 + . .. + log .r. 
i*, = logx; 


Here 
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log(ar!) = C+logx+ J logxclx-^log.r+^ ^ 


1 1 rf* , , 1 1 rf" 

= C + log .r + .r ( log a- 1 ) - J I «g .r + 1 1 - 3^ A + ^ - . . . 

^ .1 . li . 1 ^ ’1,11 

= C-a:+.rlog^+-log.^+---3^p + ^;^.-..., 


and when a; is made very large 

log (\/2.r7r = C +.r log ^ •*’ ” '» 

C'=log>y2^; 

.-. log(1.2.3....r:) = |log2^-a:+(x+^)loga:+j^2.l-.fk.,^->+T^:?‘-’ 

1 1 j 

1 « O ^ i-* ~360u-* 12t)0x» * 

t.e. 1 . 2 . 3 ... .r = \/27r.r.i’*e c e ...,* 

r 1 1 1 39 ”1 

t.e. 1 .2.3. ...^•=N/27r.r.r'e-'[_l + 12.4. + ^^ "5)H4(j,,» ■••J 

as a close approximation, (('f. Arts. 877, 884.) 


936. It will be seen that the formula 
lUz=0+ju^dx—l(ijp-i-{^^ 

will be of the greatest service when methods of exact summa- 
tion fail. The student should, however, test tlie formula for 
him.self in cases with known results, such as 

P+ 2H . • ■ 

to gain familiarity with it. 

Enough has been said to show that the summations we 
require in the present chapter, such as 

^V=p+2r^"qr^" 

can be readily calculated, when wanted, to any degree of 
approximation which may be required, without the labour of 
calculating out each term separately, except for a few terms to 
determine the value of the constant. We have, for finding C, 
chosen 10 terms for the obvious reason that the arithmetical 
calculations of the right-hand member of the equality are 
thereby much simplified. 

*See ])e Morgan, Difftrential CalrtUun^ p. 312. 
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937. A Theorem due to Cauchy. 

It i8 a well-known theorem in trigonometry that 

where is a quantity which may be made as small as we 
please by taking m large enough (see Hobson, Trigonometry, 
Art. 293). This is so whether z is real or complex. Also, 
when 7n is indefinitely increased the series is absolutely con- 
vergent for all values of z, with the exception of such as are 
expressed by z—±:rTr for integral values of r. 


Writing ~ in place of z, we have 


coth ^ = 

It It 




20 


2 + 


-jJ 4T--7r^+ 

where R'm, like Rm, can be made indefinitely small by increas- 
ing m without limit, and 


1 2 l/e"-fl\ 


and can be written either as 


L.+1 

e'-l 2 


or as 


e^-l 


— r^, l,e. 


l-e- 


Hence 


._l_ +L 


or 


1 _1 
1-6'“^ 2“ 
Now, by division, 


=i: 


2z 




1 


1 


^2n-2 


where e 




2n+2 ' 


a^+z‘ 


and is a positive proper fraction for all real 


values of z, and the series Avould be convergent, and could be 
continued to infinity, provided if real, or mod. z<a if z 
be complex. 

Write in this identity a= 27 r, 47r, 67r...2m7r successively, 
and indicate by suffixes 1, 2, 3, ... , the corresponding values of 
€, and let denote 




77V 
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Then we arrive at m equations of the type 
I I 2:2 ^ ^2n-2 ^ ^ 32 n 

J^r-wf+z^^ {2rTrf ~ • • •+( “1)" ‘ (2,^)2-+ ( “ ^ )"{2rx)*"+* 
and, adding these equations together, 

I .Of m Si ,Cm^2n-2 / 1 ^n.Qfw 

Np ^ == ^4 I (— I j 02n-f2^ 

4'4r-7r2+02 (2^)''! ' {‘iwY” ^ ' ~(‘2-7r)^”+^ 

<=■ 

where f''S^S.+ 2 =Sf^ 42 ’ 

and if tj be the greatest of the quantities ... , 

m 2 

f *%h+ 2 ^ -y.2n+2 ’ ^ ^ » 

and therefore e' is also, like cg, e^, etc., a positive proper 
fraction. 

We thus have, taking to have its principal value, 

z) (2wf^ (2Tr>^ '^(2-r)® "■ 

9\’"* 

-1- / Un-l 9.2n-l 4_ / 1 'jn „ „ >+‘-^ ^2n+l/ i 

' (27r)'2« ^ (27r)‘-^"+2- 

and if we increase m without limit, the series /S'.,”*, 
being all convergent, 

+... to X =iS,, and Lf R'^=0. 

Hence 

2:'*. 

\€^~1^2 z) (2^y^ (27r)* ^(27r)‘‘ 

-j-(--l\n-l 1 Hn '^'^^2n + 2 2n+10 

^ ^ ^ (27r)2»*^ ^ (27r)2«+2 

where 0 is a positive proper fraction ; or, what is the same 
thing, same expres.sion. 

And if we write for rl^van’ 

yJiiif i yZw j 

}M +i_iV 

zW-l ^2 zJ 


or 


‘(^1 i_i') 

z\l—e~^ 2 2 / 


2! 4! +6! •••^^ ^ (2-ft)! 

4.(_nn e*"© 

+ ' (291+2)! ’ 


where O<0<1 for all real values of z. 
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938. Now Cauchy has shown that Maclaurin’s Theorem 
for the expansion of a continuous function of x, viz. F{x)y for 
the case of a real variable, still holds for a complex variable 
whicli is such that its modulus has a value lower than that 
for which F(x) ceases to be finite or continuous (see Art. 1299). 


The function 




1 


only becomes infinite for values 

of z which are given by where \ is a positive or 

negative integer other than zero. This function is therefore 
capable of expansion by Maclaurin’s Theorem in a convergent 
series within the circle of convergence of radius 2^ for any real 
or (iomplex value of z, wliose modulus is •<27r, and the form of 
that expansion has been given in Dijf, Calc,, Art. 148, as 


1 

z 




1 


-.+3- 


i) 


o , 4 4 • « -4 

6!* ~ ■■■ **i^“*ty 


or 


?-l 2^2’r 


4 , 6 

41 ^ 6 ! 


and the various coefficients were defined as Bernoulli's numbers. 

This series then is convergent when z is a real variable 
which lies between — 2 Tr and +27r, exclusive. It is also true 
and convergent when ^ is a complex variable and z lies within 
a circle of convergence of radius 27r. 

And when the infinite series is not convergent, i e. when z does 
not lie between the limits specified, the series may be stopped at 

aiiv term ( — 1)""‘ and llie error is then numerically 

less than the next term, 

This theorem is due to Cauchy. 

939. Lemma. As a preliminary to what follows we may 
remark that such an integral as 1 where O<;0<C1, lies 

intermediate between 6 ^ f \dx and dgf where 0 ^ and dg 

are the greatest and least values of 0 between x=a and x—x. 

Therefore f*— dx=er^ for some value of 6 between 0 , 

J„X»' 

and dj. therefore, if d^ and 62 , are positive proper fractions, 
so also must 0 be a positive proper fraction. 
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940. Now we have established the equation 

r(a;)= J“ (Art. 930, 8) ; 

or, what is the same thing, 

Hence, substituting for - ^,the finite series established by 
Cauchy (Art. 937), ^ 


' ' ^ (2w)!^ ‘ ' (2n+2)!^ 

( 0 <e<l), 

_1_1 m , /_nn-i:?*"-in2n+l) 

a: 2 X* *^2! ar'* 4! x® t-'-I'V ^2n)! x*"+‘ 

i.e. 


(o<0<i). 

Integrating this result. 


( 1 \n-l -^an-l / 1 \n ^2n+l r\ 

^ ^ 2nx^^ ^ ^ (2n+2)x‘-*"+2'^ i’ 

where O<C0i<l, by the lemma of the last article, A being a 
constant to be determined. 

Let X become infinite. Then 


+L<x=« log(l + ^)=0, by Art. 911 (3). 
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Hence 




B, 


2x 2x^ ' 

^2n\l 


- ( _ 1 )n-l _ nn 

^ ^ 2nx^^ ^ ^ (2nH-2)x2«+2 


01, 


(0<ei<l). 

Again integrating, 

logr(a:+l) = .4'+a:(loga:-l)+Jlogx+Al_A.^+... 

■^2n— 1 1 I / ^ v*. 1 




(2n+l)(2n+2)x’'"+i 


(2w~ l)2n x^ 

( 0 <(l 2 <l), by the lemma, where A' is a constant to be 
deter mined. 

Let X l)ecome an infinite integer, 

A'~Lijr^^, [log r(x-f l)--a?(loga;— 1) — J log x] 
=Ltj.^j,[\o^(j2x7rx^e~^)—(x+ logx+x] 

==log v/27r. 

Hence 

log r(x+ 1 )= A log 27r+ (x+ i) log X-X+ ... 


JD 

^ (2n-l)2wx2"-i^^ 


B, 


1 


This result is also due to Cauchy. 


(2»+l)(2n+2)x*»+i®*’ 
(0<ej<l). 


941, The series, if carried to infinity, is known as Stirling’s 
Series. It is divergent, however great x may be. For the 
general term 

^2.^1 1 1 L 2(M:q 

(2n - 1 ) 2n x^^-^ (2n - 1 ) 2n ’ sc^n-i ’ 

and the ratio of this term to the preceding term is 

(2n-:3)(2n-2)^^ S^n 
(2-rrxf 

i.e, ultimately —^ 2 , and however great x may be, will 

ultimately be > 1 when n is large enough. The formula can, 
nevertheless, be made useful for approximative purposes for 
calculating r(X“l-l). For, as in the series of Art. 938, the 
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error in stopping at tlie term involving ^ 2 „-i been sliown 

^ error is less 

tliaii the succeeding term. And as the ratio of two con- 
secutive terms, viz. ^ is less than unity 

C2irxf S2n-2 

S 

until (2n — 3)(2n— 2) exceeds the absolute values 

^2n-2 

of the several terms go on diminishing until this liappens, and 
then increase again. Hence the closest approximation will 
be obtained by continuing the series until that term is reached 
which precedes the smallest term. 


94*2. We have as successive approximations 
log r(x-}- 1) > h log 27r-\-{x-{- i) logx— a;, 

logr(a: + l)< Uog27r + (a;+i)loga;— 

logr(x+l)> Jlog27r+(a;+J)logx-x+-j^ 2, 


log r(x+l) < J log 2 ' 7 r+(x+ J)logx- 

V 


3 . 4 X® 5 . ♦) X®’ 


And since Bi=g, ^»=Iq’ A=:^. etc., 

r(x+i) 

> j2irxx*e-=‘, 

1 

< Jtirxx^ e~^ t 

1 i_ 

> N/27rxa;*e“*e^^ etc., 


ue, 

r(a;+l)_ 

>x/27rxa;*e-® 

< 72i;¥x-e-*(l + 

>s}nrxx e V^ + i2a;^2(12®)^ 30(12a?)3 
etc. 


571 

120(12S)«‘" 
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943. In order to facilitate calculation from the series 
logr(a:+ 1) — ^^log27r + ^rc+^^logir— a? 

4_A.i_Ai . A 

^1.2 X 3.4 ' 5 . 6 

it is desirable to arrange so that x shall not be small. 

For this purpose Legendre puts a- = 4 + a; whence 
log r (a; + 1 ) = 1 og X + 1 og r {x ) = log x 

+ log r (a) + log a {a + 1 ) (ct + 2) + 3) 

and 

log,or(a) = I Iogio2r- + (.r—l) log,o*-M*+ ~ • iJs 

+ 5_^« • l)(rr,+ 2)(a+3), 

w'here yu is the modulus of the logarithm tables, viz. 

/ii = logio6 == -43429448 19.... 

Thus, if log,or(l-2r)) be required, a =5*25, and 

lofrior'(l-25) = |lo{;,o27r + 4-75 log,o5’25— /«5-25 + ^ etc. 

- logic [(1-25)(2-25)(3-25)(4-25)], 

and by this artifice it is pos.sible to avoid the calculation of 
all but the earlier terms of the series. We could make 
x=5 + a, 6 + «, ..., equally well, and the choice is in the 
hands of the calculator. 

Legendre remarks as to his calculations of the seven-figure 
tables of log r(a:) wu’th regard to the above : “ de cette maniere 
on n’a jamais eu beaoin de calculer plus de deux ou trois termes 

de la 8.^rie ^ pour avoir logr(<0 

approch^ Jufrju’k sept d^cimales, dans tout Tintervalle depuis 
a=l jusqu’a a~2” {Exercices, p. 300). 

Legendre’s m, A:, A\ B\ C' are what we have called x, 
i^g, respectively. 

94 k The Case when a? is a Commensurable Number. 

We have established the result 

^log r(*)=|J dfi. (Art. 930 (V).) 
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And we have seen that Euler*s constant y is the value of 
— ^logr(a:) when x==l (Art. 911 (4).) 


lh.t» 

Hence, adding 

In the case when x is a commensurable number* this 
integral can be reduced to the integration of a rational 
integral algebraic expression, and the integration effected in 
finite terms in terms of the ordinary algebraic, logarithmic 
and inverse circular fnnctions. 

7) 

Let X—--, where p and q are positive integers, and let 


j';logrW + y-,[ 




and the integrand is a rational integral algebraic function of t. 

If 9 = 1, i,e. if X be an integer, the value of ^logr(x) is 
given by 

^iogrw+y-j;if:5^* 


Jo 


“1 + 2 + .^+ 

as might be expected from Art. 911 (2). 

945. Expansion of r(.r+l) derived from the Integral Definition 
(De Morgan). 

The expansion of log r(l + a^) in powers of x may be obtained 

directly from the definition of r(l+x) as f e^^'v^dv. 

Jo 

/ 1 g - ai’\ X 

For we have — j =v*. 


Hence F ( 1 + x) = i =o f 

Jo 




♦See Serret, Calc, Inl^grcdf p. 184. 
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Let e-<"’=y. Then adv^-^V, and 

y 

r(l + *) = ^< 

~ a*+i ■^Ct’ d~^’ **■ integer.^ 




r(h)r( x+l ) 

r(h+x+i) ’ 


i.e. 


x.e. 




T(b) 


r(x+h+l) 


= 1 ; 


. r, (*+^>)(3:+?>-l)...(x+l)r(x+l)_, 
•• (6_l)(6-2)... 1.6*+‘ 


J«gr(l+*) = -^^ j^xlog?;— log^l+?^ — log^I+l)— ...rtdin/.J, 


or, expanding the logarithms, assuming a;<l, 
logr(l + x) = L<[-(J + 2 + _^+... + ^^-logb)x 


+ |(j5+2\+-+^\)**-g(p+^5+... + p)x®+...]. 


and wlien h is indetinitely increased 

logr(l + x)=-yX+S,|-S3**+S,J-... 

for values of x, 0<;x<;i. 

This investigation is due to De Morgan.* 

It was felt desirable to deduce this series directly from the 
integral, rather than to base it upon results deduced from the 
property r(xH- l)=xr(a^), Lc. the difTerence equation Ux^i—xu^^, 
inasmuch as Legendre’s tables of the values of the Gamma 
function are derived from this series and others obtained from 
it. And in default of direct derivation of the series from 
the integral itself, some doubt might be felt as to whether 
Legendre’s tabulated results were the values of the integral 
itself or the values of the integral multiplied by some periodic 
function of x whose period is unity, which, as explained in 
Art. 863, would e(|ually bo a solution of the difference equation. 


♦ Jlo Morgan, Diff. Calc.^ p. 584 . 
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946. From De Morgan’s investigation given above, the 
formal identification of r(a?-f 1) with II (x) for all positive 
values of x, may proceed as follows ; 


iogn(x)=z;^^=„|^xiog/u-iog^i+j)-iog(i+|)-... 

-log(l + jj], 


and if x<l, = —yx+^^x^—^x^+ ... ] 


n(ic) = r(ic+ 1) if x<;i and positive. 

If X lies between 1 and 2, say a;=l + ^, then, since 

andr(2-f^)==(l + ^)r(l-f^)/ 


it follows that n(14-^) = r(2+£), 

i.e. n (x) = r ( I + a?) when x lies between 1 and 2. 

Similarly if x lies between 2 and 3, etc. 

Hence, for all positive values of x, 11 (x) and r(l-f-a:) are 
identical. 


947. The Integration of f €~^v^dv, {a not infinite, n> — 1). 

Jo 

In considering the integration of e~^v^dv between limits 
0 and a, where a is not infinite, we must have recourse to either 
(1) an expression in series 
or (2) a continued fraction. 


ra p “1® 1 f® 

(1) /n=l e~^v^(lv = \ e~^ H , I 

Jo L 'W'+lJo '^'4 IJo 


4“ r, I i ^n + l 9 


n + 1 71+1 

and by the continued use of this rule. 




e 


n+1 L^"^71+2 ' (n+2)(n+3)^(n+2)(Ti+3)(n 




*j\4~ / 



INTEGRATION BY CONTINUED FRACTIONS. 


131 


a series which is always convergent for any finite value of a, 
but only slowly so if a be > 1. A little consideration will 
show that the integral remainder is ultimately infinitely small. 
Or we may proceed thus : 


Let 






n — 1) --r4 1)~| 


If 71 be a positive integer, the integration can be effected in 
finite terms. Hut if n be negative or fractional, the series on 
the right-hand side is divergent if coiitiuued to infinity what- 
ever a may be. The terms however ultimately take alternate 
signs, and when such is the case, and when there is convergence 
for a certain number of terms, and then ultimate divergence, 
we can apply the principle adopted in Arts. 938, 941, the 
convergent part making a continual approximation to the 
arithmetical value of the function under consideration, and 
the error being less than the first term omitted.* 

If then be tlius approximated to. 



and 




018. (2) Do Morgan lias sliown how such an integral as j e-^'v’W/v can 
he converted into a continued fraction. 

When this is done f €~*'v'^(fv= V(n + 1) - I e~*'v''dv, as before. 

• 0 ‘ 

Let / e~'’v”dv~€~''v'^ F, where V is some function of v. 

Then differentiating \^ith regard to r, 

- — F'-f F - F ; 

... rV' + nV-vV=-v, 

or vF' - (v-n) F- r. 

Consider the equation 

vV' = {v-ai)V -v-^hiV'^ 

*De Morgan, DiJJerenficU CoIciUnSy p. 226 and p. 690. 


0 ) 
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Putting F — ^ 1 w® derive an equation 

1 + ^1 


where 

Putting Fi 


where 
and so on. 

Then 


vV^'Mv-a^)V^-v-\-h,V,^ 

^ ■ A? /rt\ ^ ? A. 


- V 


■ in equation (2), we derive an equation 


vF.; = (t;-a,)F2-i; + ^F2‘^ ... 

Cf8=-(a2+l)» 


] 

1 k{ir^ k^v~ 



“r+ 'iT 

1 4- etc. 

case 



ai = n, 

hi =0, 

^, = -n-b ^ ; 

«2= -( 1 +n), 

62 = -- w. 

Lj = 1 = 63 ; 

a 3 = », 

^ 3 = 1 , 

^3 = — (h — 1 ) = 6| 

^ 4 = 

64= -(»-!). 

k^ — 2 ~b^ ; 

aft = n, 

*5 = 2 , 

^6 = 2 -n = 6g ; 


etc. ; 


iff* //f) — • P 1 

1 ntr^ tr^ (n- 

-l)tri 2 tri (n- 2 )iri 

V \AV D ^1 

.1- 1+ 

1+ 1- 1+ 


whence 


The expression converges rapidly for large values of v. 

The process above employed by De Morgan is similar to that employed 
by Boole, Differential Equations^ p. 92 , in the solution of Riccati’s equation 

jr ~ — ay + by^ = ct**. 

The equation we have just solved is a very similar equation, viz. 

+ V= --r + ay. 

949 . More generally, consider the differential equation 
P+Qy+Bf + S'^l^O, 
where P, Q, R, 8 are functions of x alone. 

Let Xi = i 4 .r*, — X^ = Cx^^ etc. 

Takeyi, y,, y,, ... successive new dependent variables, such that 

x^ X, X, ^ 

-''''TO ^>=r+.v,’ 

Then when A, P, 0 , ... a, /I, y, ... have been properly determined, we have 

_ Ax*^ Bx^ Cx * 

^~T+ T+ T+...’ 

viz. a solution in the form of a continued fraction. [Lacroix, t. II., p. 288 .] 
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To begin with, using accents for differentiations, 

■> (l+y,)*' 

t.e. (P +gx, + RJC,2 + SX\) + (•2P +gx,+ SX',),yj+ Pv ,2 - SX,.v', = 0 , 

or P , + + P,y,“ + Siy', = 0, 


where 


p,- p+gx,+pxi2+6fx'i, 
gi-2P+gx, +8x\, 

Pi- p, 


At the second substitution, viz. 
liecomes 


the differential equation 


1 +^/ 2 ’ 

Pi +Qi!/i + + Sjy'a = 0, 

where P 2 , Qj, formed from P^, g^, P^, Si in the same way as 

the latter were formed from P, g, P, P, and so on. 

Again assuming the expansion of 1 / in powers of x to be of the foiin 
Ax°--\- and tlie expansion of yj to be + and 

so on, we can by substitution in the several differential equations they 
satisfy obtain the values of A and a, B and etc., by an examination of 
the lowest order terms occurring, and thus expiess y in the form of a 
continued fraction. 

9 50. Development of (a + x) ^ log F (a + x) in a Factorial 
Series. 

Since 

A\^(o + .r) = >/r(a + .r4- 1) - «/'(</ +.r) = ~ [log Ffa 4-. r-f 1) - log V (a + .r)] 


we have 

A''^^(a4-.r) = A 




1 

Of .P 


I 


1 


(- 1 ) 


O+.P 


a4-.r4-l fT + .r (a + ^‘)(w 4-.r4- 1) ’ 
(a + ./ ) (<^ 4* .P -+■ 1 ) (w 4- .P 4" 2) 


AY((t4-.r) 
and generally 

An,/ X An-. 1 ! 

A Ha + .r) -A „4.,, + (aVa + n"- 1) ’ 

Let 

^'2) jpfSi 2fn) 

yfx{a-\-x) — Aq-{- Ai ^ j + -^2 i "i" 3 t ^ ^ t "h » 
where xf^^^x{x- 1) ... (a: ~n 4-1). 
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Then 


AV"(« + l)=^l + ^, jq + ^3^ + . 


Hence 


AV(« + ®)=-4a + -43 J7 + -^42 "i • 


etc. 


-4o=^(a4-0), i4i=A^(«+0), .4j = AV(« + 0), ... etc., 
where A'*V^(a + 0) means the value of A"\/^(rt + a;) when x is put =0. 
Hence 


^(a + a;) = 


dx 


lo«r(a+a:) = V"(«) + |- 


1 x(x-\) 1 a?(a;- l)(a;-- 2) 

2 « (a + I ; 3 a (a + 1 ) (a + 2) 


1 a;(x — l)(x~ 2)(a; - 3) 
4 a(^+l)(aT 2 )(^^ 


a series which >^ill terminate in the case when a; is a positive integer 
and is in any case convergent for real and positive values of x and a. 

The value of ^(a), i.e. ^h»g, r(a ), can be found for ai»y particular 
value of a by means of tlie series 

i ‘"K- i- 

of Art. 940. 


951. In the case when a — 1, we have 


V.(l+a:)=V^(l) 4 - 


1 ! 


2 “ 2 T ' ^3 


l)(a:- 2 ) 
3 » 


lx(a:-I)(a;-2)(a;-3) 
4 4 ! 


and - Vr(l) = y (Euler’s constant). 

Since = thi.s may be written symbolically as 

f(l+*)=-y+AQ-i + 3^-...)x--y + AIog(l+^)*, 
^logr(l+i)= -y + Alog^^^x. 


dx^ 


952. Other properties of the ^ function aie : 

Since r(x+ l) = a;r(a:), we have by logarithmic differentiation 


^(a:+l)-^(*)=^ (a) 


' ' 8111 arTT 

\l^{x)-^{\ -a;)= -TTCotJCTT (6) 

Since 2^r(a;)r(i4-a?) = 2v/w'r(2ar), we have similarly 

^(o;) + +^) = 2^(2a*) “ 2 log 2 (c) 
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Since 2 r(.r) ^ = — we have similarly 


2 


W - (“2 ■) = i'A (I) + log 2+1 tan ^ (rf) 

Since r (^) r ^ ® r (* + ?)... r ( X + = n-^+i ( 2 ir)V r(nxX 

we have similarly 

+ +^^;^ + ^^ + ... + ^^a;+^^-^^ = 7ii/^(na:)-nlogn. (e) 

953. The equation Ai/'(a + x)= — ^ — is of considerable service in 
summation of senes. 


1. A sum of the form 


+ « terms, viz. 

a + h a + 26 a + 36 

r=:n J 

i8= 2 — : — i: can be written 

r»>l 01+^6 


2. A Slim of the form 




• :+ ’ 


1 


+ . . . to 2n terms 


a + 6 a + 26 a + 36 a + 46 

:== JL V _i_ - ~ i — i— 

-aPK-a+O-al'^Hi+O 

B.y. (a) l + i + 4 + 4+...+2^3y 

= 42 ' rl;;= S "s ( J + r)= J [ +*•)] = ICvKl +») - M 

(6) 4-4+i-4+‘«*»V- 

“lliT-r-ilfT-r 

= J2AvK4+r)-i2AvKf+r) ^ 

= l[’^'(i+r)]”-j[i/r(}+r)]^ 

=itf(i)-V'(4)]- 
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But by (b) (x=i), ; 

the series is 

which is well known otherwise, being Gregory’s series for taii“^l. 


3. Sum the series 

Here 


S^i-i+i-i+i-adin/. 

« 1 ® 1 

= (i + r) - i2A^(l + r) 


Now by (c) ^(l)4-\^(J) = 2^(l)-21og2 ; 

•• t/'(l)-^a) = 21og2; 

jS — log2, which is well known otherwise. 

We may note that it follows that 

^(i)=^(l)-’2log2= - 7-2 log 2 

= -0*5772157 - 1*3862944 
« -1*9635101.... 

By(c), ^(i) + t^(i) = 2,//(J)-21og2=2{t/'(l)-21og2)-2log2 
ss= — 2y — 6 log 2 
and ^(i)-^(i) = ’r. 

Hence 2“y~31u62, 

^(i)= 

and ^(.J)= -■y-21og2. 


954. Gauss has established a remarkable result, giving for the function 
\p{.v) the value of \^(1 -j7) + ^(jr) in a series of trigonometric terms in the 
case when x is any commensurable proper fraction. This result taken with 
^(1 - jr)- ^(.r) = 7r cot JTTT 

will enable us to calculate the value of ^(x) in all such cases. 

The theorem is given by Bertrand in Art. 307 of his Calcul Intlgral. 
For shortness we shall denote 


log.r by IXf V'r? cosr^ by log 4 sin* ^ by L^. 

mu u n 27r 47r Gtt 2(5f-l)7r 

Then when U — — or — or — ... or — 

^ g ? q ' 

~ 1 ~ 4“ "1" • • • “h ~ ]i)C|.=0. 
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Writing the fundamental equation 

I* 

and putting ^=-, where r > g, and both are positive integers, we have 

Taking f=l, 2 , 3, ...g in this equation, multiplying by cos 0, cos 26, 
cos 36, ... coaqd respectively, and adding, we get 

Now the coefficients of log 1 , log f, log J, etc., all vanish and since c,.=c,+^, 
etc., the remaining terms form a continuous series to infinity, viz. 

viz. an equation connecting i/^,, ^ 2 ) ^ 3 » ••• ^9-11 the last of which terms 
is = - 7 , where y is Euler’s constant. That is 

Cl f , + Oj fa + = 2 -^1 + r ■ 

So far 6 lias stood for any of the quantities ^> ••• ‘’t 

the first. Tlien similar results will hold for the rest, t.c. if w^e take 26, 
36, ...(g- 1)6 in place of 6 . We thus get g -1 linear equations from 

which we can find ^(g)’ "* 

•••+ + ^fw~i)*Av-i = 2’^a+7’ 

... + C*pl/'p+...+ ••• + + 






and in addition we have 

+ . . . + + . . . + Cy(,_p) 4'9-p + • • • + ) ‘/if-i == - (? “ 0 7 ”” «?> 

which is merely a case of the identity («) of Art. 952, for the coefficients 
co 8 g 6 , cos 2 g 6 , etc., eacli = 1 . 

To solve these equations we multiply them, and the identity, respec- 
tively by Cp, c,p, Cap, ...c,p. 
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Now note that + integral values 

of A, /JL (the last term being unity, since qO — a. multiple of 27r) 




= i ^ ^(X+M)r 5 -p ^(X-m)*- i 


and that each of these sums is zero, except in the two cases A±/a=a 
multiple of y, and that in tlie cases we have to consider A and /x each range 
in value from 0 to - 1. Hence the only cases of this kind are when A = /x 
or A = q'-/x, and both would happen if A = /x = g-/a, i.e. if q be even, and 


A=/x = 


2 ' 




and when q ih even and A=/x = 2, J |;e(x+^), + 4 = 

The latter case will occur when, q being even and therefore q- I odd, 
there is a middle term in the system of unknowns, viz. = = 

and tlie case need not be distinguished from the others. 'J'lnus, after multi- 
plication by Cp, 0 |p, ... and addition, the coefficients of all the unknowns 
vanish except those of \pp and and the coefficients of these terms are 

each 2 ; and if 1 be odd and p = all vanish exce|)t that of which 

is the middle unknown of the series, and the coefficient of this term will 
be q. 

And on the right-hand side we have 


1 

2 


(Cp Z., 4- c,p A, -f . . . + -f y{('p -f c,p 4- . . . -f c^p) - qyc^p - g log g . c^p 

= ® (0, A, + 0^ + . . . + A,_, ) - sy - « log j. 


In the bracket, terms equidistant from the ends pair, but if g be even 
there will be an unpaired term left in the middle of the series. This term 

is I cos log 4 sin^ ^ wliich reduces, since g0 = 27r, to g( - 1 )** log 2. 

Hence the right-hand side becomes 

g(c,A, + Cjj,A, + ...+c,_i^A,-i)-ey- 3 log 3 {q odd), 

or 5 (cpA, + c,pZ,, + ...+(;,-2 A,- 2 )- 9 y-glog 5 + g(-l)''log 2 (5 even). 

We thus have 

^(l_?)+^(?) = 2 I” s' c„L^- y-logg| (q odd), 

or =2|'“£ c„A,-y-log 3 +(-l)''log 2 j- (j even), 

and this, as pointed out above with 
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will enable ua by addition and subtniction to obtain both 

and ^(|) 

for any integral values of p and q {p< q). 

It will 1)0 observed that these theorems give the tangents of the 
slopes of the curve .y = logr(a:) at ecpial distances on opposite sides of 
tlie ordinate at x = 0'5. 

Kx. If p-1, gr = 3, 

^ ( S ) - "A ( J ) = ’!■ <=« 1 3 = Jtj . 

+ = '"S 3 + cos log 4 sin^lj 

= 2[-y-l.>g3~ I log 3] 

= -2y-3log3 : 

'/'(.>!)= I 


955. List ok Results. 

As the results fibtained in the present chapter are very 
numerous and necessarily scattered over many pages in the 
gradual development of the tlieory of Eulerian integrals, it 
may be convenient to the reader to have the principal facts 
arrived at collected together for ready ref(‘rence. A synopsis is 
therefore added in two groups, the second group referring 
more particularly to the \/r function, which entails some 
repetition. 

Group I. 


1 . 

2 . 


B(l, m)= B(m, 1)==^ dx. (Art. 857.) 

If I, m be positive integers, il(/, ?n ) = — ^ ^^ | ~ .! r i y]~" ‘ 

If I only be a positive integer, 


3. 

4. 


5 * ^m-l r» 

f {x—hY-^{a—xy^-^dx==(a—bf^'^~^B(l, m). 

j b 


(Art. 859 (2).) 
(Art. 859 (4).) 
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f* (’4^) 

8in»’0cos90<i0=. ^ ^ 

Jo 


(Arts. 859, 8G9.) 


re-l-'+i) 

7. r(n)=| x”-^e-^dx, 


r(l+x)=P. 


■tl 

'(>4) 


, n(x)=i<,.=» 


1 . 2 ...// 


vM . 


>=*(n+l)(n+2)...(«+//)' 
(Arts. 854, 8G4, 874, 889.) 

8. r(n+i)=»r(n)=n(«). 

n(n+ l)=(n+ l)n(n). (Arts. 860, 890.) 

9. r(i)=yii^=n(-i). (Arts. 864, 882.) 

10. r(x)r(i— x)=7r cosec x?r=n(— x)n(x— !)• 

r(l+x) r(l-x)=J-7r cosecxir. (Arts. 872, 893.) 

11. (0<;<1). (Art871.) 

Jo 1+a; sin/TT ^ ^ ^ 

■'©Kl)'’© ■'’(4‘)-y- ‘ ■ 

13. n'“r(x)r(x+^)r(x+|)...r(x+-“-^) = r(nx)(27r) ^ n\ 

r(x)r(x+i)=~r(2x), r(?^^)r(^-|-^)=^r(p+i). 

(Arts. 903, 905.) 

15. =24^ ^ 

\/2n7rn*‘6“" ^ 2Pp\ ^ 

16. 7=0-57721566.. .=/;(„=. (j+^+...+^-logn). 

(Arts. 897, 917.) 
+ •»> (a;4-n— 


I at+n 

logr(x)da;=log 


nx+ 




-427r)^ j 


(Art 910.) 
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18. i-\ogr(x)=Ltn=J\osn-- L__ L_1 

dx ^ ^ ' ” L ^ X x+1 x+2 x+n-lj 

--v+G-i)+a-iiT)+ 

19- log r(*')=i 2 +(^.:^)*+^ 2 )»+ 

20. logn^=0. 


(Art. 911 (1).) 
(Art. 911 (3).) 


21. log r(l +x)= -yx+S, + 


(Arts. 911,916.) 


22. log r(l+x)= J logg.®-^^-tanh-ix + (l -y)x 

-(S,-1)|'-(S,-1)^-.... (Art. 919.) 

23. Min. ordinate of y— r(x) is at x= r4616. . . . (Art. 922). 

24. logr(x)=£[(x-l)r-^-?:^^]^. (Art. 930 (G).) 

25. ^l„Br(.)=f 


_ I J\^ 


(Art. 925.) 
(Art. 930 (3).) 


“i {' 

26. ^„logr(x)=(-l)"|”^^7d^ (7K2). (Art. 930 (9).) 


27. 'Sp-^+,jp + ^^p + ...= 


1 

.sinh^ 




, =.!+!+ L. . 


p yjp-i 

’2r(p)Josinh 


1 _ 1 1 _ ^ 

iP 3P'1'5P 2r(p)jocosh;8 


r 


dp. (Arts. 928, 929.) 


28. 5j„_j = 


( 2 * 


2n .o o 

— 1 ) 7r*"J 0 sinh S ^”J o sinh "’/S 




(Art. 929.) 
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29 Yu —C4-[u dx—^u 

13. Yu,-L^^n^dx ^w.x+2j ax 

(Art. 931.) 


30. |,i„gr(.+i)-iog.+i-,§+g,-... 


-(-l)"-‘^4-(-l)"-^ 




2?i ^ ^ (2/H- ^) 


e (o<0<i). 

(Art. 940.) 


31. logr(*+l) = ilog27r + (x+^)lof;x-x+^-‘2i-;:^4^+- 




11 


2n+l 


1 


(2?i,+ l)(2?i. + 2)*“'‘+‘® 

(0<G<1). (Art. 940.) 

r(x + l) _, . 1 , 1 139 571 

' Ji-rrxafe-^ Tix"^ 2(12xy^ aOC'lTx)" riOCl^x)*"*" •" • 

See also No. 15. (Art. 942.) 

956. II. Group of Formulae. 

Since the x/r-function, viz. V'(a;)=^ log r(x), is a very 

interesting function, and very useful in itself, we gather 
togetlier the principal results whicli lefer to this function 
in particular. 

1. ^(x)=^^^==Ltn^aJ logn— ^ — ... — 1. 

^ r{x) L *=* X x-f-l a;-hn— IJ 

(Art. 911.) 

2. x/r(0)= — X, \[r(l)= —y, xj^(l*4GI6...) = 0, x/r(x)=x. 

(Arts. 911 (3), 922, 923.) 

(Art. 911.) 

*■ ■ (A'*- "> '■) 

(Arts. 926, 9.30 (.3) and (7).) 
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6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 



(Art. 930 (8).) 

V.(a,+ l)=loga;+L_^+A_.... 

(Art. 940.) 


(Art. 940.) 

V'(-)+v=J„ 

(Art. 944.) 

(ip) + y = J 2 — ^ integral ). 

(Art. 944.) 

^(l+a)-V.(l+/,)=£'-^d/. 

(From 10.) 

^V'(«+^)=(4x- 

(Art. 950.) 

Vr(x+1)-V'(») = ^- 

(Art. 952.) 

\lr{l—x) — \l/ (X) = TT cot XTT. 

(Art. 952.) 

+ ir) — \//(^ — x) = 7r tan xtt. 

(From 14.) 

■i/r(x) -f +a:) = 2\//(2r)— 2 log 2. 

(Art. 952.) 

(x) - i V'' ( = W' (1) + log 2 + ^ tan ^ 

. (Art. 952.) 

i/r(x)+Vr (a:+^) (a;+^)4- 


n ) 

= n\j/ (nx) — n log n. 

(Art. 952.) 


ift , X , / \ ^ 1 x(x~l) 1 x(x—l)(x—2) 

^ ^ ^ ^ ' a 2a(a+l) 3 a(a-f l)(a+2) 

‘ (Art. 950.) 

20. ,^(,-p + v,(p 

tzi 

= 2r\/r(l)— logqi + 'y^coa^^^^ log4sin*— 1 (q odd) 

*- 1 9 9 J (Art. 953.) 

tz? 

= 2 [v-C 1 ) - log g + cos log 4 sin* — ] + (- 1 )' 2 log 2 

^ 1 ^ ^ (g even). 
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957. Table of Values of >8,= p+p+p4-^ + ... od m/. 

up to p=85, which is the last in which the tenth decimal 
place is affected ; all remaining ones to this approximation may 
be regarded as —1. (De Morgan, D.C., p. 554.) 


Sp to sixteen places of decimals. 


1 0*57721 56640 01532 0...+log oo (Euler’s Const. 

2 1*64493 40668 48226 4 


3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 


1 20205 69031 59594 3 
1*08232 32337 11138 2 
1*03692 77551 43370 0 
1*01734 30619 84449 I 
1*00834 92773 81922 7 
1*00407 73561 97944 3 
1*00200 83928 26082 2 
1*00099 45751 27818 0 
1*00049 41886 04119 4 
1*00024 60865 53308 0 
1*00012 27133 47578 5 
1*00006 12481 35058 7 
1*00003 05882 36307 0 
1 00001 52822 59408 6 
1*00000 76371 97637 9 
1*00000 38172 93265 0 
1*00000 19082 12716 6 
1*00000 09539 62033 9 
1*00000 04769 32986 8 
1*00000 02384 50502 7 
1*00000 01192 19926 0 
1-00000 00596 08189 1 
1*00000 00298 03503 6 
1*00000 00149 01554 8 
1-00000 00074 50711 8 
1-00000 00037 26334 0 
1-00000 00018 62659 7 
1*00000 00009 31327 4 
1-00000 00004 65662 9 
1 00000 00002 32831 2 
1-00000 00001 16415 5 
1*00000 00000 58207 7 
1*00000 00000 29103 8 





+®)j 


I 

I 


! 


I 


PROBLEMS. 

1. Show that (i) ra)r(|)=;^ ; (ii) r(j)r(j)=,ri2*r(|). 

2. Show that 3*{r(^)}* = ir^2tr(J). 

3. Show that r(-l)r(-2)r(-3)...r(-9) = ^^. 
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4. Show that 2^r(/i + ^) = 1 . 3 . 5 ... {2n- l)v/?r, where is a posi- 
tive integer. [Oxford II. P., 1888.] 

5. Show that T - 3^) T (.] + x) = (i - tt sec ttx, provided 

6. Show by means of the transformation = y-u-k-v^ that 
‘(1 - 


[Coll. 7. 1901.] 

7. By inejins of the integral I -xf^y^dx, prove that 

Jo 

(71 - 2) ! 2 1 ’ “ (m - 1 - 7m) n ! 


. + / - 


11 

(w) n\ (/a + a) (71 - 1 ) ! 1 ! ’ (m 4 - 2a) {n - 2) 

a‘ 


m (m + a) (711 + 2 a) ... (m + iia) ‘ 


Show that this integral may be expressed as - 


[St. John’s, 1884.] 


al 




8. Show that the product of the series 


, 1 1 1.3 1 1.3.5 1 

2 ■ 1 7 ■* 2 . 4 ■ 33 2 . 4 . 6 ■ 49 

, 1 1 1 1 . 3 1 1 . 3 . f) 1 ^ . n- 

9 ii ■ 25 + 2.4' 41 + ir'4 76 ' 57 TC’ 

[Colleges a, 1883.] 

9. Prove by the substitution that 

f” ^ ^ ^ r c--tV2»+> (b-, 

Jo 2. 4.6 ...2a Jo 

where ii is a positive integer. 

[Sec also Art. 2*23 (5).] [Colleges a, 1890.] 

10. Show that if AT be any positive constant, 

n g-x-v ym-l dxdy=\ ( 1 - 7’)^“^ dv . I " ^ 

0 ' Jo Jo 

and by proceeding to a limit express 7J(/, 7a) in terms of Gamma 

functions. [Oxr. II. P., 1902.] 

1 1 . Show that the sum of the series 

^ ^ ^ 7?i(7a4- l)(w -t-2) 1 

7t + l^^a-H2'^ 21 77 + 3'^ 3! 7i + 4 

is r(7i + i)r(i -7a)/r(77.-7?i+2), 

where n > - 1, and t?^ < 1. [Coll. 7, 1899.] 
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12. From the value in Gamma functions of f sinP^cos^^r?^, 
Jo 


show that 


2P r (^-i- ) r (^) = x/tt r (p + 1 ) 


for all real values of p. 


[Trinity, 1886 ] 


13. Prove that j* = x 0 0981 1 nearly. [Trinity, 1806.] 


14. Prove that 


r{n)^ 


.HI HI HZ 

”(■*?)■ ('*3 'On) 


... to 00 


[Oxford II. P., 1888.; 


( 1 +-)" 

and r(« + 1 ) = Tf 

-On) 

15. Show that, M^hen x is positive. 


[OxFORf) II. P., 1903 ] 


' ■«(*, r(.r + ^) “ „?o'2“>‘ « ! » ! X +1 


[Math. Trip., 1897.] 


1 6. Pi'ovc that, if x be positive, 


1 ^ ^ 1 3 .*5 .jj 

/ 1 4- xy /2 4 + xy* « v'tt J r, J-+ 

[Math. Tripos, 1897.] 

17. Show that, when x is a real positive quantity not greater 

than unity, 1 

where /(a;) is a function of x not greater than unity. 

[Math. Tripos, 1897.] 

18. If n lie between zero and unity, prove that 


f (tany)»V/r = 4 ^ j ♦ 

Jo 


sin TT 


■J [Coll, o, 1890.] 

19. Show that the perimeter of a ]oo[) of the curve -a*' cos nO is 


^‘"(''sI/O';} 
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20. Show that if a:, y be a point on the ellipse x^ja^ 4- = 1 , 

and 2r be the conjugate diameter, and the integral be taken round 
the whole perimeter, then 


f j. 


{■■mr 

ro+i) ■ 


ab' 


[Colleges, 1892.] 


21. Express in Gamma functions 



[Trinity, 1890.] 


22. Express in Gamma functions the area of the curve yc* = aa^ 
(c > 0) for positive values of (0 to qo ), also the volume generated 
by its revolution round the axis of x. [St. John’s, 188.3.] 


23. If 2 sin rnr r{n)<l>{n) = (27r)»*</)(l - 7?) { ( - where 

t = .y - i and is some function of n, prove thcat 

rg) 

remains unaltered when 1 - 71 is written for n. [Colleges a, 1881.] 

24. Prove that 

Jrt Ll"l' l4" 1+ iHh 1+ etc. J 2 ( 1 “ 

[De Morgan, Diff. Cal., p. 591.] 

25. Prove that 

r . ^ fi 2r-i 2t^i Sr-i 1 

I e~Mog 1 ? ar = log r 4 - i 1 1 — 1 — , - ^ . 

Jr ^ [_ ^ 1+1+1+14-14-14-1+ CtC.J 

[Db Morgan, p. 591.] 


26. Prove that 

d 
dx 


d, . Ix(x-I) 1 x(.i: - 1 )(x - 2) 

-,-logr(l+x)= -7 + x-„ A-vr' + o - - - 


2 1 . 2 - 


3 1.2.3 

[De Morgan, p. 593.] 


27. Ifi 4>{x) ~ log r(l + x) and a; be a positive integer, show that 


^(x) = 4{0) + l+l + l + ... + l- 


Prove further that 


<#)(0)=| e~®logx</x, 
Jo 


and has a finite value. 


[I. C. S., 1898.] 
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28. If (\ +xy^=^ \ ,,,, where n is any positive 

quantity, prove that 


1 + + 


^«r(n4-^) 

sjir r(n+ 1) 


29. Prove that if 


[Math. Tripos, 1895.] 


7*2 /vtl 

/(,.) =/(o) + xf(o) + y-io ) + ... + y’‘m, 


/'W 

X' 


dx== 


r^+_i)_r(,-) r.^(x) , 
i>+»rJo ’ 


r being any positive quantity. 

[If r > 1 both integrals generally = ao .] 

[W01.STEN HOLME, Educ. Timen.] 


30. Prove by changing the order of integration or otherwise 


that 


p p/'(. 

Jo \'x-y}o sjy 


'Jy-^ 




[Math. Tripos, 18’’5.] 


31. Show that 


dx _ x_ 71 + \ (n-f l)(2n-f 1) (2n-f 1)(37? + 1) 
1 + ” 1 T 1 - 1 - 1 + 1 + 


(3/t + 1 ) (4?t + I ) (47^ 4* 1 ) (5/1 "+• 1 ) 

1 4 - 1 4- etc. 


[Lacroix, Calc. v(»l. ii., p. 292.] 
Deduce expressions for log 1 4 * x and tan~^a: as continued fractions. 


32. Prove that 

00 . 3.3V 2_tT 

n 4- = x^^/r (x) r (xa>) r (.^( 0 ^), where w = c 3 . 

[St. John’s, 1891.] 

33. Evaluate the modulus of r(|4-N/-Ta). [Smith’s Prize, 1876.] 

34. Show that for very large integral values of w, r(w4-^) is 
very nearly the geometric mean between r(w) and r(/< 4-1). 

[Oxford, 1892.] 

35. If 6 be a large whole number, show that, provided re > - 1, 

(a:+l)(3; + 2)...(* + i) = l*p|*^||, very nearly. 

[De Morgan, Dijff Calc.^ p. 685.] 
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36. Writing = e®. x!/\/27ra;*+i, prove by the aid of Wallis’ 
theorem that <l>{2x) = [(l>(x)Y when x is large. 

Then show that for any value of jr, 

(a) e ' +(*+i) iog(i+“) 


(M iog-il?L=_L_J_+_i__ +J!Li:1LLlL).” 

' ' ®</>(x+l) I2x^ 40aj* **^2n(n+\) 


(c) 


i>{^) 

</>(z+ 1) 


1 


(d) log 


4>{x) 

4>(x+l) 


1 

I2x{x+ 1)' 




== ^0 . . _ i 2 _. , , 0 ^, 

^( 2 *) x '^ (*+ 1)2 (*+ 2)2 ■■■ ( 2 *- 1 ) 2 ’ 


where 6^, 0^, 6^, ... are numbers between 0 and . 


(/) 


<f>(x) 

M-ix) 


8 


(0 < ^ < 


and finally deduce Stirling’s theorem, 

1 . 2 . 3 ... * = s/^«-*a-'+*(l +€x), 

where tx denotes a positive (piantity which vanishes when * = oo . 

[Seeret, Cak. Intig. ^ p. 207.] 


37. Show that, if a: be a whole number, 
log r(a;+ 1) = I log 27r - a: + (a: + ^) log a; 

[Gudermann.] 

38. Show that ^ 

1.2.3... x> sl'ltrxx^e-^ and <,sf^x^e 
when X is large. [Sebret, Cak. Intig.^ p. 213.] 

39. Writing 

^t(m) = ^j, and = 

(mn)!m2' ' 


prove that 






</>( 2 ) 


■J' = N/27r, <^(?0 = w^(2^) " • 

n- 1> 


, ..2 

Hence deduce Gauss’ theorem, 

n>«r(*)r^*+^) ... r^*+^5^)=(2)r)'^»ir(ru). 

[Serret, Cak. Intigral^ p. 190.] 
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40. Prove that 


[Cf. De Morgan, Dxf C., p. 694.] 


4 1 . Prove that 


and that 


log r(a;) = log + J I ^ • 


where (7 is a certain constant. 


[Math. Tripos, Pt. II., 1915.] 


4*2. If the binomial expansion for a positive index be written 
(a + hr^^Qarh-% 

show that /)’()( - ;■ + 1, r + 1) = 1. 


Prove also that 

3V3 ' 3! ^ f)! ^ 7! ^ 9! 

43, Show that (1000): lies between 

4*02387 X 10-^^«‘ and 4*02388 x l(po7^ 
and is a number with 2568 figiire.s in the ordinary system of 
numeration, its logarithm being 2567*6046442... . 

[Cournot, Th6or%e des Fonclions^ vol. ii., p. 472.] 

44. Show that if 

log r (* + 1 ) = log sl'-lir 4- (.«• + i ) log X - X + - .^-3 + . . . 


[ _ 1 )n-l _ . / 1 \n _ _ _ 

^ (2a- l)(2a)JJ“'‘"‘ ^ M2/t + 2)!’ 

/; = |%-“a-Y-"'< -(ea) ( la , 


where /(a) == — - " - j and is a positive proper fraction. 

[Liouville, Journal de Mathematiques^ Tom. iv., p. 317.] 
If he the maximum numerical value of /-”^“(«) between the 
limits a =r 0, a = X , show that 


(2a + 2) ! (2a +- 1 )(2/t + 2 ) a*-’”+i ’ 

and examine the nature of the approximation attained by the 
omission of all the ternns which contain Bernoulli’s coeflicicnts. 

[Liouville, J. de M . ; also Cournot, Thiorie dee Foncliona, p. 474.] 
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45. Starting with 


iogr(x)= j” [(X- 


= 1^ (P + Qe-^»)dp, say, 


and putting li for the two terms with negative indices in the 

development of Q in ascending powers of jS, namely , let 

P 2/5 

(P + Re-^»)dp and V5{x) = ^ (Q-R)e-^»dp. 

Then show that 

(l)n7(>)=«log|. (2) ^’a) = ilogY. 

(3) = ^ - 5)loga:. (4) Y(x)-e-^x^-^\l'2Tr 

(5) That when x is large differs but little from unity. 

(6) log r(.r+ 1) = i log 2jr + (x+ ]l) logo; - X 

(7) Deduce the equation, 

logr(*+l) = Alog(2T) + (x+J)logx-xf^l-3^i+... 


4. / _ 1 \n-\ ^ 4. / _ 1 „ -1 

^ ^ ^ ^ (2w+ 1) (2/^ + 2) a;2»»+i 


0 <0< 1. [Bertrani7» Calc. Intigral, p. 265.] 


46. Show that 

(2) log r(* + 1 ) - £ 


[Todhunter, Int. Calc.^ p. 392.] 

47. If be the acute angle whose tangent is the power of 
the reciprocal of the of the prime numbers 2, 3, 5, ... , show that 

B. i(2n)l\^ 

cos 2A^ cos 2 A 2 cos 2^3 cos 2A ^ ... to 00 = 2 (4^) ! ’ 

where is the number of Bernoulli. [Math. Tripos, 1897 ] 

48. If /=. f , show that 

JoVl -a:® 

r(J) = jr*2*3*i*, r(i) = .r»2*3*/*, 

r(j)=ir*2^3"*r^ ra)=jr*2l3"*r*. 
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49. If 7=1 


and t7= 


Jos/l -x^ 


, show that 


r(i'o) = r(/o) = V K 

r(4) = r( j‘a) = 7r®2'^ 

, . TT . 2Tr ^ . 37r ^ . Itt 

where *S^ = sinj^, ^o==sin’^-, S^^suiy^, 

and write down the values of r(A)) l'(io)’ l'(i^o)’ 
similar form. 


50. Show that 






[Oxford I. P., 1914.] 

51. Prove that the volume in the positive octant hounded hy the 
planes x = 0, y = 0, ^; = A and the surface z V -- equal to 

. > irr)V 


2(. + 2)r(;:J 


[Math. Trip., Part II., 1913.] 

d» . ... 

52. Prove that - 1 e ■i'* (/>(./•+ 2yv'70 

S'TT J -QO 

and apply the result to prove that if 1 -f 4/</’ 1)6 positive, 

^ <n lx* 

(1 + ihky- 

[Math. Trip., 1870 (Woi.stenholme).] 

53. When n is a positive integer, we have evidently 

1.2.3...27i = 22'».1.2...H.l.^..(n-i); 
prove that this equation, when expressed hy means of the function 
r, is true for any positive value of n. [Sir G. G. Stokes, S. P., 1870.] 

54. Prove that the limiting value of 

2»+l-21ogj-3-&±^j, 

when n is indefinitely increased, is log 2. [R. P.] 
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LEJEUNE-DIRICHLET INTEGRALS, LIOUVILLE 
INTEGRALS, ETC. 


9.58. We have seen that the formula (ij and both 

Jo ^ ^ r(h+».) 

leads at once, by putting y for ax, to 

Jo ^ ^ r(t,+t*) 

Now, consider the double integral 

/ = II Xi’* " ^ Xg’*' ^ dxi dx2 


for all positive values of and Xg, which are such that their 
sum cannot be greater than unity. 



Then the limits for x,must be from 0 to 1— Xj^Xx remaining 
constant in the integration with regard to X 2 , and the limits 
for Xj will be from 0 to 1. 
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The geometrical interpretation is that we are adding up all 
such products as 6x16x2 as lie within the triangle 

formed by the axes Oxj, 0x2, and the straight line Xi+a5a=l* 
We use this notation rather than the ordinary x-y notation 
for Cartesians, because we propose to generalise the theorem 
for any number of variables. The limits must then be such 
as to add up all elements in a strip NQ parallel to the X2'axis, 
i.e, X2 increases from 0 to 1— and in summing the strips, x^ 
increases from Xi=0 to Xi = l. 

Then /==[ dxi = i[ Xj^^~^(l—Xi)^dXi 

Jo L I 2 -*0 ^2J 0 

_,1 r(t\)r(t,+i) _ r(ti)r(i,) 

^2 1) r(ti-i'^2"i’ t) 

959. Take next the case of the triple integral 

I == ' ^2 ^ ^ ^1 dx2 dx, 

for positive values of Xj, Xj, Xg, such that Xj+Xj+^^a > 1. 



/xi 

Fig. 322. 

The geometrical interpretation is that we are to add up all 
elements such as 6x^6z2^z which lie within 

the tetrahedron bounded by the coordinate planes x^Ox*, XgOxg, 
X3OX1 and the plane Xj4-X2+X3=l. 
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Then dividing by planes parallel to the coordinate planes 
in tlie same way as explained in previous chapters, we have 
first to integrate with regard to Xg, keeping and Xg con- 
stant, that is, for all values of X3 which lie between X3—O and 
X3=l--jbi— Xj, which, interpreted geometrically, means the 
addition of all elements which lie in an elementary prism 
parallel to the X3"axis and whose ends lie respectively in the 
plane of X3=0 and the plane Xi+X2+X3=l. Then, keeping 
Xj constant, we have to integrate for all values of Xg from 
X2=0 to the value of Xg which makes 1— x^— Xg vanish; 
which means that we are to add up all the prisms which lie 
in a thin slice parallel to the plane of Xi = 0. Finally, we are 
to integrate from Xj — O to Xi=l, which means that we are 
to add up all the slices within the tetrahedron. 


Then I 


=\'rT 

Jq Jq Jq 


Xi**~^X2^^“ dxi dxg dx^ 




=i;j, 


-Xi)^ 


h 


dxi dx^ 


[by applying the result 


^3 

[ x'»"‘^(A:— i 2 )]- 
Jo 


Hence I - 


B(i 2 , ts+J) 


B(iif ^2+^.3+^) 


I (^2)r(is) r{ti)r(t2+^3T-i)_ 


r(t2+*s+i) r(ii+t2+^3+ 1) 


^ r(t,)r(z2)r(i3) 

r(ii+i2+is+ 1) 


960. Similarly, in the case of four or more variables; but 
geometrical interpretation fails. It is, however, clear that if 
we are to integrate 

(ixi dx^ dx^dx^ 

for positive values of x^, Xj, X3, X4, which are such that 
i>^i+a;2+X3+X4 > 1, 

(1) when Xp X2, X3 are kept constant, X4 will range from 
X4=0 to such value of X4 as will make 

l—Xi — X2-"a?3~-X4 

zero, i,e. from X4=0 to X4=l — Xj— d?2 *“^3* 
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(2) Having integrated with regard to we now keep 
Xj, Xg constant, and in integration with regard to Xj, 
X3 must vary from X3=0 to such value as will 
make 1— Xj—Xg—Xa vanish, i.e, X3 must not exceed 
1 — Xj—Xg, t.e. the limits are 0 and l — Xj — Xg. 

(’^) Integration with regard to X4 and Xg having now been 
completed, x^ is to be kept constant whilst integra- 
tion with regard to Xg is effected, and Xg must range 
from X2 = () to sucli a value as will not make 1 — x^ — Xg 
negative, i.e. Xg must not exceed 1— Xj. The limits 
are therefore 0 and 1— Xj. 

(4) Finally, the limits for x^ are 0 to L 

Hence 


I I Xi*i“^X2**’*^X3*3-1x 4*<~^ dxj dx^dx^dx^ 

0 Jo Jo 

J 0 J 0 J 0 ^4 

— f f x^^~ ^ Xg^’s” ^ ( 1 — Xi — Xg)'*^ ixi dxz 

J 0 J 0 ^4 

li± jj f* 

Jo 


H+l) 


_ r* (h) r (^ 4 ) r*(^2)r*(^3~k^4~H) r (a\) r (i2-\- ^3 + ^4 + 1 ) 

r(t8+^4+l) ^( 12 - 1-13 + ^ 4 + 1 ) r(h + ^2+^3 + ^4+ 1) 

_ r(i,)r(ig)r(i3)r(i4) 
r (h+ H+ ^3+ ^4+ 1 ) ' 

and the rule indicated obviously holds for any number of 
integrations, viz. 

Ill . . . j*!**"' ^ dx,...dxn, 

for positive values of the variables such that their sum does not 

exceed unity = where x=ii+i2+...+i„, 

1 (o'+i; 
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1)61. An Extension. 

Similarly, if the limiting equation liad been 

• • • + ^ (instead of 1), 

the limits would have been, 

for from 0 to — 
for from 0 to <?— ccj — Xg— ... --a^n- 2 > 
etc. ; 

but we may deduce the result from that already obtained by 
putting Xi=cXj^, X 2 ~cx 2 y etc., 

so that X| “j- x^ “f* ... ^ 1 • 

Thus we obtain 


l=c 






■ r(<r+i) 


... (x^')'"-^^/x/(Zx2' ... dXr^ , 
where o'=ii+f 2 + ••• + -^n- 


.962. Dikichlkt’s Thkohem. 

We are now in a position to establish a remarkable theorem 
due to Gustav Peter Lejeiine-Dirichlet,* who was successor to 
Gauss at Gottingen in 1 855. t 

The theorem is known as Dirichlet’s Theorem, and is of 
great use in analysis. 

'I'he theorem is that when there are any number of variables 
Xj, Xj, ... x„, and integration is conducted for all positive values 
limited by the condition 


/ = dx^dx^dx, ... dx„ 


then 


VlV2-'Vn 



1 1 Vt 


Yi+i-) 

\ 1 


the several quantities ij , ^ $ » • • • ^ n 5 » <^ 2 » • • • » P 2 » • • • 7’n > 

being all positive, and 11 denoting the product of the factors 
indicated. 


* Liouville’s /o?/nta/, vol. iv., p. 168. 

fCajori, Hist, of Math.^ p. 367 ; Kiiminer, Oedachviw'cde avf G\ P. Lejeune- 
JHrichlety 
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( X fx 

made 

linear by the change of variables = » 

which Lrive — — ^h=Jb etc 


'3 


and J'=p,pj...p„ 

The transformed integral is then 

with the limiting equation ^1 + ^ 2 + ••• + ^n> 1 ! 

,. . . r(--‘)r(-M...r(-^) n{-"-'r(’")} 

. \vJ I ypr ^Pr'> 

ihP^-Pn r(i. + i3+...+ ^n+i) r(i+i>) 

^Pl Pi Pn ' ^ 1 Pr' 

as stated. 

963. As before, if our limiting condition had been 

(aJ'+{ar+- + &T^^ 

we should have, after tranaforination as above, 

^l + ^2+"-+^n>C, 

and making the further transformation 

^2 = <^^2> ••• 

^Z+la'+'-'+^n ^1. 
and the result would be 

a„'v ^Pi' ^Pt' ^pj 

^ »-« /■ I •• V ’ 


PlPt<"Pn 


r{<r+l) 


<r=J+J+... + ^-“. 

T’l Pt Pn 


where 
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964. Ex. Find the centroid of an octant of the solid bounded by 

the volume-density at any point being given by p = 

JJ j f).r (ix (f t/ dz ^ J dx dij dz 

j j J pdx dt/ dz j j j dx dy dz 


Here 


The Numerator = 


The Denominator — 


Hence 


.^k.'ik „/l + 2 >H + 1 , » + l . ■ 

H ‘2/--+-2r + “2<c- +V 

y(l+ n J'/'" + > p/ 

‘ \ ax- V -n- )'^\ 2i / 
'U-.ik-Mk „//+l w + 1 w + 1 


M, ■ 2/: ^ 2/(- ^ ) 


'■( 


/ -f w» + n + 3 

2f 


+ 1 


) 


In the case of an octant of a uniform ellipsoid l = m -• h ^-0, / - 1, 

1 r(ro_ f-J.i . 

•' Vii) 

Similarly for »/ and z. 

96o. A Particular Case. 

In the case when p^=p^^=zz 
and aj==a.,— ... ==a„=a, 

tile theorem reduces back to 

I = JJ* • • ' ' • • • ^ 

r(h)r(t2U.r(0 
r(tV+*.+ -+^n-My 

and the limiting CMjuation is 

^1 + ^2+ + ^ 

viz. tlic fundamental case of Art. 961 assumed. 


066. Extension. 

If tlie lower limits had not been zero in each case, but such 
that a;i+j; 2 +*** + ^n be not le.ss than b nor greater than a, 
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t.e. b < ZXr < d ; then plainly we must subtract from the 
result obtained, the integral found by making 


and the result will be 


f *3+"-+*" + + +*nj 


r(i,)r(i,)...r (tn) 
r(b + i2+ •••+^'n+ 1) 


967. If the difference between a and b be an infinitesimal 
difference Sb, then to the first order 


^<1+- ..+iit — •> + in — ^If ^ .4i« — lf>\i .. -t >« 

= (ii + 12+ . • . + in) 1 Sb, 

and the result will be 

r(^i + «-2+***+^n) 


For example, to verify this in a simple case, consider the volume of a 
triangular plate hounded hy the coordinate planes, and the planes 
Jc-^-y + z — h and .r+y-\-z = b-\-SL 
Here ?'j = i-^=f 3 =r l, pj 1 , 

r=i*S6.i^ = i6»66 = 8(J.^'), 

i.e. the change in the volume of the tetrahedron hounded hy the co- 
ordinate planes, and the plane which makes intercepts h on the axes, 
when 6 increases to 64-56. 


96S. Liouville s Extension. 

If we require to find the value of 

^ = jj- • . + ■ ■ ■ +*n) 

subject to the conditions that iCj, ccgi positive, but 

x^+x. 2 + •^•+Xn> <i and <f: 6, 
we may then take the case wlien 

X^ + X2+:- + X^ 

lies between v and for which 


differs from v by an infinitesimal e. 

Then for this limitation the integral takes the value 

svf(v+,) 


t=|;M 4*34... 40.-1 Svf(v) 


r(*\) r(t„) 

r(t, 
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to the first order of infinitesimals. And therefore, for the 
whole range of values from v—h to v=a. 


^,r(or( t,)...r(o p* 
^ \h + ^2 + • • • 4- ^n) J 6 


l + *2+ ••• +»« — 1 


f{v)dv. 


969. Exactly in the same way, if we require 

for all positive values of the variables such that 
(SJ +(5r+... + (;^)"'>A. ami 


:':A'VAr.Y" 




lie between v and ~v+e, say, whore e is an infinitesimal. 

Then for this limitation, 

I.T- ''Cii,)''(3...r(^_) 

I'J. - V.p— 

where + 

Pi Pi Pn 

and Sof(v-{‘€) differs from f(v)Sv by a second-order infini- 
tesimal at most, supposing /(r) and f(v) finite and continuous 
for the range. Hence in the limit, when we integrate with 
regard to v from v—h.y to v=^h^y 

W \'V-^mdv. 


PlPl-Pr. 


where 


^Pl P2 Pn 


Pi Pi Pn 


n\ Jh. 


This extension of Dirichlet s theorem is due to Liouville.* 

970. An Application. 

As an example of this theorem, consider 


C C r dx j c/.r.j . . . dxn 

J J J ^ a* - .rj* - .r/ - ... - x,} 


for positive values of tlie variables with the condition 
-f .r.,* + . . . + .r„* = va- ^ n*. 

♦ Liouvillc’s JoM'naly vol, iv., p. 231 . 
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Here 


Then 


Wi-=ff2== ... = ; Aj — 1, /<2 = 0, A=- 

^~2“ 'ioaVl-/'" 2" rf’j) 

V2y 


■( 1 ) 


a'-i 1 

[r(» 


i)''G) 

!i±! 

TT 2 

' 

ri 

© 

r( 

- r „ 

(=©') 


Thus, for example, in the case ?i = 2, 

r r dx ^dx^ a TT^ ^ira * 

J J \^a* - Xi* - .r,* 4 1 2 


4, 

Hence the area of the portion of a sphere j.-* + = which lies in 

the first octant, and which is 

dx dy 


jjidxdy, 


ira 


and the area of the surface of the whole sphere = 47ra*. 

4 • / .IV f f f dx.dv»dxt TT^a^ 

Agam(« = 3), j j j 

(Gregory’s Examples^ p. 474). 

6 

, . ^ f f f f dxtd.i\dx^dxA a* Tr*a^ 

an,l (« = 4,, = 

etc, 

971. Boole 8 Theorem. 

Consider / = J|. , . Ji^ (a^x^ + a.^ 2 + • • • + 
all real values of ... a;^ negative or positive, such that 

Change the variable.s by the ortho- 
gonal transformation in the margin. 

Then J= 1 and the relations of 
the transformation system are 
2P=1, etc., 

2/m=0, etc., 


and 



M, 


«3 

... 

*1 

k 

k 

k 

1 ... 

»» 


m.2 

Wig 

... 


ni 


”3 

... 

... 

... 

... 

... 

... 


Gregory’s Examples^ p. 474. 
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and suppose the transformation to have been so chosen that 

n 

®i®i+<* 2 ® 2 +-"+®na^n=^i. where 
Then du^ ... du„. 

(n signs) 

Now for the first n — 1 integrations, Wj remains constant, and 


whei'e 


= 2"-i (r»)"-» 

2"-‘ „/n+l\’ 




the first factor 2’*“^ occurring because at each of the n—1 
integrations the result is to be doubled to take into account 
the possible negative signs of the respective variables. Hence, 
dropping the suffix, we have 


j- J F{ku) (c^—u^)~^du. 


(See Catalan s Theorem,” Liouville^s Journal, vol. vi., p. 81, 
and Boole’s remarks upon it, Cambridge Math, Journal, vol. iii., 
p. 277.) 

972. Consider next the integration 
Jj J 

(n signs) 

where 

for real values of x^, Xg, ... x„. 

Changing the variables by the same orthogonal transforma- 
tion as before, 

^_f[ f F{ku,) j 

(n signs) 

Now for the first n—1 integrations, remains a constant, and 


(n ~ 1 signs) 


ff f dutdu^...du„ _2— -I 
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by Art. 970, the first factor 2""^ being introduced because the 
several variables are not now restricted as to sign as was 
the case in Art. 970, so that at each of the (n—l) integrations 
the result must be doubled. Also at the final integration the 
limits must be — c to j c for the same reason. Hence, drop- 
ping the suffix, 

vQy-' 


973, Further Generalisation. 

We next consider the still more general integral 


for all real values of ... such that 

/y* 2 /Y» 2 nt* ^ 

a.,- Un 


First we expand F(v) in powers of 1— say S — t?)'’ 
^or if it be possible to expand in positive mtegral powers of 

1 — If, we may write 1 — v=tc; then jP(tf)=F(l— and by 
Maclaurin’s theorem, we may put 


Then we consider the integration of 

■■■“&) f^^vfr+-+^nXn)<lx^ -dx,,. 

If Ip be the result of this integration, the whole result will he 

'ZBpIp 

as the case may bej. 

To obtain Ip, first put 

Then ... «n and 

f f... ...-inyf{A,a,t, + ... + A„a4„)di , ... 

tXjCl'2 J 

♦See Todhunter, D.C., Art. 281 ; Gregory, D. and I.C., p. 474. 
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Now make a further transforma- 
tion to variables Uj, Ug, ... by 
the orthogonal transformation for- 
mulae in the margin. The J acobian 
of this system is unity, and 

and further choose ttj to be 

*••) IK 

w here A -f- . . . -f- ^ 



1 

W'l 1 % 

... 1 


k I h 

... K 

^2 

11\ 77? 2 ' 

i 

... mn 

1 



... , ... 



T| ^ 


Then Ip—a^ ••• — ... ditn- 

In the integration with regard to w.>, ... Un, the remain- 

ing variable remains constant, and 


(n - 1 mgna) 


rC^^') J- • 


if restricted to positive values of U 2 , etc. ; and if the several 
variables may have full scope as to sign between the specified 
limits, each of these n—l integrations must be doubled. 

The result of the )i — l integrations is in that case 

rQ- r(^)r(,.+ i)^^ 




.( 1-0 


__ 7 r » r ( p + l ) 

Therefore, as the limits of the final integration with regard 
to Uj are from ~ I to -f 1, 

n-l 


r (“+ i +,,) J - 


f(ku) du, 
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it being now unnecessary to retain tlie suffix of tlie u. Hence 

r(2±i+,.)J- 

where k^=A i\ii^+ ... + A ^^( 1 ,?. 

This result, of course, includes former cases discussed. 


974. Extension. 

If the limits had been defined so that 

+ . • . + iPn7®n“ > ( instead of > 1 ), 

we could deduce the new result from the former by writing 
a^a in place of (Z^, a^a in place of and so on, 
and therefore Jca in place of k ; 

and, finally, if the scope of the range of tlie variables is still 
further limited by 

+ . . . + ^nl^n > and <t: 

we must subtract all cases for which 

and we shall have «_-i 

Z/aja, ... a„7r - 

r(-s +?) ' 


975. Deductions. 

Compare with the foregoing results the series of integrals 


dx^, 

dxi Jxo, 

111 ... •••dx 


where 

WhelHi X^ -f X.y + Xg — 1 , 

etc., 

„_i, where Xi+ ... + a:^_i + a:n=l, 


for positive values of the several variables. 

Take for instance the second. Here x^^l—x^—x,^, and tlie 
integration 

/ = ^ ( 1 — Xj — dxi 
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is to be conducted for all positive value.s of x^, such that 
Then f — rfti 

V^l I '^2/ Jo 

- r(ii)r(i,) r(i ,+i,)r(i,) r(i,)r(gr(t,) 

rcij+ig) r(?i+i2+i3) rfii+ij+ij) 


976. Similarly, in the general case, 

••• dxidx^ ... dx„_^ 

(n-1 signs) 

for positive values of x^, x ^, ... x„, such that * 1 + ... +aj„_j+a:„= 1, 
^ =|] • • • I ' ’ • • • I — Xi— ... — dxi ... dx„_i , 

(n-1 signs) 

where Xi+x^^ 1 


Thus 

and 


r(ii + i.2 + • • • + ^i-i) r (ii + i2 + • . . + in-i + O 
f (ii + • • • + * h) 

a, if A=jj...|xj'i-'...x„'’‘-i(7xi...(7x„, for^x^^l, 

(n signs) 

i;=|j...jx,''-*...x„'>-‘dx, ... (7x„_j, for ^Xr=], 


(n— 1 signs) 

we have (i, + i 2 + ... +t„M • 

977. In the same way, if we require the value of 

/=j|...|xi''-'x2'=-'...x;"jrV„’”-P"dx, dxj... dx„_i. 

(n— 1 signs) 

for positive values of the variables, such that 
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have 

‘ * I ^ ^ ^ W-- r ' ft 


(»»— 1 Slifus) 




wliere 

(^)"+ 

...+( 

J* * 



"„V 


1 1^1 

f'’'l 

p On-l) 


•• ^^n-l 

0 7J 


[’(•*-> (1 

Pi- 

•n-l 

('m- 

1 ^'n — 1 \ Jo 



\PI 

" V,.J 

whore 

X- 





P\ 

if ^2 


/ = 


JItl Vi^ 


I... r 


Vpn 


Pdh’-Pn j LA 

Vi P2 vA 

978 . K\. FiikI till’ value of j I dxdu for all ])ointH of tlie 


ellipsoidal sanufc winch he in the positive octant. 

Here /i= A, ?'.{■=» + 1, a, ^^3 - c, 


2 


T^TTT+TTTp 

Thus, for instance, 

11 ; (/.-•</// =^“2 = = 1 . ‘ waif. 

979. Relation of the Integral Forms discussed. 

We note tlien tlu'it the two inte<^rals 

as||...|x,''-'x2'=-c..r„'"->r/x,</rg...af„, for >1. 

(rt sigiw) 

(u - 1 signs) 
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for positive values of the variables in each case, are so related 



9s0. A Lemma. 

In order to abbreviate the work of the articles which follow, 
l(^t us note that the Binomial expansion 

(] - 2 )-"= 1 ^ n(n+l)..4«+r-l) ^ __ 

2 ! f \ 


may be written as where 

V 1 W 

and that, writing b-l ^2~y2» etc., we have 

K == . r(h)r(i2 tr) 

r(b ?*) r(i 2 )^i ‘ r(j 2+0 

= ^ ( 4 ) £ ih^hl)z=z K (*s) 

r(jo) r ( 12)^1 r(L+^^ 2 ) ^ 

T{ .(>.) ^(^2) r(t3-i r r( 1 r ) r(ti)r(i2)r(t3+r) 
r(ii-fi2+h"br) r{j.^)r\ * r(i’3+0 

- - ^ (^2)^ (^3) 1 (^ 3H~y) _r(t|)r(^2) ^( 4 ) 7^ 

r(.y:i) ’ rUa)^- IXb-f-ta+^a) ’ ’ 

etc., 

and 

K E ^ L ) 2 1 7^ ) L ( ^3 ) r(ii)r (^ 2+ p)r( i34-r) 

r(^’,+«2H p-i ^ 3 “i i' 03 +^)p’ rOs+p+O 

r(ii)i^(L)ru 3 +'’) r(^2 1 (.,> 

f\^2)p' r(^i+t2+%"br) ^ 

etc. 


9S1. We propose now to consider integrals of the class 




^ ...Xyj*” ^ f jA-jrX^ d.c^dxi^ ..,dx^ 


for all j)ositive values of the vai*iables, such that 

//j ■<^ ^*1 ^2^2"*^ **' ”b-^n^n ^^^2* 

all the letters involved representing positive quantities. 
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Putting 

-^2^2~^2> ®tc., and ^ 


etc., 


j_ 1 ff 

Consider first the case of a double integral, 

a particular case of which is discussed by Todhunter (Inf. Calc., 
p. 263 ). Of the two quantities 6^ , 62 , let be the one which 
is not less than the other. Then 

^ + ^l^l+^2^2 = {^ + ^l(^l + ^2)}“(^l““M^2» =U — 1\ say, 
where v=(^i— ^2)^2* Then as A + 6j|j+/>2^2 ^ positive quan- 

tity, we have v -< u, and 

(X + 61 f 1 + 62 ^2 )“^'* ~ 1 ■“ “) 

a convergent binomial expansion. Hence the integral becomes 




and u being a function of ^, + ^2, we iiave, by Art. 068 , 

'*'=> r(i,+t,+ 7 -) J*.(x+V)‘'+‘'+' 

r(i, 


"a: 


y i..ui y___f .._ 


= ^ riiiiixi?} r* < *'+^-'/(o I , _ 

AjMj** r('/j+i2) X+64 / 


_ _L_ f »• 


pA* 

■a;W r(i,+i 2 ) J^,^^+V)'■{^+V)‘• 

r(i,)r(f,) f»» fi.+H-v(<)<7f 

■ r(i, + i2) jA,{AiX+a,0*’('^2^+«20’^ 


7 
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982 . Next take the case of the triple integral 

7 = 1 f f f V(^i+ ^1+ dj , dj, dj, 

^ ^ J J J (^ + + ^2 ^2 + ^3 ^a)’* 

Of these three quantities 6i, b^, 63, let bi be that which is 
not less than either of the other two. "J’hen 


X + «^I^rf^2^2+^3f3 = {X + 6l(^l + ^3)-f^2^2} 

=w-v, say, 

where v={b^~b.^)^.^, and is <1^ and positive. Let + ^2+^3 "is- 
Then 


a convergent binomial expansion. 

where u is, however. X+6i(^i+^2)+^2^2« 
a function of the sum of the variables. Hence a further trans- 
formation is necessary. 

We may write 

W™X-f6i(^l + ^2) + ^2^2“[^ + ^l(^l + ^2 + ^ 3 )]“(^l'~^ 2)^2 

= t 7 -F, say, 

where F~(6j--6.^)^2 17 is a function of 

^l + ^ 2 +^ 3 - 

Also, writing q 4-/2 + + ^'" 7 / where necessary to shorten 
yx-A 




u)^ 


a C(nivergent binomial expansion. 
Hence 




JjJ 3 -^P 


J J J P=0 

/“"■>“ K o»)i’0. )r('i+p)r(»:,+ r)(;. 

.'*1 p^o *" r^i •(-l2+P + '3 + ’') 




J.s'-f P 


(A + 6,0' 


dt 
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= /*»r( t,)rfe) ?(.:,+ r) 


/IT - fc,)" — 


r(i, + 8 j+'» 3 +r) (x + 6,()Vpt'o"*' (A + 6,()'’ 

=r(h)JW.(h±r) 

r(i,4-i2+»3 + 0 i*. (A + 6j^V* ( A.4-/V J 


r('i+»2+''3+'-) i», (A+ft,<)'‘+‘>+’'(x+fc^<)'‘’ 


. /= 2 


’■=“ (b,-h,Y ,. 0 .>r(»,)r(.-,)r(.-.+r) 


■■=0 A.-'Ai'A, 




I (»»+>•) f 

r(ii+«j+«3+»-) J», (x+/.,o"^‘*'^’'(A+t20'’ 


,V-1 




J r(.,)r(^)r(^) £ ^ ‘Vw 


r(7\ + /2+»3) A. + " (^ + ^0’ 




1 r('.)r(gr(>3) r _(j.,::A3)il "jt 

At''A^'‘A3’ rOi + 's + j's) (A + 6,<)’'‘''‘’(A + V)'' ( ''^^ + V j 

L_ r(t, ) r(,3)r(.3) <^':V(o 

I'('.+'2+'3) /j(A+6,,y‘ 


r(t.)r(t3)r()3) C^jUkoJL.. 

I'iU + h + h) I, + 

I 


983. Exactly the same process will hold for a multiple 
integral of higher order, so that in general w^e have 


/ ^r(i\)r( g...r(0 

” r(li+i2+ ••• + ^*n) 


( 


hi t«l + »l+.- + ‘n-ljr(^J 
' 1 


rlL 


984. Extension. 

The result may obviously be extended to tlie integral 


'■-W •I 


x/> ■ ~K.. x„*"“y ( ^ ArXr^r^ (Ix^ dx., . . . dx„ 

(X -f- V + + • • • + » 


where /j — ~-^+^+ ••• +-”> 

«1 «2 "n 

all the letters involved being positive (juantities and the 
conditions of the limits being 

/i, < A 22^2**+ . . . + < //2 . 
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For putting ^2®,*.= ^2, etc.. -^= 6 j,etc.. 

we have ^ 2 

I =_i_ ff ... 


HQj.^ jr 
1 


Va,/ \aj \aj /**« t‘=-^f(t)dt 


1 r*._ 

Vai 02 a„/ Y 


1 

Thus in all such cases the multiple integral is reduced to a 
single integration. 

985. Differentiation with regard to a parameter contained in 
the integrand. 

In a multiple integral 

rbi flhi ^bn 

14 == I 1 ... I ,..Xn, c) dx^dx^,., dXn, 

Ja, Jgj Ja„ 

which contains a constant c, differentiation with regard to c 
may l>e effected by the same rule as for a single integral, 
provided that the limits of the several integrals are all inde- 
pendent of c. That is 

Th(5 proof of this is the same as in the case of a single 
integral. 

986. Liouville’s Integral. 

Consider the case 

Jo Jo ■Jo *■2" -^n-l dx,dx.... dx„_i* 

where t~x, + x,2+... + x^,^+- - , 

•*' l**'2 *** '^' n —1 

an integral discussed by Liouville. 

Differentiating wdth respect to «, 

dl 


da 


u if” r ( "^-^dx^.-dx^.^ 

Jo -Jo^ 


* Bertrand, Calc. Int4tjral^ p. 476. 



174 


CHAPTER XXV. 


Now introduce another variable Xn defined by 




i.e, change to a system 


X 2 Xg, Xg, ... 




^(Xg, X 3 , ... X„) 


XqXo . • . X«“ 


Then < sa;i + X 2 +...+x„_j-|- is replaced by 

XjX^ . . . X„_J 

X2+rg3+.».+a:n+ > -^'say, 

•^ 2^3 • • • •*'n 

-“1 '“I — — dor fix 

and Xy^ x.p . . . j — is replaced by 


T ^ i”"' u?x.^(^x, ... (Zx„ 

— - x,« X3» "fe : =. 


®nJ 


2 .e. (— 1 )'*”^tt^“-"X 2 " X 3 ” X^" . . . x„ " dx^ilx ^ . . . rfx„ , 

and in the transformation of the multiple integral the sign 
is adjusted by a proper assignment of the limits. 

Hence, as x„ is oc when is zero and ince versa, we have 

dl f* f'” 1 

. , . J a^~^e~^’x^ X 3 ” . • • ” dx^dx.^ . . . dXn 

= —nI (for if a is increased I is decreased). 

Hence = -- n da, log I——7ia-\- const., I — Ce-^^. 

To find C, take the case a—0. 

Then 1 becomes 


f f ... f 6-'(^ + *2+...+»n-l)a;^« ...X^”l dXidx^ ... dXn --[i 

Jo Jo Jo 

and as the variables are independent and the limits constants, 
this may be written 

Q e-*>Xj" (ixij X e-'^Xjj* '(faj... xQ^ 
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n-l 1 

2 . 


thatis r(^)rC^)rf-) or (2w)'^n 

\??/ \n/ \n/ \ n / 


Hence C={27r) n 

Hence the value of the integral is 

n-l _1 

/ = (27r) ^ n 

987. Liouville s Method of proving Gauss’ Theorem. 

Consider the product 

rwr(a=+l)r(.+?)...r(.+i^). 

This may be written 

X j ^ rfxg ... X ” dx^ 


n eo 

0 Jo 


g-(*i j Ti+. .-t ...x/ ” dx^dx^...dx^. 


Now change the variables according to the scheme 

Xg — a'o’ ^3 — ^3 •*• ^n* 


XoXo . . . X« 


Then J— 




X.,X„ . . . X, 


and tlie integral may be written 


rr...re-(*' 

Jo ^0 Jo 


+ a; 3 +...+Xn 4 ^ -) 

XoX-i .. Xu! 


XoX,...X„ 


X ( — ) X., « x„ *» . . . x„ »* a 2 flx, ax., . . . dx ^ , 

\x^x^.,.xj - 3 n Z 3 n 


that is 


e ~ * 2’**“^ Xo^ Xg” . . . x„ ” d2 dxo dxg ,.,dXn 


41 '-i 

j 0 0 •'0 

r» n-l 

= w| (27r) 2 n~^e~^z^~^ dz, by the preceding article, 

J 0 

n-l r® n-J 

— n^(27r) “ I d2=n^“”®(27r) ^ r(nx), 

J 0 


VIZ. 


n“r(a:)r(x+^)... r(a:+-^)=«^(2'>rr^ r(na;), 

which is Gauss’ result. 
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PROBLEMS. 

1. Find the mass of the triangular lamina bounded by the axes of 
coordinates and the line a; 4- y ~ a for a law of surface density 

2. Find the mass of the tetrahedron bounded by the coordinate 

planes and the plane + + = 1, the volume density being 

p = fjLxyz, 

3. Find the centroid of the area in the first quadrant bounded by 
the lines //~Ap x~\-y = h^, for a law of surface density (r =-- pxPi/i. 

4. Find the centroid of the volume in the first octant bounded by 
the coordinate planes and the two planes 

a~^x + h~'^y + c~^z = 5p a"V + Ir^y + = K, 

for the following laws of volume-density : 

(i) p = + (ii) p ^ (iii) p = /*(/- + ?/- + c-). 

5. Apply Dirichlet’s theorem to find the mass of an octant of an 
ellipsoid in which the density at any point varies as the square of 
the product of the distances of the point from the principal sections 
of the ellipsoid. 

6. Find the moment of inertia about the a;-axis of the portion of 

the sphere -{■ y^ + which lies in the positive octant, supposing 

the law of volume density to be p = pzyz. Obtain the corresponding 
result for an octant of the ellipsoid ■¥ Z‘,c^ ~ 1. 

7. Find the mass of the positive octant of a sphere of radius U, 
whose centre is the origin, for a law of volume density 

p-=/i(a, 6, c,/, y, h){x, y, zf, 

8. Find the mass, centroid and moments of inertia about the axes, 

of the positive octant of the ellipsoid x^/a^ + yV^’-^ 4 1, for a law 

of volume density p = /x(x2 4-y“4'-J^). 

9. Show that the volume of the solid, the equation of whose 

surface is 4- V + = 1 , is { r* ( 1 ) } 

10. A homogeneous solid is l)ouiided by the surface 

(*/a)* +(#)* + (,'/«)* = 1. 

Show that the centroid of the portion of it in the positive octant 
is the point /21a 2U 21c\ 

vm* 1 W* [OXF. II. Pub., 1901.] 
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11. Find the position of the centroid of the portion of the solid 
bounded by ^ ^ ^ ^ 

which lies in the positive octant, the volume density being [ix^y^z'^, 

1*2. Show that for positive values of x and y, 

such that x- -i- ij- > r-, is 

^ r(/-»-m+ lj‘ [I. C. S., 1893.] 

l"b Obtain an expression for the value of 

+ h') <^y 

for all positive values of x and y, such that 4 - />jy 2 > 

II. C. S., 1893.] 

14. Prove that the value of the volume integral 

j*| !*( A.r 4- /A// + vzY^dx dy dz^ 

tiiken through the volume of the ellipsoid 
A, /A, V being constiints and n a positive integer, is 

47 r(i/>r( AV ^ 4 . ,,2c2)«/(2n 4 - l)(2n + 3). 

[I. C. S., 1912.] 

15. Find the value for positive values of x, y, z of 

sin {x f y 4 - z) dx dy dz 

with condition .r4-//4-5 ^ ^tt. [I. C. S., 1899.] 


IG. Prove that 


ii>{x-{-y)x^yf^dxdy 


r(a4-l)r(/i4-l) 

' ■■r(a4-^4-2) 


j* il)(z)Z^'^^^^dZy, 


and extend the theorem to any number of variables. [Coll. 7 , 1887.] 


17. Prove that the area of the curve 
{(tx^-by)^^ 4 (/at -ny)2«= 1 is 

[Coll. 7, 1891.] 

18. Find the volume enclosed by the surface 

(x/a)*** 4- {t/lb)^^ + (zlc)^^ = 1, 

where n is an integer. [Math. Trip., Part II., 1919. 

Show that the distance of the centroid of the portion for which x 
is positive from the plane x = 0 is 
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19. Prove that JJ '/(o-r + /?,'/) 

where k = {a-a- + the double integral being taken for all 

values of and such that 

xya'-hf/lb- <1. l7, 


20. Show that, xi/zu being equal to 

iix ihj dz = - 


FIT 


J 


Jo Jo Jo 32 s/26'-‘«‘ 

fST. John’s, 1882.] 

21. Show that 

dx, di/ dz __ TT idtc 

I {p -I- ax^ 4- py^ + yz"^)^ ^ P^\p + a-u){p + h-p) {p -f t-y) 

where j, z have all positive values such that 

x-y- 4- /y- 7/- + < 1 . [ ( ’OLLKIJ ES 7, 1891.) 


in, 


II 


22 . Prove that 

(1 - r , , 

V- * ' dxdy 


(p 4- ax 4“ Py)*^ + l 

^ P M r (>0 4 L_ 

r {k 4- iP + ;t + 1 ) \/> p + a p ^ p] pHp + ip + ’ 
the integral extending to all |X)sitive values of x and // such that 

X 4- // < 1 . I CoLLEi ; K.S 7, 1 8!H . ) 

23. Show that 


III 


... +X,/> 


'dx^dx,^..,dx. 


( A 4- + n.jj-./a + . . . 4- 

r dt 

ij?2 • • • bi 1 (^*) ~ 

the summation referring to a cyclical change of letters from /q to (/„, 
and the integration being effected for all positive values of the 
variables for which j^n ^ + . . . > 1 . 

24. Prove that, «, r being positive whole numbers, 

dx^ dx ^ . . . __ 7r»‘ (?i 4 - r - I ) ! (2r) ! 


0 / 2 W \ 
4- 


«t^-^r4i (2a~'4-'2r'-'l)! r!~’ 


[Math. Trip., 1870 , Wolstenholme.] 
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25. Prove that 


f*' dx, 1 

f** <^*3 

6^X4 j 


n-1 

(Xi-Xg) « 

1 »=1 
“ (*2-*3) " 

1 ?.-r" 

“ (*3-*4) ” 

til 


(See Ex. 30, Ch. XXIV.) [Math. Tbipos, 1876.] 


26. Prove that 


Jo Jo ^2 


[Liouville.] 


27. If n bo a positive integer, show that for an integration 
conducted over a triangle of area A in the x^y plane 




A//„, 


where //n is the arithmetic mean of the homogeneous products of 
the ordinates of the corners, and find the corresponding result for 
any plane polygon. [Routh, Rigid Dyn., p. 425.] 

28. Show that if the integration be conducted for all positive 
values of Xj, Xg, such that Xj + Xg > 1 and Xg -(-X 4 > 1 , then 

11 j* Jxjh “ 1 1 tfXj dx^dx^dx^ 

= r(t,)r(gr(gr(t,)/r(t, + + i)r(i 3 + i, + 


29. If f = Xi»'-l-Xo'‘+ ... +X h« 
evaluate the integral 



'XjlXo'-^X, 


2 j. 3 
3 


and XjXg . . . x^ a'^, 

n-idxj dxg dxn..-| 
V" "Xn-i * 


30. If /sXj^ + 2 ^ 2 “ + ••• ^n^Xgixgi 


1 

Xn** = a, show that 
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DEFINITE INTEGRALS (I.). 

988. Ifc lias been stated that when dx can be integrated, 

and the result of the indefinite integration is \/r(;r), then the 

quantity ylr(h)—\jr[a) is denoted J <l>{x)dx \ and it has been 

shown that \f^{h) — \jr(a) is the result of obtaining the limit 
when It is indefinitely small of 

where b=^a + yik', and the process of obtaining the value ol* 
f <p{x)dx has l)een termed a Definite Integration. 

J a 

We have performed this definite integration in many cases, 
first of all obtaining the indefinite integral by the rules of 
the early chapters and so finding ^{x), and then inserting the 
values of the limits to obtain the expression \Ir{h)'~\lr{<i)', and 
in doing this our chief attention has been centred upon the 
discovery of the function whose differential coefficient 

is <l>{x ) ; i.e. upon the reversal of the general problem of 
differentiation. 

It will have been gathered from the last two chapters that 
the value of the definite integral between certain specific limits 
can be obtained in many instances by some artifice, even in 
cases where it is not possible to perform the indefinite integra- 
tion ; i.e. that it is possible sometimes to arrive at the value of 
^lr(h) — \/r(a) without finding the form of \l/^(x) at all. Sucli a 

case was that of 1 e^^'dx discussed in Art. 864, where the 
•^0 
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indefinite integration of could not be expressed in finite 
terms, but for which the definite integral from 0 to oo was 

discovered to be It is to this class of definite integral in 


particular that we now turn our attention, and it is to this 
class — viz. where the integrand does not admit of indefinite 
integration in finite terms — that the term Definite Integral is 
by convention mainly confined. 

A very large number of such results have been found. A 
collection of such definite integrals was made by Bierens de 
Haan, and published under the title Tables (Th\Ugraies 
DSfinien (Amsterdam). 


989. The artifices employed are numerous and of great 
variety and ingenuity. It is impossible to give an exhaustive 
list, but some of the more common devices are as follow ; 

(tt) The use of a reduction formula connecting the integral 
sought with one or more other integrals already 
found, or more capable of investigation, or with some 
multiple of itself. 

(b) The integral | 0(;r)dLc maj’^ be regarded as 

in which the notation will explain itself. That is, 
the summation from a to d may be broken up into 
sections, (a to b), {h to r?), etc., and each part may be 
considered separately. 

(c) The expansion of the function to be integrated, or of 

some factor of it in a convergent series, or in partial 
fractions, with the integration of the several terms 
and a final summation of the results. 

(d) Change of the variable with the corresponding change 

in the limits. 

(e) Differentiation or integration of a known integral with 

regard to some constant which it may contain. 

(/) A factor of the function to be integrated may itself be 
the result of a known integration between certain 
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constant limits. Upon substituting this integral for 
the factor a double integral may be formed, and a 
change in the order of integration or a transformation 
to a system of new variables may succeed in obtaining 
the value of the integral under consideration. 

{g) Investigation of the integral from the original summa- 
tion definition of an integral. 

{h) The application of some general theorem such as those 
already considered in the Eulerian integrals or 
Dirichlets integrals, or the theorems of Frullani, 
Cauchy, Kumrner, Poisson or Abel, which will be 
severally discus.sed in their proper places. 

(i) Several of these methods may be combineil. 

( j) The application of Cauchy s theorem in integrating round 

some closed contour. Contour integration will be 
reserved for a special chapter. 

{k) The substitution of a complex (juantity for a constant 
involved in a known integral, and in its result, fol- 
lowed by e(juating real and unreal parts, frecjuently 
suggests new integrals; but the method lecjuires 
great caution if it is to be regarded as rigidly estab- 
lishing the values of the resulting definite integrals 
witliout further investigation. But it frecjuently 
liappens that such suggested results can be establish(‘d 
by other means. 

These are the principal devices used. There are many others 
applicable to particular forms. A general statement such as 
the above is necessarily vague on account of its generality. 
The student should examine the mode of procedure in the 
numerous cases which we shall have to discuss, and note for 
himself the method adopted. 


990. Illustrations of Definite Integrals deduced by Change of 
the Variable. 

1. /=[ logsinOdd [Euler, Acta Peirop., vol. i., p. 2]. 



cos 



log cos 0 (16. 


Writing 6=~ — (py /== 
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Adding, we have 

2/==| (lo^ sin 0 -flog cos [ (log sin 20 — log 2) 

Jo Jo 

— I Iogsin20(i0— log2, and writing x 20, 

[ logsin 20d0=“ [ logsin^^^X”! logsin 0d0==7 ; 

Jo ^Jo Jo 

/. 2/ = 7~2log2, giving /=|log^. 

J V 

Hence f logsin 0 o?0== [ log cos 06^0==^ log “ (1) 

Jo Jo 12 

It also follows that 

f (logsin 0— logcos 0)r?0=O, i.e. [ log tan 0d0=O, ...(2) 

Jo Jo 

and I Iogsec0rf0=| logcosec 0(i0=^log2 (‘0 

If we write ain 6/=.r we have another form of the same integral, viz. 



or again, putting t = €“•', 

_x 

f dy = Q log 2 or / r/a: = -^log2; (5) 

Jo ^ 2 ^ Jo N/sinhx ^/2 ^ 

or again, integrating (1) by parts, 

1^0 log sin 0 J 0cot 0rf0=^ log^; 

' — * 

or integrating again, 

[^cote]% (’'|*C08ec‘(?d(9=|l0g2 ; 



or, which is the same thing, putting cot 0=x, 

(cot“*jr)*rfa?*=7rIog2 


.( 8 ) 
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2. 1=: I a and b both positive (Poisson, Journal de VEcole 

Polytechniqm, xvii., p. (W4, case where a = i> = l). 

Writing 7r-</> for 6 , 

1= - ' .,2 thfi = TT / - , - - I ; 

Jit O + 0 008^9 Jo ((-|-0(*OS‘</> 

Jo ^, + eos-<^ 

= 2 tan“^ V' 5 A / — 7 tan“' ^ . 

m 1. 1 • r 0^\\\0 ,, 

The case a = o = 1 gives / ^ v. ay - tt tan“^ 1 = -- . 

° ./o 1 + cos”^ 0 4 

991. In illustration of the method of expansion wo may, for the 
same example in the case a > b, expand 4-1^ cos- \ Tlieii 

/ / r ^siii <^oos^^>+-,tf.siii (ycos’tf - 

a.'o L a a- J ’ 


I — / tan“ 
2ah 


a conveigent o.\|jaiisiou if b <a. 
But 


j 0 sin 0 cos*^" ddd=^\ "! ~Vr^l + Tl / ^ ^ i + J 

Jo L 2» + l Jo 2n4-l.'o 2n+l 

■ oLl 3a^5a'^ ''J 

= ~ tail"* \/^ by Gregorv’s Scries. 

2ab ^ ‘ 

If, however, a<b the expansion used would be divergent, and the 
method would fail. 

092. Illustrations of a Combination of Methods. 

Let 7 = 1 xsin^^xdx. Write x=^ir~y. 

•^0 

7= I (-TT— y)sin’* — ’J' I y dy — 1 \ 

Jq ‘ Jo ' 

7=^ I sin” a: dec— -TT 1 sin”x(ix, 

^ Jo Jo 

and the result can be written down. 

This integral is useful, in cases where F{x) is capable of 

expansion in powers of sin a?, for finding I x F(x)dx, 

Jo 
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■^r 

Kx. 1. log(l -f wsiii (w<I) 

r r 1 j 

— :v w 3 - ...\dx 

mr'^ 1 tt n* 2 n® 3 1 tt n” 4 2 

"■'2'~'2 ’^■*'¥’^‘2 a” 4 ’^3'^ 5 ’^4 2 2“ ¥’^5 S'*''" 

rV .In\1.3n‘ \ rn* 2 n* 2.4»» "I 

'2 (”■^•2 3 ■^2.4 5 ■'■•••) ’"[ 2+3 4"'^3.5 "e-J 

=’^' «iii~' ra - . (See Diff. Cak., p. 90, Ex. 3, Parts.) 


Ex. 2. /=/■' 

Jo 1 4-c<ia a sin .r 

= I .r( \ - c<*8 a si ii x -f cos*^ a siu^.r - ...)dx 

Jti 


fTT Itt 3^ .3l7r ,42 "] 

~ 7 r 2 ^ 2 2~^^® “4 2 2 ^r> 3 "^ J 

r 2 2 4 n 

“ -jr c<w a + jje() 8 ^tt + .j-^^C 08 *tt+... I 

^’^Y. .^1 2 ^'-3 4 _,.l- 3 .r) , ^ 1 

+ i L‘ + i “ + 2’. 4 '''’® “ + 2 . 4 . C “ + ■ • • J 


™ - r + -- (1 -<*os'a) (^ee Diff. Calc.y Ex. 3, p. 8().) 

\l~cf)s-a * 


~= ~ TT = TT ( W 0L8TB:N H OLM E. ) 

sm a 2snitt siiia ' 

This integral might be treated thus : 

Write ir-.v for ./■. 


H 
■ Hi 


r . ( ’r-.i)dr = j. r rfy _ j . 
Jo i + cos tt sin .r ‘Jo 1 + cos a sin .r ’ 


8 a 8in ,r Jo I ■ 

.. .r 

2.^0 1 4* cos tt sin a? 2 I 


tan -f coa a 


sec* dr 

1 ’ *v 
14-2 cos tt tan *^ + tan**^ 


= fj- tan-^cot ttl 
8inttL2 J 


a tan''*(tana)= 7 r'-A-. 
sin tt sill a 
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1. Prove that 


EXAMPLES. 




LSt. John’s, 1884.] 


IT 

2. Prove that | sec® 6/ ^ ^ 1 log {J2 + 1 ). 


[Math. Tripos, 1889.] 


3. Prove that 


<^(*) rfx =£[</.(*) +l<^(l)]<f*. 


[St. John’s, 1882 and 1887.] 


4 Show that, n being a positive integer, 


/ i\f j 1 1 

(^- 1) /I = - -I-— — 

'J(l-Hic)" l+a; 2(1 + 


x)2 ^3(1 +x)» ■*■ ■■■ 


1 1_ , X log X 

^ w - 2 (1 + i * 


and that 


tsx.jo. 

[8t.Jo= 


[St. John’s, 1882.] 


[St. John's, 1882.] 


5. Prove that 


{ (sin 6 - cos 0) log (sin 0 + cos 9) dd = 0. 

® [St. John’s, 1884.] 


6. Prove that 


9^ log sin 9d9 = 9* log (J2 sin 9) d9. 

[St. John’s, 1884.] 


7. Prove that 


. r ^ a + b 

J -00 (x^ ± a« + a^)(x^ ± fee + 6 *) >/3 ab{a^ + ab + V^) ' 

.. r ^ 1 

J-oo (ar*±aa; + a*)(a;®qpfer + 6^) •s/3ab{a + b)' 

[COLLSQBS 7, 1891.] 
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8. Show that 

9. Show that 



f ^ = 2. 

Jo tan./; 2 ^ 


[Oxford II. P., 1888.] 

W)- 

[Math. Tripos, 1887.] 


10. Show that 



1 1 . Prove that 


btTT siiih(;/a)( - 1)* 

{- k-TT- 

[Clare, Caius and King’s, 1885.] 


.sin-iJ' //r 

1 1 


J ,, r‘‘*"'^(eo.s ./’ - /// sill ./•)“ 

2///(l f '///“) 1 

a-v/- M 

f* eos‘./w/./; 

1 


J 0 ./* 4- in cos ./•}“ 

2/// (1 4- g/-) 


[St. John’s, 1886.] 


12. Prove tliat 


1 + 


f 

siii-.r 


dx~ 



[OxF. II. P., 1885.] 


IJ. Show that 

tr 

J ^ log (sin + cos r) ,//=-" log 2. JCOLLKOES, 1886.] 

- 4 

14. Sho>\ that (>\‘s\nh2jr 2j2’ [St. John’s, 1890.] 

15. Prove that 

[ .r/{j*(l /{.r(l 

Ji-t> 

[Colleges, 1882.] 


16. Prove that 
nteger 


sin" log tan 0dd = 0j where n is any positive 

[Colleges, 1882.] 


17. Prove that 



2)/- -f (u - 1 )(a 4- h).r + U4ib} , 
(X + af{x + 


18. Establish the result 


2(a-f6) 

[St. John’s, 1890.] 



S 


[Math. Tripos, 1882 ] 
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19. Prove that 


01-0 


sm a; — cos 

X 


[COLLEGBS / 3 , 1890 .] 


W 

20. Prove that j[log(l +tan = ^ 

21. If a be any angle between ^ and - ^ , show that 

f log (1 + tan a tan x)dx = a log sec a. 

0 


22. Prove that, in general, 

Xs/e 


f / log, . log, ; — IT t) V’ 

Je 


where 
and F is any function. 
23. Prove that 


““v/e-T* ^ l-/e’ 


[e, 1881.] 


f log (sin^^ + cos*^) dS-tr log 


24. Prove that 


(k^O). 

[OxF. I. P.. 1918.] 


I / ^ ^ ) I y (g-si ^ 2ab) dx. 

993. Integrals of form f — dx, etc. 

Jo ^ 

m70 • 

• • I 810 V3i 

Consider the integral /= I — - dx, r being a real constant. 

Jo ® 

If we write rx=y, J which is 

independent of r. But it is obvious upon changing the sign 
of r in the original integral that the sign of the result must be 

changed, for all elements of the integrand — change sign. 

Further, when r=0 the value of I is zero. Here then is a 
curious discontinuity which must be examined. 

The integral is of great importance in the theory of definite 
integrals, and we propose to illustrate by means of it several 
methods of procedure as mentioned above. 
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994. Method I. By breaking up the Integration into Sections. 

+ P" )+ dx, 

V(2n-2)fl- J(2n-l)ir/ j ^ 

a notation which will need no explanation. 

In these pairs of successive integrals put x—ir — y, Tr + y; 

Stt — iy, 37r4-?/ ; ... (2/1— 1)-^— ?/, (2 ti — l)7r4-2/ ; etc. 

Then 

f (2n-i)ir^i,^2; ^ ^ 1*0 simy i _V sin 2/ ^ 

(an-2). X 

J( 2 «-i). * Jo(2n-l)ir + 2 / 

Thus, puttiiif/ 71= 1 , 2, 3 ... succes-sively, tlie integral becomes 

/=[ sinyl - - —-J - + » r~~ r ' 

Jo \'^ — y ’T+i/ dw — y -i-K + y J 

{ ^ \ y 

sin 1 / xtan (Hobson, Trigonometry, p. 335.) 

= = 2 1/^ I ■ 

995. If we put X——?/ it is clear that 

J() * Jo y *' J-« y *' J-» * 

Hence 

996. If r be positive we have, by putting 7'x=y, 

Jo * Jo y 2 

If r be negative we have, by putting ’rx=y, 
rainrx^^^^f-siiy, fo 

Jo ® Jo y J-« y 

=_r?»iydy=-;. 

Jo y ^ 
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eirlierthan midway between two successive cuts of the curve y — — ^ 
by the .j;-axis, but i*apidly approximate to the midway as x increases. 

999. Method II. A Further Illustration of breaking up the 
Integration into Sections. 

Since the i/-axis is an axis of symmetry for the graph of 

sin X . , 

we may take 


Jo X -ij-* X 


!'/=■ 



\ 

+ 

+••• 

1 2ir . 

1 

p-ir , 

[.-2»r j 

1 +1 

+ ... 

] — 2»r 

1-3.. j 




In the integrals in the first row put 

Tr-f //, 27r-hy, 37r + 2 /, etc., 

and in the second row 

x^ — TT ^xj, — 27 r + ?/, — 37r-f y, etc. 

Tlieii 

- + i-! 

— I sin 1 / . cosec y (/?/— j \d\f — iT 

Jo Jo 

^ tt , . (Hobson, Trigonometry^ Art. 295) 

giving /==r, as before. 

This proof is similar to that of Method I., but makes use of 
tlie expression for cosec y in partial fractions instead of that 

for tan 2 * 

1000. Method III. Illustrating Differentiation under an Integra- 
tion Sign. 

(1) Consider the integral where r is positive and 

/• any finite positive quantity, which we shall ultimately diminish without 
limit. 
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Then so long as k lies between 0 and -f- cac , 


U 

Jr 


= € 
'o 


sill (r 4* 5r) — sin rx dx 


= ( c”*** cos ( r 4- ^ 8r)x rf.r, (0 < ^ < 1 ), 


S. (Art. 1 


~i^ + {r+eSr)'>' 

and proceeding to the limit when 6r is indefinitely small, 

v whence 7= / --rf.c=tan“*j, 

no constant being needed since each side vanishes with r. 

If in this result we diminish k indefinitely towards zero, the integral 

tends to the limit / - — dx, and tan"^ tends to the limit - or - ^ 
Jo X ^ k 2 2 

according as r is positive or negative. But if r — () the integral is 

obviously zero. 

Hence ^ 2 as r>, = or <0. 

(2) As a further illustration of this method, let 


" Jo (a co8*l^+ ^ sill* ^)" 

a and /3 being of the same sign, so that the subject of integration has no 
infinity between the limits. 


Let A = 


d d 


Then A/„= - n/n^.l. 


Hence 


/ — ^ A/ ^ A*/ —etc — ^ 

Also ’ ru„-(V^tanf?)f= 

p-'o i+uiu*e 


Hence 


3 


/,=( - 1)^ j • 

Similarly 

And since 


. 3 ... 2p- l)(l . 3 ... 2?- 1);, „ 




(-lV'+«(2p)l(2?)l 1 1 

2 W«' (pl)(q\) s/a0^’ 
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the general result is 

I 4.^ Y-L= 

2 '/i! v/a/a 

_£(-!)” A (-l)" (2rt:(2?) 
2 «' t 2*“ jo'.y! 

. I - JF ' ^ 

Also, since 


!.l., 1 

sla^ 

where /?4-^/ = w. 


()/„ p coH^OaO 0/n_ I* Kin*0G?0 

Oa ^\'o (a co8*^-f /isin-^)""^*’ ^Vo (ttCos* § + /^?sin^^)"'^^’ 

all integrals of the forms 

r* p nin^BdB 

Jo (acW'*^4-/isiii*6/)'* Jo (a cos* 6^ + /^ sin* 6^/*’ Jo (a co8^6^+/i sin*6^)”’ 
can be computed, n being a positive integer and a, /3 of the same sign. 


1CK)1. Since 


r II />sin ftj^-acos ft.r 

I (>'■'*^008 av a.r— c ‘ — n; h const. 

I a- 4-0* 


J e>-'‘j’oos 
J c”"'8in 


/>.r = — t 


ftco.s /xr + a sin ^xr 


4- const.. 


e have j e~^* cos hx dx ■— ^ ^ ^ )»1 

wi being supposed positive. 

( (2),J 

Integrating the first of these equations with regard to h from 0 to 6, 


„sin/xr. ^ .h 

(/r = tan"'‘ ,. 

X a 


and integrating the .second from e to h (both positive) and 
f" _„,cos /xr — cosc.r , 1, 


I c-«4E ..l_Y -—dx=--\o^-„^,^ 

k X 2 ”<r4-o 

When a diminishes indefinitely the limiting form of (3) is 

r ain hx j tt - tt 

.,• ''-"=2 IT’ 

according as h is positive or negative. 

If in equation (4) we make a diminish indefinitely, 

r cos hx - cos c.r , , r 

— V- ''•'■= '"Ki 

If we differentiate (1) and (2) n~ I times with regard to a, 

£" x'-'e-" cos h.r dr=(-l )"-' — cos nS sin" ff, 

where tan 

ct 

and £ j;"-'<r"8m&rrfr=(-l)"-'^:i — 


E.T.r. II. 


N 
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Here n is a positive integer and a is positive. 

The case when n is not a positive integer is considered later. 


1002. Method IV. Deduction of a Definite Integral ftom the 
Summation Definition. 

We may employ either of the well-known trigonometrical series 
l^-^—sin 6>-}-|sin 2^ + ^sin36^-f ... ad inf. (7r> $> -tt), 

^ = .sin 6 + sin 3$ -f ^ sin 5^4-... ad in f. (7r>6> - tt), 

to obtain the value of / 

Jo .r 


(1) 


( 2 ) 




/sin k . sin 2h . sin 3/i 


-"V 


I 2 ' 
— h JT 


= == r; • 


/'“’sin.r , . sin 34 . sin 54 \ 

Jo -7 = + ->,/< +-j 

r* jj/sin4 8in34 sin 54 \ 

- + — +-J, +...j 


4 2 


[For the first series see Dif. Calc., p. 108, Ex. 21 (2). 

dll 

For the second add to the first ^ =sin ^sin 2^-4-^sin 3^- ... , 
or otherw ise. (Hob.son, Trigonometnf, p. 288.) 

See Bertrand, Calcul. Dtff. ct hit., vol. i., pages 304, 383.] 


1003. Method V. Again illustrating Derivation from the Defini- 
tion of an Integral as a Summation. 

Consider the series 


^ e '^^sind , e sin 2d e sin 3d , . ^ 

4 . 4 . , i^...admf. 


Let 


f e ^^co.sd,« cos 2d e cos 3d 

i + — 2” - + — .3- 


These series are convergent so long as q is positive. 

C'+.5=2® log(l-«-«V») 

I ^ 


'logN/l-2e ^^cosd+c ^^ + ttan"^ 


-5® 


sin d . 

1 -e~^co8d* 


.*. 5=*tan”^ 


sin d 

«^^~cos d 
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In the limit when Q is made indednitely small. 


<S=:tan“* Lt, 


cos B 


1 TT 


0=0 


Now 


e ^■*^8111 jr 


dx= 


: — - = tan ^ - = ~~ tan”^(7. 
p-«^inA^e~2^'*8in24 c-“^^in3A 

L“ “A ' 


2A 


3A 


€! ^^sin h € 2A e"”®^'^8in 3A 


= /A=o[?=^-V 


+ - 


e ‘^■‘^sin.r , tt , 

rfj: = --tan-i5. 


...] 

....], 


But 


Now let q diminish indefinitely to zero, the limit towards which the 
result tends without limit is 

r 8in.r ^^ TT 
X ^~2‘ 

1004. The integral tan"*^^ may be established 

for the case q>r thus ; expanding sin rx^ we have 

q Z q^ b q^ q 

This series, however, is divergent if ^ < r. See Art. 1000 (1). 

1005. Method VI. Illustration of Use of Change of Order of 
Integration. 

Consider the double integral 

7=1^ Bin rx dx dy. 

Integrating first with respect to ?/, 

7s r r - <?-'«' dx - r ™ dx. 

Jo L X Jr =0 Jo X 

Changing the order of integration, integrate first with regard to x^ 


according as r is positive or negative ; 

r siti rx 

X ”^"”2 

according as r is positive or negative. 


j tr IT 

dx=s or -H. 
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1006. Method VII. The integi'al m&y also be established by the 
method of contour integration. (See Art. 1302.) 

1007. The expression for cot 2 in partial fractions (Hobson, 
Trigonometry, p. 334) is 

^ Z S + TT Z — 'TT ^ + 2‘7r Z — ^TT Z-{-Sw Z — StT 

If 0 (z) be any periodic function of z with periodicity tt, i,€, 
such that 0(2:) = 0(2?+r7r) for all positive or negative integral 
values of r, we have 

l+J- +1-..+1..+-J 

In these integrals, put 

z=y, '^+y, 27r+y ... in the first row, 

and — TT+y, — 27r+y ... in the second row. 

Jrir z Jo '?’^ + y Jo r7r-\-y ^ 


J-nr 0 Jo y — rw ^ Joy—rTT ^ 


Hence 


=|o^(y)cotydy, 

f* d}(x) (ix 

I — =1 0(a;)cota;d5c, where 0(a;)=0(a;+r7r). 

J-OO X Jq 

• f * tan X 

Thus, if 0(cc)=tan x, I dx== I tan x cot x dx=ir, 

J-w X Jo 

Also is not affected by a change .of sign of x, and its 
X 

graph is symmetrical about the y-axis. 


Hence 


tan ® , IT 
0 X 2 ’ 
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and writing rx for x, 

J *tanrx, -ir ^ 

— - — ax=^, or 0 as r is or zero. 

0 X Z ji 

1008. We now proceed to consider some consequences of the 


result 


1 :^ 


sin rx j TT 
*'=2- 


By the ordinary method of summation, we have 
''Cq sin 2px+^Cy^ 8in(2p — 2)x+ ... sin 2a;=2^ cos^a? sin 2 >x ; 

1009. In the same way 

2/i.r sin (2/3 - 2)a?+ ... +( ~ sin 2^* 

= ( - 1 2^’ sin^j? sin p.v, (p even ) 

p-i 

or =(- 1)2 2^ sin^U’cos^o.’, (/> odd). 

H..« .tij: . , 

and i [d _ 1 ].( _ d- 


Jo .r 2*"^^ 2 ^ 

1010. Again, 


2*»+»* 


^ fix = ■ I [sin (231 4- 1 )a* - C, sin (2n - 1 ).v 4- . . . 


4- ( - 1 )” 0„ sin x] 


dx 


" I [1 - •"+* c-. + ‘-H- c, - .. . + ( - 1 )" *“*• C.] 

= ^ I X (1 +0*"** X (1 +j)~‘ = ‘"C- 

_5rl.3.5...(2«-;;J) 

“a 2.4.6... a»t ■ 

1011. Let a and b be any two positive quantities (a'^b). 

Then rT^i^±^dx=l and . 

Jo X 2 Jo X 2 

Hence, adding and subtracting, 


f*8in axi 
Jo X 


cos bx 3 tr 3 
-ax=— and 


I 


“costtx sin bx 


ia:=0. 
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We may then state that 

f”sinpxcosnaj , ^ r. j. .. 

Jo ~~x ^ according as p ^ q or <^q 

both being considered positive. 

If P=g, 

f“®sin px cos qx 1 f*sin 2px j I ir ir 
Jo X ®^“2jo X ®^~2‘2~4* 

1012. Graphical Illustrations. 

Consider the graph of - dd. 

We may write this as y = ^ f* sin 1 _ ) _ ^ + si » — 1)^ 


8in(.r-f l)^ + 8in(jr~ 1)^ 


'"»• ^-Kf+i) -I 

K-i. ’-Uho) -!• 

I(»<1 and >-l, 3/-|(|-|) -0. 

I,.--,. ,.>(0-1) --J. 

Hence the graph is discontinuous and as shown in Fig. 325, 


If .r=l, 


If a = -1, 


If 4:< — 1, 


Fig. 326. 


1013. Graph of 


sin 0 cos x6 


r ai n(l + x) ^4~sin (l - x)$ 



DEFINITE INTEGRALS. 


199 



being again discontinuous at x— 1 and x— - 1. 

1014. Consider the integral 

Jo 2 

and put z—ax and z=bx therein alternately. 

Then f dx, 

Jo X Jo X 

Ju a? }h X ihx 


h h 

\nbx 1> . 1 f*»8in6;c 




1 1 Sin OX , 

and when h is increased indefinitely, becomes 


e ! o- 
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and this must lie in numerical magnitude intermediate between 
the results obtained by replacing sin hx by — 1 and by + 1 


ir 11^ 

respectively, i.e. between =tg| ^ 


a -6 . 

or it - , %.e. it 0. 
oh 


Therefore the second integral, for the inhnite interval between 

^ and T vanishes, and we liave 
a h 

f* cosox — cosfex , , h 

I ox— 

Jo ir 

This is a special case of a theorem due to Frullani to be 
proved later (Art. 1183). 

1015. It follows that 

r* h-a 

1 sin - - X sin — r- X , , 

I 

. /'* sin p-r sin OX , I, p-fg , » , ..i x 

t.e, — ~x q (P>? ioiu both positive). 

We hav’e now considered 

r^j!iP^^dz=}lntrP±S, 

Jo j: "I ^p-q 

and j orO, asp> or <g (Art. 1011). 

Also j infinite (Art. 348). 

101 G. Taking y=£ ~2’ 

as r is positive or negative, or 0 if r— 0, integrate with regard 
to f from r=0 to r=r, 

J * 1 — cos rO ’rr 

, -- jr— JO-j- or — 2 (1) 

as r is positive or negative, or 0 if r— 0 ; i.e. putting 2r for r, 
p sin^r0 Trr ttt 

H. 2 “--S 


as r is positive or negative, or 0 if r be zero. 
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1017. To illustrate this geometrically, consider the graph of 



Fig. 327. 

which consiHtM of the parts of the lines y— ±x which lie in the first and 
second quadrants. 

1018. Integrate equation (1) with re.spect to r between limits 0 and r. 
Then ' ~ — ^ or ~*4 ^ positive or negative. 

Thus the graph of !/-~ consists of the parts of the 

two jiarabolas y — x^ and y~ - .r*, as x is positive or negative, which lie 
in the firet and third quadrants. 



Fig. 328. 


Similarly we might proceed to further integrations. 

r* 8in*(6lain 

1019. Graph of .y--— ' " " 

Since a change of sign of .r evidently does not affect the value of the 
integral, the y-axis is an axis of symmetry. 
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y = asin- if sin- be positive and y— —asin - if sin - be negative. 
^ a a ^ ^ a a® 

Hence the graph is that shown in Fig. 329. 



1020. If we integrate I with regard to r between limits 

q and p (both positive and p>q), 've obUiin 

i.e. _ - .r_ — -..de^-ip-q). 

or putting p 4- ^== 2a, p — q— 2 bj 

/“* sin a^sin 6^ ir, 

./o 

where h is the smaller of the two quantities a and h. 


^ - /** sin'^'^ coH.r6^ 

1021. Trace the graph of j/— ^ dd. 

In the first place a cliange of sign of .r (h»o.s not affect y. Hence the 
y-axis is an axis of syuinietry. 

Also we have 

1 sin ^»in(.r+ J) 0 1 sin 6^siii(.r- 1 ) 6) 

= 2./o 


If .r>2, 

11 

TT 

' 2 


•1> 

-0. 

If .r = 2, 

1 

^ = 2‘ 

TT 

' 2 


TT 

2 

= 0. 


1 

TT 

, 1 


TT 

If 2>.r>I, 


* 2 



0=4(2 

If .r=l, 

1 

TT 

■ 2 ’ 

1 -0 


rr 

“■4' 


1 

IT 

, 1 


. IT 

If 1 > a: > 0, 

11 

2 ' 


2 (‘- 

•'•)=4(2 

fi 

il 

o 

I 

TT 

1 

TT 

rr 

•v=r 

2 

■^2* 

‘2 

“2* 
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The graph therefore consists of : 

(а) the portion of the ^>axis from ^=2 to x=oOf 

(б) the portion of the line — from .r = 0 to ^ = 2, 

(c) the portion y = ^ + ^ from jr= - 2 to .r = 0, 

(<f) the portion of the .i-axis from jr== - oo to -2. 



And the discontinuous nature is shown in the illustration (Fig. 330). 

1022. Trace the grapli of ?/- cW. (Math. Tripos, 1895.) 

We note in the first place that a change of sign of .r gives a change of 
sign of ?/. That i.s, the origin is a centre of symmetry. 



Also 


dy /** si n*'* 6/ c< ),s xO jn 

dx^Jo (T 

y^|^ + ’r(4.r-.r0/8 


ir(2-j*)/4 from .v = 0 to .r = 2, 

0 from .r=2 to .r— oo; 

from .r=:0 to . 2 ’ = 2, 
from .r=2 to -c=ao, 


f 


where A and B are constants. 

Moreover, the difference of adjacent ordinates at .r-tf, .r+e, being to 
the first order ultimately vanishes with e, and there- 

fore there is no abrupt change of ordinate at any point on the graph. 
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Again, y=0 if :p=0 ; A=0; 

aiidatx=»2, A-\-7r(4.2-2^)lS = B ; /. B — 

Therefore the graph in the fii'st quadrant consists of a portion of the 
parabola y = ir(4^-a?2)/8 from :ir=0 to .r — 2, the vertex being at (2, 7 r/ 2 ), 
and a line, 2y = 7r, parallel to the .r axia from .r = 2 to :r=oo. 

And remembering that there is symmetry with regard to the origin, 
the graph is as shown in Fig. 331. 

It appears that the points P, P', where two of the discontinuities occur, 
are the vertices of the tw'o parabolic arcs, and that at the third discon- 
tinuity which occurs at the origin the imi-abolaa have the same tangent. 

The discontinuities occur in the second differential coefhcient. 


1023. Cases of f — dx. 

Jo -r" 

‘ — — dx, where m is not less than n, and m, n 

0 

are either both odd or both even positive integers 2. We 
iiave proved in Art. 265 a reduction formula connecting 
«m.n-a and viz. 

(n-l){n-2)«„,„+OT%„.,_,-»n(»n-l)M„_,.„_j=0. 


Now we have = 

, /** sin^jr j 1 P Ssin .r-sin 3.r , 1 ,iTr 

and du'=- a.r ; [3 - 1 j 

Jo .V 4 Jo .r 4*- ^2 

and from the reduction formula, 

n = 3 } 2.1u,,.+9tt,,,-3.2u,. = 0; 


TT 

4 ' 


Also 


r* sill® Jr , If* 


7r_37r _^Tr 

sin f).r — 5 sin 3.r + 10 sin a’ , 




= i(l-6 + 10)|= 


Stt 

16* 


Then the reduction formula, 



m=5 
n = 3 

1 gives 2. lt *5 ,-f 25wj, , -5. 4tts,, = 0, 

and 

m=6 
n = 5 

1 gives 4.3tt,,,+25M*.,-5.4tt3.s=0 

whence 


5ir 116 

32 » 
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1024. In order to generalise these results it will be plain 
that it is necessary to express sin^'”*'*® in the form 

A sin 2 ;+ 5 sin Saj+Csi^i 5a;+... , 
and then we shall have 

(see Art. 1010). ” 

And similarly if we can obtain 

sin’*''“*x cos X in the form sin 2x+ sin 4x+Ci ••• » 

we shall have 

f*sin'‘‘'‘Xj r .sin^^xl" , . f" sin ^'■“'xcosx , 

Tr-*=l +2'J. -i * 

_ f ^ ^ ^ ^ 

” Jo ~X 

and the sums A-h B+C+ ... , and Ay^+B^+C^+ ... are easy to 
find. (Art. 1026.) 

1025. It has been shown in Art. 1010 that 

_7rl.3.6...(2r-l) 

2 ■"2.4.6. ..2r ’ 

and this with the reduction formula will enable us to obtain 
the values of all integrals of form W 2 a+i. 2 ;>+i ^ p)* 


Thus, if r — 3, 


1.3.5 

"2.4.6* 2“ 2^* 


id 2. lit; j + 49W;.j-42Mj,i = 0, 

4 . 3U;. , -I- 40U;, , - 42Ui. a = 0, 
6 . 5U7, ; + 4911;. # - 42tt4. 4 — 0, 

Ttt TTtt 58 877r 

giving «,..=^63. «t.» = 23040 - 

Collecting the results, we have 


and so on. 


“■•■=2- 


“““16’ “*■* 32’ “*■* *384 ’ 

hrr lir l*lrr 58877r 

“’■'“32’ “’•’“64’ “’■‘“TW’ “’■’“23040’ 
etc. 
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1026. Again by differentiating the formula 

2*'' ( - 1 1-- sin*’-a:= 2 1 )* ^'0. cos (2r - 2«)a:+ { - 1 )’' ^"Cr, 
we obtain 

2 r cos x= - 0 2 ! ^“" S ( 2 r-- 2 s)x, 

and the sum of the coefficients required (Art. 1024 ) is 


22r-l y 

1 

= 2 ^'r-l 
1 


X coef. of z"" ^ in ( 1 + 2 )^ x (1 +z)-'^ 


=2^7^ X coef. of z-- in (l+2r-^=2.*.V ,. 

„ f’sin^^a* , 1 . 3.5 ... ( 2 r— 3 ) TT .« 

Hence 2 if r ^ 2, 

and if r=l, and =^'if r=2. 


1027. Thus 

TT _ ^ ^ - ^ 1 . 3 . 

— ^’”2 4 ’ 2 ~" T 6 * ^. 2 “ 2 ”4 (] * 

the first of these having been found before. 

And now the reduction formula can be used, 


(n-l)(n-2) iA„.n 


II 1! 

^ 3 . 21^4^ 4 ”1" 1 Gu^ % — 4 . s “ ^ > 

m — G 
n — 4 

^ 3 . 4 + 301^4^ j — 6 . 5W|^ a “ 0 j 

m = 6 
n — 6 

1 .5. 4««.e4-36tt4.4-6. 5tt4.4-0 ; 


etc., 

. . tr w IItt 

giving 


7r_r)j ^ 
2 “32 ’ 


etc., 


(m<n). 


and collecting the results. 
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Stt 

Tg’ 

57r 


^.4 


TT 

"8’ 


M6,.= 


llTT 
40 ’ 


and generally, 




tt 2 r. 


_1.3.5...(2r-3) TT 
‘ 2.4.6.., (2r- 2) 


^ (r<^2), and therefore = ^ sin^''”^^^^. 


1028. A result due to Wolstenholme follows at once, viz. 

[ f F{H\n^x)dx, 

J - CO J 0 

provided F(z) be any function of z which can be expanded in 
a convergent series of positive integral powers of z. For let 
F{z) = AQ-{-AyZ-\-A^z^-{-... . 

Then 


f F(sin“3:)(ix-=2[ sin-x+^g sin^x-f ...)dx 

J _ ^ X“ J 0 X“ 

= 2(^0%2 + '^1^4.2 + -^2^6.2+ '••) 

ir 

=2[ (i4(j+.4isin2x+i42sin*x+...)(ix 

Jo 

tr 

= 2f F(Hin~x) dx—[ F(sm^x)dx. 

Jo Jo 


1029. It is also plain that if F(sin 0, cos 0) can be expressed 
in the form 4 sinp0H- JBsin gO+C sin r6+ ... , 
where p, q,r are all po.sitive ; then 

I" de=(A+B+c+ 2 . 

or if F(sin 0, cos 0) can be expressed as 

A cos p0+B cos q6-\-C cos r0+ . . . , 
where p, q, r are all positive, and if i4 + JB+C+ ...=0, then 
p F(sin 0, cos 0) A cos p0-\- . Bcos g0-f ■>» 

Jo 0^ Jo 0“ 

~ f * -^(cQsy0^1) + -B(co8g0— !)+..> 

Jo ^ 

= ^|(4p+B?+Cr+...), 

and evidently other propositions of similar kind may be 
enunciated. 
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1030. Ex. 1. Since Mar+i. 

r . 1 + nai n ajc dx 

1 - n si 


1.3.5...(2r-l) TT , 


-n Sin 0.1- X 


(n<l, rt>0) 


-f(t 


fit fit 

sin rt,?; + 7 r sin^ a.r 4- sin*tfar4- 
o 5 


...) 


dx 


= ^ [M + J - ^ ^ + ...] =7r 8in->n (Diff. Calc., p. 85) 

f taiili~* (n sin ax) ^ si n*"* n ; 

X z 

n tanh“^(A ainaa:) — =7-. 

Jq ' X 12 

_1.3.5...(2r-3) TT 


and if n= 

Ex. 2. Since 


2.4.6...(2r-2) 2 
/** , l+nsin^aa; <ia; 

Jo 1 - n ain^az 


(r>2), 
(n< 1, o>0) 


= 2 ^ ^^ain^az+^sin^oz+y sin‘^^az4- ...^ 

■■■r 


dx 

Z2 


tanh~*(nsin2aa)— - «}• 


Ex. 3. tanh-^^coa ^ain*z^(/z. 

By Wolstenholnie’a principle given above, this integral 
= 2 I tanh~*^cos ^sin^z^dz 
5 

= 2 cos^sin^aj-f-. co8’’Q8in*z4-p cos*^sin*°z4- ... da? 
Jo I— Z ti 2 •) 2 -J 

C '”"2 2 ’ 3™’ 2 6 4 2 ' 5' 

(1 _i)-i_(l+i)-i 1 1.3.5 


Now 


a 1 1 »a 5 3 1 1 ,a 9 7 5 3 1 1 

cos- 3 + „-C083^ . . „ + -oo«‘2 ^ ^ ^+...J. 

“2^2.4.6 ^2.4.6.8. 10 ’ 




l/**r 1 l Idz I 1.3.5 1 .3.. '>.7. 9 2* 

■' 2J0 L/1 . ,aj z ~2^'^2:4:6 3‘^2;'4.r;.8 


and writing z = co8 2^, this integral 


10 5 


r 4- ... ; 


1 Wain^cos^ 


2*jz ^ cos cos 2?r 

cos/+sin r '**g°°^(f+l) 


■jr4’a 


Hence putting 4^ * a, /= ir log cot — g- 
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1031. If j> and q be positive integers and the integral 

— dx may be investigated by a method which does 
0 ^ 

not entail the successive calculation of 'previous results of the 
same form leading up to this integral, as was done in 
Art. 102eS. 

Since f , 

Jo 

r« Hin^x 1 f" f* 

we have 1 —^ dx=, ^1 1 sinPx dz dx. 

Now, p being taken greater than unity, and a positive 
e~^^HinP-^x dx (Art. 104) 


I 


^sinPxdx—^-^- — [ 

Jo 




p\ 


or 


■(a' 


/>! 


Hence 




rsini-x v\ r £7^ 

Jo (7-l)’.Jo 


■'0 

and 


== f* 
(7-1) ’Jo ' 


(52-f22)(32-f42) ... (z2-4.p2) 


if be even 


... (2*+^“) ^ ^ 

The integrand can then be put into partial fractions of the 
form : ^ 

p even, ^ ^ 




^ ?2-4-7-2^V 


A at 

-^2*-f(2A:)2 
{^q even) 
r_+J 

{q odd) 

and their coefficients have been found in Arts. 162 to 165. 

In the two cases p even,'i p odd,'| the integrals are of the 
q even,/ q odd,/ 
inverse tangent species, viz. 


(q odd) ; 
r+i 

(q even) ; 


Jo 2*4- n* ITI 


tan-i-1 
n 7Uo 


1 TT . 

%"i 2 ’ 


but in the remaining cases the integrals are logarithmic. 
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1032. Particular cases are simple. 

rsinV , 3!r , Tf 1 1 . 9 1 1^. 

Jo ' ^ *“2!jo (j*+l‘)(r*+3*) ®io L 8 + ** + 3*J* 


-^r 

■ 9 . 

sL 

.3^ 

3! 

r 

~l! 

Jo 

_3 

If 

-4 ‘ 

2 L 


zdz 


) “ *'’ .r ('8 2* + 1 “ 8 i* + 3*) 


1033. The general result is not difficult to obtain ; the integrations 
have already been performed in Arts. 162, etc. 


and by writing ^ - 2 for 2q 
and p for 


r2^1 i 
;• 2a / 


in result (A) of Art. 162, 


- 2)’'' + •••+(- 1)^ , 2‘-‘]- ••• ( A ) 




And if p be odd\ , 
and ? be odd) 

/*sinP.r^ p\ z^~^dz 

Jo 

in result (C) of Art. 164, the integral 


and writing 5 ^ - 1 for 

and p for 2 ?t - 1 

i-p 

.(-1) 


p I 


<9 - IT ■ "^'^P - 2)’-' +’’C 2 (p- 4)’-' -... + (- 1 ) “ "fr-il" 

If p be even I , . 

and q be odd / P 

p8in*'.Tr , _ pi n z'*~^zdz 

and writing 3 for 2q^ result (B)of Art. 163, the indefinite integral 


]• (H) 


(?-t) 


P 

r-fviJ r 

(jinjLl. 
2" L 


"CoP*"' >og ('* +P") - - 2)*"' log { 2 H (p - 2)») + . . . 


Now in the expansion of («*-e"'*)'’ = (2.i-+ ...y' = 2''j:'’4- ••• there are no 
terms of lower degree than x**. Hence, if q be >p, the coefficient of 
is zero ; i.e. the coefficient of in 
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is zero ; and p being even and q odd, 

- '■C'i(p - 2)^' 2»-* 

vanishes identically. Hence, multiplying this expression by log«®, and 
subtracting it from the portion of the indefinite integral in square 
brackets, we have 

log(l + J) - - 2)«-> log { 1 + ... 

+ (-l)^‘'"C,_^2«->log(l + 5), 

which vanishes when z is infinitely large. 

Hence 

r4 -^+) 

I ^['’^«P’”'‘"KP-’’C'i(p-2)'-Mog(p-2) 

+’‘C.Ip - 4)«-‘ log (p - 4) - - 1 2»-’log 2I (C) 

— * 

Finally, if p be Oddi 

and ^ be even J r 

rsin'-.r , p\ r zf^^zdz 

Jo If (q-l)'.Jo (**+l''‘)(i*+3“)(«* + 5*)...(z*+p2)’ 

and writing 9^^Wor 29+1 1 result (D) of Art. 165, the indefinite 


integral is 

1 (-0 “ 
(?-])! 2" 


[oCo p»-' log (z* + f) - "Cjip - 2)«-> log {zs + (p - 2)*} + . . . 

+( - 1)^ 'Cp-jlz-Mog (z»+ 1«)J; 


and in this case {p odd, q even) we have, in the same way as before, 

"Co p»-> - ’’Clip - 2)*-' + “C^p - 4)»-‘ 1 pc^ 1.-1 = 0, 

2 

an identity. Multiplying by log and subtracting from the portion of 
the indefinite integral in square brackets, we get 

'Cop-* log (1 +^5) -'^.(p - 2)«->log { 1 +... 

+ ( - 1 f^'’’Op_^ l''->log(l + i), 

which vanishes when z is infinitely large. 

Hence we get 

t-r-fi 

I - 2)^Mog(p-2)+ ... 

P-1 


(?-!)! 
the last term vanishing. 


+(-!)’’» 'Cp^l»-Mog ij, 


,.(D) 
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Hence, summing up, the four results may be written as 


? fi±] 


to ^ or 


■(?-!) 
terms, if ^ ^ be even, or as 


“ ^ (g-l)! 2^‘ [?*■' >og P - P(P - 2)’"' >«g (P - 2) 

+ (P log (p - 4) -.. .[] 

to ^ or terms, if p-^ be odd ; p being g. 

This generalisation is due to the late Prof. Wolstenholmc. 

It will be noticed that more is effected by the treatment of 

L article than in Art. 1023, as the limitation p^ g, both 

even or both odd, is now avoided. 


1034. Thus, for instance, 


[ ; [6’ - 6 . 4H 15 . 2’] = - 3~^( - 48)= 2, = 

jT !l^_£c?.r= 1, l,{.Vlogr>-r..3’log3). 


EXAMPLES. 


1. Show that 




[Math. Tripos, 1884.1 


2. Prove that 


3. Prove that 

4. Find the value 


<■> £■"? 

rsi'A-c 

Jo 3; Jo 

£(“ 


c 1.3... (2h - 1) tt 
2.4...2H 2' 


^sin^^^x, 1 .3...(2n~3)(2n+l) tt 

^ dx-- 2. 4 ...'2n *4* 

[Tbinity. 1889.] 

tanx j TT 

- ax ^ -T. 

X 2 [Math. Tripos, 1887,] 


. iWx 
Sin X + sin - ) — . 

x/ X 


[Colleges /9. 1888.] 


5. Trace the locus y = | 


cos 6 sin® Ox 

e 


dO, 
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6. Describe the discontinuous surface ^ = f cos yB 

^ Jo ^ 


7. Show that 


[Trinity, 1888 .] 


J {<liO - x^<f>\ +a^<f>2 - etc.] — 

f * sin (IX 

dz. 

0 ^ 


8. Discuss the locus 


[Glaishbb.] 


f* . (2x - w -f 

' = Jo 2- 


1)6^ . ne Bde 

— sin^cosec^-^ 


where n is a positive integer. 

9. If 0 < a < TT, prove that 


... f , l+sinasinxdx 

(l) 1 log , . . Tra : 

' Jo 1 - sin a sin X x 

.... f”, I + sin*’ a sin^aj (fx . . 

Jo '"S r_ii„ SI = - eos «). 

10. Prove that f - . dz — ir (\/2 - 1 ). 

J_cca:^(l +5111*0:) ' 

1035. Let /j= j'c“**cos 5a;dx, I sin hxdx, (a 4-'’®). 


Then j and 


j __ — asin 6x— hcos 6x ^ fr”!*— ^ 

Integrating each with regard to a, from a=p to a=g, 

f”e-9*— c-p* , , 1, p*+6* . , 

Jo S cos6x(fa=2log^^, (1) 

f .* — sin 6x(ia:=tan~*?— tan-‘|^ (2) 

Jo a; bo 




The case « = oo ,\ . . 

5=0 / 

f * sin hx , TT 

1 

Jo X 2 


sm 6x , TT , . , 

dx= dbrt as b is +^® or — 

X 2 
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1036. Again starting with the same integrals, integrate 
with regard to h ; then 

r e- (3) 


Then 


r cospx-CO B_ q x ^1 , 

Jo X 2 ® a-+p^ 


•W 


r ; f” J log (l+P^ . 

Jo X a Jo X 2 ^ \ aV 


1037. Consider the Integral / 




cos ax dx. 


(Laplace, Memoires de V Institute 1809, p. 367.) 
Differentiating with regard to a, 

j- — I e-^ X sin axdx=\ sin ax \ — ^ I cos (ix dx 

da Jo L 2 Jo 2 Jo 

2 ’ 

/. I = Ae * where A is independent of a. Putting a=(), 

/a=o=Jo ^ — 2 • / = --2 c- ^ . 

The proof is that of Legendre {Exercices^ p. 362). 

1038, Laplace established the result by aid of the integral 


VIZ 


I dx 


fir /_ ^ 1 a* 1.3 

2 ! 2'^4 


/ 

”■2 V 


1 


‘ 1_.3_ \ 

1*2. '2 "V 


^ _l_a*__ 1__ , V ^ “T 

2 V 4*^1.2 42 172.3 43'^ *•7 2 ^ 

1039. Differentiating I n times with respect to a (D.C.y 
Art. 106), 

I coo (a^ +’^) * ) 

w(m -l)(2a)--^ w(w-])(n-2)(w-3) (2a)’' -* I 
' ' 2 (.4" i! 4"-> 2! 4"-“ ■■■/ 

■(- 1 )"^ - - ^><”7 ■■■}■ 
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1040. Integrating I with regard to a, from 0 to a, 

Jo X 2 Jo 2jo\ 4 ^2! 42 ™ 

I a® 1 \ 

“""2 473“^^!4“275“"3l4r7"^‘*V» 


a rapidly converging series for small values of a, but not 
capable of summation by means of the known algebraic or 
trigonometric functions. 

f s/T 

e~"***coR 26 xc/a; = — e “* follows imniedi- 

26 

ately from the form of Art, 1037 by writing therein ” for a and x — ay. 

It should be noted that the process of differentiation in Art. 1037 is legiti- 
mate though the upper limit is infinite. (See remarks in Art. 35G.) 

For, taking the present form, the integrand e"""*'* cos 26x remains finite 
for all values of x. Change h to 6 4*86. Then 

/+8/= / e”“*'*cos2(64-86).r (f.r. 

Jo 

Hence 


56 Jo 56 .'0 


-2xsin26x + €}(ir, 


where c is a finite quantity which vanishes in the limit when 56 is made 
infinitesimally small, 


«/--2 

Sl>~ 


g j jj 2hx dx-h €. dx 


f -' 


If C| be the greatest numerical value of e in the range of values of x 

from 0 to 00 , the second term is numerically <«i e'~^*^*dx, i.e. <6j 

and therefore vanishes in the limit when c is infinitesimally small. 

The process of differentiation is therefore justifiable. 

Proceeding as before, I-Ae^*; 

and putting 6=0, ^~Jo » ‘ 


and 



Mimoires de VImtilutt 1810, p. 290. 
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EXAMPLES. 


1. Show that 


I sin ax dx “ - j- « * «, 

Jo ^ 

r ' ^ i 

j* a:-e~** cos ax dx= ~ e ^ 1 > 

J sin ax dx = ^ ^ ^ ’ 


x*e-^x* cos aa: ria; = 




1 x^e-^* sin ax dx — * 

Jo 

and show that we can calculate 


(3-3,,= + ?'). 
^15a- + 


j* [</> (x^) cos ax + j/' {x-)x sin a <// 

when </)(x 2 ) and ^(a;^) are rational integral functions of x^. 

[Legendre, Exercices, p. 363.] 


*sinfl/(/.r, then 


[Legendre, iUd.] 


f ee 

sill ax dx^ then 

0 

r 1 -Vr T 7 W ^ \ 

2 Jo 2 V 2.3 J. 4.0 4.0.6./ / 

[Legendre, iY* 

1 ra ?* 

3. If / = e '*1 e * (Za, prove that 
Jo 

J '* 11 

e-^*x cos ax dx 

I sin a/ cZa* = ^ 7 ^ 1 > 

e-*V3 cos ax - 1 / ^3a - " ^ , 


[ «-*Vsi 
Jo 


sin ax dx == 0 + j ^ ~ i ) ’ 


4. Show that 


[Legendre, ibid .] 


(i) €“**(rt « sin rta; + .'r cos aa:) 7a: ; 

(ii) 1 e~**(l - la^ - 2,r2) sin ax dx = - \a. 

[Legendre, ibid .] 
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f* /It* nr 1 

1042. The Integral j « 

useful in a certain class of Definite Integrals, (a and b both +^^). 


\ ab{a-\-b)' 


1 

1 / 1 _ 

1 ^ 

(a 2 ) (6‘^ + ) b '^ — 

6-^+ XV 


tan->?T— ^- 


5 1 Lcill f * 

-La a b 


\a bJ^^ 


(a, b both +’•), 


p tan-*- 

Thus, if (a, 6 both +’•), 

(hi r* _ _ ^ 1 _7r / I 1\. 

thi~ io + x^)'~ 2 a6(tt + f^)”26^ \a + ^> «/’ 

•• " = -26i‘‘’g «'+^> 

where A is independent of a. But when a= co , ^ =0 ; 

/•« , , X 


/•« x 

( tan-» - / , , 

p taii~^(^tan 6 ^ 

1 6 ^, we have I - ; “ a - « > d6-^ I 

Jo tan 6 2 


Putting tiiii 6^, we have j " tan 

h 

or writing c for cot ^ tan7*(c tan log() -He) 


The particular case c— 1 gives / ^cot ^rf^ = -rlog2 (3) 

Jo 2 

w 

J / ^ TT 

Integrating by parts, [6^ log sin 6^]^ - log sin ^c?0 = -log2, 

O'' ^ logsin 0de=|log J, (4) 

as in Art. 9^). 

r tan-^ - 

1043. The Integral /= ■ v — »» of similar form, 

Jo 

but best evaluated by expansion. Put ,r — 6sin 6. 

hsin ^ ajo \ 3 a* 6 / 

TT /6 1 1 />3 .1 .3 W;^ ^ . s 

26 \« 2 3a^"^2.4 5 ’*V 26 ' \a/ 

i.c. I cosec ^taii~*(r8iii — j8inh~*cs«^log(c-H>/l+c^), 

Jo 2 2 
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or, for the case c= 1, 






fp ■ it* -“^]= r+«v 

(t/, b each being taken +")• 

Hence 7 = ^ log(l +«^>)4-.4, where A is independent of a. Also/ — 0 

if a = 0 ; >-1=0; 

/'* log (1 + ^^2) , TT , , I X 

■• i >«g0 +«'')■ 

It follows that / ^i' -— (f.g= / + Jo 

(6, (’ each +’*). 

And writing t = 6 tan 

w » 

f log (c^ -h tAfi^ 0)d 6—7r log (b + c) ; and adding logcoa^Odd — w log 

w 

log (6^ sin*-^ 0 4- e- cos- ^)fZ ^ = tt log , (^>, t' -i- '0- 

1045. Again, taking the expression for in partial 

X 

fractions (logarithmic differential of cosx expressed in factors), 

tanx_« 2.22 

x ^(2r-J)27r2--22®2’ 

put x='7rkzi ] then 

TT tanh 7rkz 2.2“ 

jb v (^”i7'+ 

, X f* tanh - ttAz dz T* 2(Zz 


r f* tanh irkz cZz _ ^ T* 




2r-l/ . 2r-l\’ 

tanh irla dz_4ik 1 

(o*+2*) V(2r-l)(2A»+2r-l)' 
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Thus, in the case a — k~\^ 

ptenh TTz dz 

Jo 0 


(l+i*) z'“^Cl.3'*'3.B'*'6r7'*'' ■“‘^■*“■^■3 

or taking a = 1 and t any positive integer, 

\ + 


l< (l +^l = Ll .(2it+l)'^3(2it + 3)''’5(2it + 5)"^" J 

arul if a, k he any two iK)sitive integers, the series will terminate as 
the last ca.se. 

r lianh h'TTz (Iz _ 4k _l^ v / L _ i 

Jo •(«* + :;“') z it 2I-a + 2r-l/ 

" n‘ [(t ” -R;, 4^f) (3 " 2.((r+3) + ••• + (ste+T “ + ' 

2 ri 1 1 II 

If 4*-^ anti a an even number, the series will also terminate. 

TTZ 


i' 

Jn 


^ ^ 2 (fc 2 y/ 1 \ \ 

[rr?) s a*‘'l2r-l a + 2r-l/' 


Thus 

Jo (n- 
If f/~2w, thi.s becomes 

r 1 \ p_ 1 \ 1 

Jo {(2 h7+~1 s ■4h'‘L\ 1 2« + iy^V3 2« + .3/'^"‘J 

But if a be <k 1(1, =2;/ 4-1, the series does not terminate. 


tanh ' 


(h 


Jo 2 (2/^4-!)^ 

2 


:.[log 2 + ’+l + ... + ^J 


(2?i 4- !)■ 

“" ( 27+^1 7 E'”® T 2 '*■ 3 ■*■ ■ ■ ■ ''■ k 1 ■ 

Similarly if 24 be any odd number =2/? 4- 1, 4~ — 

dz^2^f 1 1 

z a**^\2r-l (2« 


r 


2 

(a*+«») 


(2;)4*l)«4-2r 


!)• 
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and this will terminate^ or will not terminate) according as a is even 
or odd. 

If a be even, =2n, the result is 

1 


)+(!_ 

!re*L\l 2n(2p + l)4-l/ \3 

Wi)' 


2w(2jD + l) + 3 


i)--] 


=_L/1+1+ .+ 

2«ni 3 2n(2p + l) 

If a be odd, =2n+ 1, the result is 
2 


(2n + l)* 
1046. Let 


[log2+s + '+s + ...+ 


1 


2 ' 4 ‘ 6 (2n + l)(2;j + l) 


J- 




dx. 


[Laplace, Mein, de VInst., 1820, for the case c=l.] 
The integrand is finite for the whole range of integration. 
Change a to a+Sa. 


Then 


I+SI 


=r 


-where e becomes infinitesimally small and ultimately vanishes 
when Sa is indefinitely diminished. 

^ i r*'^**'^*’) da:+ ("e . dx. 

Sa }oX^ Jv 

Let fj be the greatest numerical value of e in the range of x. 

f* >/w 

Then the second term is <€ij 6"®*** da;; i.e. 

ultimately vanishes with Sa. ^ 

Hence the process of differentiation with regard to a under 

the integration sign with an infinite limit is justifiable. 

In the first put x^ajy. 

Then 

dl 


da 


=2c2re ‘’C*+’'*)iy=_2c*/; I=Ae-^», 

J CO 


where A is independent of a. 
But when a=0, 


.-.-fe- 

Jo 


0 2c 


4=^, c being supposed +•”. 
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Hence 


e ^ ^or if ^ _ve^ 


Laplace’s form, viz. the case c=l, gives 


1' 


6*“®* (a +'"*). 


If we replace by and by - g, we have the form 

(t“ 


•( 1 ) 


•( 2 ) 


’dx= ,- 
Jo 2 Jk 

where o, 6, k are positive. 

This result may he written 

1047. Cor. 1. If I:=l and a = />, we have 

/,= r </.<•= (3) 

Jo z 

Cor. 2. If we differentiate with respect to a, we have 

I (<) 

Differentiating (1) with regard to and then putting I:=l and a = 6, 
r J (5) 

(4) and (5) give 

r -!r^“‘^^*^<ir=J>/;;ae-2 ...(6) f W^ae"’, ... (7) 

u~ JO .r* " 

Cor. 3. We also have 

and making a indehnitely large, 

= 2^(6,- J,)= Ja(6,-6.). (fi) 
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1048. Let 7=1 dx (a positive). 


We have 


, a“+ar 


7=1 I cos rx dx dz 


= J e-a?M cos rx dx^ dz 

=1* 2zc-«‘^‘ e'^) dz^J^ dz 

—slir, e'"""’ or v/tt as r is positive or negative. 


/==1 -^-r^,, dx= ^ or ^ e®**, as r is positive or negative. 

Jo a^+x^ 2 a 2 a ^ ^ 

This integral is more commonly written as 

r COS 7*JC ^ ^ • 

rfic =2 e~^ or ^ ^ positive or negative. 

This result is due to Laplace (Bulletin de la Soc. Phil. 1811). 


1049. Both results may be expressed in one as 

r cos r.r , TT r e'' e”'' \ 

rr^ “'^“2 i i 1 +0' r 

for O’’ is zero or infinite according as r is positive or negative. 

This form was given in Crelle’s Journal^ vol. x., and is due to Libri. 
(See Gregory’s Examples^ p. 486.) 

1050. Differentiating with regard to r, we obtain the integral 

(«+") 

r oc sill YOC ^ TT 

-g— - g - dx= 2 ”2 ^ ^ positive or negative. 

This integral vanishes if r =0. 

The differentiation under the integral sign may be shown 
to be justifiable, although the upper limit is infinite, in the 
same manner as in previous cases. 


1051. If we integrate with respect to r between limits fj 
and fg (both positive), 


r sin r,a; — si nr,x, _ w 





DEFINITE INTEGRALS (I.). 


223 


If ri=0, we have 


r smr^ 

Jo x{a^-\-X“) 


a result given by Laplace {Memoires de lAcademie, 1782). 

If we write .r=tari 6 in the integral 

r cos nr . TT _ TT _ 

IT 

we liave / cos(r tan — ^ or ^ r'", 

Jo M 2 

according as r is positive or negative. 


1052. Graphical Illustrations. 


(Iraph of 


2f" 


co.s x6 


do. 


i+e^ 

We have y--e~^ or y — e^, according as x is povsitive or 
negative, the y-axis l)eing an axis of symmetry. 

The logarithmic curve is traced in Diff. Calc., Art. 442. 

"Hie graph now required consists of the two portions of the 
above curves which run asymptotically to the x-axis from their 
])oint of intersection ujion the tf-axis (Fig. 332). 



1().)3. Graph of / r-r~m — "v. 

* • ttJo l-hO* 

The y axis is again an axis of symmetry, 

If a be regarded as a positive constant and x > a, we have 








cosh a . 


If a > .r > 0, we have 

y as 1 ^ E = cosh X . 

The graph therefore consists of a portion of a catenary from .r = 0 to a 
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and a portion of the logarithmic curve from to a;=oo , with the image 
with regard to the y-axis of these portions ( Fig. 333). 
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1056. Another mode of discussing the integrals of Arts. 1048 

to 1051 is as follows : 


Let 


“=1« (“positive). 

Then 

di Jo a^+x- dr- Jo a^-\-x^ 

. 2 V ( y j f * sin rx , 

==~-'»r/2, 0 or 4-^/2, as r is zero or — 

It — 7r/2a2 + for any positive value of r 

(LC.for Beginners, p. 250), 

where A and B are constants as regards r. 

But n is finite when r is infinite; J?=0. Also there is 

obviously no discontinuity in the value of , which is also 

dr 

finite for all values of r, as r diminishes through the value 
zero and l>ecoines negative ; for a small negative value of r 

r-o 

I COR VX 

gives the same value to I equal small positive 

value, and when r is zero the value is 1 -^r-^ — o , rr- • 

Jo 2a 

Therefore — An ~ wj'Ia and A = — x/'ia^ ; u = ( 1 — e”®’’). 

y f * COS rx , 


f * X sin rx , ir ^ 

= ~2“] — = 

Jo 


2a 

IT 

'2' 


f Vr + "V ■ 


The collected results are for the various signs of a and r : 


j 

r + 

<1 + 

r - 

« - 

r + 

ri — 

r ~ 




2"-^<' 


h 

s*"' 

.ar 

2rt 

?r ar 

^ ^—ar 

2a 

1 .^ 

— ar 

2^ 

^ ar 

i -2^ 

^ ^ar 

2® 

I 

^ — ar 
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1057. A Seduction Formula. 


Let /„ 


A=Ia-.e-», 


^=-27iaf 
a J( 


COS rx J ^ J 

0 


Therefore the successiv^e integrals for the cases n— 8, 

etc., may be calculated by the rule 

In each case ^ will appear as a factor. Lot /„ — ~ d 

Hence the form of may be calculated by successive 
applications of the formula 

'4«+i=^r’’— — - where .i4j=(t-*. 

^ 2 a L a n da J 

Thus Aj=^ i [rn-2 + (!-•'], 

^3=.l. ‘+3a •]. 


.^4 = ^-3 1^- [r^a"^ + 6r2a~^-f- 15 m •-f- ISa^^j, and so on. 

So that if 

= term.s], 

— [.K’ir”a-<**‘'+Xjr»->a-l-«’+A3r— •a-'"*" + ... 

and the coefficients in An+i are 

■^1 ( = 1 )i ^ 2 + ^-^11 ii^ 3 + (w + 1 )K.^ 1^4 + (w 4- 2)1^3, etc — , (2w - 1 )Z„, 

and the law of formation of tlie successive sets of coefficients is easy. 

It may be shown by induction that the general formula is 

(»+l)n(»-l)(n-2) 

2.4 

(n4-2)(nH-l)n(n-I)(n-2)(n-3) „ ”] 

2.4.6 ^•"J* 
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r* cos>.r , TT c'®*" r«t « w(n— 1 ) 

I CTOj-" ^ (ini) ! ['■ “ + 2 - 

T r* .rftinr.r , tt . 

In the same way '/•v = 5 (irTT)''^*'- > 

or we may deduce the result from the former by differentiation with regard 
to r. 


1058. 


Consider the Integral 



sin r.c d x 

+ 2a-.V^C08 2a 4 - a*) ' 


We liave 


dl_ 

r cos f.r dx 

d^I_ 

p -xmirxdx 

dr 

Jo .H -f- 2a-.r“«;os 2a 4- * 

dr“ 

Jo .f* 4 - 2a“X^coH 2a 4 - a* * 

dU 

j'^ -j'-ccmrxr/.r 

d*I 

j^Ainrxdr 

dr^^" 

Jo .r* 4 - 2a‘-^i;-cos 2a 4 - ’ 

dr^ 

Jo 2 a’^.r“C 0 s 2a 4- a* * 


Hence, when the first of these integrals has been found, the other four 
of this particular class follow by differentiation. Adding the fifth to 
( - 2 r/ 2 cos 2 a) time.s the third and a* times the first, we have 

according as r is positive, zero or negative. We shall assume r positive, 
for the case r negative will be at once deducible fr(»ni our result by 
changing the sign of r. We also take a positive and a an acute angle. 

The differential eejuation is of the ordinary class with linear coefficients 
{I.C. for Bcghiner.% pages 214 to 263). It may be written 

[ { — {i^cos 2a}'^ 4- sin- 2a] 7 = ^ , 

and the general solution is 

a)4--^42sin(arsin a)} 

4 -e"rc«"®{A 3 Cos(ar sin a)4- A 48 in(arain a)}. 

8 ince an infinite value of r d(»e.s not make / infinite, the last two terms 
must vanish, i,€, A^-A^-O, And when r is diminislied indefinitely to 

zero, I should vanish. Therefore we have A| = 

To determine the remaining constant A 2 , we may differentiate with 
regard to r ; we obtain 

-rtcoaae'"®*’®®"*{A,cos(arsina) 4 'A 28 in(arsin a)} 

-a sin ae'"‘‘’'®®"*{i4j.sin(arain a)~-.A 2 Coa(arsin a)}, 
and when r is dimiiushed indefinitely to zero this becomes in the limit 

A ^ • A 

~ cos a. ill 4- « sin a. A^- 
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But when r is diminished indefinitely to zero, we ultimately have 

r 4 <,2^0 . 4 = n^ (see p. 159, Vol. 1.) : 

dr Jo ,r^ + 2a2;F-cos 2a + a* 4a* cos a ' * » ' 

asina. Ao-acoaa.At — j-^ , 

^ 4a^cosa 

. . j ^ ^ cos 2a 

t.e. asm a. ^ 2 = ~^r-iCOsa+ r-r - 

^ 2a* 4a* cos a 4a'* cos a 

and A 2 ~ cot 2a, 

Hence I — [1 - * {cos(ar sin a) 4- cot 2a sin (ar sin a))] 

-JL /i .-ar cos g sio (or sin g + 2a) \ 

2a* \ sin 2a /* 

t.e, we have for values of r>0 


sin rxdx 

- — 1 

1 ar cos a (or sin a- 

x(x* 4- 2aV'^c08 2a 4- «*) 

2a* 1 

sin 2a 

(‘OH rx dx 

TT 

— nr «)• a *io (a 4- ar sin a) 

X** 4* 2a cos 2a + a* 

”2<i*® 

sin 2a * 

xsin rxdx 

TT 

-nr COB a sin(arsin a) 

X* + 2a‘4r‘^ cos 2a 4- a* 

■"2a'^® 

sin 2a ’ 

x^cos rxdx 

TT « 

•ar COB a si n (a - ar sin a) 

X* 4- 2a2.r=* cos 2a + a* 

~~2a ^ 

sin 2a * 

x*ain rxdx 

“w — arco««*’>o(2a — or sin tt) 

x** 4- 2a^x‘*cos 2a 4- a* 

”2" 

sin 2a 


1059. Taking for instance the case when = a = rv^2, so that 

I sin a = r, 

/■* ein rxdx tt f, _rc • / •. tt v 

Jo ^(:?+4?)= + 

r coa rxdx tt _rc • / . SttN tt ^rc , • ^ 

+ =8?“ (»>nre + coBr6). 

r x sin rxdx tt _rc • / . BttN it • 

4C»* «'"(" + Tj =4^* 

r x^cosrxdx TT — rc • / . IIttN tt «.„•/ , 

W2‘ '"■‘r + “4-j =4«* "(co»rc-8.nrc), 

r x^sinrxdx tt _r<j • / . jr .-rc 

8.n(r«+^-j =-e "cosrc. 

1060. Consider /= f* positive, | 

Jo ajcor+a®) o positive. J 

xtr X. /^coarx, d*/ r'xsinrx, 

Jo 

<P/ r”x*co»ne, rf*/ /^j:*sinrjf. 
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Jo + 


dr^‘ 


df^I 

df*'' 


dH 

dr^~ 


P^sin r:c j 

'' Jo x’» + a« ’ 

.«•/= - _ r?ii!^d:,= -E, 

Jo \ j7/.r*4-a* Jo x 2 

Solving this eolation, 

*** / f~ \ /o 

/ ^ + A,e~"''+A^,c + + + B,^. 

Now, since the integral obviously remains finite when r becomes infinite, 
the terms with positive indices in their exponential factors must disappear. 
Hence B|=0 and J5,=0, and the form of the integral reduces to 

_«>• . f,z . 

d^I d*I 

Now /, ultimately vanish with f. 

These considerations will determine Ai^ A 2 i A^. 


dH 

dr^ 

we therefore have 


Now 2 cos^^-^ + A.-f ; 




0=-~+^j -fil.cosil,, 

'la* 

0= i4aa2cos^.4, + ~^, 

0 - + j 


whence A*=0, 


Hence, for values of r > 0, 


r -“-L 

Jo .r(.r* + «•) 
Jo x* + a* 


f/.r 


‘6a* 


D 


3 - c - 2c 2 (.^,3 . 




=- r 


- 2c cos ( * 


f arsiz 27r 

V 2 '^‘■S 


)]. 

f -£>[ 
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some of which admit of a little simplihcation, but are left in their present 
form as exhibiting the general law followed by the several members of 
the group. 

1061. The same process may evidently be extended to any integral 

of the class « siar xiLv 

Jo if (.r*” 4- 2Ja”“if^C08 7ia 4- a*”) ’ 

and its family of 2n other integrals may be obtained by tlifferentiating 
2n times with regard to r. But we exhibit another method of procedure 
in Art. 1067, which avoids the labour of determination of the various 
constants. 


1062. We have seen that 


cos r.v dx 

0 


f,-ar Qj. 

2a 



according avS ?’ is positive or negative, a being supposed positive. 
If a be negative, since the integrand is unaltered, the result 

will be according as r is positive or nega- 

tive (see Art. 1056). The result must be positive in either case, 
and the index of the exponential must be negative, for the 
integral does not become infinite when r becomes infinite. 

The four results are therefore 



Taking the case a and r lx)th positive, it is clear that the 
integrand is not affected by a change of sign of x. 

Hence 


J_. a:*+a* Jo x*+a* ’ j_„ 


with the modifications above specified, if a or or both of them 
be negative. 

11 ^ 43 ^^=® 

for elements of the summation represented by the integral, for 
which the values of x are equal but of opposite sign, cancel 
each other. 
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cos rx j 


For, putting a:=6+2i, Z=J 


COS rb cos — sin 7'b sin 7 'z 


z^+a^ 


dz 


=cosr6 


i,e. 


E 


f” cos rz 

J-» s’‘+a 


,dz— sin rb 


r si 




COS ?XC I 1 

/ J~\z • — 2 dx = cos b r 

, (x — b)^+a^ (I 


-ha" 
/r>0\ 

\a>0J' 


..(3) 


It will be observed that this is independent of the sign of b, 
but subject to the same modifications as before with regard to 
the signs of a and r. 

Differentiating (8) with regard to 7% 
rr sin rx 


r 


br+b sin br ) ; (4) 


and integrating (3) with regard to r from r=0 to r~r, 

f* sinrx(/a! ^ ^ . i 7 • 7 v. /-x 

J _ „ r{W=w+^ra •••(") 

where each formula is subject to the same modifications as 
before witli regard to the signs of a and r if they be not 
lx)th 


Putting 6-/7 008 a, < 7 -psinu, a<7r, p positive, we liave the integrals 

r* si lira; (lx tt , tt — i^sina / \ 

/ / — 1 -=^ -o 4- e ^ sin (pr cm »s a - a\ 

x{x^-2px con a -{-p^) p" p^-sina 


r* ooH 

/- « — '27U 


COS rx dx 


-x,x^ — 2px cos a 4-p* 
j'sin rxdjr 


j j'sin 

J-'c .r‘“- 2p.v 


psin a 
^ — ;jr siiia 


g-pr Bln a (JOS cos a). 


sin(j3r cos a 4 a). 


2p.v cos a +p^ 

wliich again can be readily modified as before for the cases in which 
any of the constants involved have negative values. 

1064. Again, differentiating regard to r, we have 


r. 


x^4-a* 


dx—0 ; 


and from this we may obtain the value of the integral 
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Putting x=b + z, = 

/ * ^ CQ8 ^ t;o8 rz + s cos hr cos rg — & si n 6r aiii rz - g si n 6r ain rz 
■* 2^ + 0^ 

- , r" co8r2 , . , /** zsinrz, 

= 6 cos hr f -n „dz - sin hr / -7--; — :; 

since the other two integrals vanish, 


= 6cos/>r-« “*’-sin6r7rc ; 
a 


£ .z* cos ra: da; tt — ar/i 1 • x v 

7 p-; r,= e (6cos6r- asm or ), 

»(.r- 0 )^ + rt“ a 

and 

r* .rcosra;<i.r tt -p,sina / . \ 

- 2pa: cos a sin a ^ 

where 6 — jacosa, a=;psina, and it is understood that a is positive, 
p positive, siiitt positive; and the formula can he readily modified as 
before 10 meet other cases, and other integrals may he deduced hy in- 
tegration with regard to r. 

1065. The integral /=1 , ^dx may also be ob- 

J-.« (a?— 

tained in the same way. Put x—b+z. 
j _ f ^ sin cos rz + cos hr sin rz 

. , f"" cosrj , , , f* sinr2 . tt __ . , 

= sin6rl ■ ,a 2 +cos/>rl - - dz~ e, sin />r, 


. , f cosrj , , , f sinr2 . tt __ . , 

= sin6rl ■ ,a 2 +cos/>rl - - dz~ e, sin />r, 

for the second integral vanishes. 

rj. I C^tarX j TT — ttr r 

Since / , -.ffix— e cos or; 

J-^{x~hY + (d a 

r sinrx , tt -ar ■ * 

/ / « sin6r; 

.» -sr- (.r - 6 )- 4 -o^ a 

r .rcosr./- , TT , ... 

J {x - b)- -h o' 

I 3 hill TX , TT —nr / » X » \ 

/ / " ■ 1 vv 7“ » ^ « (<* or + 6 81 n hr). 

./-« (a - 6 )* -|- a- re ' 

it follows that by differentiating n— 1 times with resj^ect to we can 
obtain the following integrals : 

r* coarr j D f* sinr.r n - x- 

il {(.r CO* 6 r - 0 Hin 6 r ; 

/ J* sinr.r , _ , «x • x 

{(.r -> + ««}• ‘i«^“Cco* 6 r + P 68 .n 6 r, 
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(n~l)! \^ada) \ a P (n-1)! \^lada) 

1066. It follows that if /(re) and 0(rc) be rational integral 
algebraic functions of re, of which the degree of /(re) in re is 
lower than that of 0(re), and if the roots of ^(re)=0 be all 

unreal, then since may be expressed as the sum of a set of 

partial fractions of the types 

Ax-\-B A'x+B 

(re — bf {(x— b'f + a'^} ” ’ 

the latter only occurring in the case of <p{x) having repeated 
imaginary roots, we can obtain the value of any definite 
integral of either of the forms 


f(x) . 

r. ' — ' ai 


sin rx dx or 


— ; ; cosrreorc. 
,0(x) 


1 /* cunrxdx 1 r C 08 ^ = etc 

„ „ r -n 

f COS TX T 1 1 

1067. Integrals of the class 1 - 2 nT~ in ^ 

Jo ^ “r^ 

conveniently treated as follows, without the formation of 
a differential equation as used in Art. 1060. 

Putting “ 2 njp^ 2 n partial fractions, we have 

1 _ 1 a— xcosQx 

rr*n-f a*n'~rux*n-i {x—a cos a^)® + sin^ ax * 

2X 4- 1 

where ax=— ^ — tt, and ox is less than tt for the whole range 
2n 

of values of X from 0 to n— 1, and sin ax is therefore positive, 
r cosra; , _ 1 ” “ ^ f* (a-gco8ax )cosfxd !rg 

J^oo V J-* (ap—acos ax)Ha*8»«*aA 


1 


^ ^T^~e""“'**'°®A{cosJafCOsax)~cosaxC 08 (afCOsax+ax)} 
n~l 

**” «x+oa) ; 
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and since the integrand 
of sign of X, we have 


cosra; 


affected by a change 


cosra; 7 _1 f“ cosra; ^ 

0 2 J 


Therefore Z = 


cos rx 

0 a;2n_^^2n 


dx 


2 na^*^‘ 


» — 1 — arsin 


2X4-1 

2n * 


. / 2 X +1 , 2 x-fl 

sin ( ar cos - ^ — tt -f ^ — 
\ 2/1 2n 




The other members of the family of integrals obtainable from this are 
I •" r ’ ali " ! '" d.r by integration with regard to r, from r = 0 to r = r, and 
/'* .rsinr.r , /'* .r-c<»sr,r /'* .i**?*!!! r.r , T' .7-*”~'sin7V , 

Jo Jo .r*” 4 - .'0 ^ ‘ * Jo .? *’*4-a*** * ’ 

tlie latter system by differentiation with regard to r. 

Since 

c~^‘' “ sin(ar eos a -f a) i=ae~**’ “ sin ^ar ciks a -f 2a 4- 

we have 





dr' 


— »• 1 - 

. V e 


sin 


2X4-1 ,, ,,2X4-1 I-rrl 

sin I ar cos 7r4-fAr4-l) 2 J’ 


where k:l^^n~ 1, which gives all the integrals fi«»m 

f” .?'sinr,r f i*”~Xsiii 

j, .r*n 4 . ,, an ' j 4 - o 

Tlie integral fonn 


f/j' 




^ "’ • / 2X 4- 1 n\ 
HI til or cos ' - TT - " ), 

V 2n 2/ 


where A is a quantity, independent of r, to be found. 
And since the integral vanishes with r, 


^2na*^ 0 \ 2/ 2o-^ 2o-^ ’ 




~orsln 


2x4-1 


■* Jo .r(.r»«4-a»«) 2o»" f 


^ —vn Bit. — - / 2X 4* 1 \ 

2, e 2n cos ( ar cos ^ )' 
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1068. Those interested in the history of the subject may 
refer to an article by Poisson in the Joifr. de V kcole Polyt, 

f ’Xt 

cos TX 

i is discussed, 

0 I I 

and to articles by Catalan in the Journal de Mathematiques, 
_..i r <■_ f“cosra;da: 


vol. V, j). 110,* for integrals of form 


(1 +**)»• 


106i>. In the same way we may evaluate the integral 

r cosr.rrf.c A/>0\ 

Jo .c*" - 2(t^\r^^COS 2?ia -f \a < TT/ 

with its attendant family of integrals derivable by differentiation and 
integration with regaid to r. 

F<»r 

1 1 1 V g sin sin (27^-1 )y 

.f - :if<*^.r*'*cos 2«a + «*** 2;i sin (►i’— a cos ;)()* + a* sin* ^ ’ 

A-TT 

where x™aH — , the Hummation being for 2/i consecutive integral values 
of A,. “ 

And It IS tt> be noted that x greater than 0 and less than tt (and 
therefore sin v ijositivo) f(»r values of A such that A^> — a and < 7 r-a 
resfiectively, 

. 9ia , . 7ia 

i.c. A> and A<7i- 

rr TT 

i.e. ft»r A— “/I*, - 4:+ 1, ... 71 - X - 1, where I- is the greatest integer 
in ; and that sin \ is negative for values of A fioni \ — n-k up to 

TT 

A-2/i~Jb- 1. 


f . __r ^ e ®'’''^”^cos((7r cos v) ifsinYbe+'' 

J -* (.r - (I co.s x)‘ -f X »m x v 


TT «j sin ) 


cos (</?• cos x) if sin X be 


j . T_, g ‘*’'”*"'^cos(o7-cos x+ x) if sin x be 

J _*(.r-o cos + V X ' 


- cos (ar cos X~ x) x be 

8in X 


Gregorj'^, Examples ^ p. 486. 
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Hence 272 sin 2na 




COS rx dx 

, — 2a*^ji?**‘co8 272 a + a*” 


n~*_i g-arslnx 

= 2 : [sin 27ix COS (ar coax)" sill (2/2 -l)x 008 (cfr COS x + X)] 

“* X 

^arsinjf, 

“ 2 ^ [sin 2/2X coa (a?* cos x) - sin (27i - 1 ) x cos {ar cos x - x)] 

**“•*-1 . 2« -Jk— 1 

=* 2 <~“'^®*“^co8{arcoa X “(271“ l)x}- 2 * "^cosffircos x + (272 - l)x} 

— * n~k 

where k is the greatest integer in ^ and * 

Also, since the integrand is not affected by a change in the sign of j', 

r coa 7*.r <i.2’ 1 /* co9>r.rd.r 

jin 1 2 < 2 *^“««cos 2«a + a*" “ 2 ./_ * .2^" - 2(/*".r*"cos 2 / 2 a + ' 

The attendant family of integi-als formed by differentiating 4/2 - 1 times 
with regard to /• can now be written down, and are of type 


4n-p-i r* a'^cosf nr 4- ^ ) d.v 

sin 222a • / ^ 

TT .'0 x*” — 2 a*".t***'cns 2/2(1 -f (/*' 


- V 


" ^cos I ar cos x “ ”0x-h;’(^+x)} 

- y. c‘*'’“‘"^cos|(/rcosx + (222- l)x+;>(^“ x)|’ 


and the integration with regard to r from 0 to r fui riishes tlie remaining 
member of the family, vi/. 

x • o a*'*/"* H\nr.vd.r „ . , 

4/i8in2/ia- — / ~r 7 ii — ^ r— - 2/2 sin 222 a 

TT Jo x (x*^ - 2/2*” 2;*" cos 2/ia j 

= 2 €"®'’“‘“^cos|arcosx-(222 -l)x-(^+ x)} 

- 2^ e®’'‘'‘*‘^co8|arc</sx + (2'^" ^)X“(^“ x)| 

= 2 «’"“^“^"^8in (ar cos X- 2/2a)- 2 ^ sin (ar cos x + 222a), 

— A n—k 

k and x being as defined before, 

1070. It will be noted further that the integral 

cos Tx dx 

4- 2 a* V*** cos a^** 

and its accompanying family of integrals can be deduced from the above 
family by writing 
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PROBLEMS. 


1. Prove that 


show that 


[7, 1893.] 


e'^^QOBhxd^ +1^1 sin ta; 

2. If “n = |^ 

Hence calculate Un where n is any positive integer. [Trinity, 1881.] 


3. Show that 


j: 


4. Evaluate 


j: 


«-^sin*j: , 1 , 625 

-^'/*=T6i‘>g-r7- 

g-(ax*+6ir+c)^j. 


[/3. 1891.] 
[COLLROES, 1879.] 


5. Deduce from the i 


dx the result 


re 

CM- 

value of j ( - — dxy where w is a positive 
Jo \« +« / ^ J ^ J 

7. Show that f - — (ix = ^. 

Jo (cosh ja: -f cos zq 

8. Show that ? 

J 0 (cosh px ■¥ cos qxY + q^ 


6. Find the 
integer. 


IP. 1891.] 


9. Show that, if p be a positive quantity, 
’sinhpa;/ 1 


i: 


X \cosh jfx + cos ax cosh px 


+ cosbx/ 2 


[Math. Tripos, 1890.] 


10. Prove that 
xdx 


(a) f — = J Jog 3 ; (h) P . — = TT taiih”^ (tan a). 

'Jr8inxcos.c 4 ® ' J'-.a" 


sin X cos X 


11. Prove that r(coB»g + 8in»g)-^«rf^=^ , ,V’ / 9 ., it 

Jo' ' »(n+ 1)(71+ 2)...(2n-l) 

where n is a positive integer. [Mai 

12. Prove that J e”*’cos2wj;rfx = \/5re-"". 

13. Prove that f‘ £22]^rfx=cot->(^). 

Jo ^ C08h4 


[Math. Tripos, 1889.] 
[e, 1883.] 


[a, 1885.] 
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15. Prove .hat 


15. Prove that f ; ^ ^ 

Jo (ccoshtt- !)*» 

if (e cos 6> + 1 ) [e cosh - 1 ) = j 


[Math. Tbipos, 1886.] 


16. Prove that 


* cos 4A*x taiih x 


</.c = log,cothA:7r. 


[Math. Tripos, 1889.] 

1 7. Prove that, if a lies between - 7r/4 and 7r/4, 

J ’' (10 TT cos a 

0 1 - 2 sin 2a cos 0 + cos^ 0 

[Math. Tripos, 1885.] 


18. Prove that 


19. Prove that 4 


n dx __ TT 

Jo ( 1 - 2n sin — 

2n 

=2 P— = ™i: 


[/9, 1888.] 


20. Evaluate 


[Trinity, 1889.] 


(a) xh^dx) {h) xh^dx\ 

Jo Jo ■ 

(r) x^e^dx; {d) 


where in each case x becomes infinite. 


21. Prove that f f7.r = ^coth | . 

Jo sinh.T 2 2 t 

. Show that r = 

Joi+-^ Jon+.r2)2 7jo(l+x2)'‘ 


23. Evaluate f" 

J 1 +x + .r^ 

24. Prove that, if 7n be positive, 


[Math. Tripos, 1876.] 
[Math. Tripos, 1892.] 


f® COS77/X , TT 1 ^ih . 

I 1 -7-c~*"*'*3sin (J77^ + Jtt). 

}ol+r.- + x* V3 ^ L. 


[Math. Tripos, 1892.] 


25. Show that (i) £ + 

[Laplace, Mem . dt VInat ., 1810 ] 
cosxdx 7r<r-«, . , 

(») Jo 


' cos xdx ^ Tr(r<^ 
i^-h4a^“' 8«® 


(cos a 4- sin o). 

[Math. Tripos, Pt. I., 1914.] 
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26. Show that 


!Sin 2 ffJc j fr . i- 

- . ~ ilx==~ 2gj as/2. _ ^ 

+ 1 2 [St. John’s, 1883 .] 


27. Show that = ■, ('“ + '\ 

28. Prove that 

0 ( I 4* 2x cos a + x-)'« ( 1 + X'*) J 0 ( 1 + 2x cos a + 


, (1 + 2xcos a + x^y^ 


= ('=os X - cos ar-idx 

\ r 1 (/y»-Y tx N 

- 1 ) ! \siii a i/aj \sin a/ 
[WoLSTENHOLME, Edw. Times.] 

29 . Prove that f -^—-'-rdx-v. „ tt 

Jo 3"(l - X-) [Math. Trip., Pt. II., 1919.] 

30 . Prove that 

f* na— a* r 2 12 I 

J,. 2«Th -(2»T^)-^ + (2a+-^)V 

31 . Prove that ^sin (^'■'sin t»)rfx = ^sin|. 

r« — I 

32 . From the integral I e ®V/ = ^ e“^« show that 

Jo 2 

f js - _ g* cosec* g 

1 ^ ^ drdH = ne~^. 

0 Jo [Trinity, 1886.] 


[y. 1891.] 


dr dH = 7re~^. 


[Trinity, 1886.] 


33. Express the sum of the series 1 + 4- ... ivf. 

hy inean.s of a ilefmite integral, .r being a real (luantity less than 
unity. [Trinity, 1895.] 

34. Prove the formula 

r ( 2 « + 1 ^ 

j-./, sin Ax a L J 

[St. John’s, 1881.] 

35. Prove that P f" = W I .-1 . 


35. Prove that 


P f* <^xrfy I ! (« + »)“ 


a}>b^ J [Trinity, 1886.] 


36. Show that f taii~i ~ tan-i ? = s Jog — — • 

jo « Ax* 2® It 

[Bertrand, Calc. Jnt., p. 200 .] 
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where 

38. 


3 7. Show that J </> </> dx = log |^(a + J , 

. . , f” e-^du 

Prove that J e*“i“*+“*'^‘*=^(iw==v/27rc^**, 

f"® (c“****) , 

and deduce I e«*W2A — — — i du. 

39. Having given that 

Jo 


[Math. Trip., 1882.] 


[St. John's, 1882.] 




Jo 


4c2 


prove that 

JO 

40. Having given that j* 


[Colleges, 1882.] 
deduce the value of 


i: 


e-^^coB Itx dx. 


[Colleges, 1879.] 


41. Prove that j e“**cosax{(a* - 6).r - 4x^} 1. 

Jo 


42. Find the value 


»' £ 


c-i**cos X dx, 


[St. John’s, 1886.] 
e 


f* 'If' 

and prove that I e'“***sinxdx=s~~i etv'd//. 

Jo vcjo 

^ .1 ^ f* sin27ix dx tt sinh?^ , . ... 

43. Prove that = « be.ng a pos.t.v 

integer. 

J i I ri ^ ] 

xPdx — deduce I -j dx = log- — , . 

0 P+1 Jo log 9 + 1 

Putting p = a\/ - 1 and q — h>J - 1, deduce the values of the integrals 


£ 


, cos bt - cos at , . , 

^ (It and 


r 


sin ht - sin at 
g-t ^ dt, 


and verify your results by a rigorous independent methwl. 

Show that r — - p - - — - dx = tiin~' p. 

Jo 


45. Prove that 


where 


I'logcosg^l -a;*)<i* = log^-2{l - 5 ^i + 5 I" -}* 

“« = Sj {r(r+ l)} • [St. Jobk’s, 18M ] 
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/•X / 

6. Prove that \e dx^jTr{q-j)). ^ 

47. Prove that 

J </> (sin 2x) cos x dx == J </* /) cos x dx. 


[Math. Tbipos.] 


[Besqe, Liouville * s Journal, xviii.j 


48. Deduce from Laplace’s Integral 


Jo 2 ’ 

the results* 

£ cos cos (;+2«), 

lo * ^ cos|(^.(-’ + ^,^siii tfjrfj- = ^c“-‘"‘’"*cos(2«sin^ + 0 


Jf-2a cos ^2rt gin ^ • 

[Cauchy, ifem. dea Sav, Et.] 


49. From Laplace’s Integral 


I c~«’**cos 2rx (fx - c ®*, 
Jo 2a 


deduce * 


J *’ V^TT 

COS aV^cos 2rx rfa* = — cos 
0 2a 


J sin a-. 


'x-cos 2rx dx = sin ( ~ 

2a \4 


s/tt /tt r*\ 

27i^®®V 4 ” aV’ 

v/tt . /tt r2\ 

27®'" \4”aV‘ 


r>0. Provo that if 




[Fourier, T. de la Chal.] 
and all the differential 


coefficients up to the (r-l)'** inclusive remain continuous from 
^ - -1 too'=l, then will 

J (cos x) si n^^’x 7x = 1 . 3 . 5 . . . (2r “ ^ )J / 

[Jacobi, CreUe*sJ., xv. ; Gregory, Examples, p. 501.] 
• See remarks on the use of imaginaries (Arts. 1189 to 1201), 
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51. Prove that 

a j* cos tx dt-2'^m ! 

m being a positive integer. 

52. Prove that 

rsin(" + "-') 

I 

Jo 

r being an integer and 1 > «> 0. [U. C. Ghosh, Educ. Times, 14954.] 

53. Show that if 




m+l 

COS ax, 

[Cullen, Educ. Times, 14808.] 

(?i - 1)(« - 2) ... (w - r) Tra^~'^~^ 


r(H) 


2sm 2 - 


^ = f e“«*'cos Ix'^dx, 2/ = f «?“«** sin hx-dx (a > 0), 

Jo Jo 

then A’^ + and 2AB c«an be expressed in terms of elementary 
functions, [Math. Tripos, Pt. II., 1914.] 

54, Show that j* ^ — ^ - i tt ^3 log^ 2 - . 

[Math. Tripos, Pt. I., 1887.] 


55. 

If 

x^ x^ 

8.nx = x--3-, + g-,-.. 


and 


, X* 

cosi- 1 - ^ + - •• 

• + (- 1 )!'''’ 

prove 

that 

Jo as 2 

Jq X [Math. Tripos, 1875.] 


56. If a and y be positive, prove that the value of 
f* sin (yx) cos {ax) 

Jo i 

is Jtt or 0 according a.s y is greater or less than a. 

By multiplying by e-^t^coa nj and integrating with respect to y 
from a to 30 , or otherwise, prove that 

f" (z^ + - c^) cos az j _ 1 __ h cos ac-c Bin ac 

Jo - cy + 4 // V ® ” 2 PTc 5 ’ 

a, h, c being positive constants. [Math. Tripos, Pt. II., 1920.] 

67. Shovrthat j* ^ <JLZ±2^rf<? = -(log2 

[Tbih. Hall and Maod. Coll., 1881 .] 
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58. Show that if a is positive and less than tt, 

f , (1 -fsin asin / o • i a\ 

Jo =7r(^a-2sinal0gC0S2). 


59. Prove that 


[Math. Teip., Pt. II , 1884 .] 


Jo vsill y Jo Vl + 8111 ''*^ 

(r;) 2(2 1 2.G 1 2.6.10 1 

V2;rla'"‘i‘3.7^3-3.7.11+ -j- 

(F'or otlier .similar results, .sec G. II. Hardy, Educ. 7’., 14055.) 

GO. Show that 

Jo Jo Av/^ + »';Jo 

[Math. Trip., Pt. I., 1894.] 

Gl. If 

1 

= - 272,7+2) 2 . 4 ( 2 h + 2 )( 2 ^ 4 ) “■■■/’ 

viz. Bes.ser.s function, .show that 
.r" f’' 

(i) I cm (x coH 4>) <t> d4>y if 7;>~7r, 

•J”s^7rl\7< + I) Jo 

1 .... 

and (ii) Jn{x) \ co»{n<f> - x sin</>)r/(/., where 11 is a positive integer. 

^ Jo 
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DEFINITE INTEGRALS (IL). 

LOGARITHMIC AND EXPONENTIAL FUNCTIONS 
INVOLVED. 


1071. In the cIms of definite integrals we are about to 
discuss, it will be convenient to remember the result 

f^«>(l0g*)nd* = (_l)-^-^^. 

This is the result of integration by parts, 

£ x*- (log xYdx= (log ®)"£- (log ®)""‘ *5 

/n ri 

= (“ 1)* j^^)r£^'’(log xY~' dx^ctc. 

' (p+l)"+‘ 


Or we might obtain the same result by the transformation x = viz. 

^(log x)** dx=j ~ 1 )**y**( - «“•') = ( - 1 )" yng-(p-hi)y 

including the (logx)'*cfx=( - l)’»r(n’f 1)~(~ l)”w !. 


1072. Again, let F{x)^Aq+AxX+A^^+A^+,., be sup- 
posed a convergent series for all values of x between a;=0 and 
aj=l, and such that 


£<*-i-r(»)(iogiy 


is zero or finite when a;==l, 
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SO that even when the aeries for F{x) ceases to be convergent 
when x~ 1, the final element of the summation indicated by 

the integration | effect. Then 

we shall have, by putting x=^e~''^, 

/=P ^log ^)V(a:) <fe= j yfe-yF{e-y) dy 

=l'(P+i)(l^n+^M+3^fi+-) 

and therefore / can be expressed in finite terms whenever F(x) 
is such that this series is capable of summation. 

An extensive class of definite integrals arises from this fact. 

1073. It will be well to recount several previous results 
obtained. We have now used the symbol Sp to denote the 
complete .series 

V ^ J -l-i . ad inf. (n>l), 


and the numerical values of Sp up to are tabulated in 
Art. 957. 

Also, if S(icx+U\nx=^l + K^Y^+K 2 ^-^-\- , then 


and rules were given (Diff. Calc.y Art. 573) for the calculation 
of the results being 


A>1, A%=2, A^=5, 7ir,= 16, 

A'e-fil. Ky=272y K^==12S5, K^=7926y etc., 


A^ 2 n being the “ Eulerian '' number sAgn ; whilst K^n^i is 

the “Prepared Bernoullian” numbers ^ 

^an-i being the Bernoullian number itself. 

Also we have seen that 


'^in= 


'2(2n-l)!(2*«-l) 


— j^an"f~ 2 *n ' ‘ *** 2(2n)! *’*"’^* 


y L-+ I L,+ 

2»n+*(2fl)! *"~l*n+l 3*n+l~5in+l 7fi+l 


2*"+*{2m)! 
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and we have the particular results 



1 3^5 •• 

=? (Euler) 

1 1 1 

. = ^ (Euler) 

i_l+i_ 

1* 3*^5» 

...=^ (Tchebechef) 

1* 3* 5* 

.=^ (Euler) 

i_A+i_ 

1» 3‘ 5‘ • 

.. = — (Tchebechef) 

lOtSb 


. = g (Euler) 


...=^ (Euler) 

1 2^3 4^ 

...=log2 


»j.= y>+3ii+5v+^+" 

_ 1 11 1 
^p~lP 2''"^ 3^ 

II II 

1 1 

(?*>1). 


1074. One class of series of this nature will not be obtainable 
from the tabulated results of Art. 957, viz. 


J2n 32n ‘ 5^ 7^ ' 92'n *‘* ®®’y » 

and so far as the author is aware the values of this series for 
various values of n have not been tabulated, and it would 
appear that there is no method of obtaining the values except 
from the series itself or from some transformation of it to 
render it more rapidly convergent. The most troublesome 
case for direct calculation is the case when 7^ = 1, on account 
of the slow rate of convergence. But in this isolated case, viz. 

1 _ 

**“12 3 *'^ 5 * 7 *"^ 9 * ■■■’ 
the value has been shown by Mr. J. W. L. Glaisher to be 
0 - 9159 G 55941 77219 0150.5 ... . 


(Proceedings of the London Math. Soc., 1876-7.) 

Mr. Glaisher arrived at this result by means of the identity 

. — -=8ec*/- J tan*/sec*/-f“ltan*f8ec*/-... , 

sin f cos r ** “ 

a form of Gregory’s series, which upon integration yields 

1 1 /** 2/ 1 T 

tana - “ tan*jf4-;^ tan*j7 - ...= / I 

3* 5* h 8in2« 2 jo sin T 
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and expanding the fractions in powers of iTand integrating, 

=- + |p(5^)* + J^(2x)‘ + ..., 


where _ J- + . . . = ; 

whence, putting for Mr. Glaisher obtained the remarkable series 
tail tan>^ + l tan‘^^- - ... =| [;r + |cr»r* + |<r,.,'‘+ ...], 

and putting = -f.- + f.+ + J + 

wlience the value above given may be derived. The details of the 
calculation are given in Mr. Glaisher’s paper (foe. cit.). 

1075. It is to be reniatked that in approximating to a case of the 

general seiie.s , 7 , - A-f -f J,, - , if we retain any specified number of 

terms, the ei ror in rejecting tlie remainder of the series is less than the 
first of the rejected terms. E.g. if 

,1 11 1 

+ + xa.v, 


then 


and since 




'“(A“i9+(Ty"T30+-' 


and the error in taking 4 terms lies between 0 and Similarly, and 
more generally, if we retain r terms the error is less than the (7*4- 1)^** term. 

The series for etc., are much more rapidly convergent tlian that 

for and therefore the calculations direct from the series are much less 
laboriou.s. 


For immediate convenience we may note that to six figures 
<= -91 5,966, s;=-988,944, 

V = *998,685, §8'= -999,850. 


1076. The integrals which follow are arranged in groups according to 
their forma. Where it is thought necessary the working is fully given. 
In some cases two or three of the steps are given, and in other cases 
merely the result is stated. It is intended that these should be worked 

BY THE STUDENT FOR 1118 OWN PRACTICE. In 801116 cRses it will be seen 
that by treatment of the same integral by different methods various 
identities may be established. 
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1077. Group A. Examples of Integrals of form 


’• — >• 




Putting vte have 




2 . Show that 

3. Show that 


V 2V o' i2‘ 


l^ir = 2!(i+A+^, + -) = 25,=2-40411.... 


4. Show that 

5. Show that 






15* Jo 1-Hu' 


6. Show that 


7. Show that 

r(iogiy (-(.og],)" 

Jo ’ Jo -2^ • 


‘(log].) g'"-! 


■ dx — ( 2 ?l) ! *S2n>f 1 1 


It is to be noted that integrals with iiitegraiuls of the same character 
as the above multiplied by rational integral algebraic ywlynomials 
present no difficulty, thus : 

ri i r* 1 1 TT* 1 

®' /o y(e""'+«"’'+<-‘"*'+-)<*y=g!i+3s + .-.= g - j-,- 

I 1 ^ 1 J, 

9. Show that = 6 “ P ~ 2* * 


10. Show that 
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1078. In some of the simpler cases, viz. when the power of 
the logarithmic factor is the first, we way write 1 — 
and expand the logarithm. 

Thus 

Examples. 

1. Prove that f tanh“‘.r ™ = ^ = f 

.'0 X H Jq ax 

2. Deduce from (2), Art. 1077, by putting x = tan‘^^, 

/•< 7^2 

/ tan 6/ logcot = . 

.'0 4o 

3. Deduce from (6), Art. 1077, by putting jc = 8in*^, 

_2n 

tan $ (log coaec • 


4. Prove that 


92 w ~1 _ 1 'in 

tane(logcote)"’->de=-^_f:yi 
1079. Group B. Examples of Integrals of form 


0 l±x^ 


Prove that 


flog-. flog^. 

1 . = ^^66... approximately. 

I n?^<i<- = 2(l-|3)«3=2-103599..., f 

r(iog'-v , r(iogiy 

3- i i ^^^<=6,;=5-9336.... 

fY'^S^y / 1\ f , 6ir* 



250 


CHAPTER XXVll. 




, 61 tt’ 


Yio.ir 




n- 4 r 

•^0 14-y- 


7r-«+i 


and in the same way as 8, 9, 10 of Group A, prov'e that 

n !■ ir‘-“ 

8. / z ., d.r —oT- [Euler, Nov. Com. 7Vl, vol. xix.] 

Jo 1 — . v “ 24 


1 i'>s- 


ri "''b . 

/ •'"rr7 




/■> '"St- ,r'^ 1 

10. I ' x dz — ^- - , ami so on for similar cases. 

*'o 1 - .1'“^ 24 4 

11. Putting .r = sin 6 in No. 7 (1st part) and .r = tiin(^ in No. 7 (2nd 
part), .show that, if n be a positive integer, 

IT 

(i) aec 6 (l(>g cosec dO ~ cosec tJ (log sec 6^)’*"”* d& 


(li) / (log cot 6^)»" d6^= 


1080. Group C. Examples of Integrals of tsrpe 

n « A IV 


fflK)' 


•^0 (l±:irO'' 

2) and being positive integers (p^q). 

1. Putting .r = e'“*', we have 

f'C'"®!)' r 



Prove that 
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where is the sum of the products r at a time of 1, 2, 3, ... ($'-2). 

where <r.= L - A + 1 = 

n 

L (Put.r=Uu^in3.) 



sin 2^ log cot 6? — i log 2. 


(Put a’ = tan2^ in 3.) 


1081. Group 1). Various Forms containing Radicals. 
1 


•J'i ^\-r Jo \ 




•)rfy 


11 1 1.3 1 1.3.5 1 

”12 + 2 * 22'^2.4 3‘“ 2.4.6 * 42 "^*’* * 


Again putting .r^ain^^, 

/= logsin^^. 2 sin 0cid=^ ^ log sin 6d0 

v 0 

— „ 4 1 _ <x>s 0 log sin 0+ log tan ^ + cos 

r S S 6 6^ 

= - 4 [cos ^(1 - log 2) + 2 8in2 1 log sin ~ - 2 cos^ ^ log cos ^ 
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Thus we have the result 

1,1.3 1 1.3.5 1 ... 

4 10^2 12”^2 2 ‘-*^ 2 . 4 3 *^ 2 . 4.6 4 -'’^ 


2. /= P - dx. [Euler, J^^ov. Com, Petropoh^ xix., p. 30.] 

Jo Vl-J7* 

Put:r=8in^, I—( sin^Olog ain f - — log sin 

Jo Jo 2 

= 2 jj log sin ed^-l log «i.i e]’ + 1 jj co«* d dd 


[Euler, Nov, Com, PetropoJ.^ xix., p. 30.] 


- log sin Odd 


r , 1. TT TT , e 

= 4log2+g=„log-. 


3. Find the values of 


I— r coa 2nd log ain 0 d& and /'= / sin'" ^ log sin 
Jo Jo 

^ (d + sin 2^ + ^ sin 4f?+^sin66y4- ... 

4- (2w -2)d-\- sin 2«f^| = sin 2w^ cos (J, 


we have 


a i. n JO /I • sin 4^. sin (2« -- 2)0 sin 

sin 2nd cot 6 dd = d -I- Bin 26 -h 4- ..4- - , 4----; . 

J 2 7t - 1 2n 

also J sin 2nd cot ddd = sin 2nd log sin d^2n j cos 2nd log sin $ dd. 

W 

n TT 

Hence I = j coa 2n6 log ain $ dO — ~ (/<>0). 

Again 

®"‘*" ^ = 2ft C"C'n - 2 “(V-i cos 2^ + 2 COH 46>-... +(-!)" 2 cos 2« 6/) 

w 

P^j 8in*”01ogsin 0c/0 

= ^«ir. {•»^?„logi + *"CV.-^“C’„_, + J*"C.^3- •••+(- 

Putting sin 6=x, we have the value of j d.r. 

jjfg 3S-C2 4 


also 1 sin 2nd cot 6dd = sin 2»6 log sin @ — 2« j cos 2iiB log sin Odd. 
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Again putting a: = 8in 0, 


Jo Jo 


j , — , logsin 0rfd = ^log2 ; 

whence it appears that 

9_i .1 l.U 1 1.3.5 

2 1^ + 2 * 32 ■^2. 4* 52 '*’2. 4. 6* 72“^***- 

1082. Group £. Gases in which the Algebraic Factor is the 
Generating Function of a Recurring Series whose Coefficients are 
Powers of the Natural Numbers. 

= r -f- 32e“3i^ + . . . )cty 


Prove that 


-3(,,-4 + ^ + ^4 + -j-6--R- 


.f (1 - J)-’ i' 

Jo ( ' -'ry< ''■^= ^ . 


3 . /•'ii^V,ogly<i^=?f^ 

Jo \ 4 


= (2n + 3)(2n + 2)(2>i + l) 

«■ i' 

r (i-f)*(’"8iy"^=^o^+2o- 

8. jf' (log l)‘“'^*rfx=(n + 1)(2» + l)( 2 n-)*»i? 2 „_,. 
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10. If cfQ, cTg, ... be defined by the equation 

a,_i = (5 - 1)” + - 2)« - . . . + ( - 1 )*-' «+iC._i . 1 »* 

for all valiu's of s from s = l to s — «, then 

... (. 1 \n+tm-i 

(i - .r)«+i 


r^!o±^ 

Jo 


dj' 


- r* 


It will be recognised that the several equations defining the letters 
(/(,, Oj, (72, ... 0 „_ 1 , viz. 

n„=l", a, = 2»-(n + l)l", «., = 3«-(n + l)2" + ^~-y" 1", 

etc., 

O^, = >.» - (H + 1 )(» - 1 )" + (« - 2)« - . . . + ( - 1 )»-> 1 », 

ai-e the results of equating coefficients in 

«o + it 1 -^ -f 4- . . . + ='(!" + 2**.r + -f . . . /. ) ( 1 ~ 

up to the coefficient of And it is known that 

( « + r Cl ( « -f r - 1 )« 4- . . . + ( - 1 (r - 1 r 

vanishes for all values of r from 1 to x, being the coefficient of /** in 
e(r-i)z(^«...l)n+i^ ie, in [1 4.(r- l).r 4- ..-K 
in which the term of lowest degree is 


(7o4-o,.r4-a.^r2 4- ... 4-(^/- . . . . . . , 

---- ‘ — -j — — is the generating function of the 


Hence 

recurring series l"4-2^.r4'3V4-..* . 


I \ n+tm-i 


d.r 


rni r r 4- ... 4- , \\ 

T},erefore j^log J 

= / ;/n+«*"->[l"?-» + 2"f-*» + 3»«-»V4 

Jo 

r 1 ” 3^ n 

=-(7?4-2m + ” J 

= (n + 2»i-l)![jii + 2L. + 3L + -] 

= (n + 2»i-l): 

1083. Group F. Gaps in the Development of the Algebraic 
Factor. 

Let a and (3 be any two prime numbers. 

In the 8erie.s formed by the development of 


l~.r i_.;A 1 . 


in ascending powers of JT (ar<l), 
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the subtraction of , , from i.e. the com- 

plete aeries 

removes all terms whose indices are multiples of a. 

The subsequent subtraction of ^ removes all those terms which 

remain, and have indices multiples of restoring with the opposite sign 
such terms as have indices multiples of a/?. 

If we now add we are left with the complete series with all 

terms whose indices contain either a or as a factor removed, 
hlxactly analogous to this is the effect of multiplying the series 

1 p “*■ p ^ 5 i> 


, iP>lh 

tS s 

For ~ complete series S from which terms in which the 

denominators are multiples of a and fS have been removed, but those 
whose denominators contain both a and (3 are restored with the opposite 

sign, whilst in the cii.se iS’^1 f’^^ms occur whose denomi- 

nators contain either a nr ft as a factor. 

jo \1“‘* l-or® 


Thus 




by putting x — e~^ as usual, where the double bracket indicates that from 
the series included all terms have been removed which contain a and not 
i>r ft and not a, as a factor, whilst terms with both a and ^ as a factor 
occur with the negative sign 


= (• 


/ 1 l\(2irr„ 


. , „ C' I X x' X® Vi 




1 

’ ft^ I 4n 


^2n-l* 
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It may be noted that 

.4/' ' (i„,!r-4-, 

a*" jo 1 - ‘^V W 

and therefore 

f'/ X r.r' QjJ‘ , lV"-*rf.c 

J„\l-x i-jJ* 1 y 

v‘ O** /8*“ a*”/i*v 4« 

whatever numerical values may be assigned to /\ Q, /{. 

And more generally, if a, fi, y, ... l>e any prime numbers, and if F(u') be 
the function of j: which would be formed by first developing 

(l-^)(l-Z?)(l-C)(l as l-(A-f5 + ...) + (‘4/i+...)-etc., 
and then replacing 


1 bv ^ — , A by 


Bhy 


l-.r* 


, et<’., 


AB by — — 5, ABChy — , and a«) on, 

then F(x} consists of such terms of the series j- 4- + .r* 4* . . . as 
are left when all those are removed which have a, ft, y or any combina- 
tion of them as a factor of their indices ; and then 

F(.t) ( log jy"”‘ y = -I («-r + rfy. 

where the terms in the bracket are such that those whose indices aie 
multiples of any of the primes a, /i, y, ... are missing, 

__.y(i _^y(, . 

If we press the theorem further, and remove all the terms from - — ^ 
except the first, then if a, /?, y, ... be all the ])ri!ne numlK'rs, 

T - 

LW.r l-x* 


r^fiy 

V .V 

l-r*^ “l_yPY 




= (2»- 1) ! (. - ^kXl - 3y(l - ;i)(l - 

= (2?i- 1)! (by Itaabe’s Theorem, /)if. p. 109, Ex. 29). 
And this result is a priori obvious, for the inU?gral is merely 
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Examples. 


1. Thus we have 

/"T — - —-4- ^ ii ^ 

Jo Ll-x i-.T^ 1-^ i-a:* — 

2^“^^ WV‘ 5V~"*-4‘9'25'T = T5- 

2. Prove that 

(0 I' = <"> f 

4. Show that jj !-±-'^^‘t'-''(log].)‘" = 

5. Show that 

where p is any prime number. 

6. Show that 


1 084. Limits 0 to oo . 

So far in this chapter the limits have been from 0 to 1 . In 
some of the cases considered the integrations might have 
been taken from 0 to ao ; e,f/. in the examples of Group B, 
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2. I .u..~dx=^l I + / ) , , dx. The second integral is 
I l+.r- V‘'o .h 


r!.''g.y/_i\dv=r T^-Uy^ 

Ji i+//“‘\ :'/ / ‘ i+.v” 


r H'’ 

£<Jr; 

Jo !+•'" 


r ’"«i- 
1 


3 f (-1)' 

~r^ 


lyn-i 




^*=0: 

_ir»"( 2 *“-l) 



2« 






I\*« 

15 — rfx 


-87,^, and so on hn* other cases. 


108.'). GliOUP G. 
Inteirrals of the class 


s ot t lie class r' , 1 n 

r/ios.ry . r‘-x) , 


>1, 


fonn n group of some interest. (Cf. (Jroup C, Art. lOSO.) 


We have I = 
of the.se, 


putting *•* second 


P 1 -f 

•■■ j^-|j„(lngi)"dj; «ik1 piltliiig* .- e-', 

/== j^%»{l+e-''- ’'+...|rfz, 

the expansion being convergent as e~* is < 1 for all values of z between 
0 and X ; 

.. i-i 2n.i+ 1.2 ' ■■ 17273 in.i'*'- - 


dx 


. ^ ^n(n+l) I , n(n-f l)(n + 2) 

(n - 1 )" 1 i . 2 ■ (n + 

1 , r(^4-1) 1 r(n + 2) 1 
L 1 1.2 2 «"^ 1.2.3 


1 


1.2.3 (n + 2)«+» 


r(»-l) r(n) 1 r(n+l) 1 r(n + 2) 1 . “1 

(n-l)"*^ 1 i.2 (w + 1)’»*^T.2.3 (n4-2y**'^'*‘J* 
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And if n be integral, 

/-n P-a 4.S...( n + l) 

L 1“ ^ 2» 3" 

1 ■2...(w-2) 2.3...(n-l) , 3.4...n . "I 
(n-l)» n» (n + f)» J 


-y (r+I)(r + 2)...(r + n-2) (r- l)(f - 2) ■■■ {r-(n-2)) 


1 r" - + n i 

f=sl r r-n-l ~ 

= n T 0(^ + 2). ..(r-f'n^)+(r-l)(r-2)..;(r-Tr3~2) 


(A) 


Tlie case of this when n is even is given by Wolstenholme, [Prob. 1919]. 

If = p + ^ + + ... and Pj, stand for the sum of the products p at 

a time of the first n-2 natural numbers, this result may obviously 
be written 

/ = 2n(5,+ /*A + A^6+A«8+-..X 

i.e. + + + + (SeeAx-t.879.) 

In the case when n— I, 

of which the second portion is infinite. 

^3 .jj»2 

The first part is finite, viz. 2 . 


Examples. 


1. 


*2(2)(e-' + 2e- 

2e4*3e-s« + ,. 

.} dz 



f\ 2 3 

\ 2»r® 



= 41 

(r.+2.+3‘+- 

)■ 3 • 


2. Prove 





f(!s)’ 

dr = 7r®, 



)=!-* 

r 

Jo \x-\) 

, Stt* , IItt^ 

<te = -3- + -^, 

r(Sf)‘- 

= 2jr»+y»r* 

♦S’*’ 

and so on. 

(Of. Examples 1, 

7, 9, Group E, 

Art. 1082.) 
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1086. A General Principle. 

More generally, it is an obvious principle that if F(x) be 
any function of x which remains unaltered upon changing 

X into its reciprocal i.e. if F{x) be a symmetric function 
1 ^ F (x) 

of X and - , then, provided — ^ — remains finite from a: = 0 
X ^ X 

iox—oo inclusive, 




For 


and changing x to ^ in the second integral, 

{>(.) 


Hence 


Similarly 

ity(‘)--F<.), J'fwf-o. 


1087. Again, if the value of any definite integral of the 

r' dx 

above form, viz. I^\ F(x)--^, has been found, F(x) being 
Jo X 

a symmetric function of x and -, the value of ~ 

^ X Jo X 

can be at once obtained, where n may have any value. For 


in this integral put - for x. 


‘S-Jo iTx" 

• 2r r ^ rx”F(x) dx 

Jo 1 a: "^Jo l+a;" x 

r=\L 


Hence 
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1088. Similarly, if P{£e) be a symmetric function of - and 

® J.U i “ 

■, so that 

FW.f(«.g.r(„.2).r(f), 

then putting a; = - , 

Jo + X I - , y 

'”a“Jo 0" + ^" y o" + a:” a: ’ 

r F{x) dx. 1 r ,dx 

1089. Again, if F(.v) be syniinetric in and so that ^’(.r)= 

For writing . 1 - 2 =: we have 

Putting ^ = y i» the second, 

/>(•?), 

■■■ 

We note also that it is therefore proved that 

|‘V(.r)^j‘=2/" F(x^)y^2l'^ -P(.r)~. 

Again, taking j F{.r) - , if w^e put x—-jf we have 

r 2f’(;r) ~= / F(x)~, with otlier similar results. 

./flt j\ X 
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1090. Since 


follows that 

2* 


J r^ 1 dx r 

— = / 

, 1 a: jo 

.'f + - 
0 ^ 

r dx r 1 dx i r i dx jir 

L Jo (.r-hx-^)(l X 2 Jo .r-+'a;~* .r 4 ‘ 


Similarly, since 


1 dx 


.r- X 


rah'ilv ir _,.rn* TT 

Jo + «d„ “4’ 

, r \ 1 dr 1 TT 

jo a" + > y- ‘r “2a« 4’ 




that is / 1 


1091. It follows from Art. 1087, that since the expression 

2^/ 1 0 

is unaltered by writing ~ for x, writing x = tan 


7= f ^ 1 p ( \ 

~'Jq l-hx” X 2 Jo \l-l-xV X 


Jo Vl-f XV X Jo sin 0 

a transformation given by Wolstenholrm^ {Ed\w, Titne.^, 9931). 

We may also see the truth of this result l»y (lilfereiitiatiou with regard 
to n, which gives 


dn 


r''(r7T<)., , V 

= - j (l + tn)a J"!".!; *- and wilting f..i- ..■. 

r ' 


jrf JL 

\l+.rV «. dr dl 

TPr+TF’ = 


^^~0, and / is therefore independent of n, and therefr»re the saine a.s 
if n=0, i.e. 

I ^{\ +x^)d.r !/■*„/ a.f Ndj- 

j “ +> ^lTT.W-7^ 


Putting - for Xy it follows tliat 
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1092. Thus, if we have 






is even or odd. 


(a2+^j(a**+*»*) 2a"+i 2 
or if jP(z) = z^ p being a positive integer, 

1 1 p-2j)-4 2/ 1 ttN 

rf 

1093. Consider next the value of (logtan where 

n is any positive integer. Put tan0=x. 


In the second integral put x— 


. /-0r(h!K^cix- 

r ( - «)*'* 

j - ~ s ( - e~*) where .r = e*"* 


= 2 / (0<z<oo) 

.'0 

= 2l (2n -f 1)|^ ^sn+i 5 >"+» ~ J 

-= 2r(2« + 1 ) , where Fin ”*** Eulerian number ; 

2(5;w) . 

r5 /-.\»n+i 


and the values of A’j,, being succeaaively 

£i=l, ^, = 5, iS'« = 61, i?, = 1385, etc. (see Art. 1073), 

we have 

^ (logton ^ (log tan ; 

jf* (logtan (* (logtan e)*d6=^^f[-, etc. 

,tn . rrf^s^cal 

1094. SineeA'j,=coef.of^‘-^,intheexpan8ionof8ec0,i.e.|_-^,i, J^, 

«e have // (logtan [Wolstenholme]. 
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1095. The integral /h (log tiin vanishes. 

For putting S — I~ -1 ; 1 = 0. 

/•f 

Hence (log tan Oy‘iW-1-^) A’p or 0, according as p is even or odd. 
Also log cot 0— ~ log tan 0 ; 

(log cot — Ej, or 0, according as p is even or odd. 

r? /'? 

Hence / (log tan and / (log cot have been computed for 

.'0 Ja 

all positive integral values of p, 

1096. Let A = f (logsin^^)*fW= f (log cos^)“rW, 

Jo Jo 

rl 

and ^ I (log sin B) (log cos B) dB. 

Jo 

Then 

+ I (log sin + log cos 6^)2 j (log .sin 2(y - log 

.0 .0 

= 1 (logsin log2 / log.Hin 2^(f(y + (h#g2)“ 1 1 (W. 

.0 JO JO 

Writing 261~t/>, 

(\ogHw20)*dB — l (log Hill <f>)*d<l)~ (log sin OfdB — Ii, 

fs 1 f* fs Tf 1 

and / log sin 26^ — log sin — log sin ~ log ■ ; 

Jo Jt Jo Jo L 

a/, + = - 2 log 2 • ^ log 2 + (log 2)'- 

».«. •^i + -J^2 = ’y (A) 

Again 

"2 w g 

2/j-2/jj— / (log sin B - logons By dB- f (log tmi By^dB-^ i ....(B) 
Jo Jo ' “ 

/| + 2/2-2’^(l-g2)»,] 

1 

solving, /, r- (htg sin By dB = (logcos BydB^^(log 2)^ 

[ log sin B. log cos B do = ^ 2)2 ~ ~ . 

These results are due to the late Professor Wolstenholme. 
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cosec z= - . . 4- ' 


+ 


Obviously it follows that 

^ log sin 0 , log cos = log 0 log cos 8 ^/^=^(log 2)2 - 

1097. We may write tlie expression for cosec 2 : in partial fi-actions 
(Hobson, Trigonometry^ p. 335) as 

* 

J 

z — 2ir 

it being understood that this doubly infinite series extends equal distances 
to infinity on either side of the central term - marked with an asterisk. 

A similar expression for cosec22 is 

♦ 

+ (B) 

with the same understanding as before. [614, Wolstenholme’s Problems.] 
The latter i.s obtainable from a consideration of the factorisation of 


cosh .r 4-cos 0 


2c..h2'; 


.'U 


1-4 




(2r+l 7r4(^)“') 


[viz. equating coetlicients of in the expansion and writing 7r-2z for 6^]. 

Differentiating these expressions respectively 2r4-l times and 2r times, 
and then putting z — in each, w'e have 


(2r4- 


1 /:r Y’’4* r / cos z \n 


= ...4- 


(2n-l)*'’+* (h + 1 )*’■+• ■'■(2H + 1 )♦'■+* 


i-..., (A') 


(2r + 


W:(:r 


crT^-^j 

+- _J ...+ 


\sin 

1 


ik)],.. 


(2>r- 1)*’'+*^(« - i)»»'+*'^i*»'+*“*'(«4-i)*^+*'^Ci»+i)**‘‘*’* ' 
Now^ consider the integral 

In the second integral write 
Then 


1 \ if li. 1 "4 7 


..(B') 
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= - c-<’-»>»}(l - . ..)dy 
= I* y *»‘+i { . . . + » + «-»- » + c-*"+‘ ^-...)dy 

=(2r+l)!|. 


... + ; 


1098 . Again, if 


♦ 

» 1 1 

’ , • 

(n_l)tf+»^ltr+l 

(n + l)"’+* (271 + 1 )•’■+• 

r^/coszn 

/7r\“-+*rrf"/'co8z'\1 

Vsin''^^/ 

\»l/ L^2*’'\8ill''‘j/ J,. •' 


Jo *- -J 1-^' 


- cfj\ 


putting second integral, 


1 1 -'" J . ‘-'•“ 

"io ^■>'^1 1 where .r=--c-», 

= J y'^+‘ {e"* + e"'" - “''I {1 + «■"» + «-»»+ . ..) ,/y 

.'o ‘ 

♦ 

= ('2r + 1 ) ’ I . . . -H 4- ™ j-^Tr+2 l~2f+2 + ^ 5j/i 4 1 ■ 

Thus , 

Jq 1-fx" \7i/ Laz^''Siii“2/J^__* 

r *•/ 1 Y‘^+» 

J s^^'=er[R, '=,)],..■ 

0 ~n 

These results are due to Wolstenholine.* 

1099. Group H. Legendre’s Buie. 

L 


providfd n > \ . 


J fi 1 

T^dx= — with regard to n Injtween limits 
0 + 1 


r - 1 , 
Jo 


= log(l+n) (I) 

* Problemi, 1919, 41 and 42. 
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Hence 


Jo Jo lOfT.V O 14-;^ 


.( 2 ) 


ami r 

Jo luj;.); Jq 


log.1 

If /'’(■'■) l<e any ixjlyuoinial in wliich the sum of the coefficients is zero, 

~ -'l»r"+ + r+ ,4„, 2,1, =0, 

- . I ,(j » - 1 ) + .1 . ( < — ■ - 1 ). . . + .1 (.r - 1 ) 

Then 


- log (/I + 1 ' (4) 

JiCt A be an operative symbol defined by 

■■ ^'«+m “ *'n- 

'Fhen equation (.'!) may be wiitten 


A=-Alog?i (5) 

Taking 

fj/ fl 1 

(/»* "°“Jo logT 2 1 log (:!'« + «) - log (”' + »')]■ 

Integrating with ri'gard to m from 0 to ni, 

/, -- 2 log Cim -f ?f) - 'i _ 2 [](«J + ^0 log (m + /i) - (in + »)J^ 

- (2//f 4- n) log(2»t 4- ft) - 2(m 4- w) log (;/< 4- >0 + l^’K n = A^?i log n. ...(G) 
Similarly A*«* log «, /4 = :^,A*/<*log «, etc (7) 


Some of tbeHc integrals were established by Euler (Ca/c. Int., iv., p. 271). 
'fhe general rule was given by Jjcgendre {Exercises, p. 372). 


IKK). Kummers Integrals, (Crolle, T. xvii., p. 224.) 

From eipiatioii (2) of the last article, 

Jo 1+.)' logo- J- 'o' ' M<lg.f 

fa h+c fr4-2e if 4- 3i 


log .r 
« 4-c 


, (f . u -f-r . 


rtr 4- 2c 


\b ' aVc ' b-^*2c a 4- Sc; 


^FT 2 c-- = '"«C 

( 11 ) / = ___ . =.Iog(^^^ . • 64 - 3 e- •'/ 

in the Banie way. 


tc J' 
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Putting c=\ and + 6 = l in (i), 

^ I dx 

l+:r log:ir x 

P - or** dx , / a 2 -a 2-|-rt \ 

~~ Jo log-r”" ^ \1 -<i * 1 +« 3-a ’ 3-l-rt *’ / 

1 - ^ 1 ^ 

42 ( 2 «)=« 1 22 . 4^.. (271)2 

:? « ’‘l*.3>...(2n-l)’‘ 

3» (iw-l)!* -id + l 

, /2^ Tra 7r\ , . 7r« 

= log^-tan-^x^j=logtan-. 



1 

2n+l 


Examples. 


i a TT 1 

1. Deduce the integral logsin ^cl0= - log - from the theorem 

_ — j.i_2.rco8-4*l W j*--2j'co8“4-1 )... 1.7*^ -2j*co8^ — 4-1 j < 
[Leslik Ellis, C’a?n. Math. Jour.., vol. vii., p. 282] 

2. Show that sin log sin 

3. Show that log sin g log,Q^. 

[Euler, Xov. Cofu. Petrop.y vol. xix., p. 30.] 

4. Prove that / ^ c/x = ~ log, 2. 

.'0 H-.r2 8 ® 

5. Prove that / log (1 + tan d)dQ= - log,2. 

.'0 o 

6. Prove that / tan d log cosec 6d0 = j[- 

7. Prove that sin 20 log ( 1 4* co.s 0)d0 = J. 

8. Prove that if a be <1, f log - • ~ -7rsiii~‘«. 

'.'0 ®l-a.r ,r\/l~r2 

[Oxford, II. P., 1888.] 

9. Provethat fY^y(ir=2rf^yei:/--T,*- , 

.fo\l-.r/ .'0 Vl4-.r/ 3 [St. John's, 1881.] 

10 . Prove that 

P . , /I +8in asin^rX , /** . , . » , . « 

/ Binjrlogi-- — ; — }ax= I ainxtan^Mtanasin j:)aj:=:7rtan 

Jo ® \l -sinasinx/ Jo '2 

[St. John’s, 1881.] 


[C’oLLEar.s /3, 1890 ] 
[Trinity, lH8rj.] 
[Trinity, 1884 .] 
[Trinity, 1885.] 
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11. Show that [' r 

.'0 1 -H 2 Jo 1 - 

1 2. Prove that ^ log ( 1 - a')da: — ^ . 


1+^,2 16 


13. Prove that I » --■ * {r dx — -^ 

Jo ( 1 +^ 2 

flog). , 

4. Prove that I ' . 

L ( 1 + 2 


[Oxford, I. P., 1889.] 


[Colleges 8, 1883.] 


IT), ProVf that log j- 


1 4- 2. r cos g 4- .r^ d.v_ Hr 


- %r cos a + X 


(I-“) 


/ * 1 
16. Prove that j log.r log(l -a')r/.r = 2-- 


17. Show 


that I /^.r -f log X = 0. 


18. Show that j 


r l og 

Jq ain.r ‘ h‘ 


[Colleges y, 1882.] 

^ where Tr> a>0. 
[Colleges y, 1882.] 
[St. John’s, 1885.] 

[Colleges 8, 1881.] 


[Colleges €, 1881.] 


19. Show that / log — dd — ^ log« 2. 


20. Show that /\«r, 6 see 20 log cot 0 rf0 = ^ 


1101. Group I. Derivations from 


Jo TT^^'^^.lo - T+y 
Vut x=//**j < 1 =^. Then 


-rf,r = 7r cosec a?r, (l>a>0), Art. 871 (1) 


/ 1^"'^'/=/ (">p>oy —(2) 

Jo l+.V" • .'o 1+.'/ « ” 


Putting jt> = w* 4- 1, we have 

Put />«! in (2), 

(»>n ( 6 ) 

Jo 1+ar* Jo 1+x* n » 



270 


CHAPTER XXVn. 


Put y= n,^ ■ ; in (2), 

Vl - a?" 

r ^ ^ djc =^co8ec^, (n>p>0). ...(6) 

Jo (l-^> 

Put /?=1 in (6), 

r da: IT rr , ^ 

L ^^77=^ cosec-, (?i>l) (0 

Jo V 1 — a*" ^ n 

IP /^\ /'‘ + rfar TT mTT ,, ,v 

i T+PT ^ = 2 1-’ ’ >• 

This may be written as 

Put X =«“«*, g positive ; mq—p^ and replace z by x\ 


TT tmr 
= 2 ««'=!-> 


(1>WI> - 1). 


r 

Jo cosh qx 


Jo cosh qx 

Put,=,r. rS 2 ?^div 

Jo COSllTT^ 

Put ar=*| in (1), 


TT »7r 

= :^8ec^, 
29 - 29 

1 o 


(q>p>-q). (9) 

(Tr>p> -tt). (10) 


'0 6+y 

Diff. r - 1 times with respect to 6, 

r - (1 - ^ CO 

'« (i+y)' ^ 1.2... (i—l) 

Integrate (11) with regard to h from 6j to 6jj, 

^2 + y^ v-v 

log iT , dy — IT — cosec air, 

'o « 

Write x—hy in (1), 


==7r6®~^ cosec air, {l>a>0). (11) 


ir6*~’" cosec air, (l>a>0). (12) 


(l>a>0). ...(13) 


I 1 46y ~ cosec air, 

Diff. r~ 1 times with respect to 6, 

^ a(a + I)...(a4.r-2) 


(l>a>0). ...(14) 


h {\-¥hyY ^ 1.2...(r-l) 

Diff. (10) with regard to p, 

r sinh px j 1 p . p 

X — --C- dx = 7 sec ^ tan 

cosh irx 4 2 2 

Integrate (10) with regard to p between 0 and/?, 
Jo COShlTJP X 4 


^_«_r+i coaec air, (1 > a> 0). (16) 


{w>p> -ir). (16) 


(ir>^>-ir). (17) 


Jo coshirx ^7 4 . 

Diff. (1) with regard to a, 

jT ~ « -IT* cosec air cot air, (l>a>0), ,..(18) 

etc. Thus, obviously a large number of such results may be derived. 
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1102. Group J. 

Next consider the similar integral 


r 

Jo 


dx (l>a>0). 


Here the integrand ^ — has infinities at x=0 and at »=!. 

1 — X , 

{ €j ^-1 

dx, 

0 1 

when €y is indefinitely diminished, is zero (Art. 348). We 
have to examine the behaviour of the integral in the neigh- 
bourhood of x=l. Consider the integral 

(£"+£,) f-L* ">“>'»■ 

where e and i; are small positive and arbitrary quantities. 

In the second integral put x—-> 

Then 

=-(rc')s- 

And in the second of these let x=l — 


-j; 

a convergent series, since 




. . G^«+l /I , 

+a+-T-7r^+- 


1.2 




and if i/ and e are made ultimately zero in a ratio of equality, 
the limit of this portion is zero, otherwise it is of arbitrary 
value. 

Hence we shall take i|=€, and then 




272 CHAPTER XXVII. 

is in the limit the same as 

Jo ^ Jo 1 ^ 
i.e. the Principal Value of 


1 , — -dx IS Lt,=o\ — \ dx, 

Jo^-^ Jo 1-a; 


the General Value being an arbitrary quantity depending 
upon the relative mode of approach of e and tj to their limits. 

Now in 

Jo 1-a 


^ dx, the limit of — 

”3/ 1 X 


when X is 


unity, is — (2a— 1), and is therefore finite, so that the last 
element of the integral when expressed as a summation from 
x=0 to x=l, contributes nothing. 

Therefore Lt.^o f* f dx 

Jo 1— a? Jo 

111 1 


)dx 


1 1-a 2-a‘ 


3-a n-a| _J_ 

1 , , 1 I n-a+l^Jo 1-a; 


1 -}-a~^ 2-j-a'^ 

Now in the limit when n is infinite, the portion in the 
brackets is ultimately equal to w cot air. 

The limit of the term is zero ; and in the integral 

n— a+l 

the subject of integration is ultimately zero for all values 
of x<l, i.e. 




/ro -1 T-® 

a;n+i — dx=0. 

i—X 

And for the remaining part of the integral 


f 

Jo 


X-® , . n _ ,a;®-^— X 

a;n+i — ^ ^ VIZ. I x’*-^ — = 

1-x Ji-. 1-x 


dx, 


we may remark that, the integrand being finite, if we take 
P and Q as its greatest and least values in the region between 
1— e and 1, this integral lies between 


l.dx and l.dx, 


ie, between Pe and Qe, and therefore vanishes in the limit. 


dx. 
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Hence, summing up, the Principal Value of the integral 


dz is r • 
Jo i Jo 


and is equal to 


TT cot aTT 


\ — x 


(l>a>0). 


.( 1 ) 


1103. In the derived results which follow we shall regard all the 
integrals which occur as Principal Values. 

Starting with Prin. Val. of 


/■« fl 

/ ^ dx=^ \ ~ ^ dx = TT cot OtTT, 

Jo 1 - X Jo 1 - .r 
we proceed as in Art. 1101. 

Pu t .V — a — Then 

.'o i-//‘ ^ Jq 1-y ' 

The case n = 2 gives 

/*" . P .W'-l - . TT .pJT 

Jo 1-.H .0 l-.r- 2 -6 


(l>a>0), (1) 


{n>p>0) (2) 

(2>/?>0) (3) 


Putting p — m + l, we have 


J,-l-x 


,dr = 


l-.r- 


■dx 


--laa 


liXTT 

2'» 


(l>m> -1) (4) 


Put;) = l ill (2), 




Jo l-J!" -» 1-^- 

1= r?i 

-4-» 

c 

Cl 

i=i 

11 

(«>1). 

...(5) 

, From (4), j 

TT , ??l7r 

= ^tan^, 

(I>»i>-1). .. 

....(6) 

Tins may be written a.s 




P sinli (f/i logx) dx 
Jo sinh flog x) x 

TT ^ ?inr 

= 2*“T’ 

(l>»i >-!)... 

....(7) 

Put = g positive ; mq=p, 

and replace z by 

Xy 


.'o sinh gx 


(f/>P>-g)- .. 

....(8) 

_ r* sinh n.r , 

Pu t <7 = TT, / dx 

j.uv^ ' » Jo SinhTTJ? 

=b“2- 

(7r>;)> -tt). 

...(9) 

Differentiate with reganl to p, 




Jo * 8inh7r.r 

1 .,p 

= 2’ 

{r>p> -rr). 

...(10) 

Integrate (9) with regard to p 

from 0 to 1, 



sinh irx x 

= ilog8ec|, 

(7r>jt)> -tt), 

...(11) 
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or between b and o, / 6\ 

r cosh our- cosb bx ^ |. (*->a>6> -ir), (12) 

Jo sinhTT.r .v ^ I 

and it is as before obvious that many further deductions may be made. 

1104. Lemma. We shall require the factorisation of 

cos UTT -f- cosh VTT. 

. U-\-iV U—lV 

cos UTT + cosh VTT = cos UTT + cos IVTT = 2 cos — 2 — 2 — 

oV (2r+l)*A (2r+l)V 

= 2fl [(2f + 1 + M)*+ 1 )*] [(2r + 1 - M)*+ i;*]/(2r + 1 )*. 
0 

Logarithmic dilferentiation with regard to u and v gives 
sinj^x _ 2r4- l-^ \ 

cos WTT + cosh VTT ^2r+ l + u|2-l- 

n TTsinhw / ^ L \ 

cos WTT 4- cosh VTT ^2r4' l + 2r-f 1 — 


cos Mir + cosh w 2r+l+M|‘+v" 2r+l — 

1105. Gkoup K. 

Type 1= 1 sin mx <lx, etc. (« positive, :}> (/-). 

Jo smhrt.r 

r* 

Here 1= / + + + ...) sin m.rrf.r, the integrand 

Jo 

being finite for all positive values of .r and the series convergent ; 

Jo 0 

+ 1 

0 L{(2r+ 1 4 -;>}“ + Wi*-' {(2r+ 1)^ + ?/<0 

, 7/4 TT 

siiih -- 

= — III! '«■, by the Ijemma, (A) 

2(7 pTT , , mtt* ’ ' ' 

S' 

q being positive and p intermediate between q and ~q^ inclusive. 
Similarly 


* sinh px ^ 
sinh qx ' 


n.x ; dx = f ...) cos m.r dx 

Jo 

_yr (2r+ l )y- p (2r+l)y + p 

0 L{(2r + ^)q-py^~^ iti^ {(2r + 1 ) <? + jr?) ^ 


' 2(7 pir , , WITT 

^ cos ^ + cosh 
^ 9. 
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Writing 2 .r for x in (A) and + in succession for p, and 

subtracting, 

Jo 2 sin h qx cosh qx 


r sinh2;).r . „ ^ 

. . / - f " * sin 2?n.ra.f 

Jo cosh o./.' 


47 I . pir , V WTT . «7r . . WITT 

-sin ^~ + cosh - 2 ^ 8in~+cosh — 
'7 2 7 7 , 

. ptr . , WITT 

sin — sinh — 

= r 2 2— 

2q v..W7r . .,«7r 
' COSh-^ 8111^^ - 


prr . , WTT 

» ‘ uinlt 


7 2»7r , , 2//i7r 

cos (- cosh 

<l 7 




and re|jl<icing 'Ip and 2 ?n by p and w, 


, «7r . , witr 

sin ^ Hinh 


f cnnVin Sin »M-r7.r== - 2 (7 ])(>sitive, ...(C) 

Jo COSn<7,C 7 pTT - WITT ^ ^ 

cos<— +cush 
9 9 

Treating (H) in tlie s<inie way, 

f .sin]i( 2 ; 74 - 7 ).r-sinli( 2 n- 7 ).r _ , 

^ co.s 2 w.rflr.r 

2 .sinh 7 <’ cosh qx 


471 . ptr , , WITT pir , inrr 

\ — sin^^ hco.sh -- sin — j-cosh - 

'9 9 <} 9 


r cosli 2p.v j ^ 

— , - cos 2mj' d.v - 
cosh qx 2 


7 |.,m7r . 

^ cosIr sin"^^ — 

9 9 

«7r , mTT 

cos - — cosii 


"7 2p7r . , 2m7r 

* CO.S - -f cosh 




and replacing 2 p and 2 w by p and 7 n, 


/.(O y cos * — VUBU 7; " 

r 5?^ cos mxda:=^ ^2 22_, (q posit ivc,p»>j*). ...(D) 

'o C08ll9.« S eosf^+cosh!^ 

9 9 
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We thus have 


■ . WITT 

81 nh — 


f — . . sin 7/i,r dv = - - ■■■ ? t (A) 

Jo siiih g.v 2g wtt . , wjtt 

^ ^ cos— + cosh — 

. i?7r 

f . , Sin — 

sinh p.r j ^ 9 /u\ 

/. - cos wKr dr = „ {d) 

siiih g.r 2g p-jr . , witt 

^ ^ cos — + cosh — 

« 9 

. pjT . , mir 

• 1 sin^Hinh ,, 

/ 81 nh ixr . j TT 2<7 2 a 

/ I sin wi.r dr = * » \W 

Jo cosh^i,’ g PTT , WITT 

^ ^ cos +C08h — 

3 3 

«7r , mir 

-u. 1 cos cosh 

I -^5^eo8,«.rd^-=' 22 22_ (D) 

Jo coshg.r “ ‘ ^ — 


g VTT , . WTT 

COS-- 4- cosh 

3 3 


1106. Special Cases. 

(i) Put g-TT, then 

/** cosh pjT . ,1 sinh 

/ sin mxdx — - — 

'0 sinhTTX 2coao + c 


sin 2 sinh 


r% 

Jo si: 


sinh px 
sinh 7r.r 


cos ?nx dx = 


I 


2 cos p 4- cosh 7n* 

1 sinp 

2 cos p 4- cosh w’ 

> tt'^) 
sinli 2m 


r sinh px . , 

— WIT dr = « > 

cosh TT.r cos p 4- cosh in 

. cos ^ cosh - 

cosh px , 2 2 

cosjWTdr — , 

COS p + cosh m 


[ 


cosh TTX 


(ii) Put 3=2 , then (4;?^ ^ 

cosh px . j 

* sin mxdx^ — ^ „ 

. , irx cos 2p 4 cosh 2m 

0 S"i'> Y 

“"sinh px 


J r* sinli px 
0 


r* sinli ;>.r . , ^ sin » sinh 7w 

— si n mx rfT = 2 ■' \ „ » 

TX cos 2p 4- cosh 2771 


J r* sinh , 8in2» r 

* ' cos mxdx- ‘ i c. ) 1 

. , irx cos 2/7 4- cosh 27rt I 

0 ^ Jo 


cosh px , ^ cos p cosh in 

- cos mxdx =2 > * . t ^ . 

cos 2p 4- cosh 27n 


i 


(iii) Put p=:0 in (A) and (D), 


I . r — dx =_ tanh _ , 

'o sinh^T 2g 2q 

(iv) Putting j=7r in these results, 

f* sin mx , 1 ^ i 

/ - dr=5tanh^, 

Jo sinh7r.r 2 2 


f 


cosh 


COS77U; . TT , 7«7r 

i- - dr = — sech 
cosh gx 2q 


2q 


(v) Putting 771=0 in (B) and (D) 


COSWl.r , 1 . 771 
, — - - dr =oSech . 

'o cosh irx 2 2 


r sinhp x ir pir 

Jo Binhqx^ '~2q^ 2q' 


r cosh px j _ir pir 
cosh gx ~ 2a 2a * 


(vi) Putting q-ir in these results (p*> 7 r 2 ), 

0 sinhTTT 2 2 


r 


/** cosh px j 1 p 
/ — r-— dr = I, sec y 


Jo cosh TT.r 2 2 * 



DEFINITE INTEGRALS (II.). 


277 


(vii) Putting g=5 in (v) 


f 


’ sinh 


sinh 


= tan Pi 


f 


cosh - 




sec p. 


(viii) Putting = g in (A) and (C), 


/ coth q.c sin m.r dx = J coth ^ , / tanh qx sin mx dx ~ — cosech 

JQ ^2q 2q Jo ^ 2 


?7i7r 

2q' 


(ix) Putting q — TT in tiie latter, 

coth TTX sin nuv dv --= ~ coth , 

2 2 


I tanh irx sin 7nx d.v — I cosecli . 
Jo 2 2 


116 i 7 , Other Modes of Derivation. 

Besides such integrals as tlio.se indicated, which are merely 
particular cases of one or other of the four formulae A,B,C,D, 
many definite integrals may be obtained by differentiation 
or integration, between specified limits, with regard to one or 
other of the constants p, q or m. 


Examplk.s. 

1. Taking ^ write 2m for m and integrate with 

regard to m fi om 0 to m. Then 

tH”* 1 

c/ r =- log cosh m, 

Jq 2 


that is / cosech 7 r.r sill” mj7 — 

Jo X 


, r cos 27 ».t’n 

= i log cosh m. 

o lA 1 e r cosm.r 1 , m 

2. Deduce from / --r ff.r = -.sech 

Jo cosh TT.r 2 2 

, . /'*.?* sin m.r , 1 , f” sinm.r dr , , / . . m\ 

(a) / Y — rf.r = 7 tanh -r sech ^ , (0) / — — =tan M sinh - - . 

^ Jo coshTT-r 4 2 2 ' .'o cosIitt.?- x \ 2/ 


3. Deduce from 


/ ^ cosh px j 
Jo sinh TTx 


.sin mx dx~ 


sinhm 


2 cos + cosh m’ 

. . r* , , . ,,m.i'dx 1, /cosp + eo.shr/A 

(,,) 1^ coseeh T.V cosh sii.^ 7 - x = 4 I ’ 1 +^osp~> 

,,, p 8inhp.r . , 1 sinhm sin p 

Jo = 2 (cos7?^oih«r)»’ 

Jo ^'2 (cosy+l^sh m)*- 
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4. Deduce from f cosmj?c?A’=” , — , 

Jo sinh TTjr 2 cos p + cosh m 

/ - sill nLv - = tan ^ ( tanh tan ^ ). 

.'0 siiih TTj; X \ 2 2/ 

And it will be obvious that a large number of such results may be 

obtained. The results of putting m=0 will in many cases lead to 

integrals obtained in a different manner earlier. 


1108. Group L. Poissons Formulae. 

Let f(x) be a function of x such that Taylor’s Theorem 
gives convergent expansions for /(a+w) and f(a-\~u~^), where 
Then expanding 
f{a+u)+f(a-\-u-^) 

= ■> j^/(a) +f' (a) cos 6+ (a) cos 20+ i f" (a) cos 30 + .. . J. 


Multiplying by 

or by 

1 — <r — = 1 + 20-1 cos 0+2C-2 cos 20+... , jf c2>l, 

1 — 2ccos0+<r ( » ^ 

and integrating between 0 and tt, we have 

{/(«) + c-‘/' («) («)+••■} 


or = 


27r 


Examples. 

1. Show that» u standing for 



rf0=f l/(a+c)-/(«)} 


(if c*< 1) 


or =^{/(a+<r-‘)-/(a)) (ifc«>l). 

2. Show that 


or *?r{/(o)-/(a + c-‘)} (<^>1). 
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3. Show that 
sill 6 


4. Taking /(.r)=.t**, show that 


(L+ 2t 

Jo 


+ 2aco8 0 + ( . , sin ^ \ „ tt 

JL- r»nH I t.a II 1 1 Ht) — 


- 2c COS 6^+c’'^ 

5. Show that 




f T — 4- 2a cos 0 + siii (n taii“' — ^ 

Jo 1 -2/;co 3 d + \ a-hcoaf^J 

= ,^{(a + 6)”-a»»} (c'^<l). 


G. Show that 

sin 0 


f n b " " 2\‘> ( ^ ^ ^ sin ("w tan~^ dO 

Jo (I - 2c cos 0-{- ^ \ a + coadj 


;^n(a + c)"-i (c2<l). 


2(1 -c^) 

7. Deduce known results from 4, 5, 6 by putting » = 1. 

o r» r e^^^^QOs(ksinx) j T le / » ,v 

8. Prove / ^ ^ (c^<l)- 

.'o 1 -2ccos.r-f l-c** ' ' 


1109. Group M. AbeTs Formula. (See Bertrand, Calc. Int^ 
p. 171.) 

Supposing .F(c+a) capable of expansion in a series of powers 
of 6"““ in the form i4o+^ie~*H-.42e“^®+ ... , whether a be real 
or imaginary, then putting for a, we have 

.4q+.4iCos ^<-f-.42Cos 2/3<-h ... = J{F(c+i/804-l^(c-“ti60}. 

It follows that 


r. 


jF (c + i^t) -\~F{o — i^t) j, 

62+f* ■ ■ 


= 2 


rf Aq Arcos ^t 


^*cos2/3< \j 


='l{A^+Aye-^+A^e-^f‘+...} 


=lF(o+b^). 

In AbePs Formula h is taken as unity. 
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Examples. 


1. Taking F(z)= 2 r", 

E(c+ij8<) + -F(e-‘/30=(cH/tr^<T’2cos ^nUn-'^j ; 
r cos fn tail"*—) j 

^0 (c^'+za-^zy * +' 

2. Deduce tlie foriiuilae 

(c‘^ + a-7-')(62 + 0 ~'2bcc-hab^ 

lb) r <="~' rBFRTR\Nl)1 

.4 a‘*cos-c/» + c^sin'*</> (c+a)”’ I ' * ‘J 

3. Show that f 

.'o 2/> 

1110. Group N. A Set mainly due to Cauchy. 
dx 

*2 — 2 (^>^) infinities at a and 

0 a X“ 

at —a. The latter lies outside the range of integration. 

Now 

dx , r dx 1 n a+xl^-’^ , 1 [■ x+aT 
Jo a^-x-‘^ja+,o--a:‘^~2aL°®o-a:Jo 2a L 
_ 1 i„„2a-e__ 1 ,_2o4-,_ 1 2a-€ 


=f loi 

2a ‘ 


X t t 'I A. \ '/ t: 

. log f=-- log - . - - . 

2a ^ fj 2a ^ € 2a -f>; 


If rj, € be made to vanish in a ratio of equality, this 

dx 

vanishes ; the Principal Value of 1 is zero. 

J 0 a" X" 


1111. Consider next the Principal Values of 


7 _r dx 
‘ Joa='— Jo 

j =_!?L_ f" dx r 

*~o^+p® J 0 o- — X* a^+f' J 0 




“lo (a^-x- 


x^dx 

1 TT 7r 1 


0 x^+p- ^^a^+p^ ’ 2p 2pa^+p^' 

” (fa _ ^ P^ TT _ TT p 

oa^+p^~^ a^+p^ 2p^ 2 a^+p^' 


If then 0(x) be such a function as can be expressed in 

partial fractions of the form we have as 

Principal Values, 



CAUCHY’S INTEGEALS. 


281 


I 

h 


where F{x)=x^d>(x), provided be finite. 

[The results obtained in the following articles to 1118 are all Principal 
Values of tlie several integrals discussed.] 

1112. Thus, for instance, since we have 


tan ax 


=80^: 


1 


T-'(2r-l)%2-4a2x2 


8eca*= + T (-ir-M2r-l)x 


xcotaa!=-+2£;-^ 


a: cosec ax 


1 CO 

= +S 


(-l)’-2az » 

a' ^ a^x^—r^-K'^' a^ ^ d^x^—r^ir’^' 

it follows that, considering Principal Values, 


®.r 

tan ax dx 

X p^-\-x^ 

IT tan tap 
~~2p ip 

= ^taulioi>, 


(H, f 

dv 

= J sec tap 

= iBechop, 

(A) 

f 

dx 

X cot ax -5 r, 

p^+x^ 

= ^ip cot tap 

= |cothay, 




dx rr ’T 1 

V - 7- — 5 — :^ip coscc tap = - cosech ap. 


111*1. Again, it is clear from the expressions for sinfl and 
cos 0 in factors, that the fractions (a < b) 

sin ax cos ox sin ax x sin ax x cos ax 


sin^x* cos6x’ xCosbx* cosbx * sinbx * 

are expressible as the sums of an infinite number of partial 
fractions with pure quadratic denominators {e.g, see Ex. 52, 
p. 169), and therefore, when a <6, we have immediately 

cos ax dx cosh ap 

cos bx p^+3^^2p cosh bp^ 


... r 8 ina.r dx tt sinh ap .... r 
Jo sin bx p^+x^’^2p sinh 6 »’ Jo 


‘ sinh ap 


sin ax dx 


IT sihh 


sin ax x dx 
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1114. In the limit when a=sO, we have cases (i), (iii), (iv) giving a zero 
result, but from (ii) and (v), 

r Qecbjc , ir , . 3 T x cosec hx , ir , , ,r>\ 

^dx^-aechbp and I -y^d:r=-^co^hbp....(C) 

Also in the case when a = 6, we have, 

(i) and (ii) become 

(see Art. 1001 

(v) jT dx=^ coth bp (from A (iii)). 

1115. The cases in which a>b can readily be obtained by means of 
the following identities. Let a = 2r5+c, where r is an integer and c is 
positive or negative, but numerically less than b. 


(l>) 


(1) 2{coa(tt-6).r + cos(a~36):r+...+cos(tf-2r~ 1 b)x} 


sin ax sin cx 
sin bx sin bx* 


(2) 2{co8(a-i)*-co3(a-34)jr+...+(-l)'-*cos(o-2r-li)j^)=^^®^-(-l)''— 


(3) 2 (sin (o - 6) X - sin (a - 3i)x + . . . + ( - 1 )'-* Bin (o - 2r - 1 4)a ) = - ( - 1 )’• 


(4) 2{8in(a-6)jr+8in(a~36)x+... + sin(a-2r--l 6).r} 


cos cx co8a.r 
8in?;»j? Buibx' 


Now 


/** cos rx j TT r 

L ’ Jo 


2p 


X sm rx , V 
. dx=^e- 


I. 


x(p^-\-.r^) ' 2p^ 


Therefore 


2 cos (a - 


2r- 1 b)x 


dx 


Jo p^-\-z^ 


to r terms) 

TT 


Ap sinh bp ’ 

1)'->C0S (a - 27^b)x J 

f?«n(a-27rT5)x^, 
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Hence, if a=2r6+c, c^< h\ we have 


r * 2 ricos(a-27rT5):.-^+ f 

Jo Bin bxp Jo I Jo Bin bxp^+x^ 

_ TT / sinh ep \ 

%p sinhfep ^22)\8inhip’ / 

according as 0>c'^ >//-*, or c=0 or c=6. 


. V /sinhcj) ^ 


(A) p4 

jo 81 


1116. Thus we have the several cases : 
"singgr d x __ tt sinhap 
^0 Bin 6:rp‘-*4-.r^ 2j)aiiih6p* 


= 0 TT e~“^ ?r sinh cp _v cosh cp - . 

’St) 2sillh/>« uinVi /vn ’ r6+C, 


22 > 2 sinh ^ 2psinh^ 2j) sinh^ 
‘2^ 2 sinh 22 ? sinh 


a = 2r6,c=0, 


TT TT 

^ ‘-i. / _ ' 


^Ip 2 sinh 2jp 22> sinh 


TT COsh6®-C“°® /n . ,v. 


(B) ^*^8 ax dr _ tt cosh ap 

Jo COB bx p^~-\- 2d cosh 6j?’ 


2p cosh bp^ 

-a ’T e~'*»’-(-l)''t-^ J'fff coshc p 
‘ 2 d 2 cosh 6p ^ ' 2 d cosh bp 

- ’L ^ 

2d cosh bp ’ 

■2d 2co.sh^ ^ ^ 

2d cosh bp' 

ZCIzLiJI^u^iyJL 

'2p 2 cosh bp ' ' 2d 

TT ( -• 1 )*■ sinh hp-he"^^ 

2p cosh bp * 


a=2r6+c, 


a=2rt, c=0, 


a=(2r+l)6, c=6. 


(C) r 

Jo cos fcj: a:( D"^ + .?^) 2 d’® cosh bp ' 


==9 ^r i-(-ir e--^-(-l)^e-^ -[ r sinhcp 

'2p^L 2 2 cosh ^D 2p^cos\ibp 


= 2 IT r i-(-ir e^-(-ir«-^ ~||. 
’2d^L 2 2coshJD -* 


r^suLi 

2d* L cosh bpJ 


a=(2r+l)6,c=»A 
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(D) 

Jo CO 


sino^r a^d.v 
cos b,v ^ 


(E) f “ 

Jo SI 


cosa^ 

Jo sin bxp^ + x^ 


__ TT sinh ap 
2 cosh bp' 

==2 y / ^vr^ sinhcp 

‘ 2 2 cosh bp ' ^ 2 cosh bp 

_7r g-ay _ ( _ 1 )r ^^ 3 }^ gy 

~2 coshijJ 

==0 re- 

' 2 2 cosh 6p 2 

' 2 2 cosh bp 

TT e-«P 
2 cosh ij}’ 

_7r cos h «p 
~2 sinh bp* 


a<b, 


a = 2rb + c, 


Iri.)' 


cosh bp 

+(-ir(|-^tanh6p) 


a = 2r?>, 
c = 0. 


« = (2/'+l)^», 
c = b. 

a< b, 


a = 2r6 + c, 


_ IT ^ cosh cp 

~ ‘2 28iuh/>p 2 sinhfcjJ 
— ^ ^>»h cp-f e~°^ 

2 sinh * 

= _ 2 ^ I ^coacch ?>?)=- — . « =2r6, 

^•2 2sinh^;)’%0. 

= - 2 . - -jr-T-T-y— +S COth Ip 

2 2 sinh 2 

_7r sinh + a = (2r+l)t, 

~2 sinh6|> * c=^>. 

1117. Adding the results of (D) to p* times those of (C), 

.r^?=°’ l<l-(-l)Tor| HccorfingaB 

a<b^ a — 2rb + Cy a=^2rb or a = (2r+l)6. 

f. 


dv~ - as established in Art, ltX)7, and used 
2 


a = 2rb 

If a = 6 we have 

above. The majority of these results are due to Cauchy [Mem, des 
Savans Eu^ T. I.].* 

1118. Some of the general results above (a<i!> or a = 2t + c) may be 
derived from others by differentiation with regard to a ; bearing in 
mind that if b be kept constant da=dc. 

Differentiation with regard to 6, /> or p\ or integration between 
specified limits, will furnish other results. For example, taking a < 6 

and starting with J "4^ and integrating with regard 
to b between bi and b^ , we have 

ftanhVl 


[ 


tan 


“p ’‘’8 j: 



*See also Legendre, Exerckes, vol. ii., p. 174 ; Gregory, Sx.^ pp. 491-499. 



LANDEN’S INTEGRALS. 


285 


or, differentiating with regard to 

f sin ax dx 
si 


sin hx {p^-\-x^y Ap dp siiih hp. 


w d / sinh ap \ 
\p sinh bp/ ' 


, we have 


r x COS0C ?r 

— ^'^—'2 cosech p (from Art. 1114), 
f cosec.[un-.g'|rf.=| [log 


/•« , V j tanh^ 

f (^tan’*^*-tan~*^*^-4-^=^log--— ^ 
Jo \ X X J sin X 2 ® , Pj 


tanh ^ 
coth ^ 


'0 V Pi pjmnx 2 ^ 

and so on for other cases. 


2^2 


2^2 


1119. Since z cosech z=\- » - r^T~i + 

2^ -f TT** 2^ ^ 2 ^ 3^^ a 


r* 2 cosech 2 

Jo "Ta'i/ji 


.'0 + 




z^dz 


(-ir 


7o (lHr2r2)(zH60~26''’’^? (fr+nr)’ 


and when ft is an integral multiple of tr, ==nr say, we have 


1120. Some Special Forms given by Legendre {Exercices^ p. 243) and 
Landen {Math. Mem , p. 112, etc.). 

T.k„„ 

write 1 - .r~ y in the second integral. Then (.r < 1) 

= - log a log (1 - a) + £ !££1LJL) dx. 

Hence {jj+ *) ~ ^ Ag=log a log (I - o) - ^ ; 


and if </>(a)~ j ~ dx^ we have 

.^(a)+<;>(l-a)-logalog(l-a)-^, (0 

and («=*) <“> 
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Also <^'(.r) = (log(l and 


-1 1 


d ->r\_ .J -x\ -1 -1 1,1 

dx vl-j:/ ^ Vl-.P/(1-^)* -X (l-‘^)’‘ x{\-.v) 

1 -X 

•■• ~r6+ rb) (' - 

Let :c=^/(l +^), then 

>/‘{-y)+'^(l^)=i{>og(I +.#, 

'•«• '^>(-'')+<#'(j^^)=i{>ogO +•>•))' ("') 

Again <^(..)= -(^.+g+-^+...) ; 

•. (iv) 

■■ + + +-r)V (v) 


(Lkokndre.) 


In the case 


=r2, i.e. 4c+l) = l or .r--— =«, 

■3V<(a'^-<#.(a) = J{l..g(l+a))^ 

S (/>(! - a) - </>(a) = J^log = 5 (log a)2. 


But (/)(1 - a) 4- <#>(a) = log a log (1 - a) - -- = log a log - -- 


= 2(loga)2- - . 


Hence solving 


where a 


</)(!- a) = (log af - - , <p(a) = (log a)“ - , 

= '^-^^=2mn ^ , (l-a)=Va*=(28m 


log (1 “.r) J A o • ttV ’**” io log (1 “ j , /o • 

These curious results are due to Landen. They are quoted hy Bertrand, 
Calc. Int.y pp. 216-217. 

X x^ 

The series p + 1® therefore suniinable in the 

four cases ^=±1, .r = 2 8in~, j:=r^2 8in^J. 
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27 r 2-3 
48 * 


PROBLEMS. 

Prove the following results 

1. I cot ^(log8ec^)®c?^ = ^. 2. j tan^(logcot^)8cf^ = 

r , Stt® I ^2 ] 

w 

5. f (cos* 6 + sin*-* 0 cos^ 6 + sin* $) tan 6 log cosec 6 dO = - ^ . T ^ . 

Jo 48 

. f'l+J, 1 , 7r*-3 

-3“’ 

{ 1 2 Q 

tan 0 sec^ d sec 20 log cot 6 d9 = • 

7 87r2-.39 ^ nx^-4, 1, 27r2 + 5 

o fi x» , 1 , 6>r2-49 

J„l— J°g-x‘^- = -36— 

10. f‘ "q±“>?i±. “•/!!_- +a»-i^"~*+any'‘ 1 

Jo 1 - X X 

7 r“ -v -> 1 j -ic^ Ufi 

“6 V " T2 V 22 V ’ 

, , f* 1 - x" . 1 , nir^ n-l«-2w-3 1 

J„(r-?P "^''x'^'^“‘6 "“P 2= P' '■■••"(n-l)2' 

f* 1 -(7H-l)x'* + Jix"+‘, Ij Ji(n+l)n-- (n-l)(»t + 2) 

■" Jo (l-x)» fo 02 

(n - 2)(n + 3) (n - 3)(n + 4) 1 . 2»j 

'2.22 2.3''' ■■■ 2(»-l)®' 

13. (1) j'log(secO)^|fe =¥’ = 

(3) j"(logsec0)>^-|J^^ = |‘, (4) j'(logsec0)^^-^=^ • 


P x» , 1 , 6ir2 - 49 

|„l— x’°«-x‘^" = -36--- 

Aq + a.x -h a.r'T^ 4- . . . + a,,_t 4- . 1 , 

L_. ._J log _ ,/x 


,, n > orS 1 1 1 

Jo*' 1 « P P 52 


■(2n- 1)» 
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15. 

16 


dx — 


97r*-8 
72 * 


+ + 1 , , , vTT* a + /> c 

J.-Tr5r-logi‘'»=(“ + 6+<=)8--F-p- 

, 1 -S« , 1 , 3>r» 19 f‘l+x«, 1 

= 2 ( - 1 )" - p + -38 " ^ + ■ • • + ( - 1 )^] ’ 

+ (log^yrfx = (a - <. 4- + 2(ft - c) + g. 

„, fl l+x« /, IN* 37r» 106 

* ■ Jo(l +»:*)*( >6' 27 ■ 

22. J (1 + tan*tf + tati*^)(log tan = ^ 

23. (1) £(logcot0)2(ifl = ^^, (2) £ (logcot<))‘rfe=';J. 

w 

(3) £(Iogcot0)-'rf«=g. 


24. Prove that I 7 ~ sin”"^ 26 dO = - -s- log 2 

Jo (sin"6^ + COS'»6/)2 ;/2 ^ 


25. Establish the following results : 

"'ri-isf))'-'' 

(21 f fj2£^Ko3^<i<>=2W2. 
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26. Show that 




— ^<rg • ^ (10 


_ (n+l)C2»+l) 
where Bernoullian number. 

27. Evaluate (I) i — 2i — » ('^) 1 ”7i s^> 

Jo log cosec ^ ^ Jo (log cosec 0)2 

/o\ p co s^ 0 sin”"^ 0 <i0 
Jo (1^8 oosec 0)^ 

28. Show that f — =7r2cosec*a7r (0 < a < 1). 

29. Establish the results (a) | - ™, 

30. Establish the results 

/ X {^xP- 'xr^dx TT ^ pv . V 

0^) 1 « - ' - 7 . -' = rr tan (q>P> - q) ; 

(M I ^ — = o- sec V iq >p> - qh 

ri y\~(l ^ 7r(l 

31. Establish the result I ' — . — dx = - cot (2 > a > 0). 

Jo * “ * 


32. Prove that 


i: 


sinh^^j dx 
coshirj: X 


= log taii^^ {ir>p> - ir), 


33. Show that (ir > a > - tt), 

,,, r cosh ox , j 1 sinhr 


s inh ax 
sinh irx 


cos rx dx = 


1 sinh r 

2 i 

1 sing 

2 cosh r + cos g* 
sinh ax j 1 . 


i“>Ea 


t cos rx , 1 , a r 

-r-r — dx « 7 sech* X. 
sinh ira; 4 J 


[Gregory, Ex., p. 495.] 
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34. Show that 

’ cosh ax 


eosh^ cos ^ 


f CUSH ^ ^ , V 

/]\ I — — cosrxdx = — r (r>a>-7r), 

^ ' J 0 cosh irx cosh r + cos a 

=^sechr, 

(3) r dx = 1 r sech I c/,- = if <fe. 

/A\ rsecliTra; , , , f*sech7rx , „ tt 

= IT.* ‘^* = 2-2- 


[Gregory, Ex., p. 496.] 


35. Show that 

r a + bx-k-cx^ j TT f , , . - vk~] 

}o sTe^-l ^ ^ ^ ^ l‘^J [a, 1891.] 

« log 

36. Show that £ = + i ^ 

n being a positive integer > 2. 

C sin ax dx , , Trsinha 

37. Show that the integral I — , i h has the value ~,z .— r-r 

° j^sinbxl+x^ 2sinhft 

if a be <&, but has the value n if a > 5 and~2r& + c, 

1 . • • X j I. 2 smh6 

where r is an integer and c<f>. p ] 

38. Prove that the coefficient of x^ in the expansion of secj in 
ascending powers of x is equal to 

1 /2\”'^i f- 

inw 

[Math. Trip., Part L, 1888.] 

39. Show that J (iog 3*)^ 

40. If x(a:) = a; + |a + — + ..., show that 

(ii) x(*) + x(j^) = |’+Jlog..logl^, 

(iii) X (tan = ^ - J (log tan , 

and that the value of the series x {^). »» known in the four cases 

x=\, a;=*2sin~, af = >/5“2, a;*tan|. 

[Legendre, Ex,, p. 247.] 
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^2 ^3 /g4 

41. If = X + Tjg 4- ^ -I- j 3 4- . .. , show that, <^(a;) being as defined 
in Art. 1120, 

(i) A(x) + A(l -.'c) + A^-^p^^ 

= A(l)-log®../.(x)-log(l -x) 

- log ~ + log X . log’ (1 - x) - i log» (1 - X), 

(ii) JA(l) = A(>) + ^log2->(iog2)». 

(iii) A ( 1 ) = • A ^4 sin’ ^ log ^2 sin ~ ^ f log® ^2 sin 

,.,1111 e* e« 00 

(*'^) 2® "^3^ ~ where 6 = 2 sin rr/ 10. 

[Landen, Math . Mem .] 

42. Prove that 

|] '®K“7 = i>og(N/2-l)log{2(s/2-l)}-J(log2)’-^. 

' “ 2 [MoRi.r,v, E. r., 9224.] 

43. If /(x)=/(0) + x/'(0)+... + ^^,/'->'(0) + j"/-'(Ox) andr 
be a positive proper fraction, show that 

dx = r/'"’(5) dx 

Jo f (n +r) Jo x’’ ■ [M. Trip., 1883.] 

44. Prove that I sinx"(/x = Jr(l + 1/n), (»>1), where h is the 

Jo ^ 

real coefficient of the imaginary part of ( - 1)^", and hence find the 
value of the integral to four places of decimals when n is 2 or 3. 

[SAiijjfNA, E.T., 13,609.] 

45. Prove that 



tan-i dd dm = X - 2 log 2, (0<m<l). 

i - 4 

[SanjXna, E.T., 13,636.] 


« 5 -e 

COS^(^ 

47. Prove that the value of 


=i 


[W. J. C. Miller, E.T., 13,784.] 


the integral being taken so as to give the variables all positive values 
consistent with the condition x-\-y> c\ (0<^<1). [Ox. II. P., 1886.] 
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48. Show that JJ. . • . . . dx^ = ^n-i 

where x^^ ... a;^ are the roots and A the discriminant of the 

equation a;n ^ y.n -1 4 . . . . + x 4 - jPm =» 0 , 

the integral being taken over all values of the variables such that 
the sum of the powers of the coefficients in this equation, which 
are all positive, does not exceed a given quantity a. 

[Math. Trii«., 1884.] 



49. If (cosa:-co8a)'«rfx and •^>» = A«, prove 

(i) + (2 hi - 1) cos - (m - 1) sin2a/„_j = 0, 

50. If f{z) be an even function of and 

■^2n = | •^2n = j 3?’'f(f)dx, 

show that /2n = «^0 + "“j — ^ r~2~3~4 •'4 + • • "h • 

[ Use the expansion of — in powers of sin 6 . 1 

^ cos^ * J [Cauchy.] 

51. If f{z) be an odd function of z, and 

L .1. . r' « r - . (n + l)n(»- 1) J, 

show that /2»-i = Y*'i p - 2 ~ 3 •'3 

{« + 2)(n+l)n(n- l)(n-2) . 

+ nTTJTITB *'■ 

[Glaisheb.*] 

52. If f{z) be an even function of show that 

show also- that 1 is independent of o. 

Jo \ 25/ ^ [Olaisheb.] 


* Camh. PhU. Soe., 1876. 
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1121. The Three Integrals, 

/i=j* coapdcoiqSdO—Q (p4^q)-, ot'^ip^q), 

/ 2 =j 8iii/)0Bin</0dO=O (p=/=r/); or ^ (;>=(/), 

/j= [ 8inj[>0cosf/0d0=O {p+q even) ; or - y ~ ~2 
Jo P ““7 

where p and q are integers, are of very special importance in 
the Theory of Definite Integrals. 

(i) h- cospOcoaq^dO==^ 1^ [co3(p-hq}0-i-co9(p-q}0]dff 


1 r sin (p-hq)& sin (p- q) O’V 
‘ 2 L p-{-q p-q Jq 

= 0, if ^ and q be unequal. 




/j=0 \i p^q and if p=?. 


In the latter case, viz. p — q^ we may obtain the result directly without 
taking a limit ; for 

7, 1±5|LSL»,..- . J 

(ii) In the same way 

7, = ^ 8inju^8ing^d^=0 if p=^q or ==^ if p-^- 
293 
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(iii) Finally 

/j=J Bin pd COB [sin(p+g)ff+Bin(p-q)d]dff 


1 r _ coa(p+q)0 _ co8(p-g )g~i* 
21 P+9 P-9 Jo 

2l p+q p-q J 


= Ll(^{4_ + -JL\ for(-l) 
2 ip+g p-sf ^ 




»^= {-!)»’*« 


=0 or 


P 



according aa p-hq is even or odd, and jt?, q unequal. 
And if p = qf 


A=|j['8>n2p^rf® = |[-— P integer. 


1122. Important Applications. 

If then be a function of 0 capable of convergent 

expansion in a series of sines or cosines of integral multiples 
of 0, say, 

cos 0+^2 cos 20+ ... + i4„coH7i0+ ... , 
we have j* F(0)cosn0d0 — A„ ■ ^ and J F{0) dO—AQ'rr. 

For upon multiplying by cosn0 and integrating between 
limits 0 and tt all the terms vanish except cos*n0d0, 

TT 

which becomes . g- 

When therefore such an expansion for /^(0) is possible, this 
result gives a means of obtaining the several coefficients, viz. 

^ =KV( 0 )<Z 0 , A„==-\’F(d)coanede. 

’Tjo *^Jo 

Similarly, if F{0) be expressible in the form 

F( 0 ) = sin 0 + jBg sin 20 + . . . + sin n0 + . . . 

we have jP( 0) sin n0 d0. 

’TJo 
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00 

In the same way, if ^ o + S r cos rd, 

then F{$) cos mO cofinf)d6=^^ F{0) jcos {m + 7i) ^ 4- cos {w -n)d) dO 

and /''(ff)coa^m0clff=^^(2A,+ A^. 

Again fj + + 

and so on for otlier similar applications of the rules. 

1123. There are then two cases for which the rules are 
particularly useful. 

1. When F(0) is a known expansion of one of the forms 

A Q A r cos rO, ^ Br sin rO, 

1 1 

i.e, such that the coefficients Aq, Ai, A 2 , ... or Bi, Bq, ... are 
known, the method may be used to obtain definite integrals of 
the forms 




etc. 


2. Conversely, if F(ff) has not been already expanded in such 
form, i.e. in a convergent series of sines or cosines of integral 
multiples of 0, and if such expansion be possible, and if it 

rrr 

be pos.sible to obtain the value of I F(0) co!^7i0 dO, or of 

I ’T Jo 

F(0) sin nO (10, the values of the several coefficients may 

0 1 n 

then be deduced as \ F{0)d0, 

■”’Jo 

fV(0) cos ve <16, fV(0) sin nO dd. (n > 0), 

'^jo ‘”’Jo 

and the expansion thus obtained holds for all values of 0 
between 0 — 0 and 0 — tt. 

1124. Again, if there he two convergent expansions of the same 
kind, viz. 

/^(0) = d 0 + /I I cos 0 + /I , cos 20 + /I s cos 30 + . . . , 

/ (0) = Co + Cj cos 0 ^+ cos 20 + C 3 cos 30 , 
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then plainly, upon multiplication and integration between limits 0 and ir, 

^,Ci + ^,(7, + .4 jC',+^3C3+... =- rf(e)F(d) de-A,Ct , 

T Jo 

and as a case, if /(O) and F(6) be the same series, 

.4,*+iI,» + J32+^3“ + - = - riF(ff)ydff-A,‘ 

tt Jo 

1125. Further, if 

^ ( a ) = Co+ Oi.r+ + . . . ; 

then writing v = 

<l>(u)-^(t>(v)=:2(AQA-AiXCOs$-\-A cos 2^ + cos 3^ + . . .)» 

\f/(u) + \^ (v) = 2 (6*0 + cos d + 6*2^2 cos 2$ + CjX ^ cos 30 + . . .) ; 

A 0^0 . TT A- AiCiX'^ \'^A ^ -f- AjC^i^ ^ + • • • 

IS ^ A 

-Jo 2 2 

t.e. A^C^A- Ay CiS?‘ + A ^C^'nA + A 4 - . . . 

-72^[’[<t>M + 4>mHn) + n^)]de-A,C,i 

and as a particular case, if and ^ be identical, 

t.«. w’lien the several terms of a series can be summed, we can express the 
sum of the squares of these terms in the form of a definite integral, and 
the sum of the squares of the coefficients will be expressible by means of 
the same integral, putting .r = l, provided the series is convergent for 
that value of i.e. 

A,’‘ + A^>+Ai‘ + A,^ + ... = ^^ + .1.2 


1126 . Ex. Thus for the series (1 4-.r)", ?? being a positive integer, 

^ .I3' + . . . = [( 1 + «•»)" + (1 + «-•»)”]* dd - 1 

^irri iU‘^ 4 -e V j (^cus cos^ | j cf0- 1. 

Similarly for the series f + y + ^2"^ 

e^co.® co8*(Bin O)d0 - 1. 

TT In 
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1127. Again we may express as a definite integral the sum of the first 
r terms of any series, 

ad inf. 

For writing as before, 

^ W ti i y l = Aq + AiX coa $ + A^x^ cos^^S A^ cos 30 + ... 

to an infinite number of terms. 

. rS 

Also — ^cosi — 2-^=1 +CO8 0 + CO8 2^4-.. .4-008 (r-1)^. 

sin 2 

Multiply and integrate from 0 to ir ; 

Aq-\- A^x+A^x^ + A^x^^ 

. rS 


2 r <f>{u)+<t>(v) 

Wo 2 




1128. If we take as our auxiliary series, 

. rO 

2 2^4-r — 1 

■ I — g i cos 2 ^== cos 4- cos {i-4-l)^ + cos (^4-2)04-... to r terms. 


we have 


-f . .. 4- 


2 r < P(u)+ (f>(v) 
TT Jo 2 


. rd 

— ^ cos ^ dOf 

sin- 


i.e. the sum of r terms of <f>(r) starting from any particular term, Jh>0. 

Obviously other modifications may be made. And provided <ft{x) 
remains a convergent series when jr=l, we may put 1 for x before the 
integration is performed if it be required to sum the several coefficients in 
any of the above cases. 


1 1 29. Examples of Integrals derived from the Foregoing Principles. 

p=n— 1 

Since 2*"cos*”.r=2 Z •"CpC0s(27i~2/))j^4-*”C'^, 

p=o 

p-n 

2*"+^ co8*"+br = 2 Z cos i2n + 1 - 2p).r, 

p = 0 

( - 1 )"2*" sin 2” ~i \ - 1)** ‘"CJ,co8 (2« -2p)x+{- 1)" *"C„, 

J)=0 

and {- l)"2**»4-»sin*»»4-iar = 2 ^^Z** (~ l)*'*"+'Cj,sin (2»4-l -2p)^, 
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we have, by aid of the previous article, 

cofi*”a:cos2nxdx = ^y ^ coa*"a:co8(27i--2jt))a:rfa:==*«Ci,^, 

/ cos*”.r cos rx dr == 0, (>* ^ 0), 

Jo 

where r is odd, or even and not lying within the range from 2?! to ~ 2n 
inclusive. (A) 

^ coa*”+^.r cos (2w + 1 ) .r dr = gih+i » 
j 00^***+'.^ cos (2/1 -f- 1 — 2p).r dr = ***+^6^^ • * 

^ 008*"+^^* cos rx d.r ~ 0, (r ^ 0), 

where r is even, or odd and not lying within the range from 2n -f 1 to 
- (2/1 + 1) inclusive. (B) 

/ 8in*'‘r cos 2/i.r dr = ( - 1)** , 

-0 ^ 

j 8iri*"r cos(2n - 2p)x dx= ( - 1)"+^ 

[ 8in***.r cos rx dx = 0, (r 0), 

Jo 

where r is odd, or even and not lying within the range from 2/1 to ~2« 
inclusive. (C) 

j sin*"+*.r sin (2/i + l).i7 dr = ( - 1)'* 

j sin*’*+^r sin (2/1 + 1 -2p)xd.c = {- l)"+»> 

f sin*'’+‘rsin rrdr— 0, 

Jo 

wliere r is even, or odd and not lying within the range from 2« + 1 to 
~ (2ri + l) inclusive. (1)) 

All six statements in (A) and (B) may he summed up in the result 

f coH^xcoH fix dx^^CA-^^^, (m=^0 ), 

Jo ~J~ 

where is the number of combinations of A things - at a time 

2 A- ^ 

and is unity when /jt = A, or zero if — ^ be not a positive integer. 

The three statements in (C) may be similarly summed up as 

r» ^ ^ 2A^n 

I sinKrcoa fix dx-^0\-f>t^(-l) ‘-i (A even, /x ^ 0), 

Jo 2 

and the three statements in (D) may be summed up as 

r TT 

/ 8in^rainLurdj7«^(7A~Mt.k'( ~1) 

Jo o— 2JS 


(A odd). 
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1130. Similarly, (1) 2*^1 sin 2sx cLv 

Jo 

rwr P“n—l 

~io ^0 + 

— 0, by Art. 1121 (iii). 

(2) 2*’*j^ cos***a:8in(2«+ l).ro?a: 

rwr P=n-l 


j>=n-l 

=2 S '"Cp-r, 

p=0 


_^+l)_ _2 

(25 + l)=‘-(2/«-2p)»^ « 2« + i‘ 


(3) 2***+^J co&*"+^X8in2«:cc?.r 

= ^ 1^2 2 Cp cos ( 2n 4- 1 - 2p)x sin J rfjr 

j>=n 9 9- 

_o y an+i^, ^ 

''(2s)‘-«-{2n + l-2/))‘^- 

(4) co8*"+^rsin(2s4-l).rc/x 

- j^2 2^*'*+^CpCos(2w + l -2p).rsin(2«+ l)jrjt/a: 


= 0. 


(f)) ( - 1 )»* 2*" ^ sin*".^' sin 2«.r 

= f fs 21 (-l)^*”r;,cos(2?i-2^).rsin25.i’4-(-l)”*”C'-sin2s.r”|rfjir 

Jo L |>=o -J 


=-0. 


(6) ( - 1)" 2*** I ■ 8in*”j:8in(2«4*l):»’fl^.r 

.0 

= S (-l)*»*’‘(i,cos(2»-2p)x8in(2^ + l)x + (-l)«*«t>iii(2s+l 

*“ p=0 

= 2^ 2 i)P»"C„ 2(2^4- 1) L(_]\n2n(;» __? . 

P% ^ ^^(2jf + iy^-(2«-2j>)‘‘^^^ ^"2^4-1 

(7) (-l)**2*”+^r si n*”+*.r cos 2sx</x 

Jo 

= 1^2 2 (“'!)*’ sin (2n 4- 1 - 2j>),r cos 2«.r) J dx 

2(2/14-1-2®) 

(8) ( - 1)« 2‘"+i j’ 8in*"+‘.rcos(2*+l)xrfjr 

= rr2**2" ( - l)»*"+‘Cp8in(2n+l -2j>)xcos(2»+l).r Idi 
Jo L> j) s Q 

=*0. 
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Thus we have considered in Arts. 1129 and 1130 all cases of 
cos^ X C 09 fjue dji\ coa^ X am fix dx, 

ain^ X coa fix dxy j ain^ x ain fix dxy 

for which A and fi are integers, k being positive. 


1131. The eight expressions 

co8**^jr cos 2sXy coa^^+^x cos (2s + 1).^^, cos*"x sin (2s + 1 )Xj cos*^+^ar sin 2 sj:, 
8in***jrcos2s:t;, 8 ^ 1 ***+^ a* cos 2Ar, 8in*”;r8in(2s + l)ar, 8in*"+‘:rsin(2s + l).*^, 

have the same values when we put 7r~.r in place of x. 

But the eight expressions 

cos*** cos (2s 4-1). r, cos***+*.icos 2s.r, eos***jr sin 2s;r, co8***+* J?sin(2s4'l)-r 

Bin***j?cos{2s+l).r, sin***+‘j?co8(2s + l)a', sin***jt*8iu2sar, 8in***+*:csin 2xr, 
change sign if we put t-x in place of x. 

From these considerations the integrals from 0 to ^ of the eight in the 
first group are each half the result from 0 to rr. 

And the integrals of the eight in the second group from 0 to tt all 
vanish. This is in conformity with the results found. 

The integrals from 0 to ~ of the eight in the second group must there- 

ji 

fore be found by another method, viz. the reduction formulae of 
Arts. 249-257. 


1132. We have also, by putting for sin***x its equivalent in a series of 

n 

cosines of even multiples of Xj say 

X8in*^xdx=J x(AQ+A3Coa2x-hj1^co3 4xi-...-hA2n^^^'^^^-^)^-^'i 

and therefore integrating by parts, 


<i.=[x 

r 4 ^ 4 2.r "1 

-[-^0 2-^* 2»- -•••], 

2 / 2 2 2*** ^’* 2***+*(ii !)*’ 


sin 2?ijr 1 

2a / L 


with other similar results. 

This may be obtained otherwise, thus : 


I xain*^xdx=: - J^(7r-x)8in***xdx=^j^ (tt - j?)siu***.rrf.r ; 

X8in***jrcfj;=” J Bin*”.rd.r 


2a-12?i-3 1 IT (2 m)! 

^ '2n 2n - 2 " * 2 ’ 2 ~ 2*»*+V(n \yi 
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1133. The former process may 
where p and 7i are positive integers. 
Thus 


process may be extended to find r dx, 

litive integers. 


rxfa\n*’'xdx= r x’'(Aa+I,A„eoa2rx)dx=At^^]+ f” xf^A^coairxdx 

Jo Jo 1 P +1 Jo 1 

“ I Tr®*" - 1 cos 2, .r) 

+P(P - sin 2)-x) -p{p-})(p- 2)ii>-» I COB 2w+ ... 

+( - m'- i(^co8(2r^-p4ri|)J 

and p being integral and positive the series will terminate. 

Also 

Hence 

We may obtain similar results for 

I JC dXf f a:** cos*” or dr, / j:*^c08*”+*j:dr, 

Jo Jo Jo 

rw 

or in fact for any integral of form / x*^F(.r)dr, where F(x) can be ex- 
pressed as a series of sines or cosines of integral multiples of x. For 
instance, 

f cos n,v il - dr = f ,r**(l+coa2x+co8 4x+...+co8 2?kr)dr 

Jo sin X Jo 

= + rrP y - px>-^ y (-UcosZrx » 

p+l^L-^ f 2r f (2r)‘ f (irf 

^ co8(2rx-p-hl^] 

H-iWl J, 




IT*’-* » 1 


1134. Results derivable from Well-known Series. 

Many well-known series are established in books on Trigo- 
nometry wliose terms involve sines or cosines of integral 
multiples of 0. And such series furnish many definite 
integrals by the application of the rules of Art. 1121. 
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For convenience we quote a number of the more important 


1. 

\-ar 

1 -2a cos 6+a^ 

= 1 + 2a cos ^ 4- 2a2 cos 2 ^ + 2a^ cos 3 ^ + . . . , 

a2< 1, 

or 


= -1 --cos^-4cos2^-4co8 3^- ... , 

a2>l, 



a a? 


2. 

sin 0 

1 -2a cos 0-\-a^ 

= 8111 0+asiu2^4-a28in 3^+... , 

a2<l, 

or 


= i sin ^4- ^sin 2^4-48in 3^4-... , 

a2>l. 



a-* a* 


3. 

1 - a cos 0 
l-2aco8^ + a‘-‘ 

= 1 4-acoa ^4-a2co8 2^ + a’co8 36^4* ... , 

a*<l. 

or 


= --■cos^-~co8 2^-icos3^-..., 
a a* 

a*> 1 


*■ l-2a‘cLVa» =~^+J^^co9<?+acoB20+a»cos3O+...), «*<1. 

or =_^^+^J±[(cos(? + lcoB29 + i 00835 + ...), a>>\. 

5. log(l-2acos^ + a2)= ~2(aco8^ + Ja*co820 + Ja^cos30 + ...)t «*<!, 

or =loga^-2Qcos6^+^^cos2^ + ^3Cos30 + ...^, a^>l. 

6. tan“^T-^~^-g =a8in 0+|a2ain 2^+Ja'’sin 3^+... , rt^<l, 

or = 7 r-^-^^ 8 in ^+^ 28 in 2^4'^^8iii3^ + ...^ o*>l 


and in each of these cases a may be changed to - a. 

We also have 

7. Iog^2cos|^= cos^-? cos 2 ^ + ^co 8 3^-..., (-7^<^^<7r). 

8. log^28in^^= -coa ^-^co82^-^cos3^- ..., {0<d<2rr), 

9. log(2sin^) = -cos2^-icoa4^-Jcos6^-..., (0<6><7r). 

10. I = 8iQ^~^ain2^+^^8in3^--..., (-7r<0<7r). 

11. = sin ^4-|8in2^+i8in.3^4-... , (0<6/<ir). 

12. ^ = sin ^+5 sin 3^+^ sin 5^+..., (0<^<7r). 

4 o 0 

It will be noted that if 7i< 1, 

log (1-/1 cos 0) is a case of log^l - cos 

^Lol 

the value of a beipg given by 1 +a*=— , 

or putting a » tan - , n = sin a. 

z 
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1135. Dfrivation of Other Series. 

Other series may be obtained by differentiation with regard 


to^. 

Let tt = l -2aco8 6>4-a*. 

Taking the series 

1 __rt2 

=1 +2acos 0+2tt‘‘*co8 2^+2a^cos30+ (1), a®<l, 

and ^-™"=aain ^+a^8in2^+a^sin3^ + (2), a*<l. 

Differentiate (1) with regard to %' 

sin ^-|-4a28in 20+60^ sin 36/+..., a*<l, 


i.c. (1 -a‘'*)^^^=sin ^ + 2tt8in 2^+3a28in 30 + ...+na*‘”^Binn0 + ... (3), a^<\^ 


and differentiating (2) with regard to 

^ — ?^^ = cos ^+2aco8 2^+3a2cos30+...+na"“‘cosn0 + ... (4), a2< 1. 
Equation (1) may be written, 

- — ^ ~ 1 4 . 2a cos 0+ 20^008 20 + . . . + 2a” cos + (5), < 1 . 

u* 

Multiply (4) and (5) by 2a(l - a*) and I + a* respectively, and add, then 
= I + 0 ^+ 4a cos 0 + 2a2(3 - a*) cos 20+ 2a’(4 - 2a^) cos 30 + . . . 

+ 2a” {n(l - a^)+(\ +a2)} cos n0+ (6), a* < 1, 


and so on with further differentiations. 
And similarly when a* is > 1, we have 


^ ^ =1+~cos0+4cos20+^cos30+..., 

u a 

asin 0 1 . 1 • «/i , 1 • oo . 

=- sin 0+-«sin20+-s8in30+ 

<ti n nA tiA 


Differentiate (1') with regard to 0, 

2a(a2-l)sin0 2 . ^4 . 

^ ~9 = ~am0+-5Sin20+~„8in30+..., 

or sin 0+^8iu 20+— ^8in30+... , 

a* a'* a* 

and differentiating (2') with regard to 0, 

(l+o-)co80-2a I ^2 on I ^ Q/Jx 

' = -7,CO8 0 + -sCOS20+-4COs3^+..., 

u* a* 

and equation (!') may be written, 

^-l)(l-ji»c»»g+«Vi+|cogfl+|coB2(?+|coB3g+., 


.(n 

.(2-) 


,(3') 

•W 

•(S') 



304 


CHAPTER XXVIII. 


Multiply (4^) and (5') by 2a (a^- 1) and o*+ 1 respectively, and add, then 

i- 
T 




etc. 

1136. Successive Derivation of Further Series. 

Again we have 

^ d mfiain^ m^cos +^cos0) + m(»i+ 1) - 

df)'^ {A-^Bco^e)^~de (A4-^co8^)«»+i ( J+Z? " 

_A.+/a(A+5co8 6)+v{Aa-Bcob6)^ 

where X+/xA + vA*=m(wi-|-l)^,'j giving X= - w(m+ 

fiB+2vAB=^mABf ' 

vB^= 


] 


r say, 


lk = m(2mA‘\)Ay 
V = - m®, 


i.e. i ^ ' where u — AA-B cos^. 

i^m+2 xi^ dO^ 

Hence when eeriea for ~ and hi terms of cosines of integral 

multiples of 6 have been found, a aeries of the same kind can be deduced 
1 


for 


Xim+2- 


.(1) 


Thus, putting A = H-a* and i?= - 2a, we have 

wi(m4-l)(l -a2)2_wi(2?rt+l)(l + a-') m* (P 1 

j^m+2 

Putting 7n*l and taking the case < I, 

1.2(l-a2)2 i.3(i+ai) l ^ l\ 

5^ P— of u) 

“ (1^^ [(1 +o*)+|: 2«»{(n + 1) - (n- l)a«} cos nO] 

- ^ ®°’ ™®3 

cos n6 J 

? 2a» >)-(«- 1 )“*} + <=°» «o. 

i.e. = (1 + 4a2 + a^) + 2 ^ n cos nOy 

where A « = a** [(I - a^fn^ + 3( I - a*)?i + 2 (1 + 40* + a*)]. 

And further applications of the formula (1), viz. putting wi=2, 3, etc.i 
will furnish successively the series for -4,-5, etc. ; and similarly in the 
case when a* > 1. 

1137. Moreover the differentiation of any one of these series furnishes 
another, e.g. -—-r furnishes the series for --L- in terms of series of 
sines of integral multiples of 6, as was seen in equation (3) of Art. 1135. 
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Thus, since 

^^^^=l+aH£2a»‘[w(l--a2)4-(l+a‘‘i)]cosn^, < 1, 

we have, by differentiating, 

Rill A * 


or 

and so on. 


' r 2(«'-‘- 1) ' «"+> ~ !) + («“+ 1)3 sin nd, a} > 1, 


Again a series for --Ir l>e found in terms of the series for -4. and 

W”* 


cos _ 1 1 + a - - _ 1 + a* 1 1 1 

ta 2a ' w*” 2a ’ 


1138. Other powers of sin 8 or cos ^ in the numerator may be readily 
arranged for. 

sin 1 ^ 

Thu.s, .since -—.r = j S (a2<l), we have 

~ 2C 2 sin 6 sin nS 

u- 2(1 -a^) 1 

“ 2 (l*-~f7-) ^ {n - 1)6> - cos (« + 1)6/} 

— J [ 1 + 2a cos 8 + (3a^ - 1) cos 28+ (4a^ - 2«) cos 3^ 

4- (5a^ _ 3^2) eos 40+ ...], < 1. 

And if a* > I, a similar result may be obtained. These results are 
mainly interesting from the definite integrals which may be obtained 
from them by the aid of the results of Art. 1121 ; and to this matter we 
now turn. 


1139. Definite Integrals immediately derivable. 

By the application of the rules of Art. 1121 to the series of 
Art. 1134, we have at once the following definite integrals. 
Put 1— 2(Xcos0+a- = it, and consider in each case n to be a 
positive integer. 


(1) 

'‘‘.k u l-a‘ 


"■ COS w 8 


l-a 


2 


(10 r^=-.,5 

h u rt“ ~ 1 

(2') 

Jo w 


a^-1 


.a2<l 


U2>1 


from Series 1. 
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< I 




^n->l 


from Series 2. 


i- a- < 1 




.«2< 1 


n) r®i- 

« "“"2 

' ^ Jo H 

TT 

jo « 2..2 

/d'N si» ^siu 1 

' ' A i< 2 

/ r \ I - « jn 

(5) 

(6) („>0)j 
(50 ririi£!!l^rf(,^_o 

' /O ?t 

/r 0 / It - ^ ^ )c‘os 

* ^ Jo 

(7) .«L 

(») (■£!=».=?,«.' „ > o)j 

<’■> f ^■"'-.A j 

'•■> ,f “ 

{0) j( logM'/tf 

(10) ^ cos w(y log 

(9') ^ 

( 10') ^ cos 71^ log « 

(11) fj log udiJ 

(12) j^'8in«<?tan-‘j^f^rf6»=2^a", «’<l| 

(13) tan- =^„"- “’>*J 


I from Series 3. 


- a2 > 1 


I from Series 4 


cos ^ 008 n6* TTO^-fl 1 / ^ ni 

--- (« > 0 

« 2 a- — 1 . 


.a^< 1 


: r . O ^ 


- «2 < 1 


- IT log a** j 
n ) 


> 1 


I from Series 5. 


= 0*, when « = 1, from Series 9. 


from Series 6. 


* Poisson, Journal de VMeoie Polffteehnique, xvii. 
f Legendre, Sxereicee, vol. ii., p. 123. 
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(14) ^ co.S7i^log^2cos|^fl?d=(-l)«-i^, from Series 7. 

(15) ^ cos log ^2 sin ^d6= from Series 8 . 

Illustrative Examples. 

1140. Denoting 1 - 2a cos 0-^d^ by u : 

1 . Deduce from logMc ?^— 0 or Trloga®, as a* ^ ^ 

integration by parts, 

f* OmnO TT , , , , 

or = 2 ’^ 1 '" 8 (i+^J 

2 . Deduce from Series 3 and 3', Art. 1135, 

3. Show by direct integration that 

r^-sin^? 1 f 1 1 ) / _Li\ 

Jn l)t(a-l) 2 <«-») (a + l) 2 ("+»)j 

/"sin ^ 1 , l+a , o ^ 

Jq u a ^ 1 - a ' ' 

or =ilog^^-ii (a*>l). 

a ® a - 1 ' ' 


I T» . i sill ^ sin ?i7r a** ' / ^ i\ 

4. Prove that / — „ ffy= -- i o (a'*< 1) . 

2 2 1 - ' 

__mr a~”~^ 

“T 


r* sill 0 s 
.'0 tf' 

f^dO l-f4a^-t-a^ 
Jo U' 


(a2>l). 
(a2<l). 


(I -a*0^ 

{{l-ay7i* + 3(l-a^)n + 2(l+4a2 + a*)} (««< 1). 


5. Prove that 

6. Prove that 

r co8n^^^_^ 
w* ”” 2 (1 - 

7. From the formulae of Art. 1137, deduce 

/“'sin®^ TT 1 / 2 ^ i\ 

i ^■‘^^=2(rr^3 

(«*>1). 


2 («•-])’ 
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1141. Series for Evaluation when the Integral is not expressible 
in Finite Terms. 

Again we may obtain the values of many definite integrals 
of this class in the form of series which, though they may not 
be capable of summation, will nevertheless serve for their 
numerical calculation. 


For instance, ^ sin 20 log (I - 2a cos 6 + a*) dB (a* < 1 ) 

= -2 ^ sin 20^ttCO8 0+^a*cos 20 + ?rt5coa304- 

-1 




3 22 - 3*‘^5 ’ 2 *>’ 


3 1 . 3.5 3 . 5.7 ^ 5 . 7.9 7 


— - + . . 1 . 
. 9.11 J 


1142. Again, since sin (p+l)^~sin (/>— 1)^=2 sin 0co8p0 
we have 

r*sin (n 4-1)0 Tsin {n—l)^ . f . 

— 4 — dd- I f 4 - d0=2\ cospOde^O, 

Jo Jo 8m0 Jo ^ 

when j) is integral. 

That is, putting Up=| we have 


and 


“■=j; 


sin 6 


dQ — ir, 


0 sin 0 

U^n^O, U.jnfi = ’r. 

Again, p and q being integral, 
f sin pO 


[ dd—[ 2cos0(i0==O; 

Jo 8in0 Jo 


f *" sin pB 1 r « 

-r-^coso0i0=- I - 
0 8in0 ^ 2 Jo 


5 } r 8>»(P + 7)0-fsin(y)-^)0 
sin 0 

=0 if p+q be even, or if p+q l>e odd and 2> < q, 
if 2)4*3 be odd and p >g. 

Hence if F(d) be a function capable of convergent expansion as a 
series of cosines of multiples of 0, say 

F'(0) = Ao4’.^liCO8fl4*A2Cos204-... + A,.co 8 r04-... , 

j’^^^md0^{A^+A,+... + A,^^)w 


and 


f » (^0 + ^ J + ^4+ - + ^2.)ir. 
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Illustrative Examples. 

1143. 1. Thus, since 

cos'" e = [i '"C; + ‘"Cn+i cos cos 4^+ . .. + “Cjn cos 2ne], 

we have, if p > n, 

f + - + “C J 

=|i [•"C,+ “C. + ... f ‘"(?J = 2Th(l + !)•"= IT, 

whilst, if ^ < Uy 

f^n—p 

2. Apply Art. 1 142 to show tha^ if m = 1 - 2a cos S-\-a\ 


i: 


sin 2710 cos 0 1 +a* 1 -«*’ 

ar=7rr 


sin $ u 
3. Prove that 


1-a* 1-a* 


(a*<l). 


I sinT'“8’'‘*^ = -'"{T+3 + 5+-+^} 


1144. A Reduction Formula. 

Let w s 1 — 2a cos 0+a^ 

We liave seen that 


J f' cos 170 Tra^ / ‘>^1\ J / 2*^ IX 

<“'<'> 55ri 

p being a positive integer. 

Jo 


Let 


Then 


!!L 

da 


^ = 2nr 

t Jo 


cos p6 


(cos0— a) dS 


rcos 1)0 1 — a- — ti 1 — rij 

= nl — a0=n In+i-~In\ 

Jo a a a 

■■ 

an equation by means of which the successive values of 
h* h> I » ^ deduced. 

1145. We have 

F _ 1 d , V d 

\-d^da\^a‘ 

= A’x, where Aj = (i? + 1) - (p - j 

(1 - a j 
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which after a little reduction takes the form 
(1 -“Jy *hereKj=tP + l)(p + 2)-2(p+2)(p -2)a»+{p-2)(j>-l)a‘, 

which after reduction becomes i p‘Z^ 2 j 7^4 » 

where ir 4 = (/) + l)(p 4 - 2 )(p + 3)-3(p + 2)(p + 3)(p-3)a2 

+ 3(/)-t-3)(j3 - 3)(2> - 2)a^ - (jp - 3)(i3 - 2)(2) - l)a", 

and so on, the law of formation of the successive values of being 
obvious, and it may be verified inductively by substitution in Equation (1) 
that the genei*al form of the result is 

" (l-a*)»"-‘ ' 1+p ^ (l+i>)(^+J>) 

+ {l+p)(i+p){li+p) “+-J’ 

a form due to Legendre {ExerctceSf p. 374). 

If we replace by its equivalent the 

same formula, with the sign changed and -p written for p, will suffice 
for the calculation of the corresponding integrals in the case when a-> 1. 

1146. As particular cases we have, if a^< 1, 

/; >) - (p- 

= ^ (l^' 2 y 6 [(l’ + l)(P + 2)-2(;> + 2)(;>-2)a‘'‘ + {p -2)(y-l)n*], 
etc. ; 

and if > 1, 

r = -y) + (l+p)«*]. 

[ -i))(2-i>) + 2{2-p)(2 + p)«H(2+i>)(l +p)a*]. 


1147. Some Special Cases. 

The special cases when p=0 and p^n - 1 are interesting. 

If p«=0, 

rf =(r:5p^*t' 

the several coefficients being the squares of those of the binomial 
expansion of (1 
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Thus 


r ^ 

]q 


etc. 


If 23==n- 1, we have 

/“' L*0S(» - 1) 

Jo w“ 


(i^= 


2n-2(7 


Cases where a*>l. Take for instance I, 


Jo 


Here 


p=0 and = 


Again, ^=,^^(l + r-a‘+a^}, etc. ; 

and it will appear generally that in the case of p=0, the only change 
necessary in the previous results will be to replace 1 -a^ by a^-\. 

1148. Extension of the Reduction Formula. 

It may be remarked that any integral of the form 


h 


__rFj^ 

"Jo 


iie 


is subject to tlie same reduction formula as that used in the 
last article, viz. 


^ n-i 1 


l-a^da^ 


{a^InY 




1(6) l -a^-u 


dd 


1—a^j tij 

-n—-—h+i 


giving, as before, 

Hence in all such cases, if /, can be obtained in finite terms, 
so also can all the rest of the group 7,, /j, I,, etc. 
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1149. We shall show for instance that this is the case with 
the class of integrals 



d6y p being a positive integer. 


To do this it is only necessary to show that 7^ is expressible 
in finite terms, and we shall find that 

l-o2 _ a-(j)-s) 

- o - / aa = , - + + - +... 

2 jo II 1 3 5 

to ^ or terms - (a^-a~^) tanh~^a (1), (a2<l). ...(1). 


Take the case p o(ltl = 2A-f 1, say, 

[%in(2X + l)d[i+aco8 0+o*co8 26»+...]<i^ 

1 r fl* ”1 

^ 2X + i + 2 {2X + 1 ) LpXTl (2A + 1 )' -4* (-ix + 1)2 - (2X)d 

r 0*^+* . 1 

"2(2X + 0L(2X+2)*-(2X + 1)2'^ (2X'+1)* - (2X + 1 ‘ 

iX+T “ C®’’ (t^ “ 3 + 2 x) " sTlx) (~1 “ ix+l) 1 








-+..,+x\ — , + 


2X-1'^2X + 1'*'2X+3‘^"'‘''4X + 1 




2 X -1 ^ 2 X+l 

'2XT1 


'dO= 


- + ... 


^ 4 X+K 

4XT1> 


^ . a-<2A^ D) tan]r*a. 

And ill exactly the same way, if p he even =2A, 

a 2 ^-l-a‘^ 2 X-i) ^ 2 a~ 3 ^^-( 2 x- 3 ) 

— j, 1 + 3 - +- + - 2 X --1 


- (a^ - a tanli“^a (d^ < 1), 
which establishes the result stated. 

If we write a=^e“^ we may exhibit the result as 

dfl „ 2 _ ? „„„u ^ r »it>\x{p-l)y a iiih(p-3)y 

tt sinhy a a 'L 1 3 

to^ or terms J, 


according as p i.s even or odd. 
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1150. Farticnlar Oases. 

The particular cases when = 2, 3, etc., are 

r — “)tanh"^a=- tanh"‘a, 

etc. 

1151. General Conclusion derived. 

It appears then that cases, when p is a positive 

integer and a* < 1, of the form 

P+Gtanh“*a, 

where P and Q are known algebmical functions of a. 

And in any such case the reduction formula 

-^«+i = 

may be used to determine /g, /„ etc. 

It will be observed that the first case of this result follows at once 


from the series for^^^ (No. 2 of Art. 1134). 


For r~d0=r(iiBe + asin-2e+aHin3d+...)dd (a*< 1) 

Jo u Jo 

= 2(^1 + ^+^- + ...)=- tHnh“»a. 

V 3 5 J a 

If be > 1, 

j (--sin \8in2^+i.sin3^+...^d^ 

Jo u Jo \a^ a’ a* ) 

_2(i+l]+.U+ \ 

= - tanh-^- = - cotlr^a. 
a a a 

The general case when a^>l for j may be investigated as 

in the case < 1, using the series ° 

^ . 1 .. ^ ~ 1 + - cos ^ -f ^ cos 26f + . . . , 

l-2rtCOS^+a* a a 

and it will be clear that all that will be necessary to modify equation (1) 
of Art. 1149 will be to replace 1 - a* by a* - 1 on the left-hand side and 

a by on the right, which leaves the formula for -^^d$ 

unchanged, except that tanh'^a will bo replaced by coth“*a. 
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Thus, in all cases whether a® > or < 1, and p a positive integer, we have 

— Jo = i + 3-^ + - 

to 5 or ^ ~ teruia - (a” - (i"V) x, 

Jt H 

where A'=tanh“^<z or coth~‘a, according as < or > 1. 

1152. General Formulae. 

Let the e.xpressions respectively 

called C(p, n) and S(p, n). 

Then 


sinpgeosg^ ^^^l pi,^p+g)y^ S(p+g,„)^S{p-q,n)\ 

Hence all such integrals can be computed, Py q and n being positive 
integers. 


1153, Integrals of the Class | w”cosp0c/0 (Legendre, Emv- 

dees, p. 375), 7i a positive integer. 

We have 

7i”=(l — 2a CCS ^+a^)”=(l — a«*®)’*(l — 

where and K,=l. 

The coefficients of and 6“^^^ in the product are each 
ICpKQ-i-Kp^iKi-i-Kp^2^2~f~^^p+3^3'^ , 
giving rise to the term 

(KpKQ-i~Kp^iKi-i-Kp^2^2'^ 

and in the integration this is the only term we shall require, 
for all the others vanish by virtue of the theorem of Art. 1121. 

Hence u^co8p0dd=T(KpKQ-i-Kp^^Ki-l-Kp^2^2'^‘*’)‘ 
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K„ 


,n-p ^{n-p)(n-p-l) 


P+l’ K, 


(7)+1)(P+2) 


, etc., 


md K, jj, K,- ^ - 

«(n-l) (H-p){n-p-\) 

■'■ 1.2 ■ (p + \)(p + W 

1154. The Faxticnlar Case p =0 gives 

/=dr(AV + AV+ AV + AV+ ...), 

*.«. r +"CPa^+’‘Ci^a* + ”C,^a‘+ ...). 

Jo 

We liave seen (Ait. 1147) that 
r dti -r 




1: 


(1 +”(7,W+"C,V + "6V''a* + ...) ; 


whence it followH tliat 

=(l -a2)“+‘ (see Art. 1155) ; (1) 

and more generally, since 

vn^pdcW _ TTflP {p-^l)(p + 2) ...(p-^n) 

Jo U^+^' '~{{ ' i .’ 2 . 3 ... 71 

V f 1 +’i . ” -P-,2 1 «( «-!) . («-y )(«-y-l) , \ 

V ^1 p + l ^ 1.2 (p+l)(p+2) +"7’ 

by writing w + 1 for n in the formula of Art. 1145, we have, by comparison 

with the result proved above for [ co^pB 

Jo 

f\n,oepedti, 

Jo (/i - 1) ... (/I -2?+ 1) Jo 

or 

[’tt"c 08 perf<l = (-l)P(l - ay +^ , • J” ~ f (2) 

Jo ^ V / V / (7i + l)(?^+2)...(n+i>)Jo 

In the value of f u” cos pB dB established in Art. 1153, it is to be 

Jo 

noted that p ha.s been assumed not greater than ?i. 

If p be > 71 no term containing cos pB would occur in the expansion 

of M** ; J ii** cos pB dB — 0 (p>7i). 

If n = 2 ?, we have cos 7iB dB=(- l)”tra’*. 

The results of this article are due to Euler (vol. iv., Calc. iTiUp., 
p. 194, etc.). The method of proof is that of Legendre {Exercxces^ p. 576). 
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fir fir 

1155 . The Equation M"d 0 =(l— may be estab- 
Jo Jo ** 

lished directly by the transformation 

(1 - 2fl cos d+ a2) (1 - 2a2 cos ff+a ^) = (1 - a^)^, 
which has an interesting geometrical interpretation due to the 
late Dr. N. M. Ferrers.* 

Moreover, so far it has been assumed that ti is a positive 
integer. It will be seen from what follows that tliis limita- 
tion is no longer necessary. 

Take a circle of radius a and centre 0 and a point B within 
the circle at a distance h from the centre. 



Fig. 336. 


Let PBF be any chord through B, and let the portions 
PB, BP subtend angles d, ff at the centre ; then 

62— 2o6 cos 0, 

BP'^—a^-\-¥—2ab cos 

and 


(a2-h62 -.2a6cos 0)(aH62-2a6 cos ff)=PBK BP'^^(a^^¥)\ 

Also, if QBQ be a contiguous position of the chord, the 
elementary triangles BPQ, BQ'F are similar ; hence 

_ r, PQ BP BP _f a^+¥---2ab cose \^ _ 

—dff rQ' BQ' BP' W-f 62--2a6cos07 a2+6'^— 2a6cosd' 

{a^+¥---2abcos6)^d6= — 


(a^-~6^) 

(a®-|-6*-“2a6 cos 6')** a‘-*-|-6*— 2a6co8^y 

(a^— 6^)*"+^ 


dff 


(a^+¥—2ab cos 


dff. 


•See Solutions of Senate House Problems and Riders^ 1878. Edited by 
Mr. J. W. L. Glaisher. 
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If the chord be allowed to rotate so that 0 increases 
from 0=0 to d = 7r, then 6' decreases from 0'=Tr to S' =0. 
Hence, integrating and replacing O' by d, 

£ (a* -2ab cos 0 +6^)" dO = (a^ - • 

Taking the radius a to be unity and replacing b by a, we 
have the equation established otherwise by Euler and Legendre 
above. 

Writing c cos c sin | for a and h respectively, the equation 

may be thrown into the compact form 

I *’ dS 

(I - sin acos 0)"d^=(cosa)*"+^ 1 ,, . n \^i+i ’ 

\ / Jjj (1— sinaCOse)"+^ 

1156. Another Interpretation of the Integral. 

The integral may also be interpreted in connection with the 
angles known in elliptic motion as the True and Eccentric 
Anomalies. 

Let S and C be the focus and centre of an ellipse, A' the end 
of the major axis most remote from S, and A the nearer 



end, P a point on the curve, NP its ordinate, and Q the cor- 
responding point on the auxiliary circle. Then ASP is the 
supplement of the “ true anomaly,” and SCQ is the “ eccentric 
anomaly,” Let these angles be 0' and 0 respectively. 
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Then, from the polar equation of the ellipse, 

0^(1 -e*) - 

— "kp — ^=i~^cos0, 

and also SP—CA — e . CN = CA (1 — e cos 6). 

Hence (l—ccos 0)(1— ccos 0') — 1— e- ; 

and if we write sin a for e, i.e. 


c= 


2 tan “ 


(where tan 1==^), 
a \ 2 ar 


1 + tan^ 

we have 

(a^+6-— 2a6cos^)(a2-|-62_2fl^cosd') = (a“— 6^)^ as before. 
The case when n = l, viz. 

de 


f sja^-— 2ah cos 6 -{-b^dd — (a ^ — f 
Jo Jo 

may be written 

\U' 


/(a+6)2-4a6 cos^ ~ de = {a^-¥ 

It 


Arab 


(a^ — 2ah cos 0 + b'^) ’ 

r ■» 

Jo ( (a 


do, 




^(a + bf — 4 ab cos* 


or putting ^=--^ and 

f'(l-A:*8inV)id^=fcJY f' vt— v 

Jo \aH-6/ Jo (1 — A;- sin^ 0)^ 

ir IT 

that is, f A d</> — k'^ f 

Jo J 0 

and is therefore Legendre’s Elliptic Integral formula of trans 
formation, Ex. 1, p. 399, with the superior limit 

1157. A Group of Integrals of Different Form. 

Generally, if we have a known series of one of the forms 
f(x) — Ao+ Aicos cx-h A2C0S 2cx-\-A2Coh 3ca;4-... , 

F (x) — sin cx + sin 2csc + B^ sin 3cx+ . . . , 

we have, by the integrals of Arts. 1048... 1051, viz. 

]^x{l+xY'^ 2 '* ® Jol + iE* 2 ® ’ 

f " a; sin coj , ^ 
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wliere c is positive, 

( 1^* - I ( /1 0 + ^ 1 <’“'■ + 2«“*" + A 3 +...), 

f .? (F+i) (1 - + ...], 

r'TT? + 

Accordingly, taken in conjunction witli tlie particular class 
of series given in Art. 11.34, we obtain another numerous 
group of definite integrals. 


Illustrative Examples, (c positive throughout.) 

1158. 1. Since — sinc.r4-</sin2c.r-fr/*sin 3f\r + ... (a*<l), where 

?< = 1 - 2</ cos cx + r/*, we lia VC 

fo r+.r*“ -'■-Cu:, 2 (sill c.r 4 - (f sill 2cr + .sin 3c.r + . . .) c/.r 

~ ^ 4 -}-...) 

_ TT c"* * _'7r 1 

21- ~ 2 - u’ 

[Lkoendre, Krercicesy vol. ii , p. 123.] 
d.v TT 1 1 4 fie~ 


2. Show that j 


Jo (l4.r2)J^ 2l-(i2 1-ae“ 


(«*<1) 


TT 1 0 4C ‘ , 2^ TV 

"■a 2"-i - --c (« >!)• 

2 a* - 1 tf - 


3. Show that j (rt2<l). 

.'o (l4.r®)u* 2l-a-(l-«e '^)* 


4, Show tliat 


(Ir TT 1 1 4 4 (2a - 3a*) e~^ - 3a* c"**" 4 2 <' 1 \ 

Jo (i4.r*)?t* 2(i-a*)* (l-ac“'')2 

5. Show that / t“~s tan”** ^ log (1 - ac~') (a* < 1), 

Jo l4.r* 1-acosr.r 2 ® 

f TZ' .a ^ log(l - - e-^) (fl* > 1 )• 

Jo 14.^ a-cosr.r 2 a 

6. Sliow that J log^2 cos~y/.r=^ log (1 4«'^). 

7. Show that j log^28in ~^dr = ^ log (1 -tf*"*"). 

8. Show that j |*||^^G?r = 7rIog(l-ac""*) (rt*^l) 

r =7rlog{a-0 {a*>l). 
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9. From the last example deduce 

r* , . cx fix TT . 1 - 

I ‘"6 tan 2 nri3=2‘“erf7-v 

[Georges Bidone, 3{^m. dt Turing vol. xx.] 


Examples. 
* dx 14- 


1. Show that ( 

Jo (1 - 

where u~ 1 - 2a cos .r + a^ and < 1. 


2. Show that 

J 

3. Show that 




I” sm X s\nnx j rr na 


4. Show that 


dx = - + («*< 1). 

rw c o.s vx dx _rr 1 ( 1 - a®) - 2a " si nh !> 

Jo (fy^ + X*) « ~ 26 1 - a*^ 1 - 2a cosh 6 + a-* 


5. Show that j[” ^ 

6. Show that = 

7. Show that J log (25 - 24 cos d)d(f = 47r log 2. 

8. Show that (a) f’ = i log 7 ; 

f* sin ^ 1 1 1 \ 

' ^ jo (25-24COS ^“24 ' n - iV 49»»-V' 

9. Show that f ■ ^ ^ log y 

Jo 5-4 coa ty 2 ® 2 

10. Show that r = 

Jo (5 -4 con ay 9 

,, ai a /** sin ^sin 71^ ?e(3a + a5) tt 

11. Show that 1 .. -r * on* 

Jo (o-4cos(^y* 2**+^ 27 

12. Show that fj 

13. Show that JJ sin pO log u dd 

or >og«^- 1 ^[1 > »■ 

where the terra for which n-p is omitted in the surnniation, p l)eing 
a positive integer. 
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14. Show that 

(a^ < 1), 

the term where n=p being omitted in the summation (Art. 1136). 

1159. On the Transition from a Real Value of A; to a Complex 

Value of k in the Formula for 1 dx. M. Seuret's 

Investigation. 

In establishing tlie result 

J (»>0), (Art. 864), 

it was assumed throughout the proof that k was real. We 
cannot therefore assume the theorem as still true for complex 
values of k without further investigation. We consider the 

integral f" , 

J=| where isv/— 1. 

Jo 

Then / will be finite if a be positive. 

Since e"'(‘*‘"*^l*=e~®®(cos6a:+i sin 6aj) the integral consists of 
two separate integrals, viz. 


r- 

Jo 


“* cos hx x"“* dx-\-t ^ 


Let ii, ^ be respectively the modulus and argument of I. 
Thus 


R&*- 




Let h—aiAn 0, 0 lying between — ^ and so that 

roo 

tan dx. 

'o 

Then differentiating with regard to 0, 

Re‘* = ,a sec^^J c-»*e““ *“ ♦x" dx. 

Integrating by parts, 

and the portion between square brackets vanishes at both 
limits, a being positive. 



322 


CHAPTER XXVIIL 


Hence ^ ^ y i a sec^ (pR 

\ d</} d(p/ a— lb ^ 

=11 (i— tan <p)Re ^* ; 

d log R . JL 
.. titan9 

0(j) 

log 72=71 log cos 0+ log ^ and ^=n(j)-\-B, 
where A and B are independent of (/>. 
i.e. R=A co8^<p, ^=7i(pi-B, 

But when <p vanishes b=0, and the integral is 


, 3$ 
and 

0(p 


f 


dx=^~~^ , and $ vanishes. 


Hence 5=0 and ^4=^^; hence 5=-^ cos" #=w^. 


Hence 


, r(w)co8"0. ^ I • r(n) 

So the theorem [ e“'*x""*rfa:=^^ 

still holds when k is complex, provided the real part a of the 
complex is positive* 

If 71 be a fractional quantity, (a— /6)" will be susceptible 

of q values and no more, if its argument be unrestricted in 
value. We must then obtain the argument of (a— <6)" by 
multiplying by n the argument of a—ib taken between the 

limits and 

1160. We then have the two integrals 
g-a* ifx cos" </> cos sin"0 cos n<p, 

g-a» sin j)x £c»*-i (lx = cos" 0 sin w0 = <P sin n<A, 

f e"0*x"“i cos hx cos (n tan“^ -Y 

0 (0,2. /,2x, \ a / 


T(n) 


0 

i.e. 


..(A) 


r 


(a2+h2)7 
g-aaj^n-lgin bx dx= — — - 

0 (aH62)’ 


sin (n tan“^ 


♦See Serret, Calcul Integral, p. 193. 
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These results (A) are then so far established on the under- 
standing that a is a positive quantity. 

may still 

0 

be finite if n be a positive proper fraction. 

Consider either integral, say J sin bx dx (6, +^®). 


This is equal to 

b b b 




sin hx x'^~^ dx. 


jr-^ D n 

Let ( — !)*■ Wr= 1 sin bx dx, and write for x, 

J rw O 

b 

(-l)'-M.=£e'“ * 8m(z+r7r) - 


-4 


1 


sin2;. 


and the whole integral | sin bxx^^^dx is made up of such 
Jo 00 

terms as this with alternate signs, viz. ^ i.e. 




which is convergent if a>0, for the terms diminish as r 
increases and are of alternate sign. But in the case w^hen 

1 f"" 

a=0, Ur becomes I sin z(z-\-r 7 r)'^-^ dz, and when r 

becomes indefinitely large this does not ultimately vanish 
unless L When this is so, the series 

^ 3 '+ . . . 

is convergent, and its sum will be the same as the sum 

for the value a==0, n<l. 

For if —Uq — Ui +^2 — ^^3 “f"'** 

8'=Uq-u{+u^'-u^'+... , 



324 


CHAPTER XXVIIL 


and Smt S'n be the sums of the first m terms and Rm, Rm the 
remainders respectively, 


But >Sf^— 0 when a=0, and Rl^ separately diminish 
indefinitely as m increases indefinitely. Hence S—S'^O when 
a=0 and 0<n<l. 

Hence formulae (A) become, when a=0, and therefore 


cos hx dx=^^^^ cos ^ ^ 

sin hx dx^^j^ sin ^ , 

» 0** 2 


(B), where n is a posi- 
tive proper fraction 
(6 positive). 


1162. Putting £ 0 = 2 ;^ and 7iX=p, we have 


r 

•'0 


2 ^^ cos bz^dz= 


'(!) 


pir 


\b^ 

r(P) 

zP~^ sin bz^ dz= ^ ■ sin 

I - ? “A 

' 


(B'), where p<X and 
both are positive 
(6 positive). 


1163. Since r(n)r(l— n)=-; , the integrals (B) may be 

written 

1 05 **“^ cos hxdx= ■ r. 

0 , mr2h^T{\-nY 

sin — ' ' 


2 


a**”* sin6a;da;= 


1 


cos 


nw 26 ’»r(l — n)* 
2 


•(C) 


1164. M. Serret points out that the latter integral remains 
finite when n is indefinitely diminished to zero, and that the 
formula then reduces to 


P (6 positive). 

Jq X (t 
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1165. If we write 1— n=m, m being a positive proper 
fraction, the formulae (C) take the form 


pcofl&r 

Jo 

f" sin^ag 

Jo 


dx= 


^tn-l 


COS 


dx= 


mir 2T{my 




sin 


WITT 2r {my 


0 <m < 1 

(6 positive). (D) 


1166. The case gives 


f" sin bx j tr 
1 — j^dx= 


h ^ _ n/tt ] 
T IT^ Jtt 


conhx j ^ 

" 4 


„ -2r(i) 725' 

4 


(6 positive). ...(E) 


Putting aj= 2 :* in these integrals, 

I cos& 2 :*d 2 =| alnb^Hz=^^J^ (6 positive); 


and if we put 6=^, we have 


lo ^ Jo X 

These two integrals are known as Fresnels Integrals, and 
will be considered more fully in Art. 1169. 

The groups of integrals of these articles are due to Euler 
(Calc, Integral, vol. iv., p. 337, etc.). They are also discussed by 
Laplace, vol. viii., Journal de VEcole Polytechnique, p. 244, etc., by 
Legendre, Exercices, p. 367, etc., by Serret, Calc. Integ., p. 193, etc. 


1167. Further Results. 
Returning to formulae (A), viz. 


^ e~'**.r*‘~* cos h,r dx = cos"<^ cos \ 
sin b.r dx = co8’*<^ si n 


where 6=atan<^, 


and putting m=s 1, we have tlie well-known results 

a 


cos 6a: 


f 


a2 + 62’ 
6 


sin 60* da: = -oTTa* 
ro a* + 6* 
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Again remembering that we have 6"*=a”*tan"*</>, and 

keeping a constant, 

h”^^dh = a*" sec*^ d<l>. 

Hence multiplying the integrals by the sides of this identity, and 
integrating with regard to b from 6=0 to 6=qo, and therefore with 

regard to from <^ = 0 to ^-^^d taking l>m>0, 

r(n) sin*""^ <t> cos"-*^' cos n<f>d</>= 6”^^ cos hx cLc dbj 

and ^ 

r (w) sin”*"^ <l> co8"“”^^ 4i sin Jo sin bx dx dh. 

The right-hand sides of these integrals are respectively (taking M>m), 

r cos dx and P s'n ^ 

Jo x”* 2 Jo x™ 2 

by formulae (B), 

r( 7 i — m) . mTT , . . mir , 

10")co8-^ and -^jj^^r(w)sin— ; 

whence we obtain 


jf sin"*”’ cos"”*"”’ cos n<^ d<t> = cos ^ , w > 7n, 

• 1 >m>0. 

^ sin"*”’ <l> cos"”"*”’ sin n<^ sin 

and taking w=m-4-l, 

/ 8in"”*</>cos w</>ci?<6= r sin 

./o ^ 2 

^ W2>n>l) (H) 

I 8in"”*<68in w<6cf<f>= ^coS“, 

Jo ^ ^ n-l 2 J 

Replacing by ^ ~ in formulae (H), we derive 


l>m>0. 


(2>n>l) (H) 


CO8"”*<#»CO8W<^»(i<^ = 0, I 

n 1 I 

/ cos"”*</> sin n<t> dih I 

Jo I J 


that is the formulae (G) still hold good in the limiting case m= 1. 
1168. Since r(m) r(I~w) = -7-^^ — formulae (G) may be written 

sin fUTT 

r siii«*”i <f> cos«-«”’ <l> cos nf di> = — 1 — , 

‘'o r{n)r{l-m) ^ . mTT . ^ , 

'2 sin -5- (n>m). 


COB Bin —2^ 


r(7i) r(i — »i) jj wwr’ 

2cOB-g- 


(l>»n> 0 ). 

(J) 
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When m diminishes indefinitely to zero, the limiting form of the first 
of these integrals is infinite. The second takes the limiting form 

» 

X <K) 

It will be noted that the integral (K) is independent of n. 

These results are given by M. Serret, Calc. Intig. ^ pp. 199 to 201. 
Differentiating the equations 

_ . „ ■ where r = Ja* + b* and ^ = tan-‘-, 

lo ^ r (w), ® 

with respect to », we have 

j[‘.r«-«-«* 8 in 6 xlogx<ix=?i^ T. »<>g r(„) . 

and eliminating — 

jT x"-‘ e-<“ sin (nd - 6 x) log i dx = ^ F (n) ; 
and if n= 1 , e~®®sin (d — bx) logidr 


where 


r = \/a* 4 -fc* and 0 =tan”'-. 


dV{n) 


Also could be approximated to by means of the tables for 

log r(/i) if required. 

These results are due to Legendre {Exercices, p. 369). 


1169, Fresnel’s Integrals. 

We have met the integrals 

/•« roo 2 

J coS“ir*(ia;=J 

known as Fresnel s Integrals, in an earlier chapter, viz. in the 
tracing of Cornu’s Spiral lcs^=\/r (Art. t560). They are of 
importance in the Theory of Light. Students interested in the 
employment of the integrals in Physical Optics are referred to 
Verdet’s (Euvres, tom. v., or to Preston’s Theory of Lights where 
the various methods adopted in the construction of tables for 
their values between limits 0 and v will be found explained at 
length. 
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Preston gives in the form of examples with hints at solution 
a very excellent condensation of the chief results arrived at by 
various investigators — Fresnel, Gilbert. Cauchy, Knockenhauer 
and Cornu (Preston, Theory of Light, pages 220-223). 


1170. We may consider shortly some modes of calculation 
of the more general integral 


E' 


COS <ti(x)dx, where <I>(x)^AqX^+AiX^-^ + A 2X^^^+.,. , 


Take first two near limits, a and a+h, wliere h is small. 
m+a rh 

Then J cos cos ^ (a +2/) dy, by putting x=a+y, 

= f cos{0(a) + 2 / nearly, 

Jo 

since y lies between 0 and h, and is therefore itself small, 

_sin{^ (ct)+/t0 '(>t)}-Hin ^(rt) . 

^'(a) 

Hence, by taking the limits successively, 0 to h, h to 2//, 
2h to Sh, etc., and adding the results, we may obttiin a close 

rnh 

approximation to J cos<f>(x)dx, provided, of course, that 0(a") 
is such that y>\x)^0 has no root between 0 and 


1171. A closer approximation may be made as follows : 

Since F(l^+</)= FUi) + ,,r{^) F’{,ji) + ... , 

we have, by integration between limits - - and 
h 

and if F(.r ) = cos (.r ), and .r - /a + 2/» 

n 

ra+h n 

I COS <l> {x) (f.v = I ^ COS </> (/IX -f y) dy 

^ 1 4* cP 1 4® d* 

=Acos<^(/i)+^ J + ie + - 

=A cos [cos<^(/*) c^'*(fi)+8in + ... , 

from which result wo may proceed as before, taking limits 0 to 4, 4 to 24, 
24 to 34, etc., and adding the seveml results. 



FRESNEL’S INTEGRALS. 329 


1172. Fresnel’s calculations were based in the manner described above 
upon a preliminary consideration of the integrals 



where the interval h is so small that its square can be rejected. 

In this case, putting..r= w + 2 , 

^ coa^da::= cos^(v^ + 2vz)dz- ^ [^sin (w* + 2wfe) - sin ^ J 

and 

^ ain^ dx= 8 in^(t;* + 2«2)€fe= ~^[^cos ~(ty* + 2t;A) -cos^J. 

Then taking as intervals and making v in siicceasion 0, 

... , the values of the integrals were approximated to. 


1173. The integrals 

f TTV* - r . rrt^ 
cos- -ctv, 


r . rrt^ y P ’Tt'* , /■* . TTW* , 

I sin dv or J cos ar, j sin dv 


TTV^ TTV^ 

may each be expressed in the form A'co 8 -Y--f- Tain , where X and Y 

are series of ascending powers of v, in integrating from 0 to v ; or 
descending powers of v when the integration extends from v to infinity. 
In both cases the integration is performed by “Parts.” 

In integrating from 0 to r we proceed as follows : 

TTV*”!” 


[ 


iru* , 

cos — dv- 


[„eos5^];+.p 


z J 

* 8 in dVy 


{ »in [f «in ! (* oos^dv, 

j- V Hi n rfr = ["’ 8 i n J - 1 £ ,/• cos d». 


etc. 

— TT- 


Hence multiplying by 1, r, ,. 3 ^ 5 . 7 ' 1 . ’ 

and adding, 


j: 


rrv^ , Trr' 

cos dv = cos ^2 


-f sin 


' r V TT^V® 

Li 




5^1. 3. 5. 7. 9 






2 L 1.3 1 . 3 . 6. (■'■ 1 . 3 . 5 . 7.9 






~ A cos -s" + I sm , say, 


.( 1 ) 


and proceeding in the same way with j sin^rfv. 


[ 


sin ^ cfv= - Tcos ^ + JTsin — » 
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aud the sum of the squares of the integrals (which gives a measure of the 

intensity of illumination in a certain case in Physical Optics*) is T*. 

It is interesting to note that the series A', Y satisfy the equations 

dX^ yr . dY y . 

^+«r=i. ^-«J=0, 

i.e. - j-( - T- )A 4-Tr*Ar= --a and - t"! “-T” 

V dv\v dvj V dv\v dvj v 

1174. If it be desired to express the integrals with limits v to oo in 
descending powers of v, the integration by parts must be conducted in 
the opposite order. Thus 

i =Lir/'"TJ. +i. 


TTV^ y 


r i ¥‘^''=r ?)''«’=[ -i A 

1 . rv^y /”" ^ / • r 1 irrH® ^ f* 1 

/ “T^ = / -r--( TTV Sin ~ )aa^= r^cos-^- -7/ -r-s cos - 5 - av, 

,K 2 j. ir*v<\ 2 / L 2 J„ J, 2 

etc. 

Hence multiplying by 1, 1, -1.3, -1.3.5, + 1 . 3 . 5 . 7, etc , and adding, 


r ir 2 , . irrV 1 ,1.3 1.3.5.7 . \ 




^ _ 1.3. 5^1. 3. 5. 7. 9 

2 i,7r‘V ir*v^ 7r®v“ 


■■) 


= Z'cos- 


xr, . 

• I Bi'i - 5 -. say, 


where 


"ttV 

and similarly J 


y. 1 1.3.5, ^ 


2 

and 


..( 2 ) 


r=l -^+etc.; 

TTV TTiT 


8in-^ai;= / cos— H- A sin -y 


And, as before, the sum of the squares of the integrals is X'*-h Y'^. 
Also X\ Y' satisfy the differential equations 

dX' yy _ dY' yy 

V dv V dv ■“ 1^’ V dv V dv v' 


We also obviously have 

r ^ r r* 

/ cos — dv= / cos -jr- av - / 

J, 2 .'0 2 Jo 

♦See Preston’s Light. 


TT 

'4i»' 


irv* , 1 „ ^rv* . irv* 

cos -^at; = 5 - A cos -a — / sin - 5 ™ ; 
2 2 2 2 
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and similarly 

•« 

sin 
Also 


/*" . ‘ff'i;* , P . irv* , /*• . irv* , 1 irv* . ttv* 


X 2’> 

r® . TTV* , r® . TTt;® , /"** . TTV* , 1 TTW* „ . TTV* 

/ 8in—av- am-- dv- sm — c?v=-~ } 'cos — - A'sin— . 
.'o 2 yo 2 2 2 2 2 


1175. The expansion (1) in ascending powers of v is due to Knocken- 
hauer.* The expansion (2) in descending powers of v is due to Cauchy.t 
For the student of the Integral Calculus, perhaps the most interesting 
of Mr. Preston’s quotations is one which expresses Cauchy’s series of the 
last article in the form of definite integrals. These expressions are 
quoted from the investigations of Gilbert, published in the Mhnoires 
couromi^a de VAcad. de Bruxelles^ tom. xxxi., p. 1. 

Writing =m, we have 


/ ® TTV* , 1 / “ cos U , [* . TTV* , 1 P* Sill U , 

/ cos— — rft; = - 7 ^| — aw, I 8in-^dv = ~j= du. 

Jo 2 V 27 r^o \'u Jo 2 v2ir-^o x'u 

Also c/jr = ^ ; 

Jo w# x/u 

\ f coa^dv=-r^f coswT-^f c?w, 

Jo 2 xf2irJo ^s/tJo Jx J 


i.c. 



c os u 
s^x 


dudx^ 


or changing the order of integration, which does not alter the limits, 


1 

"7rV2 

/: 

' r -L 

Jo sjx 

1 

r 

1 r 

rr^/2 

X 

x/.rL 

1 

r 


iryj2 

J, 

s/x Ll ^ 

1 

n 


“"7r^2 

Li 



, X cos u — sin 


I 


^Jdx 


*\lx 


Now r - — ^dx—r >/tan (9c/ft by putting .r= tan ft 
.'0 1 +xr Jo 



(\/ tan 6^ + V cot 0) rf ft 


= by Ex. 8, p. 162, Vol I. 

V2 

• Knockenhauor, Die Undidationstheorie des LichU^ p. 36 ; Preston, Theory 
of Lights p. 220. 

t Cauchy, Comptee Bendua, tom. xv. 634, 673. 
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Hence 

and similarly 

f . TTV* , 1 TTV^ 1 . . TTV* 1 , 

/ am -rt- at;=s - cos -s- • — 7 ^ 1 r- ctj? ~ sin - 7 ^ j= I 7 — — h- da:, 

Jo 2 2 2 ^s/2Jo 1+^^ 2 7r>/2^o l+:r* ’ 

TTV^ 

where u=-^; which express Cauchy’s series X', Y' in the respective 
definite integral forms 

X' s -U r “<ir and Y' = ^ 

ttVS^o 7rN/2*'o 1+:*^ 


1176. Several other interesting relations amongst these integrals are 
given by Mr. Preston, to whose book the reader is referred. 

A table of the values of Fresnel’s integrals, as given by Gilbert, is 
quoted in Art. 1177 from Mr. Preston’s book. The table is carried up to 
i;=5*0. The oscillatory character of the results is exhibited in the graph 
of the Cornu Spiral in Art. 560. 


1177. Gilberi'’s Tables of Fresnel’s Integrals. Quoted from 
Preston’s Theory of Light. 


V 

r* wy* 

/ cos dv 

Jo * 

/ sin -y dv 

Jo ^ 

V 

/ cos -y- dv 

Jo 1 

f^sin'^^dv 

00 

0 0000 

0*0000 

2*6 

0*3389 

0*5500 

OT 

00999 

0*0005 

2*7 

03926 

0*4529 

0-2 

01999 

0*0042 

2*8 

0*4676 

0*3915 

0*3 

0*2994 

0*0141 

2*9 

0*5624 

0*4102 

0-4 

0*3975 

0*0334 

3*0 

0*6057 

0*4963 

0-6 

0*4923 

0*0647 

3*1 

0*5616 

0*5818 

0-6 

0*5811 

0*1105 

3 2 

0*4663 

0*5933 

0-7 

0*6597 

0*1721 

33 

0*4057 

0*5193 

0-8 

0-7230 

0*2493 

3*4 

0*4.386 

0*4297 

0-9 

0*7648 

0*3398 

3*5 

0*5326 

0*4153 

10 

0*7799 

0*4383 

3*6 

0*5880 

0*4923 

11 

0*7638 

0*5365 

37 

0*6419 

0 5750 

1-2 

0*7154 

0*6234 

3*8 

0*4481 

0*5656 

1-3 

0*6386 

0*6863 

3*9 

0*4223 

0*4752 

1*4 

0*5431 

0*7135 

4*0 

0*4984 

0*4205 

1*5 

0*4453 

0*6975 

4*1 

0*5737 

0*4758 

1*6 

03655 

0*6383 

4*2 

0*5417 

05632 

1*7 

0*3238 

0*5492 

4*3 

0*4494 

0*5540 

1*8 

0*3363 

0*4509 

4*4 

0*4383 

0*4623 

1*9 

0*3945 

0*3734 

4-5 

0*5258 

0*4342 

2*0 

0*4883 

0*3434 

4*6 

0*5672 

0*5162 

2T 

0*5814 

0*3743 

4*7 

0*4914 

0*5669 

2*2 

0*6362 

0*4556 

4*8 

0*4338 

0*4968 

2*3 

0*6268 

0*5626 

4*9 

0*5002 

0*4351 

2*4 

0*6550 

0*6197 

5*0 

0*5636 

0*4992 


0-4574 

0-6199 

m 

0-5000 

0-5f)00 
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1178. Soldner’s Function. 

I X 

9 io^ “ known as Soldner’s Integral. It 

is denoted by the symbol li (x), which is Soldner’s original 
notation. The letters li are suggested by the phrase 
‘ logarithm-integral.’ 

It is obvious that the integrand has an infinity when x=l. 
Hence, in accordance with the theory of Principal Values 
(Chapter IX.), when the upper limit is greater than unity, we 
shall understand this integration to mean 





dx 

logic’ 


wdiere e, >; are made to diminish indefinitely in a ratio of 
equality. 


1179. Properties of the Function. 

It follows that S li (.r) =: r— . Hence 
di' log ju 


' log.r»+i log a;’ 

d,r ~loge®+*“a-fx’ 




dx 


-li(0- 


log 


e”® c~® 

X ’ 


a ... . . cosjc . 

■j” 11 (sin — T* ■■"■■■ 9 etc* 

dx log sin a; 


Hence conversely we may express certain integrals in terms of a 
Soldner’s function, viz. 

C fa 

~liCr”‘+')-fC', or between limits J =li(a’"+*)-li(6’*+*), 

j^d.v =li(<?®)-f-C, i>. ^(/.r=li(tf®)-li(e^), and so on. 


1 180. To enable the arithmetical calculations of such results to be made, 
Soldner constructed a table of the values of Ii( 4 :) to seven decimal places 
for values of .r, from x= *00 to 07=1 *00, at the latter of which the function 
is infinite, the values being negative ; and a further table of the values 
of lio:, giving the values to seven places, for x-lj li, 1*2, 1*3, 1*4, which 
are negative, and 15, 1*6, ..., 2, 2*5, 3, 4, 5, ..., 20, which are positive, 
and at certain intervals from 22 to 1220, all taken to eight significant 
figures. 
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It is unnecessary to give the tables here. They will be found reproduced 
in De Morgan’s Dijf, and Int. Calculus^ pages 662 and 663. A few extracts 
from these tables will indicate the shape of the graph : 





SOLDNER’S FUNCTION. 


335 


1181. Method of Computation. 

We proceed to show how these values were computed. 

It will be seen that, by putting or the intei^ral 

r* rioBa j... Jo log X 


be thrown into the forms - f or . 

J-ioga y J -00 y 

'fow, so long as n is greater than zero, we have by expa 


^C- -A-—— - I ^ ’ 

71 (71 + 1)1! (71 + 2)2!*^ (n + 3)3! 

where C is to be found. The series is convergent for all positive values 
of V and does not become infinite with v. Also, when r=0, the value of 
the integral is r(7i). Hence (7=r(7i). 


f 7)^ 7;’'+2 

Hence / dx = r(w) 1- . + 

> 7i (71 + 1)1! (71 + 2)2! 

This may be ari’anged as 

Jm ' 71 n (71 + 1)1! (71 + 2)2! 

r(n + l)-l v*»-l , 

S= + tvi ' i ““ > 

n n (71+1)1! * 

Now, if we make n diminish indefinitely, Z^^-^ = logv, and — - 

is the limit, when 7i = 0, of — — - -- - - for the value .r==l, t.e. 

’ n ’ 

[irw]., » ni), 

or as r(l)==l, this is the same as Fj^-log r(^)l » ^ ^ -y* where y is 

Euler’s Constant. ^ ■'"* 

Hence j -y-\ogv+^,-^+^-..., (A) 

Hence we have, putting v=loga, 

(B) 

Again, by expansion, 

and upon addition, diminishing c and rj indefinitely in a ratio of equality, 
the Principal Value of li(a) is given by 

li(a)= - f — ctr= -Lt( [ ‘ + f dx, vliere €^ri=0, 

J— loga ^ \J—logn Jyj J ^ 

,.>1). (Q) 
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As there is manifest discontinuity when a= 1, and the Principal Value is 
taken in integrating over the discontinuity in the second case, formula (C) 
will not be derivable from formula (B) by putting - for a in the former. 

It will be observed, however, that the two series then only differ by 
log(“ 1), which is the effect of the discontinuity. 

By means of the expansion of 
1 1 1 
log(l+J?) X - ^ 

3 ” 

= + A', + + . . . , 

where the coefficients may be calculated either by actual division or by 
multiplying up by and equating coefficients, giving 

= = A^e=-«SfS„, etc., 


we have, «<!, 

and by Art. 944, putting 




= A(t,-i{li6-log(l-6)} = A<a-o{Ii(l-o)-loga} = Xi-'-^2^-^’- 


whence li (1 -a) = y + loga — Xia + -~a2- 

r*+« dz 

Again li ( 1 -f- u) = Prin. Val. of / 

Jo 


2 

= P.V. of 


.(D) 


f- 


d i 

fi^r+7) 


.(K) 


0 log* 

+l 

= Lf«-o [(7 + log€-X,€ + JXse-- . . .) 

4-{loga-" log€-f Xi(a“C)4'iXa(a2-«*)+ ...}] ; 

. li(l 4'a) = 7+log« + X,a + X.,-2 4- 

Also, by Taylor's Theorem, 

d cP 

li (a + r) = li (o) + ar(log “)"' + ^ (log «)“' ^ + ,7-4 (*og 3"j + — ■ 

Other results will be found in De Morgan’s Differentnii and hit, Calc.^ 
pages 660 to 664. By aid of these series Soldner calculated the numerical 

r® dx 

values of the table for the function li (a) s j 

We may therefore now regard such functions as 
1 ^ cosh X e* 

]ogx* \ogx* x’ X * x4-a 


, etc.. 


as integrable in terms of Soldner’s function, and therefore their integrals 
calculable by means of his table, for assigned values of the limits. 
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1182 . Frullani’s Theorem : Elliott^s and Leudesdorf’s 
Extensions. 

Suppose F{xy) a function of the product j'u of the coordinates 
of a point in the plane of x, y lyin^ in the i-e^ion bounded by 
the 7/-axi.s, an ordinate at inlinity and tlie two straiglit lines 
y — <t and y — h parallel to the .r-axis. Let a and h be suppovsed 
of the same sign. Let F(::) and F'(z), where z~xy, be finite 
and continuous functions for all points in this region and also 
along the boundaries. 

Suppose also that F{xy) takes definite finite values at 
x = 0 and at x— x from the value y — h to y = a inclusive, and 



denote them by F(0) and F{x > ) respectively. Consider the 
surface inti'gral of F'(xy) over this region. This is (expressed by 

n F\x}f)<lx Jy, or, what is the same thing, | 1 F\xy)dy dx. 

^ I, J b J Q 

'J’he first form of the infegial is 


=r 


V- h 


Jo iC 


The second form of the integral is 

t - ['■<■'">11 


'i; 


= )-/X0)]j"'^ 


Hence it appears that 


r F(a.v) -J\ l ^ ) ^ log 

Jft ^ 


( 1 ) 
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Similarly, if we integrate over the region bounded by 
x=—ao, x = 0, y = a, y = b, 
we obtain in the same manner 

j.(-^ )jIog« ( 2 ) 


L 


provided F{xy) takes a definite value i^( — oo ) at x = — oo . 

In cases where )=0 or ^’(0)=0 the theorem takes the 

simpler forms j* ^ ^^^-- dx—F(0) log" F{x>)\og^ 

respectively. 

1183. We may examine these results from another point 
of view. 

h 

1 L C<*F(ax) — F(0) j rvu % 

Let = J — ^ — — — Then, putting ax = = , 


and 


“=j: 


V 


y 

dy, and is therefore independent of a. 


Hence 


f 


F(ax)-F(0) ^^ P 

X io X 

= f* W [^EMdx- 

Jo X Jh X Jo X 


Therefore 


A 

f 


F{ax) — F{bx) 




dx 

h X 
I 


-F{0)log- 


Now, in tlie second integral, viz. both limits 

b 

become infinite, when h is indefinitely increased, but they are 

separated by an infinite interval Hence it 

cannot be assumed that this integral vanishes, and it must be 
investigated in each case. 

If, however, F(bx) tends to take a definite finite value F(go ) 
when X is increased indefinitely, let its value between the 

limits J and ~ be called )+€, where c is ultimately an 
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infinitesimal, and let and €2 be the greatest and least values of € 

k 


for values of x between j and - 


Thusp 
a }h 


Fjhx) 


h X 
b 


dx lies between 


(f(ao)+ei)log^ and (F(oo)+ej)log^, 

U/ (Jb 

and therefore in the limit becomes F{oo) log - , and the theorem 


becomes 


a 




But supposing F{bx) not to take up a definite limiting 
value such as has been described, it may still happen that 

h 

Lt^-oo dx assumes a definite value — 7r, or it may vanish. 

h 

I n the former case | ^ - dx~K — F(0) log g . 


In the latter case 


r 

•'0 


F{ax) — F{hx) 


dx=-F{0)\og- 


The formula [ — dx=F{0)\og^ is known as 
Jq a; d 

Frullani’s Theorem. According to Dr. Williamson it was 
communicated by Frullani to Plana in 1821, and subsequently 
published in ihm, del Soc. ItaL, 1828. 

The more general form 

j“ )-i;'(0)]log“ 

is due to Prof. E. B. Elliott {Educational Times, 1875).* 


1184. As examples we may take 

1. J — — — — ^ — — <ia?= (taii~‘<» - tan~^0) log g log 

2- j[ log5±^^={logp-log(p+j)}logj=log(l+|)log|- 

These two examples are given by Bertrand, but arrived at in a different 
manner. 

• Both references are due to Prof. Williamson, pages xi and 166, InU Calc, 
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quantities. 

4 j ^ — log which has been discussed earlier (Art. 

1041). 

1185. It will be observed by reference to the article cited that in 
Ex. 4 the second mode of discussion was atlopted. This was necessary, 
for if we attempt to apply Prof. Elliott’s e.\tension the debateable value 
cos 00 appears. 

As to the values of cos oo and sinoc, which we have in all cases 
avoided, the student may refer to a remaik of Todhunter, Ivt. Calc.^ p. 278, 
and may also consult Memoirs XV., XIX., XXXII. in Vol. VIIL Camh, 
Phil. Trans , there refen ed to. 

In cases where the evaluation of f d.c involves any 

Jo ^ 

doubt as to the definiteness of the value of /'(.ry), when a: becomes 
infinite, or doubt as to the evaluation of the limit Lt^-^ dr. 


infinite, or doubt as to the evaluation of the limit I 

Jh 

another method of investigation must be adopted. * 

5. Thus, in the case 

r* . /l4*2ncosa.r4-yi*\(ir 
Jo ^'^^U-l-2ncos6.r + n»/'^’ 
we may write the integral (by Art. 1134) as 

JT (n»< 1), 

or jT (»»> 1), 

= log ^ log (1 + n)', («* < 1) ; or log ^ ■ log (l + ^) , (n' > 1). 

1186. In cases where /’(oo ) and /’(O) both vanish, the result is of 


course zero. 


* e“‘'*sin ojr — e^^sin hx 


But f * ^~**^^®* “ c“**cos bx ^ 

u - - og^. 

1187. Other forms of the general result may be obtained by 
transformation. 

Thus, replacing x by 

r r((uf') - ^'(baf') . If" F{ax) - F(bx ) . j r m i g 


<ir=^[/’(oo)-/’(0)]log3. 
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Oi* again, putting ^ = log a:, the formulae 

l-s-js-ja-)*.,,., 

r. — ~F{-cc)} log" 
respectively become 

and, writing F’(logz)=/( 2 ), 

i V"W"“-^W>'<'«5- [Etuorr-l 

Again, if we write a — ^y h — e^y x~e^; .r=0 gives y— — co, :i’ = qo gives 
y = ® , and if be replaced by f(z)y we have 

/_[/(“+ y) -/{^f + = [/(® )-/(- '=^)] log f 

= ) ”/( - « )](<! - P ). [Elliott.] 


1188. Elliott’s Extension to Multiple Integrals. 

IVofessor Elliott has extended the general form of Frullani’s 
Theorem to the case of certain ]\lultiple Integrals in two 
papers in Vol. VIIl. of the Proceedings of the London Mathe- 
matical Society y and a supplementary paper on these extensions 
was published by Mr. Leudesdorf in Vol. IX. of tlie same 
Journal. The singular elegance of tlie results arrived at will 
commend itself to the attention of the advanced student who 
should consult the original papers. We have no space here 
for more than a brief indication of tlie metliod followed. 


Adopting the notation used by Mr. Leudesdorf, let 8(Py q) denote any 
symmetric function of p, q which does not become infinite for any positive 
values of Py q from 0 to oo inclusive. Denote 

/ by [a], j I S(ax, by [a, 6]. 

JQ •r Jq Jo -*// 

Let a=e®', 6 = c = e^ rf=e*. 

Then Elliott’s form of Frullani’a Theorem may be written 
[a]-[6] = [S(<x))-S(0)](a-^). 
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Now, consider the integral [ac]-[6c]-[a(i]+[6d], or, as it may be 
written for short, [(a-6)(c-d)]. 

By two applications of the above theorem this becomes 

l8{aie,ey)-S{hx,ci/)-a{ax,dy) + a(f)x,dy)'i'^^ 

= r (a-)8)[S(oo,ey)-S(0,«v)]^ -f (a-i8)[S(® , rfy)-S(0, 

y Jo y 

=(<»-)3) I" [S(® , ey)-S(=o, dy)]^-(a-p) j‘ [S( 0 , ey)-a(fi, rfy)]|' 

= (a-^(y-8)[S(<», a.)-S(®, 0)] -(o-)8)(y-8)[S(0, co)-8f(0, 0)], 
and as is a symmetric function /8f(ao, 0)=/S(0, oo). 

Hence, we obtain 

(a ^p)(y- S) [5f(ao , oo ) - 2/8f (oo , 0) 4--Sf(0, 0)], 
which, for short, may be written (a--/J)(y-S)iS(oo -0)*. 

Hence, the extension to a double integral may be written 
[(a-6)(c-rf)]==.8f(oo -0)^a-p)(y^8y 

In the papers cited, the result is extended to multiple integrals of a 
higher order. The student should have no difficulty in doing this for 
himself. 

1189. On the Transition from Beal Constants to Complex Con> 
stants in Besults of Differentiation and Integration. 

Let us premise that, in the remarks following, the variable is a real 
one, viz. that the path of integration is along a portion of the x-axis, 
that the limits of any integrals occurring are real quantities, and that 
the constants occurring are independent of the limits ; also that 
the functions dealt with are finite and continuous, and such as to 
possess differential coefficients. 

1190. Lemma I. 

l^et Wj and Ut be two real functions of x which continually approach to 
and ultimately differ by less than any assignable quantities from definite 
limiting values and respectively as x continually approaches a 
definite value a. We may then put and c*, where €i 

and €t are quantities which ultimately vanish when x approaches 
indefinitely closely to a, so that ci + t€, also ultimately vanishes, where 
t stands for - 1. 

Then + 

and Xrf(i£i + ttt»)=Vi + ii;t4-Lt(€i4*i€a)— + 


1191. Lemma 11. 

If, upon putting x-^-hior x^ Ux and take the values Ux and IJ% respec- 
tively, it follows that + takes the value + and therefore 


r. + r.Vx-'*! 

h "~ir“ 




Vt-ut 

~Tr- 
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Hence, when a function of z containing a complex constant p + tg, but no 
other unreal quantity, can* be separated into its real and imaginary parts as 
p + = q)-^iF^(x, p, g), 

^ »*> ?) P’ «)• 

1192. It has been desirable to consider these results in detail, though 
they might be thought obvious. For in our idea of a limit we have 
had constantly in mind some real quantitative arithmetical or algebraical 
result from which the function under consideration could be made to 
differ by less than any assignable real quantity by making the variable 
approach nearer and nearer to its assigne«l value ; and it has not hitherto 
been necessary to consider the case where the function involves unreal 
constants. 

1193. It is well known that the separation of a complex function into 
its real and imaginary parts can be effected in all the ordinary cases when 
the function is of algebraic, exponential, logarithmic, circular or hyper- 
bolic or inverse circular or inverse hyperbolic form, such as 

(p-f-ig)«, + log(p4-tg), sin(p-htg), tan-MP + t?), etc., 

as well as in any combination of such functions. 

Lemma III. If F(z) be any function of z expressible as a power series 
with real coefficients, viz. with radius of convergency p, then 

+ where r = ^/p*-l-g*<p, ^^tan^'g/p 

= X-ftr, say, 

where X=2A„r’*cus7i0, F— S/f^r^sin w^, and both these series are 
convergent if be convergent, and then X-f t-F is convergent. 

We then have X-tF-2A„r«tf'»^« = 2A„(p-tg)"=rF{p-tg). 

The separation into real and imaginary parts is then effected by addition 
and subtraction of the equations 

X-ftF-F(p + tg), X-cF-F(p-tg), 
giving 2X = F{p -f- tg) + F(p - ig), 2i F = F(p + tg) - F{p - ig) . 

1194. Lemma IV. 

When F(xy p + tg) can be thus separated into real and unreal parts, as 
X(j-, p + tg) = Xi(.r, p, q)^iFt(x, p, g), 

Fi and F%^ besides containing ,r, may be regarded as conjugate functions 
of p and g, and therefore 

'dF^ dFt dFi__dFt^ 

"bp ^^§q * bq bp ’ 

and differentiating with regard to z^ 

b fdF,\ b (dFA b 

dx ) bq\ dx )* bq\dx J bp\ dx P 

AF AF j 

i.c. and -j— are also conjugate functions of p and g ; 
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i.e. which is equal to + besides involving .r, involves p and 

q as a function of p + ^q, and p + iq), say. 

It might be said that this also is a self-evident fact ai ising from the 
principle that the process of ditferentiation with regard to x takes no 
cognisance of the particular values of any constants involved. But as our 
experience of this fact is based upon the behaviour of function.s containing 
only real constants, it is desirable at this stage to make this point also 
clear and to establish it explicitly. 

We have then ^ p-\-^q) of the form p-^iq) for all real values 

of .r, p and q^ and we have to identify the form of thi.s function (/>. 

Now the farm of a function is merely a means of defining the particular 
manner in which the several variables and constants are involved in its 
construction, and is independent of any particular values assignable to 
those variables and constants. 

Suppose then that it has been discovei-ed in the case of a real constant 
p that ^F(xy p) takes the form /(.r, p), a known form say, for all v^alues 
of X and p; then since, when q = 0 we also have —i’Cr, p) = </j(.r, p) for 

all values of .v and p, we must liave ^(x, p)=f(x, p) ; that is, the form 
of the function </> is identified as being the same functional foi in as that 
obtained in the diflferentiation of F(.ry p) for a real value of p. 

1195. It is assumed in what precedes that we are dealing wdth a function 
F(x^ p) which is continuous and finite for the whole of some range of 
values of x within which x lies, whatever real value p may have, and tliat 
the differentiation of F with regard to x is a possible operation ; and 
that these suppositions will not be affected if we change p to p-f tg. 
Further, that Fj and F^ are continuous and finite functions of x for the 
same range, and that differentiation with regard to .r, p or q is a possible 
operation. Under these circumstances we may infer that if 

p), 

where p is u real constant, we shall also have a result of the same form 
when is a complex constant. 

If then it be distinctly understood that the definition of integration 
used is that it is the reversal of the operation of differentiation^ i.e. the dis- 
covery of a function F{x\ p + iq)t which upon differentiation with regard 
to X shall give rise to a stated result /(jc, jJ + ig), it will follow under the 

limitalions stated above, that if Jf(x,p)d.r^F(.v,p), where p is a real 

constant, we shall also have Jf(^, p+tg)dx=‘F(x, p + iq), where p+iq 

is a complex constant, and the integrals being indefinite a real arbitrary 
constant 0 may be supposed added in the first case, and a complex 
arbitrary constant C 1 + 1 C 2 in the second. 
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1196. As examples of these facts, let us consider 

(1) the ditfereiitiation of where p and q are here, as always, real. 

We have 

™ (.if [of {cos (q log a?) 4 - 1 sin (q log j")}] 

= j^.[-«^{cos(glog.r)}]4-t^- tr>'{8in(glog.r)}], by Lemma II., 


— cos (q log jr) + sin (q log .r) J 

{q log .?;) + (? 


-ft 

- (p + tq) rf'^^ [ct)s {q log .r) 4- 1 sin (q log .r)] — {p + iq) .tf~^ * 

as might be expected from the principle of permanence of form stated 
above. 

Hence the rule = holds whether ?i be real or complex. 
Conversely, , 

J p-f tg 

/j,n 

.r"”'d.r = — , also holds 

wiietner me inaex « ue real or complex. 

(:2) Consider J“. 

Th is is ** [cos (q.r log « ) -f t sin (q.v log a )] 

= “ cos (qx log ‘ ^ “ sin (qx log a) 

-(P + log a ® [cos {qx log a) + 1 sin (qx log a)] 

— ip + f’q) log a . 

which is the ordinary rule for differentiating o'*® when n is real. 

Hence log « . a”® whether n be real or complex, and conversely 

«nx 


Ja" 


'dx- 


n log a 


whether n be real or complex. 


(3) C'onsider j^logj> 4 ifl*r, 

d log^ 1 d . _ 1 1 

d.r iog.( p + 1 (?) log, (p 4- tg) log,(p-f tg)* 

which is again the ordinary rule for ^loga-^* * io^* 

(4) Consider ;^t4in~“* f -» 

' ' dx p-ht-q 

Let tan“'-~^~X~tF, and therefore tan''^;--^=X4ty* 

p4ig 
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and 


Then 2X = tan~^ 
dX dY 


2px 


dx ^ dx 




ay^tanli”^- 


2g.r 


|,2^g2_^2 

» ‘^(p»+5‘+4;*)*-4gV-'' 


- 3?‘Y + 

But since 

(l>* + g* - ^)* -f = (p* + g* + jr*)* - 49*jr* = ( p* - gr* -f ^)* + 4p*g*» 

we have - tan~i — _ P(P*-hg«-i-^)-tg(p*-f g«-a:*) 

dr n4~Ln / <n* — /»• O. d.>n*n^ 


p + tgf ( p* - g* + j;*)* + 4p*g* 

(p-f tg)[(p-ty)«-f.i‘*] ^ P + W 


“ [( p - 19 )» + ^][(p + tg)* + x^] (p + iq)* + j;* ' 
That is, the ordinary rule for differentiating 

a 


tair 


d .X 

VIZ. j-tan“^- = - 5 - — i, 
dx a -h .r* 


holds whether a be real or complex. 

/ dx 1 X 

-i — == - tan“‘ - holds whether a be real or 
ar-\-xr a a 

complex. 

(5) Similarly, we might go on to discuss the other standard cases. Tlie 
student may verify these for himself. 


1197. Essential Difference in the Two Definitions of Integration. 

Now the summation definition of integration loses its meaning when 
the integrand becomes infinite or discontinuous between or at the limits 
of integration. Let x—c be a value of x at which the integrand becomes 
infinite or discontinuous. Then, if the integrand be regarded as the 
differential coefficient of some function of x, say y, there is a discontinuity 
in the value of dyfdx for the value .r=c. And to interpret the summation 
definition it has been seen in Chapter IX. how Cauchy has given a new 

summation definition of J ( )dx^ viz. the limit of the summation 

rc-c ra 

/ ( )dx+ ( )dx, 

i/ft ./c + ij 

where € and y are to be diminished indefinitely in a ratio of equality, 
obtaining what Cauchy calls the Principal Value of the Integml. In 
this way the discontinuity iudf is avoided. It is approached indefinitely 
closely from opposite aides, but the discontinuous element is omitted. 

Thus a geometrical meaning is given to the symbol j ( )dx^ which, from 

the summation definition, would be otherwise meaningless. But regarding 
the integrand as the differential coefficient of the function y,. the dis- 
continuity itself is an essential characteristic of that function. Hence the 
two definitions do not agree if such points as the one under consideration 
occur within the range of integration. But it has been seen earlier that 
in the absence of such cases occurring between the limits of integration, 
there is agreement between the two definitions. 
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In the general theory of Definite Integrals, i.e. of those integitils 
between certain specified limits whose values may be sometimes found, 
as has been seen in the last three chapters, without any knowledge of the 
function which forms the indefinite integral, the indefinite integral is an 
unknown function of x, generally not capable of expression in finite terms 
by means of any of the known ordinary Algebraic, Exponential or 
Logarithmic, Circular, Hyperbolic or Inverse Functions. 

1198. If then /(x, c) be the known or unknown function of whose 
differential coefficient with regai-d to x is F(x, c), we have 

Fix, c)fltr=[/(.r, ^ s^y, 

and the two definitions, viz. that of inverse differentiation and that of 
summation, agree except in the case where Fix, c) assumes an infinite 
value or becomes discontinuous between the limits x—a and .r = b, and 
this will hold when c is changed to any other value, say c\ so long as 
such change does not make F{.v, c) become infinite or discontinuous for 
any value of x lying between x—a and x — h, or at either limit. 

It will follow that whichever definition may have been used in obtaining 
a sfjecific result such as 

^ Fix, r)iii:=x(a, b, c), 

where c is real, that result will still hold under ceriain conditions when a 
complex is substituted for r, that is. 

Fix, p -f ig) dx = X 

that is, provided that none of the stipulations with regard to F and \ have 
been violated by the transformation. 

This enUils that Fix, c) shall be finite and continuous for all values of 
.r from x — b to .r = a inclusive. 

That Fix, p + iq) shall be separable into real and imaginary parts as 

p, g). 

That when this separation has been effected both Fiix, p, q) and 
P, g) shall be fitiite and continuous functions of x for all values of x 
from jc— 6 to a: = a inclusive. 

That x(<*» P+^g) 1® likewise separable into real and imaginary parts 

Xi(n, ^ p, g) and X|K ^ P, ?)• , j 

lliat when any convergent infinite series has been used, or its us 
any way implied in the establishment of the primary result 

J F(x, c)dx^ xia, b, c), 

or in the separation of F(x, p+tg), x(®> ^ P+‘g) their resp^tive 
and imaginary parts, the convergency shall remain unaffected y ^ 
substitution of p+tg for the real constant c for all values o ^ ^ 

to inclusive ; and further, that when this convergency o s on y 
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within definite limits of the values of p and g, the truth of the permanence 
of form of the result can only be inferred between such limits. 

That the path of the original integration for values of x from a point 
x—b to a point along the jc-axis shall not have been altered in any 
way by the proposed change from a real constant c to a complex constant 
p + ig. 

With such atipiUationSy we therefore have 

I Py q)+f‘^2{^y Py g)} ^ ^ ?)> 

•'b 

whence p, g)dx=Xii<*> P>9) ', j[ P< 9)<^ = X 2 (“> P< S)- 

1199. If P{j:, c) and x(“> c) be such that j Pij", c)i/.r=x(a, f>, c) for 

all real values of c, and that F(Xy c) is developable as a series of positive 
integral powers of c uniformly and unconditionally convergent between 

specific values of c, for all values of x from b to cr, so that / F{x^ c)dx is 

Jb 

capable of term by term integration, and is also developable in a like con- 
vergent series, and if \{ay 6, c) be also developable in a series of positive 
integial powers of c convergent for a sjiecific range of values of e, the 

ra 

coefficients of like powers of c in J F(Xf c)dx and ;)((a, b, r) are equal for 

all values of c for which each series is convergent. And provided that 
this convergency remains in both series when we substitute a complex 

i'a 

value p-f ig for c, the equality of j F(Xj p-{-iq)dx and x(<^*» P + ^g) will 

still bold good for such values of p and g as do not distuib that con- 
vergency and do not cause F to assume an infinite or discontinuous value 
for any value of x between b and a. 

If it be proposed to conduct the transition from c to p-»-tg by a pre- 
liminary change to p-f g, we have j F{x^ p + q)dx~ xi^y P + g) J *i*‘d if 

expansions of F(x^ P + g) and x(«t P+g) be iK)ssil)le in series of integral 
powers of g, each uniformly convergent between specific limits of g, the 

coefficients of like powers of g in the exf)ansion8 of I jP(.r, p-\-q)dx and 

X(a, ^»P + g) will be equal, and therefore, provided the convergency of 
these series be maintained when a change from g to tg is made in them, 
and provided also that such changes have not caused F to assume an infinite 
or discontinuous value for any value of x between x=!=b and A' = a, we 
may infer that the transition to the complex p-f tg is legitimate. 

1200. In the use of the method the precautions necessary before the 
results obtained can be accepted as rigorously established, are soiiiewliat 
irksome, and this has caused mathematicians to look askance at the 
process. In fact it has become usual to regard it as a method of 
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suggestion of new integrals to be verified by other methods rather than 
as a mode of investigation. For instance, De Morgan remarks : “It is a 
matter of some difficulty to say how far this practice may be carried, it 
being most certain that there is an extensive class of cases in which it is 
allowable, and as extensive a class in which either the transformation, or 
neglect of some essential modification incident to the manner of doing it, 
leads to positive error. It is also certain that the line which separates 
the first and second class has not been distinctly drawn.” 

De Morgan, after citing several instances of the success of the method, 

gives as one of failure, the case of f ..= [tan“*r]==-^. 

Jq I A 

By putting y V - 1 in place of .r, he obtains j j *i*^d 

remarks concerning this that it i.s “an equation which we cannot either 
affirm or deny, since the subject of integration in the second side becomes 
infinite between the limits.” 

We may, however, note with regard to this, that it apparently escaped 
De Morgan that having put a’— V— ly, the range of values of y over 
which the integration is assumed to be conducted is not 9. range of real 
values^ as was the case in the integration for tlie range of real values of x 

0 oo 

from 0 to 00 . In fact y ranges from to '-p==-, corresponding to the 

V — 1 V — 1 

real range of x from 0 to oo, and all the values through which y passes in 
this range are imaginaries, so thaty never passes through the value 1 at 
all, and therefore the subject of integration never becomes infinite as De 

Morgan as-serts. As a matter of fact, if we write for the upper limit, 




\k V-1 


~^^og ( ~ 1) = ^ log[cos(2n- I)7r4*i8in (2?i~ l)7r] 


I, and when k is oo 


whore n is an integer. 


(2/t- l)7rt, 


Hence J-1 f has one of the values of -~( 2 n-l) 2 , where n is 

an integer. The value w = 0 gives the particular value g, which we have 
assigned to the left side, viz, J 
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/ dx 1 

s— tan"’*c.r, c be replaced by tc, we have 
^ i + c 

I _ ^ tanh~^ cx. Both the right-hand side and the integrand 

become oo at during the march of x from 0 to oo. Therefore, with 

those limits, the change proposed is inadmissible. We defer the con- 
sideration of the use of a complex variable to the next chapter. And it 
is to be understood in all the remarks made in course of this discussion, 
tliat the march of the variable between its limits is not to be interfered 
with by the substitution of a complex constant for a real one, ie. that 
the change of c to p+tg is not supposed to be one which can be brought 
about by a change in the mriable^ as is done in the case cited. 


Illustrations. 


/ x^ 

x^^^dx = — , write n ~ a + 16. 

Then Jx“-*.i:‘*d:r=a:*+**/(a + »6) [Art. 1196 (1)], 

e. J.r®“*{coa(61ogir) + tsin (61ogx)}rfx 


whence, writing ;r— 


= [x^ cos {b log x) + tx^ sin {h log x)] (a - ib)l{a^ -H 6*) ; 


j J a* + 6* 

which are the well-known results proved elsewhere without the use of 
complex values. 

(2) In the integral /= ^Flogfo^-f c)"] =slog^^^, put c=ge“. 

Ja X’^c L a -f* c 

1 __ 1 + g cosa -- iqsin a 

x+c x+qe*^ X* -I- 2^x008 0-1-^* x*-|- 2 gxco 8 a+^* 

and 

log log g±26?cqsa+_g»^ y ain a _ 

2 a*-f*2agco8a-f 0* ' 6-1-gcosa a+gcosa^ 


Therefore 


r x-fgcosa , _1, 6^ -f 26gco8a-i- g^ 

x*-f 2gxco8a-fg* ^"~2 2agcosa + g* 

and 

Ja x^-l-2gxco8a-l-g* gsina gain a 

results which are obviously true otherwise. 

The process is valid, for all the conditions laid down in Art. 1 198 are 
fulfilled. 


(3) In Is / write a=c«** 

A ^ (0, 0 both +", 


Of acute), 
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Equating real and unreal parts, 

= f * cos cos (ex sin a) dx = gi— ^ ^ 

•'0 ' ^ 6* + 26 V cos 2a +c* 

e“g^cot*cos6j?8in (crsina)dlr=7 4- ^ )8ma 
-'o ' ’ 6* + 262c2cos2a+c* 

The change from a to ce**’ does not affect the path of integration with 
regard to x from 0 to oo ; the integrands remain finite and continuous 
throughout the range, and though the upper limit is infinite both 
integrands are zero when x is infinite, and the conditions of the validity 
of the process are all satisfied. Hence it will be fair to assume the 
results correct. They may be readily verified otherwise. 

(4) In /== /^ «■“"*** write o=ce“‘, (a and c 4-’* ; a, acute). 

Jo 2 , 0 . 

Then r *-«**•<«>• 2‘+‘*‘“2‘)<£r =^e-*. 

h 2c 

Therefore g— e***co* 2« (c^or^sin 2a) dx = cos a, 

2*gin (c*j:®8in 2a) dx — ^ sin a. 

The new integrands satisfy the conditions under which the transition 
is permissible. 

Putting a = ^, we have Fresnel’s integrals of Art. 1163, viz. 

r cos cVdx=^ 

2c ^2 

r sin <?ji^dx — . 

2cn/2 

(5) In «-“'** <ir=^, write o=m(l + o), (a, +”). 

Then r = 

J-m m(l+a) 

Both sides are capable of expansion in powers of a, convergent for 
values of a which lie l)etween —1 and +1. And both series remain 
convergent when we replace a by an unreal quantity with modulus < 1. 
Hence, writing P»J — 1 for <t, whei'e < 1, we obtain 

whence (^ < 1) » 

\(P<n 

[Sbrrst, CWc. Jnt*9 140.] 
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(6) Taking the integial 

/s fi~^*** coah 2qx d.v — ^ c^* 

we observe that C{)sh 2q.r and eP' can both be developed in ascending 

powers of q which are both convergent aeries, and that if we write iq for 
q, the convergence will not be affected. 

Hence, we may safely infer that 

/•» r 

I e~'P***coa 2g.r = e 

and as the integrands in these integrals are not affected by changing the 
sign of X in either case, either integral may be taken from 0 to oo , and 
the results are still true, provided in that case the right-hand sides be 
halved. 

(7) In I = I e ^ — wiite r = ^e‘“. 

Jo 2c 


Then 


Jo 2k 

+ 2a} dr 


•Jrr 


= 2^ 2aic-Mt\ 2a), 


jr + J)Hi„ 2a} dr 


~ ^ ““sin (a -f 2a^*'•'^sin 2a)- 

[Cf. Cauchy, Mhn. dea Sav. Etrangera, i., p. 038.] 

r . . v'tt 

(8) Taking Laplace’s integral | e ®***cos 26,r d.r = ^ e wiite 

tn iw 

a^ce* ; then ~ ere ^ = tc^ and e”®*** = c~‘^*** = cos c'fr^ - 1 sin cV. 

Therefore j {cos - i ain cos 2bx dx = ^ e ; 

whence ^ cos c^x^ cos 2hx dx == cos ~ 

y* sin c*ar®8in 26a:dr ==^ sin 
results due to Fourier.* 


Tmitd de la CMtar, p. 633 ; Gregory, p. 485. 
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1. Show that 


f 


PKOBLEMS. 

cos" .r cos nx (h = ^ . 

2" [CoLLEiiLS, 1892.] 

Show also that | cos" 6 cos {n ~ 2r) 6 dO = "CV 

2. Evaluate J ~ ^/.r, where ?< is positive and k a 

positive integer. 'Tohn’s, 1892.] 

2 r • . r" 

3. Prove that -* I ^ sin (r sin .r ) sin nx dx = ~ . 

[Math. Tripos., 1872.] 

4. If m be a positive integer, prove that 

tr 

I ( 2 cos .r)»" :r si n ( »? 4- 1 ) x dx-~. 

Jo 4m 

[Colleges e, 1883.] 

5. If n be positive and less than unity, show that 

f“ COS/J* , j n-l 

f). Show that 

ir 

r cos 2.s’^ cos pxl' 


2 [Colleges |3, 1889.] 


£ 




where is any negative quantity or any positive proper fraction. 

[Colleges 7, 1888.] 

7. Establish the result 


f 


[CoELEliKS 5, 188.3.] 

do 

1-2 sin a .sin 0 +sin-6^ [Colleijes /?, 1890.] 


8. Evaluate 

9. Show that the product of the two integrals 


J (/.r jxinl j* 


jxinl I is 

Jo 


4 sin JiTT 

[Colleges a, 1890.] 


10. lfi/=^f e^'dx, .show’ that M“=f - 1 ) 

[Colleges a, 1890.] 

11. Show that f ’"Sr -«-*')}■ 

[CoLiJiGES, 1892, etc.] 
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12. Show that 

rfa-«=2fa + ^J + -f,-f if a<\. 

Jo 1 +acosa; \ 6 ^ J 

[Math. Tripos, 1882.] 

13. Prove that 

p 2 ir 2ir 2ir 

J COS 'nc6 log (1 + 2??i cos cO + ~ or “ w" 

according as w is even or odd (1 >wi>0). [H. P.] 

14. P'ind the value of f sin nO ^ ^ v dS, 

Jo 1 - rt cos y 

where - 1 <a<l and n is an integer. [Oxford II. P., 1900.] 

15. If m, n being each less than unity, and sin a: = sin (a; + y), 


show that 




xsinpdy 




1 


2 m cos y-^m^ '2m ® 1 - rnn 


[St. John’s, 1891.] 


16. Show that 


f /--i n ^ ~ an\i4.i = §a“2(*+l)n+2m+l ^ cosec 


2 m -t - 1 
2 n ^ 


where m, n and k are all positive integers and m<w, and Q is the 

2 m-f l~2n 

coefficient of c* in the expansion of ( 1 -c) jn ascending 

powers of c. [Colleges o, 1887.] 


17. Prove that 


I 


(lx 


e + a 


0 (I +a:^)(l - 2 acosa;-i-tt*) 2 (l-a 2 )e-a 


(0<a< 1). 
[Colleges 7 , 1888.] 


no T> * f <^osne . (a~x/a2~l)« 

18. Prove that I where a>l. 

Jo a - cos ^ (a2-l)^ 


de. 


19. Prove that 

f' r g-fcos^ V 
Jo ll +2gC08^+g2j 

according as g<l or g>l. 

7?^dx 


[St. John’s, 1881.] 


TT IT 2g® ~ 1 


[R. P.J 


20. Show that 


r 7?^d2 
Jo 1 + 2 a; cos 


8in9i« 


a+a;^ sinnir sin a 


, where n is not 


an integer and r>a>0. 


[St. John’s, 1891.] 
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21. Show that 
if n be positive, 


r dx TT ^ , 

J 0 i ~ n n ’ ^ thence show that 


£ log * log rfx = a-a cosec ^ (^log a - ^ cot ^ - 1^. 


22. Expand the definite integral 


[Math. Tripos, 1883 .] 




sXiv^xdx _ TT /^<11 

cosx +fl‘^)(l - 26cosx+ ” 2(1 - ah) |^< l/’ 


J IM/ . - ■ ' I 

0 (1~VT)> 

in the form of a series of ascending powers of n\ and thence or 
otherwise find the relations which must subsist between a, /?, y and 
the indices a\ y of a like integral, in order that the two integrals 
may be to each other in a ratio independent of w. 

[Smith’s Prize, 1875 .] 

23. Prove that 

f ' ^n^xrfx _ TT r^<ii 

0 (^1 - 2acosx +fl‘^)(l - 26cosx+ ” 2(1 - ah) \^< l/’ 

[Colleges 7, 1893 .] 

24. Point out the fallacy in the following train of reasoning. 
By putting ax-y, we have 

'ihr, dx = f — dif - f " — dy = o. 

Jo Jo y ‘ Jo Jo y ‘ Jo y 

Show that the value of the latter integral is log^* 

[Trinity College, 1882 .] 

25. Deduce from the expansion of log(l +x) that if u: > 1 
p+|7, + ^, + p+ ••• +'2xcose + x^)Yde. 


Deduce Euler’s series 


1^ 1 1 1^ ^7r2 

I 2 02 ^ 32 ■*“ 42 ■*■ • • • ~|0 


26. Show that if /r == J sin cot then /r = /r-i* 
Hence show that Ir ~ «*. 

h 

27. By differentiating h= f“ dx with regard to a, 

Jo 


show that 
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Hence deduce 


f ~ dx — {a-~h)[ ^-^dx-<f>( 0 )[a\oga--b\ogb--a-^b] 

Jo ® Jo * 




n 

on the supposition that <#> is such that P vanishes. 

5 * 

Apply this to show that f ^ dx^^(b- a). 

Jo ^ 


5 - cos fee , w 


dx ^^{ b - a ). 


[Bertrand, Cole , /w<., p. 226.] 

28. Prove that if wi, n are positive integers ‘whose H.C.F. is r, 
and m^rfjt, n^ru, andp, q numerically less than unity, then will 

p dx IT 

Jo (1 - 2p cos 7 nx +p2) (1 - 2 q cos na; (1 ~p*)(l -q^) 1 


29. Show that 

Jol+ecosx ^/l-fSL « J 

[Cou 

* 

30. Evaluate | sin^a; log tan a; <^a;. 


[Colleges «, 1884.] 


t tan X dx. 


31. Prove that if 7i be a positive integer, 


w w 

(i) J cos 2 nd log (sin 6 )d 6 ^ - ~ , (ii) j* cos nx (cos x)^dx = . 

32. Prove that, n being a positive integer, 

IT 

IT 

(i) J cos 271^ log sin ^ ” 4 n ' 

n 

(ii) j* cos 2 n${\og {2 6 in 0 )yd 6 ^ 7 rAnl 2 n; 

w 

(iii) {\og( 2 BmO)yd 6 ^ir^l 2 SS-¥'^ 7 rAn^/n\ 

1- ^ 1 1 1 1 11 
where .4n = l + 0 + 0 + 7+ ••• + ? + <r* ro t . 

2 3 4 n - 1 2w [St. John’s, 1891.] 


33. Evaluate f .„ dx (a<l). 

(1 - a cos xy [Colleges, 1890.] 

34. Prove that if n be a positive integer and 7r/2>a>0, then 

r ^ ,iL l>3.5...(2n-3) 

Jq » (1 -sin^asin^a;)" 2" (n~l)l 

[St, John’s, 1887.] 
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IT 

35. Show that 2 J see ® log ( 1 + sin a cos x)dx, = jra - a**. 

Hence deduce f l2£iMl+i!)l 

Jo \ —X [Ti 


36. Prove that if ir< 1, 


[Trinity, 1884.] 


f . \-\-XC0^6 dd ^ . - 

I log :j sin-io:. 

Jo ° 1 - a; cos cos 6^ [Colleges a, 1891.] 


37. If w 4- V = 4, u-v—2 sin 6^ show that 


’ . dS ^ fa 2 ^ \ 


38. If in and n are positive integers, prove that 
f " cos (2m + 1 )a: - cos (2?t + 1 )x , _ . 


dx — (n - m)Tr. 

[Oxford II., 1890.] 


39. Prove that 


ri TT a 

1 { taii“^(<? tan x) - tan~^(// tan x ) } (tan x + cot x)dx == ^ log 

where a and 6 are both positive. [Oxford II., 1886.] 


40. Show that f (/.r = 0 if -^-^ = 0, and 

a and b be positive. [Clare, Caifs and King’s, 1885.] 

fff 

41. Prove that jlle; ® dxdydz extended over the volume of 

the ellipsoid x^ja^ 4 - y^jb- 4- I is equal to iTrahc/e^ a being equal 

to JdH“ + C'Ti^ and /, m, n being direction cosines. 

[Colleges, 1886.] 

42. Show that 

, , , e~^^\ , , . h 


where a and b are positive quantities. 


[Trinity, 1892.] 


~ tan~^(n tan ^)} sin 2^rf^ tt ^ 

43. Prove that I ^ r — ^ -o^-T“ 2 == i;; ^ 

Jo 1 4-2ncos2^4-7r in ^ \ 

be less than unity. 

Determine also the value of the same integral when n is greater 
than unity. [St. John's, 1891.] 
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44. Prove that, for any value of n, provided a be between 0 and tt, 

r dx ^ 

Jo ( ^ + «")(! + 2x cos a + x^) 2 sin a 

and r {l+x^)dx "• 

Jo 0 2x^003 2a + X^) 4sina 

[St. John’s Coll., 1881.] 

45. Prove that if c be positive and less than unity, 

f ' . f * 1 - 

J ^ sin 2n4>j ^ cos {cx sin2«^(l - c cos <^) }dxd(f> — 27rc _ "y * 

[Math. Tripos, 1886.] 

46. Prove that 

Jo Jo Jmy (x^+f + Z^+ic*)* ■’ 120000*%/!^* 

[St. John’s, 1885.] 

47. Show that 

a f{m cos ^ + n sin ^ sin +p sin ^ cos 4>) sin 6 dd d<^ 

r+i 

~ 2 n- I / (x\/m* + } dx, 

J-l [Poisson.] 

48. Prove that if n be a positive integer, 


u:- 


sin*”+*x {8in®**+*y — 8in®’*+*x} , , tt' 


sin^y - sin^x 


49. Prove that 


[St. John’s, 1888.] 


(1 - sin®wsin2^)^sin’*'^^a>rf^dw 


is a symmetric function of m and n. 

50. Prove that 


51. Prove that 


[Math. Trip., 1895.] 

dO 

0 >/ 1 “ sin^tt sin*^ 

[Ox. II. Pub., 1902.] 


52. If tt = (ab' - a'Z>)x* + (oc' ~ a'c)xy + {bd - b'c)y\ prove that 

where E = 4(aA' - a'b){be' - b'c) - (ea' - c'o)*, provided 

4(J*-oc)(i'*-aV)>(2W'-ac' -o'«)* [St. John’s, 1886.] 
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53. Show that 


f ay = - COS-> ~ 

ojo 2>/<ib-c^ .Jab 


if a > 0 and ab-(^ > 0. 
54. Show that 


[I. C. S., 1897.] 


^00 ^oo 

J J y cosh 2cxy e ««*-*>?/• dx dy = 


Jira 

4(ab - c^) 

if a, />, c. are positive quantities and al>-c^ > 0. 


[I. C. S., 1897.] 


hf). Show that 


IT IT 

j*^ J F{ 1 - sin 0 cos <^) sin 6 d8 = Jtt j*^ F{u) du. 


56. Prove that 


[St. John’s, 1891.] 


jrio <^(3:)d.c. 

t t ^ T 

57. Calculate the value of 1 1 taken throuji;hout the ellipse 
-+•^=1 

where and are the distances of the point /, y from the foci. 

[Colleges a, 1889.] 


58. If sin sin sin . . . .sin j 02 n+i^» where /?o, ... j? 2 n + 1 
are any positive integers whose sum is odd, prove tl^at 

rrd(9__r 

“Josin^* [St. John’s, 1892.1 


59. Show, by means of Landen’s Transformation 
tan (^ -</») = ^ — f tan 

' Cl + 6 

.h.t f 

J 0 (a^ cos*^ + sin*^)^ J 9 cos* </> + sin* Fr 

where rtj and are respectively the arithmetic and the geometric 
means between a and k 

Point out the value of this result in the calculation of the 
numerical v due of the dehnite integral. [Math. Tripos, 1889.] 
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60. If p be the length of the perpendicular from the centre of the 

/^.S gi 

ellipsoid ^ + + 1, on an element dS of the surface, prove that 




61. Show that 


d J__ 




,2 + X)(62+X)(c2 + A) 
[Colleges 7, 1901.] 


sinr^sinn^ tt 

— — dd=^n^, 
6 sin 6 2 


provided n is an integer and r any quantity >?i - 1. 

[Math. Tkip., 1873.] 

62. Prove that f dx = 0. 

ias/^x-x^ 

[Clare, Caiits, King’s, 1886.] 

tr 

63. Prove that ^ J\. l^g ( * + 2^) dS log 2 = 0. 

“"4 

Hence, or otherwise, find the value of 


1 1.3 1.3.5 

22 + 2 .42'^2'.4.62'^‘” ■ 


[Ox. I. P., 1900.] 


64, If t/, m' are essentially positive quadratic functions of A, A' 
their discriminants and H the invariant intermediate to A and A', 
prove that p ^ //4-2v/AA' 

[N ANSON, E,T., 13406.] 


prove that 

r 

65. If 

v< 



show that 


n-a 


If also ^ 

CnX’* = ; 


n»*o 

of a double integral. 

66. Prove that 

1 4. i!£- 4. 4. 4. 

1!2! 2!4! 3!6! 


[Smaasen.J 


= ^ j* e'* *^®»^cosh cos ^ cos (/X sin 6) cos ^^/x sin ^dB - 1 . 

[W. H. L. Russell.] 
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67. Show that 


2 sinh - 

d£ = v-s ciOKT-i 7o^ 7—5 JTT * — 

2 (a^ + 22)(a^-h42) ... {a2 + (2ii)2} a 


( 271 )! 


tr 

f-: 

Hence prove that 

a* + 2> ■*■ (tt* + 2*) {a^ + 4*) (o^ + 2») (a* + 4“) (a» + 6*) ’ 

ir 

= I cosech ^«"®co8h {Jz cos 6) dd. 

* V 

roo _jc^ Q 

68. Show that J e” 4 (g«-co8x)rffl5 = 4y -sinh-. 


[W. H. L. Russell.] 


69. Establish the results 


[W. H. L. Russell.] 


(') Jo /(a: + ^)log *7 = 0 . 

(ii) {■ /(. + l)l.n->4-! I" /(.+ -J)f . 


70. Establish the results 


[Liouvillb 1 


TT 

x^) ”*4’ 


1 (1+4(1+ 

[Glaisher, Messenger of Math.^ No. 70.] 


71. If J^ix) be Bessel’s function, show that 

/m- 


r«M 

Jo *" 


(ax) 


dx^ 


771+1 


. (2n + l>0>7y7> - 1). 


v/7r2"r(7i + i) 

V n^Ti ^ J ^ lg9g.] 
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VECTORS. THE COMPLEX VARIABLE. 

CONFORMAL REPRESENTATION. 

1202. The Operative Symbol /. 

Let I be defined as an operative syinlx)! which, when applied 
to any straight line of given length, and lying in a given plane, 
has the effect of turning that line in the given plane about one 
of its extremities through a right angle in the positive direction 
of rotation, i,e. according to the customary convention, counter- 
clockwise. 

Then, if OP be any length measured along the positive 
direction of the x-axis, lOP will be an equal line OPj measured 
along the positive direction of the tz-axis. 

1 


O P ^ 


/• 

Fig. 340. 

Now i(iOP), or, as we may write it in analogy with algebraic 
custom, i^OP, may be interpreted as the result of doing to lOP 
ivhat I Juts done to OP ; i.e, OP^ has been itself turned counter- 
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clockwise to a position OP^ lying along the negative direction 
of the £C-axi8, the absolute lengths of OPg and OP^ being each 
equal to OP. 

Again, i{i(iOP)}y i.e. lOP^ or i^OP has turned OPg to the 
position OP3 lying along the negative direction of the 2/-axis, 
the absolute lengths of OP3 and OP being equal. 

Finally, <[t{i(iOP)}], i.e. lOP^ or i^OP, has turned OP3 to the 
original position OP. 

1 203. Interpretation of n/^. 

Let us next consider for a moment the symbol \/— 1, or, as 
it is usually called, ‘Hhe square root of — 1,” an expression 
with which the student has grown familiar in algebra, in the 
solution of quadratic equations, factorisation, etc. 

Now all arithmetical quantities are either positive, zero or 
negative. There are no others. Their squares are all either 
positive or zero. There is no arithmetical quantity whose 
square is negative. But the definition of \/— 1 is that 

or conforming to the usual notation and language {s! — 1)^== — 1 , 
and '' the square of n/— 1 *’ is —1. The logical inference is that 
\/“~l is not quantitative. 

But it is customary nevertheless to discuss and use such 
expressions in algebra as they arise there, and as they obey 
the same fundamental laws of algebra as are obeyed by 
ordinary arithmetical and algebraical quantities^ viz. (1) the 
associative or distributive laM% (2) the commutative law, ( 3 ) the 
index law, so long as they are combined with quantities which 
have magnitude only and no directive property. 

Now, according to the usual Cartesian convention of sign to 
denote the relative direction of lines, if OP be regarded as a 
line drawn in the direction of the positive direction of the a!-axia 
and OP2 an equal line in the opposite direction, OPg— — OP. 

Thus | 207 "= - OP=(J^fOP. 

We may therefore properly interpret >/— 1 as being identical 
with the operator 1, and therefore regard s/—l, which is not 
quantitative at all, as being operative and having the property 
that it turns any line to which it may be applied through a 
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right angle counter-clockwise about one of its extremities. 
It is not therefore commutative as regards such expressions as 
have direction as well as magnitude, i.e. such expressions as 
are known as ** vectors,’* in distinction from those which have 
magnitude only, to which the term “ scalar ” is applied. 

1 204. Definition of the Term “ Vector.” 

The terms ‘‘scalar” and “vector” are due to Sir William 
Rowan Hamilton. 

The definition of a “ vector ” given by Kelland and Tait 
(Quater^iions, p. 6) is, “A vector is the representative of 
transference through a given distance in a given direction.” 

In the consideration of such operative symbols and vectors 
we retain, as is usual, the ordinary terms addition, subtraction, 
multiplication, division, though the interpretation of the 
results will differ in some respects from the results of the 
corresponding common processes as applied to scalar quantities. 

If a rigid lamina be displaced without rotation from one 
position to another position in its own plane, points A, i?, C, ... 
of the lamina are transferred to new positions A', B\ C'', ..., 
such that AA\ BB\ CG\ etc., are all e(iual and parallel. A 
knowledge of the length and direction of any one of them 
would be enough to fix the second position of the lamina 
relatively to its original po.sition. They are all vector quan- 
tities and equivalent. That is, they are represented by the 
same vector. A vector is completely defined when its magni- 
tude and its direction are known. No account is taken of its 
position. In this respect a vector differs from a force which 
needs further description, viz. a specification of the point of 
application. 

Hence a force is fully defined by (1) its point of application, 

(2) its representative vector. 

In the case of the axis of a couple tlie only elements neces- 
sary for its description are (1) its magnitude, (2) its direction. 
Hence the axis of a couple is a pure vector and needs no 
further description, the vector being specified. 

A vector is therefore represented graphically by drawing 
any straight line in the specific direction of the vector and of 
the specific length indicated in the description of the vector. 
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And all parallel lines of the same lengthy from whatever points they 
may be drawn, will equally represent the same vector. 

Thus, the force acting at a definite point, a velocity, an 
acceleration, the axis of a couple are familiar examples of 
vector quantities, whilst speeds, moments, energy, horse- 
power, are scalar quantities. 

1205. Laws of Oombination of the Operator i. 

The operator i obeys the “associative ** or distributive law 
of algebra. For if we apply it to the sum of two lines OA, AB 
(Fig. 341) which lie in the same direction, say along theoj-axis, 
it is immaterial whether we first add the lines together and 
then rotate the sum through a counter-clockwise right angle, 



or whether we first rotate OA through a counter-clockwise 
right angle to OA' and do the same with A B, bringing it to 
the position AB^, and then transfer the result AB^ parallel to 
itself to the new position A'B\ Thus 

i(0A+AB)r=i0B^0B'=^0A'+A'B'=0A'+AB^^i0A'¥iAB, 

1206. The same is obviously true if the operator i be 
applied to the difference of two lines or to the algebraic sum 
of any number of lines in the same direction. 

1207. Again, if a line be doubled or trebled or halved, etc., 
and then turned through a right angle counter-clockwise, the 
effect is the same as if we turn through a right angle first 
and then double, treble or halve, etc., i,e. i{pOA)=^pi{OA), p 
being numerical, so that i obeys the commutative rule as regards 
numerical, that is scalar, quantities. But it is not commutative 
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with regard to the subject of its operation, i.e. we cannot write 
lAB as ABi any more than we can write log a? as a; log. 

Finally, i satisfies the index law of algebra. For to turn a 
line n times in succession through a right angle in a counter- 
clockwise direction brings it into the same position as it would 
have had if turned in the same direction through n right 
angles at a single operation, 
t.e. 1^0 A= 1 . 1 . 1 ... to n operations . OA. 

Thus I satisfies all the fundamental laws of algebraic com- 
bination, except that it is not commutative with regard to any 
vector quantities upon which it is operative. 


1208. The symbol AB, as denoting a line starting from A 
and terminating at By drawn in a definite direction, may be 

considered as a transference 
of a point from a position A 
to a position B, and may be 
regarded as a vector, or in fact 
itself as an operative symbol 
which, when applied to a unit 
line, viz. AB(\)y extends that 

unit in the specified direction 

in a numerical ratio of the 
absolute length of AB to unity. 
When I is applied to ABy there is further the rointion 
through a clock-wi.se right angle to the position AB'. 

If AB be itself unity, then say, and i may 

itself be regarded as a vector. 


Fig. 342. 


1209. Vector Addition. 

The general idea of a vector being that it is an operator 
which has the effect of transferring a point through a given 
distance in a given direction, we understand that “ vector 
PQ means that the point P is to be transferred from P to 
Q through a distance represented by the length of PQ in the 
direction specified by the direction in which the line PQ is 
drawn from P. This being so, it follows that 
vector PC+ vector 0P=0, 

for there is no change in the position of P when the whole 
operation has been completed. 
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But vector PQ+ vector vector PR, where the second 
transference {Q to ii) is not made necessarily in the same 
direction as the hrst (viz. P to Q). And we must understand 
by the sign of equality in such a relation as this, that it 
stands for the words “ are together equivalent to.” 



Vectors are therefore added by drawing a line from the 
initial position of the point to which the vectors are applied 
to its final position when it has been subjected successively 
to the transference indicated by each vector. The length and 
direction of this line or of any equal and parallel line fully 
represent the resultant vector. 

It is clearly obvious that the order of the several trans- 
ferences of the point is immaterial. 

1210. Vector Subtraction. 

If OP and OQ represent two vectors, complete the parallelo- 
gram OPRQ and join OR. (See Fig 344.) 

Then vector OP -{-vector OQ 

= vector OP -f vector PR 
= vector OR. 

It follows that 

vector OP= vector OP— vector OQ 
= vector OP— vector PR 
= vector OP -f vector PP. O 

And the result of subtraction may 
therefore be obtained in the same w’^ay as that of addition, but 
drawing the subtractive vectors in the opposite direction to 
that in which they are drawn for addition. 


R 
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Thus, if there be several vectors, OP, OQ, etc., 
vector OP + vector OQ— vector OP— vector OiS+ vector OT 

= vector OP + vector PQ' + vector vector R'S' 

+ vector iST'= vector OT\ 

where PQ\ Q'R, RS\ S'T arc drawn respectively e({ual and 
parallel to OQ, RO, SO, OT, and in the same sense. (Fig. 345.) 



T 


Fig. 345. 



1211. Let us express the vector OP in terms of the Cartesian 
coordinates x, y oi P referred to a pair of rectangular co- 
ordinate axes through 0. 

Let OA be unit length on the x-axis. Then if x units of 
length be laid off on the x-axis (OM), we may regard x as an 
operator (this time a mere numerical multiplier) which transfers 
a point from 0 (0, 0) to M (x, 0). 

Similarly y regarded as an operator would transfer 0 to a 
point on the x-axis y units of length (~ON') distant from 0, 



and ty would he the vector which 
would transfer a point from 0 an 
equal distance along the y-axis to 
N, where 0N=0N'. 

Thus, if z represent the complete 
operation x+iy (Fig. 84()), 
2 :«x-t-i 3 /=vector OM -f- vector ON 
= vector OM -f vector MP 


Fig. 346. 


= vector OP, 



VECTORS. 


369 


where P is the corner opposite to 0 of the rectangle, with OM, 
ON as adjacent sides, the coordinates of P being the numerical 
values of x and y, 

1212. If the linear magnitude of OP be r units of length and 
6 the angular displacement of OP from Ox, we have 

x+ty —r {cos 6 1 sin^), or, avS we may write it, r€‘®. 

This expression therefore, viz. is a vectorial operative 
symbol which has the effect of increasing the unit length OA 
in the ratio r : 1 and then rotating it counter-clockwise through 
an angle 0 radians. 

Thus r (cos fl-f/ sin 0) in itself has no quantitative meaning. 
It is an operator. 

1213. The Analjrtical View of Vector Addition is as follows : 

If, in Fig. 314, 

vector OP and s.^=:ir.^4*^V2='’®ctor OQ, 
then Zi+ sixy, and + + 

are the Cartesian coordinates of the fourth angular point li of 
the parallelogram drawn with OP, OQ with adjacent sides. 

Tlius 2., sZj -1-5.,= vector OR, 

and the rule can be extended to any number of vectors 
Zj, Zg, Z3, w’here 

If Z be the resultant vector of the addition, 

where -f o’.,-}- . . . -f == ?/i + 2/2 + •• • + 2/n- 



o R 

Fig. 347. 

Clearly the direction of tlie vector Z passes through 0, the 
centre of mean position several points Pj, P2J 
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Pg, ... , whose coordinates are y^\ (x^y 3/2), etc., and 

its length is n times the distance of tlie centre of mean position 
from 0, where n is the number of vectors added. 

Exactly in the same way 

Zi 1 

1214. In writing z^x-\-iyy where x and y are the coordinates 
of a point P, we regard z as a vector which transfers a point 
from the origin 0 to P along the line OP. 



We may equally regard z as representing a label of the 
point P on the x-y plane, and it is then referred to as a complex 
variable. And in this sense every point in the plane may be 
represented by a complex variable, and conversely to every 
complex variable there is a corresponding i)oint on the x-y 
plane. 

When the point P moves in the plane, tracing a continuous 
path upon the plane, the relation between x and y is con- 
tinuous, and the variation in the complex variable z is 
continuous. 

1215. Modulus, Amplitude. 

The letters r, 0 represent the ordinary polar coordinates of 
the point P{Xy y), and r^Jx^+y\ i9=tan'^^(y/x). 

•s/x^+j^ is called the modulus of the complex z, and written 
I z I or mod. z. 

tan'-^iy/x) is called the amplitude or argument of z, and 
written amp. z or arg. z. 

The positive sign is always regarded as affixed to the 
modulus which is therefore a single-valued function 

of the real variables x and y, whilst tan-^y/^) is a many-valued 
function. 
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The expression cos 0+/ sin Q does not change its value when 
any even multiple of tt, say 2X7r, is added to d, X being an 
integer, so we may regard the amplitude as 2 X 7 r-f 0 or 
2X'7r+tan“^(///.r), where in this latter form we are to be under- 
stood to mean by tan~^( 2 //x) the smallest positive value of the 
angle whose tangent is y/x, usually called the “ principal value ” 

121(). Argand Diagram. 

When any relation is assigned between y and x, the Cartesian 
graph of this relation is called the Argand diagram of the 
variation of 2 , and is the path of the extremity of the vector 
OP, whose changes arc defined by the given relation. 

1217. Vector Multiplication. Demoivres Theorem. 

We use the term multiplication for want of a better term 
and by analogy with algebraic multiplication. But what we 
are about to discuss is the effect of the operation of one vector 
operator upon another vector operator. 

Let the operators l)e and the original subject of the 
first operation being a line of unit length lying along the x-axis. 

The first operation . 1 
increases OA (a unit line on 
the x-axis) in the ratio : 1, and 
turns the resulting line tlirough 
an angle into a direction 
indicated in the figure by OPj. 

The second operation 
acting upon OPg does to OP^ ^ ^ 

what does to unity ; viz. Fig 349. 

it increases OP^ in the ratio of 
r^:l and rotates the increased OPj, wdiich has thus become 
r^.OP^, through a further angle 6^^ to a position OP g. 

Thus r/‘^«[r,c‘^*(l)]=0P2. 

The absolute length of OPg is r^r.^. The total angle xOPj is 
But the operator which w^ould increase OA (=1) to a 
length fjfg and turn it through an angle Is 

So that r,e‘'«[r,e‘»>(l)] is identical with rir 2 e‘<*'+^>(l). which 
is analogous to the ordinary rule of multiplication in algebra. 
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Further, it is obvious that the order of the two operations 
upon unity is immaterial, so that the operations are commuta- 
tive with regard to each other. It will be observed that in 
the multiplication of two vectors the modulus of the product 
is the product of their moduli, and that the amplitude of their 
product is the sum of the amplitudes of the original vectors. 

Again we may write the result as 

r2(cos 9^+1 sin 02)fj(cos + < sin 
[cos (^1 4 - ^2) -f i sin (01 -f ^2)] ( 1 ), 

which accords with what we get by the ordinary process of 
multiplication of ri(cos 0 i+< sin dj) by r^(cos 02 ^2)* 

If and rg be both taken unity, we obtain 

(cos 02 +< sin 02) (cos 0 i + i sin 0i)=cos(02+0i)+< sin (02+0i), 
which means that to rotate a line of unit length through an 
angle 0 ^ and then to rotate the result through a further angle 
02 is identical with rotating the original line through a single 
angle 02+0i» and this can obviously be generalised for any 
number of angles. Thus 

(cos 0 i 4 i 8in0i)(co802 4 -i 8in02)(cas034-< 8in03)...(co80^-f < 8 in 0 „) 
==COS (0i+0j4’*-*“l"0n)“l‘< (01 + 024- ••• + 0n) > 

and if we make the angles 0 i. 02, 03, ••• , 0 n ®ach = 0 , we get 
Demoivre’s Theorem for a positive integral index, viz. 

(cos 0 +< sin 0 )"=cas nO+i sin 7 i 0 , 
and the geometrical meaning of that theorem is thus shown. 


1218 . We may proceed to consider Demoivre’s Theorem for 
fractional and negative indices from the same point of view. 
When n is not a positive integer but ^plg^ say, where p and 

q are both positive integers, ^cos~ 0 +i 8 in^ 0 ^ is an oj)erator 
which rotates a line of length unity through q successive 
angles, each ==- 0 , counter-clockwise, and therefore through 

an angle p 3 counter-clockwise, which is therefore the same as 
if we rotated a line of unit length through p successive angles, 
each equal 0 ; and therefore the operators 

^co 8 ~ 0 +i 8 in~ 0 ^ and (co 8 0 +i 8 in 0 )P 
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are identical in their turning effect. We may therefore, 

consistently with the algebraic notation for indices, write 

yy j) ^ 

cos - 0+is\n -6— (cos 6+1 am 6)9 , 


p 

it being supposed that (cos 6 +i sin 6)9 represents an operator 
which, when repeated q times, gives the operator 
(cos 0+1 sin 0)p. 


Again, since cosines and sines are not altered if an integral 
multiple of 2ir Ixi added to their angle, and since to rotate a 
line through 27r is merely to bring it back into its original 
position, it will be seen that cos(0 + 2X7r)+i sin (0+2X7r) is an 
operator which has the same effect as co8 0 + isin0. 


Hence the operator cos ^ (0+2X'7r)+i sin - (0 + 2X7r), having 

p 

the same effect as [cos (0+2X‘»r)+i sin (0+2X7r)]^, is the same 

p 

its (cos0+i sin 6)9. 

Also, the various angles ^ (0+2X7r) for different values of X, 

viz. 0, 1, 2, ... , (/ — I. are such that no two differ by an integral 
multiple of 27r, and therefore that no two have the same sine 
and the same cosine. There are therefore q operators, viz. 


cos - 6+ I sin - 0, 

9 9 

cos - (0 + 2^) + « sin ^ (0 +27r), 

- > 

cos^{^+2(<7-l)T} + ,8in^{<^+2(7-])^}, 

any of which, after q of its own operations, will have the same 
effect as (cos 0+i sin 6y\ and there are no more. For if X=q, 

co8~(6+2q7r)+i sin -(0+297r)=cos^0+f sin ^0, 
q q 9 9 

which is the first of the above operators over again, and so on. 

X=g+1, X==g + 2, etc., give the second, third, etc., operators 

over again, so that other values of X merely repeat one or 

other of the operators already obtained. 
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It is customary in the proof of Demoivre's Theorem to state 

this result in the form that (cos 0 1 sin 0 )^ has q values and 
no more, these values being the above-mentioned expressions. 

To complete the ordinary results of Demoivre’s Theorem we 
still have to show that the operator (cos sin G)^ is the same 
as cos id-ft sin nO, where n is negative. Let n — —m. 

Then (cos G+isindy^ is an operative symbol of inverse 
nature. Call its effect, when applied to unity, X. 

Then l=(cosd-|-( sinfl)”*^, which, by what has preceded, is 
the same as (cos md +i sin mG)X, where vi is positive and 
either integral or fractional. 

Now, to turn a line through a counter-clockwise angle mO^ 
and then to turn the result clockwise through the same angle, 
restores it to its original position, so that 

[cos ( — mG) -f- 1 sin ( — m ^)] [cos niG -}- f sin mG] X == X 

Hence 

[cos ( —mG) + < sin ( — 1 ) ==(cos G-\-i sin ^)~”‘( 1 ), 

i e, (cos d+( sind)"(l)=[cos(— m)0+£ sin (— m)^](l) 

= (cos nG -}- i sin ?] ^) ( I ). 

Hence it follows that the operators 

(cos ^ -hi sin 0)" and cos7i0 + i sin7i0 
are identical when n is a negative integer or a negative fraction, 
as well as when it is a jx)sitive integer or a positive fraction, 
and therefore their identity has been established for any 
commensurable value of n, 

1219. Vector Division. 

Let Zy^ = (cos Gy -f i sin 0 ^), s (cos 0 ^ -f- / sin 0 ^,). 

Then we have to consider the effect of the operat^)r zjz.^. 

Let Zy=^z^z^, and let z^ s r3(cos 034- 1 sin 0 ^). 

Then Zy = {cos (024- 03) 4 - 1 sin (02+ 03)} , 
and Zy s rj(co8 Gy + i sin 0^) ; 

whence Vy^r^r^, 03— 0i“02. 

Hence {cos(Gy—G^)+i sin (0i“~02)}, 

i.e, the ‘‘quotient** is a single vector whose modulus is the 
quotient of the moduli of the original vectors, and the amplitude 
of the quotient is the difference of their amplitudes. 
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1220. Geometrical Meaning. 

Geometrically we may represent the result thus : 

Suppose OPg* ^^^1 1^0 t)e the original vectors and Con- 



struct a triangle OAR similar to wdth 0A = l lying 

along the .r-axis. 

OR OV ^ ^ 

Then in magnitude and AOR^PjOP.—d.—S.,. 

OA OP,, ® 211 . 

Hence the vector OR has tor modulus r^lt\ and for amplitude 
— i.e. the vector OR repre.sents the “quotient” of the 
vectors OPp OP^. 

Hence, summing up, it appears that addition, subtraction, 
multiplication, or division of vectors always leads to a single 
vector as tlie result of the operation. 


1221. Laws of Combination of Vectors. 

From what has l)een established for the addition, subtraction, 
multiplication and division of vector 
quantities, we have then the following 
rules as to the moduli and amplitudes 
of the results of these operations. 

(1) The modulus of the sum, or difier- 
ence, of tw^o vectors is not greater than 
the sum of the moduli of the original 
vectors. For if OPp P^Pg represent 
two vectors to be added, their vector O 
sum is represented by OP^ and the 

absolute lengths of these lines are the several moduli of the 
vectors they represent. 
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Hence we have mod. OPg > mod. OPi+ mod. P^Pg- 

And similarly in the case of subtraction, or of the case when 
more than two vectors are combined into one by the process 
of addition or subtraction. 

We may also see this fact analytically, thus : The modulus of 
S/o(cos sin 0) is \/(2yo cos sin B)^, and this is > Ep. 

For if it were, we should have 

2p2+ 2Sp,p, coa(B,- B,) > Ip^+ 2Sp,p,, 

EpiP2C08(Bi ^ 2 )^ ^PlP2> 

and as all the p’s ase essentially positive and the cosines < 1 , 
this would be impossible. This includes the case when some 
of the vectors are subtracted, for in any such case tt— 0 may 
be supposed written instead of B and the result treated as 
additive. 

(2) The modulus of a product of complexes 

is obviously Pi/> 2 p 3 • • . the product of the moduli, and 

the amplitude is dj+dg+djj [-••• + ie. the sum of the 
amplitudes. 

(3) The modulus of a quotient, viz. t.e. is 

^ P2^‘'‘ P2 P2 

ie, the quotient of the moduli; and the amplitude is B^ — B^^, 
ie. the difference of the amplitudes. 

1222. Revision of Definitions. 

In dealing with the functionality of a complex variable 
z^x+iy, it will be necessary to revise our ideas of continuity, 
of the nature of the dependence of one function upon another 
and of the as.sumption as to the existence of a limit as used in 
the formation of a Differential Coefficient. 

Throughout the author’s treatise on the Differential Calculus 
and up to the present point in this account of the Integral 
Calculus, there have been but few references to a function of 
a complex variable. 

1223. Functionality. The idea of functionality has been 

that when one real quantity y depends upon another real 
quantity a;, or upon a system of real quantities in 

such a manner as to assume a definite value when a definite 
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value is given to x, or when a definite system of values is 
given to the system of variables , the quantity y 

is then said to be a function of x, or of the system x^, x^, x^, 
etc., as the case may be. 

1224. Continuity. 

Our idea of the continuity of a function f(x) of a real 
independent variable x between any two assigned values of a;, 
viz. aj — a, the smaller, and x — b, the greater, has so far been 
that if X be made to change from x=aio x—h, passing at least 
once through all real intermediate values between x—a and 
x — h, whether these intermediate values when expressed by 
means of the ordinary system of numeration be represented by 
integers, fractions or incommensurable numbers, the function in 
question does not, as x passes through any intermediate value, 
suddenly change its value. And in such case its Cartesian 
graph has been regarded as capable of description by the 
motion of a material particle travelling along it from the point 
/(^O) point {b,f{b)} without moving off the curve. 

But such continuity does not also imply continuity as regards 
the slope of the tangent to the graph, or of continuity in 
the rate of bend of the curve at intermediate points. 

1225. From a purely analytical point of view we may 
regard a function f{x) as being continuous at a point x—Xq^ if 
when any infinitesimal change is made in x the consequent change 
in f{x) is itself also an infinitesimal, and of at least as high an 
order. 

1226. We may put this condition into still another form, 
which w ill be more helpful in enunciating a condition for the 
continuity of a single-valued function of a complex variable 
later, viz. that for any assignable positive infinitesimal e, 
however small, which may be chosen beforehand, it may be 
possible to choose another infinitesimal S of no higher order of 
smallness than e, so that ii x~-Xq<^S, then will /(x) -'/(ro) <C f- 

1227. To examine the geometrical meaning of this condition, 
imagine tw^o lines AB, CD drawn parallel to the aj-axis at an 
arbitrary infinitesimal distance e apart, and let these lines cut 
the graph of the function y=f{x) at points P, Q respectively. 
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Let the coordinates of P and Q be oCq, /{x^) and x^+Syfix^+S) 
respectively. Let Pj be a point on the graph between P and Q, 
the coordinates of being x, f{x). Let PyNy QM be drawn 
at right angles to AB, Then PN=x — XQy PM--S, MQ^e, 
NP^=f{x)~~f{xQ). Then if, however small MQ he taken, NP^ 
is < MQ for all positions of N from P to A/, where PM 
is of no higher a degree of smallness than QM, there cannot 
be a break in the curve at the point P. 



If this be so for all points between .r— x^and f{x) 

will be continuous for all values of x between these limits. 

The figure is drawn for the case/(x) > /(-Tq). 

122S. Definition of Functionality of a Complex Variable. 

The nature and representation of an independent complex 
variable having been explained, we may proceed as in the 
case of a real variable to explain what is meant by the term 
Function as used in the case of complex variables. When 
one complex variable tv is connected with another complex 
variable z in such a manner that for each value that may be 
assigned to z^w will itself take up a definite value, or a system 
of definite values, which can be derived from the value of z 
by some combination of the fundamental arithmetical rules, 
then w will be said to be a function of 2, and will be denoted 
by an equation of the form w—f{z) or f{w, z)=0. Here z 
stands for x+iy^ and x, y are themselves supposed to be real 
and may be regarded as the Cartesian coordinates of some 
arbitrary point referred to a given pair of rectangular axes in 
the 2?-plane. 
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If one value of x and one value of y give rise always to 
one value of w and no more, then w is said to be a single- 
valued or uniform function of z, i.e. of x -\~iy. Such functions 
as iu= . . . + ( 7 , where is a positive integer, sin 0, 

COS0, tan0, e^sin0, etc., are single- valued functions. 

But if several values of w result from one value of x and 
one value of y, then w is said to be a many -valued or iriultiple- 
valued function of z. 

p_ 

Thus az** is a (/-valued function, for there are 9 separate 

roots of z^ ip and q are supposed positive integers prime 
to each other). So also ie= sin~^0, tan“^0, e^tan“^0, ... are 
multiple-valued functions of 0, as also u'= log0, for w may be 
written log(0C“‘^’")^^2(X7r-t-log 0, where X is any integer. 

1229. Continuity of a Single-Valued or Uniform Function of z. 

Suppose that the point 0 ranges over a definite region F on 
the 0-plane, and that Cy is a definite point in this region. Let 
w be any single-valued function of 0, which takes the value 
when 0 assumes the value 0^. Then if, for any positive 
infinitesimal c of however high an order which may be 
arbitrarily chosen, another small positive infinitesimal f be 
a.ssignable, such that if j z—z^ | < we also have | w—w^ K e i 
then w is a continuous function of 0 at 0 = 00, and if this be 
true for all points wliich lie in the definite region F on 
the 0-plaiie, w is said to be continuous for all such points, 
I.e. throughout the region. 

1230. Geometrical Illustration. 

Illustrating this geometrically, let B and Pq be the two 
points 0 and 00 in the 0-plane, and let Q and ^0 be the two 
corresponding points in the t(;-plane. Let F and F' be the 
corresponding regions on the two planes for which we are 
to discuss the continuity of the function. Draw a sniall circle 
with radius f and centre p0, and another small circle with 
radius e and centre Q^. Then, if f can be so chosen that when 
P lies within the f-circle, Q lies within the e circle for all 
points P within the f-circle, when e is arbitrarily chosen 
smaller than anything that can be conceived beforehand^ 
however small ; then w is said to be a continuous function 
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of z at the point and for all points which lie within the 
region F for which the same is true. 

If, then, for every small change in the modulus of either 
of two variables, there be a small change of at least the same 



order of smallness in the modulus of the other, the second of 
these variables is a continuous function of the first. 

1231. Positive Integral Powers of a Complex are continuous. 

It follows from the definition of continuity above that all 
positive integral powers of z are continuous. Consider for 
instance w—z^. 

Then if and Zq be corresponding points and 

xv — W q == = 3/oZo^ -h ^p^Zq + 

Hence 

mod. > 3 (mod. /o)(mod. z^) 

+ 3 (mod. /3‘‘^)(mod. Zjj) + (mod. p^). 

Now if we take (mod. p) small enough, say we can make 
the whole of the right-hand side less than any quantity 
assignable beforehand, however small. 

Hence f can be chosen so that when 

(mod. mod. (ly— i<;^X e, 
any assignable quantity, however small, and therefore -u? is a 
continuous function of z for all values of z in the z-plane. 

Similarly we may show that any other positive integral 
power of z is continuous for all values of z. 
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1232. Continuity of a Finite Series. 

If w, w\ w'\ ... be a set of one- valued functions of a 
complex variable z, finite in number, and each continuous for 
values of z lying within a given contour on the ^-plane, then 
their sum 'Zw will be continuous for values of ^ lying in 
that region. 

For if Wq, ... be the values of iv, w\ w'\ ... respec- 
tively, corresponding to is by hypothesis possible to 

determine the positive quantities f', f", ..., so that for a 
given assigned small positive quantity e, 

when mod. (z—z^ < we have mod. {w— 
when mod. (z—z^ < f', we have mod. (w'—w^) < e, etc. ; 
and if f, say, be the smallest of the quantities f', f", ... , then 
it is possible to find so that when 

mod. {z — f , we have 2 mod. (w ~ w^) < -ne, 

where n is the number of functions ; and therefore, since the 
modulus of a sum is not greater than the sum of the moduli, 
mod. for all values of ne, however small. 

Hence is a continuous function of z. 

1233. As a case of this result any integral polynomial 
function of z, 

(IqZ^ -f ttjZ"-' -f a^z^-^ + . . . + » 

is a continuous function of z, n being a positive integer. 

1234. Discontinuity. 

To examine the continuity of the function it ;= — in the 
region near z=a and elseivhere. 

This function becomes oo when 2 = a, and therefore it is 
impossible to assign an infinitesimal f such that when 

is less than any assignable quantity e, and the function is 
discontinuous at ;?=a. 

But at any other point z^ in the 2 :-plane the function is 
continuous. 

For if where 

“Od- L,-a)i+A=^]’ 
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which can be made as small as we like by sufficiently 
diminishing mod. h, i e. by sufficiently diminishing mod. (z — Zq). 

1235. Conformal Representation. 

Let us consider the equation w—f(z). 

We have z^x+iy, and if f(z) be separated into its real and 
unreal parts, say y)-f- 1/2(2?, y), we may write w in the 

form %v+iv, where 

u=f^(x, y) and v=f^{x, y). 

If we superimpose a relation y—F(x) between x and y, we 
shall have, by elimination of x between the equations, 

v==f^{x, F(x)}, 

a resultant relation of the form v — <p(u). 

And to represent this to tlie eye we shall require two sets 
of rectangular axes, not necessarily in the same plane. Call 
these planes the z-plane and the it^-plane. 




Then when a point P{x, y) traverses the graph of y — F(x\ 
in the 2-plane the corresponding point Q{tt, v) will traverse 
the graph of v=<fi{u) in the ii^-plane. 

When no such 1 elation as y—F{x) is superimposed con- 
necting the values of x and y, there will be no relation 
between the coordinates u and v of the corresponding point 
in the M?-plane. 

If there be more than one value of w for a single value of z, 
then each value of w is said to constitute a branch of w. 
For instance, in the equation w^~z the function w is many- 
valued, and is said to have n branches. (See Art. 1266 .) 

Such a representation by means of the z-plane and the 
w?-plane of the associated z and w-loci is generally spoken of 
as a ** conform ” or “ conformal ” representation of these loci ; 
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and it will be remembered that, u and v being conjugate 
functions of x and y, the curves const, and const, cut 
each other orthogonally. {Diff. Calc , Art. 195.) 


1236. Two Important Cases. 

There are two very well-known cases of conformal representation in 
Elementary Conic Sections. 

1. If w — a cos z=^X-\-lY say (see Art. 690), 

X-\-iY—a cos (.r -f t?/) = a (cos x cosh y ~ t si n .r sinh y), 


A 2 


X = a cos x cosh y, Y= — a sin x sinh y ; 


cosir-y 8iiih‘‘‘y 


-1 , 


. (a) and 


u‘co»“X 


= 1. 


• 08 ) 


And for ^-loci of the form y = constant we have confocal ellipses in the 
«’-plane, whilst for loci of the form x- constant in the 2 -plane we have 
confocal hyperbolae in the /r-plane ; and the ordinary property of ortlio- 
gonalism of these two families of conics manifestly follows. 

2. The other case is = a tan 2 , 


i e 


x 4- ly ~ tan“' 


A-nr 

a 


and 


.r - ty = tan"^ 


X-lY, 

a ’ 


whence 


2.r=tan''* 


2a X 


2y — tanh-^ 


2a Y 

a2+A2-l-r2’ 


t. e. a* - A’ 2 - = 2a X cot 2.r and d^ 4- A' ^ -f Y^ — 2a Y coth 2y , 

?>. ( A' 4" a cot 2x)^ 4- F* = a* cosec-* 2x 

and A ' 2 4- ( r - a coth 2y)2 = a* cosech- 2y, 

so that for the 2 -Ioci = const, and y = const, the ?/*-loci are a |mir of 
families of coaxial circles, the two families of course being orthogonal to 
each <*thei‘. 

Other examples will be discussed in due course. 


1287. Case of Non-Existence of a Limit. 

In the definition of a differential coefficient of a function 

of a real variable a.s , it was presuppo.sed 

that such a limit existed, and this supposition was sufficient 
for the time. 

It is possible, however, for a function to exist for which the 

expression in question, viz. , does not approach 

any determinate limit, finite or infinite, when h is indefinitely 
diminished, although such a function may be continuous. 

For insb&nce, let us consider the case of a function of x in 
which the infinitesimally close ordinates of the graph termi- 
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nate at points P3, P^, ... , such as shown in the figure, 

AAA 

the consecutive angles P^PgPj, P2P3P4, etc., being 

alternately < and > x, and the nature of the function being 
such that each of the elements of the graph between these 
succcvssive ordinates can again be themselves divided up into 
an infinite number of portions having the same peculiarity, 



the distances between the new subdividing ordinates being 
infinitesimals of a higher order than the infinitesimal dis- 
tances between tlie first set, and so on with farther sub- 
divisions. It will be clear that the direction of the line 
which we please to call the tangent at any point P will 
depend upon the order of the infinitesimal closeness of the 
ordinates, and may or may not have a limiting position. 

1238. Weierstrass’ Example. 

An example is given by Weierstrass, viz. the ca.se of 

ca 

y=^6”co8 

where a is an odd positive integer, b positive and -< 1, and 

a&> 1 + *^, which, though continuous at every i)oint, has no 

differential coefficient determinable at any paint See Harkness 
and Morley, Theory of Functions, p. 59, or Forsyth, Theory of 
Functions, pp. 133-136, where the student will find the case 
discussed at length. 

1 239. Diiferentiation of a Function of a Complex Variable. 

It has been seen that in order to define a complex variable 
z(saj+iy), the values of x and y must both be separately 
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assigned. They are independent of each other. Any law 
connecting them may be arbitrarily assigned. But so long 
as such law is unassigned z depends upon a doubly infinite 
system of values. But when x and y have once been assigned, 
tlien z becomes known. That is, to a definite value of z 
corresponds a definite point whose Cartesian coordinates are 
X, y on the x-y plane, and this point it is usual to designate 
as the point z. 

Conversely to any value specified for 2, a definite specifica- 
tion of X and y is implied. When z changes its value to z\ 
and in consequence x and y change to x' and y', say, the value 
of z' does not depend in any way upon the manner in which 
the point x, y has travelled to the point x\ y\ no relation 
having been assigned to hold betvreen x and y. Hence the 
vector z'—z is independent of any particular law which may 
be arbitrarily assigned, connecting x and y. If w be any 
single- valued function of z, defined as in Art. 1228, and ex- 
pressed as w=f{z), then when z becomes z\ w becomes 
where w'=f(z). Thus w'—w—f(z)--f{z), and is independent 
of any particular path by which z' is made to approach z on 
the x-y plane. 

Suppose the points z' and z to be infinitesimally near points 
on the 2-plane, and let z' be written z+6z, and w' be written 
w+6w. Then ^u;==/(2-f<52)— /(2). 

We shall define ^ when 6z is made inde- 

oz 

finitely small, as the differential coefficient of f{z) or w with 
regard to 2, provided such limit exists independent of the %oay in 
which the point z-]-Sz is made to approach the point 2 indefinitely 
closely ^ that is, independent of any particular path which may 
be assigned to pass through the points x, y and x+^x, y+6y. 

dw 

We shall denote this limit by ^ or f\z). 

It follows that ^ is independent of ^ by definition. 

1240. Before assuming the functional relation w==/(«), but 
assuming that u and v are functions of x and y, and that 
w^u-\-iv and 2sx+iy, we might enquire what relation, if 
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any, must subsist between u and v in order that Lt ^ should 
be independent of 

Proceeding from this point of view, we have 

Sz ~^dz d{x+iy)~^ dx+i dy 

_ (^g+ iVx) dx+i( — lUy+Vy) dy . 

dx~\-idy ’ 

and in order that this should be independent of we 
must have 

i.e. Ug,=Vy and Uy=-—Vj^; 

whence Vxx+^vv==^' 

So that u and v must be conjugate functions of x and y 

satisfying the Laplacian equation whose general 

solution is <p=^Fi(x+ iy)+F 2 (x—‘iy), where F^ and Fg are arbi- 
trary functional forms. It appears therefore that in putting 
w=f{z), i.e. u-i-iv=f{x+iy), 

the property of independence of ^ and ^ is implied; and 

further, that ^=Ug,+ iv^ or —lUy+Vy, i.e, 

az I 


Also it is understood in defining ^ as , 

provided such limit be existent, that the function /(z) is con- 
tinuous at all points within a small circle on the x^y plane, 
of which z is the centre, and whose radius is not less than the 
modulus of Sz. Also it is presumed that either f{z) is a 
single-valued function of z, or if not so, that in passing from 
the point z+^z to the point z, we adhere to the same branch 
of w. 

For example, in the case w^=z, so that i<;=\/z or —\/z, it is to 
be understood that we keep to the same sign in both cases, viz. 
w?=\/zand w+Sw^s/z+8z, or w=—>Jz and w+Sw=--y/z+6z, 
and that the gradation of values from Jz to Jz+Sz is a 
continuous gradation. 
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1241. The Standard Forms. 

It will be found that the ordinary ‘‘standard forms” of 
differentiation still hold good when the independent variable z 
is a complex. That is, we still have 

, d . d y 1 . 

g-log*=-. etc. 

Also the rules for the differentiation of a product or a 
quotient still hold good, viz. the .same for complex variables 
as for real ones. 

And in due course it will be shown that Taylor s expansion 
of f{z-\-h) also hold.s. 

1242. Geometrical Meaning of Differentiation. 

Let OP, OQ represent the vectors z and z-f-Sz on the z-plane, 
and O'P't O'Q' the corresponding vectors w and as 

determined from the equation w=f{z) on the t^;*plane. 



Then PQ and P'Q' respectively represent the vectors Sz 
and Sw. 

Then what we search for and represent by the symbol 

— being Lt — , is the limit of the ratio of the two vectors 
dz* ^ Sz ..It 

P'Q\ when PQ is indefinitely diminished. This is there- 

fore’ itself a vector quantity ; and if the tangents to the *-path 

and the w-path make respectively angles f and yf/ with the 

. \Sw\ V 

axes Ox and O'u, the modulus of this vector is Lt and 
the amplitude is (Art. 1220). 
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1243. Zeros, Infinities, Singularities of a Function. 

When w=f{z), and a value of 0, say 0=a, gives tv a zero 
value, z=a is said to be a “ root ** of w= 0 y or a “ zero ” of the 
function w. 

When z—a gives an infinite value to w, z=a is called an 
INFINITY of the function. 


The equations /(2?)=0, ^^=0 therefore respectively give 

the ZEROS and the infinities of the function f(z). 

A single-valued or uniform function f{z) which possesses a 
differential coefficient, and which is finite and continuous for 
all values of z for points within and upon the boundary of a 
definite region T of the plane of x-y is said to be “synectic'’ 
for that region. 


1244 . If an infinity of the function be such that at all points 
in the immediate neighbourhood of the infinity the reciprocal of 


the function, viz. synectic, the point in question is said 


to be a “ POLE ” of the function. 

The infinities of a function, whether poles or otherwise, are 
generally referred to as the ** singularities of the function. 
A singularity is classed as “accidental” or “essential” 


according as has or has not a determinate zero value at 

the point in question, indepevdent of the path by which the 
point z is made to approach the assigned position. Thus, 

has an accidental singularity, viz. a pole, at z =0 ; for 

its reciprocal, viz. z(^x+iy), becomes zero when x and y 
become zero independently of any relation which might be 

superimposed between x and y. But tc;=e4has an essential 
singularity at 0=0, for if 0 approaches a zero value by a path 
along the positive part of the ar-axis, the reciprocal of the 

function, viz. i, approaches the value that is — or 

J- e+* 00 


zero; but if the approach be along the negative portion of 

the cc-axis, 4 approaches the value -4|» -3^ or 6*, i.e, 00 . 

M c e 
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1245. The term Synectic is due to Cauchy. The terms 
Holomorphic or Integral are also used to denote the 
possession by a function of the same properties. The former 
term is due to Briot and Bouquet, the latter to Halphen. 
These terms are applied to describe such functions in 
distinction from functions which the same authors respectively 
term “ meromorphic or fractional/’ and w^hich are charac- 
terised by the possession of singularities at a point or at 
points within the contour, viz. poles or essential singularities. 

Thus sin z, cos z, exp z, are synectic or holomorphic functions 

of 0 for all points of the z-plane; whilst cot z, etc., are 

meromorphic at certain regions of the plane by virtue of the 
existence of the pole z= a in the first case, or of the poles 
at the zeros of sin z in the second case. 

At points of the region F of the s-plane, for which w takes 
a single definite value as z approaches such a point independent 
of the path of approach, the function is said to behave 
“regularly,” and such points are said to be “ordinary’ or 
“regular” points. 

1246. For details as to the tests for the nature of 
singularities and other matters of this nature, we have no 
space, and must refer the student to Forsyth, Theory of 
Functions, pages 16, 17, 53, 66, etc. 

1 247. Isogonal Property of a Conformal Representation. 

Suppose that the point i^ (c), in the z-plane corresponds to 
the point P\ (w), in the t(;-plane, and that Qj, $ 2 * 



Fig. 357. 


are adjacent points to z in the z-plane, whilst , Q 2 y 
(w^ and vf 2 )y are the corresponding points in the 'M;-plane; 
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dw 


then, since the value of is to be independent of the 
direction of the differential element dz, we must have 


a— z—z^ 

when the vectors z—z^y z -z^ are infinitesimally small. 

Hence Lt 

W — Z~Zo 

Let the moduli and amplitudes of z—z^y z—z^, w-w^y 
w—w^ be respectively {p^, 0,), (p^, 9^), (p{, 0/), (p.^', By). 

Then in the limit 

whence 0,' - 02 '= 0 ,- 0 j, 

P2 P2 P2 P2 

1 . 6 . FQ( : FQ^'^FQ , : PQ^ and Q,F'Q 2 ^ Q,PQ^. 

Hence, in any such representation, infinitesimal triangles, 
and therefore any other elementSy preserve their similarity, 
and angles are unaltered in such a transformation. But the 
moduli of z and w vary with the position of P, and therefore 
the ratio of such inhnitesiinal elements is not preserved as a 
constant in general throughout any /t7?i<6 regions in the two 
planes. 


1248. It is also to be noted that it has been assumed that 
the ratios [w—w^l(z—z^)y (w—w^yiz—z^) do not become zero 
or infinite within an infinitesimal distance of the points P, P' 
considered. That is to say, that the theorem is not to be 


dw 


applied at points for which ^ is zero or infinite 


1249. For the reasons given above a conformal representation 
is said to be Isogonal. If, for instance, any two 2 :-paths cut 
at an angle a the corresponding lu-paths also cut at the same 
angle a. To orthogonal curves on the 0 -plane correspond 
orthogonal curves on the K;-plane ; and as a particular case 
straight lines parallel to the axes on tlie one plane correspond 
to curves which cut at right angles on the other plane. To 
two curves which touch one another in the one plane 
correspond curves which touch on the other plane, but 
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as straight lines do not in general correspond to straight 
lines in the conformal representation, linear tangents do not 
become linear tangents, but curvilinear tangents. 

1250. Ratio of Elements of Area. 

Again, the ratio of the infinitesimal areas P'Q/Qg', 
that of the squares of the moduli of dw and dz, i.e. if 
z=x-[-iy and xv—u+LV=f{x-{-iy\ 
the ly-element of _\dw \^ 1 dv\^ 
the 2 -element of area | dz\^ 

\ u^dx+ny dy-\- i(v^ d x+%\d, y)\^ _ (u^dx+%Lydyf+{y^dx+Vydyy 
I dx -\-idy\^ dx^ -H dy^ 

and since u^^—Vy and %ty——v^, this ratio becomes 

or or or v^^+Vy^ or u^Vy—UyV^, 

( XL V\ 

j , where J is the Jacobian of u, v with regard to 

X, y. Or again, it may be written as 

(u,+ «y,)(w,-iVx), i.e. f{x+iy)f'{x-ty). 

Thus the ratio of the corresponding elements at u, v and at 

X, y is that of J : 1. 

Vx, yJ 

It follows of course at once that the inverse ratio is 



: 1 , 


and therefore that JJ'—\, as is otherwise well knowm. 

Calc, Art. 540.) 

We may, if desirable to use a polar form for the moduli of 
dz and dw, write |(/ 2 |*=ds* or dr^-{-r^dd'^, and for 
\dw\*=Uy^^+v^ or Uy^+Vy^, 

we may write 








1 ('diL\^ , 1 f 


1251. Connection of the Curyatures. 

The curvatures of the companion w and z curves may be 
connected as follows. 

Let p and p be the radii of curvature at corresponding 
points P, F, 
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Then \dz\ and \dw\ are the lengths of the corresponding 
infinitesimal arcs. 

Let and yj/ be the corresponding angles which the two 
tangents make respectively with the x and u axes, Q and O' 
the polar angular coordinates of the points and 0, 0' the 
angles between the tangents at P and P' and their respective 
polar radii r, r\ 

Then 0r=0+0, 0r'=0'4.0', 

whilst ^=amp. z and 0'=amp. w are the respective amplitudes. 



Then, since iv—f(z), we have rV^=/(re*®), 
and dre^^+tre^’ dO'— f {re^)(dre^ + dB), 

Put = say, R and 0 being the modulus and 

amplitude of i.e. 0 s amp./'(2:). 

Then, since dr —ds' cos <f>\ rdO'^ds sin <p\ etc., we have 

J dr ^ -h r* dO'^e^^e^' = Jdr'^+7^ dO^e^^e^ J?e‘® ; 


that is I dw | = \dz\ , 

whence 

\dw\ — R\dz\ or \f'{z)dz\ and 0-'— 0-=0 = amp./'(2), 
whence d0'— d0=damp./ (z ) ; 

\dwl 


^ A 

and since p — 


P 
I dw I 


dyj/ 


or 


P 

i/mm 


\dz\. 


we obtain 


=damp./'(2) 


=<iainp./'(z) (A) 


In many cases of conformal representation, the a-curve is 
taken as one of simple nature, usually a well-known curve, 
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and the w curve is often one which is of more or less 
complicated nature, and the labour of applying the ordinary 
formulae to obtain p' in such cases, may generally be avoided 
by the use of this connection between the curvatures. 

1252. UloBtrations. 

Ex. 1 . Taking aw=^ 2 ^y where a is real and positive, we have 
whence ar' = r*, — 

Here 

/W = f. /'W=^. a»ip./( 0 =a>“P-f-''‘*=^. rf amp. /'(*)=</«, 

1*1 = x/(P+»‘W, \n^)di\ = j ^ 1 . 1*1 = ^ . 1*1 ; 

. 2 r 1 dO c fdT\^\-^ 

•• itp‘ p~sldr^ + r^dlfi~\ ^\d0) / ■ 

To verify in the einipleHt case, take the z-curve as r=a ; then 
* „ 2 11 ., 

Cl^ . 

which is obviously correct. For if r=a, and the w*curve is 

also a circle of radius a but described twice as fast as the 0 -circle, since 
B'=--2Bi and therefore is traced twice over for one tracing of the z-circle. 

Ex. 2. Consider -j-y/a^hz^ a and b being both real. We have 

6fsing 

- s/a^ + bre^9 = + 2a^br cos B + e* ^ 

i.e. r'* ~ a* + 2a'^br cos B + bh^ and tan 2B'—br sin BKa^ + br cos B). 

A Iso dw = /'(z) dz = h dzl2yld^ “I" 

lrf«'l = ~|*l, |*l=V*^+7W, amp./'(z)=-e', 

and dB'—{ci^b sin B dr -{■ hr {a^ cos B ’¥br)dB) I2r'* ; 

whence 

which will be the general formula connecting the curvatures of the sand w 
curves in any transformation by means of iP=>/a‘^ + 62 . 

For instance, take the 0 -curve to be the circle r==c. Then the ic-curveis 
a Cassinian oval. For » a* + , i.e. 

r'* cos 261' - a* -h 6 c cos B, /» sin 2B' = be sin By 
and r'«-2aV'*cos2^'+a®*6®c* [see Dif. Calc.y Art. 458], 

that is, if 5, i? be the foci and P any point on the curve, SP.HP.-hc. 
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Putting >*==p==c, ^=0, in Equation (1), and substituting for cos^, 

be ) . 

i.e. /o' = 26cr'®/(3r'*4‘a*-“&V), for the Cassinian. 

If a*=6c, wo have the case of Bernoulli’s Lemniscate, and p'=^2a^/Sr\ 
In the case just considered, it will be seen that since 
(w — a)(w 4- a) = bz^ 

we have mod. (w - a) mod. (u? + a) = 6 mod. t ; 

and therefore that if mod. z be constant, i.e. if the z curve be chosen as 
above to be a circle of radius c and centre at the origin, the correspond- 
ing w-curve has the property that the product of its bi-focal radii 
HP is constant, the coordinates of the foci 8^ H being (a, 0) and ( -o, 0), 
and therefoi*e it is one of the class of the Cassinian ovals r^rx^bc. This 
result is therefore obvious as the immediate interpretation of the w-z 
equation without reference to the polar form. 



Since in the z-curve the loci r=:const. =c, ^=?con8t. = 2a, form a pair of 
loci cutting orthogonally, the corresponding curves on the u;-plane cut 
orthogonally. 

The curves corresponding to r =con8t. have been seen to be Cassinians. 
The curves corresponding to 6 — 2a are rectangular hyperbolae. 

For since 

r"^cos2^'-a2=6rco8 2a, r'^sin 2^' = &r8in 2a, 
that is, r'^sin 2(d' -a)4-a*8in 2a ~0. 

These hyperbolae for a parameter a are therefore the orthogonal 
trajectories of the Cassinians r|fa=const. 

Further, it may be remarked that in considering the transformation 
a*=fe, we have really considered any transformation of the form 

Av^-\‘Bvi>‘¥C—z ; for by putting we have 

which is of the form u^-a*»6z. 
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Hence the results for Aw^-\-Bw+C=z are the same as those considered, 
with a mere transformation of the position of the axes. 

1253. Curvature ; the Form for Cartesians. 

We may put the curvature formula of Art. 1251 into 
another form more particularly useful for a Cartesian 2-locus. 


For 


whence 


=/(*) =/ (* + ly). dw =/' (z) dz. 


\dz\ = |dw| = |/'(z)| . \iz\ 


11 + 


.(B) 


1254. Thus, if the ^-locus is a straight line for instance, say y=w.r+c, 

rfy , , l/'(^)|Vl+w2 

p=oo, /=m and = VI . 

rf.r ^ d . 

^amp./(2) 

1255. Illustrative Examples. 

(1) For example, in the caaew^a cos 2 considered in Art. 1236, for which 
X cos .r coshy, F= -a sin xsinhy, so that y — c gives the ellipse 
X'i y-i 

— ry-4- - 7 — T-j =1, we have 
a^cosh^c a^sinh^c ’ 

f(z)~<i cosz, 

f'{z)— - a si n 2 = - a (si n .r cosh y + 1 cos x ainh y), 

1/ (-f) I = « si r cosli^ y + cos2.r si nh^y = a >/ cosh 2y - cos 2ar/\^2 , 
amp./' ( 2 ) — tan“^ (cot x tanh y), 




sin 2.r^'- — siiih 2»/ 

ax 




co.sti 2y - cos ix ’ 

and in our case for y-c, we have p=oc, m = 0, and the radius 

of curvature of the derived curve is 

a (cosh 2c ~ cos Zr)^ , X 

. ' where cos x— — , 

>/2 siiih 2c a cosh c 

which may be readily verified directly for the ellipse. 

(2) (A) In the ease u; = -^ (a rcol), we have 






Hence to any z-locus F(r, ^)~0 corresponds a w-locus 
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In this case, since 6'=n0f a 2-line through the origin corresponds to a 
u;-lin6 through the origin, and in consequence in this case </> — </>', t.6. the 
angles which the tangents make with their radii vectores are equal. 

Hence to an equiangular spiral in the 2 -plane and with pole at the 
origin corresponds another and equal equiangular spiral in the u^-plane 
with its pole at the new origin. 

(B) Moreover, since xj/ — 0 — ^' we have xp' - \p — 8' ~ $y whence 

l^J _ amp. w-d amp. 2 , 

which is what the curvature formula of Art. 1251 reduces to, since 
/'(*) = and amp./'( 2 ) -{w- 1) ^ = 5unp. 2. 


(C) In this group of results, if we take the z-locus as the str-aight 
line rcos^=a, we have 





I 

n* 


which gives the well-known property of all curves of the form 


r ” = a ” cos^ — ^ 6^^, 



which include as particular cases the Parabola (n = 2), the Rectangular 
Hyperbola (n= J), Bernoulli’s Lemniscate (n- - 1), the Cardioide (n= - 2), 
the Straight Line (n= 1) and the Circle (n= - 1). 

(D) To any curve = con p8 corresponds the curve 

— V 

= a** cos ^ , i.e. cos qO^ where ” = w. 

!Lil n-1 

Hence to r * =a * cos — 8 corresponds its own pedal curve, for 
the 1d^ pedal is got bj' substituting for the present index and multiple of 8 


n-1 

k 


. n-1 . n-1 - n-1 
for - , t.e. for , 


1 +* 

which gives the ratio n : 1 for the indices and multiple of 8 as required. 
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(E) Ottasi-Invenion. 

]f.2 

The conformal representation of to — — , where h is real, is very 
important. 

We have at once rV® — — ; whence r'r^lc^ and 0'= -0. 

Hence, if the same axes be taken for the * and to curves, we have a 
combination of inversion and reflexion in the .r-axis. This process is 
known as Quasi-Inversion. The name is due to Cayley. 

Now, reflexion with regard to a straight line makes no difference in 
the nature of a curve. Hence the usual rules of inversion apply, viz. 
a straight line which does not pass through the origin inverts into a 
circle through the origin. If the straight line pass through the origin 
it inverts into a straight line through the origin. To a circle through 
the origin corresponds a straight line not through the origin. To a circle 
which <loe8 not pass through the origin corresponds another circle which 
doe^ not pass through the origin. To a parabola with focus at the origin 
corresponds a Cardioide with pole at the origin. To a conic with focus 
at the origin corresponds a Liina^on with pole at the origin, and so on. 

Hence when the z-curve is given, the w-curve is at once known and 
can be constructed by the reflexion of the curve traced by a Peaucellier 
cell linkage arrangement as explained in Diff. Calc.y Art. 232. 


(F) The Homographic Relation. 

Consider next the conformal representation of j . 

Tins is the general linear transformation. It is known as a “ Homo- 
graphic ” relation between w and z. 

Obviously ewz-^dw-az-b—Oy 


or 


h ad he -ad 




Now this transformation is unaltered by changes in a, b, c, d, which 
preserve the ratios. In fact, there are only three constants, namely the 
ratios a:b:c:d. There is therefore no loss of generality in taking 
6c-ad=l. 

This being done, let z=3---fz', which merely shifts the 

c c 

origins of w and z, retaining axes parallel to their original directions ; 

for if say, and — y + i5, the new origins will be the points 

c e 2 

(a, fS) and (y, 8) respectively ; we then have wV=^, ».«. another quasi- 
inversion connection between the * and w loci. 

(G) Obviously, if when w— itself connected with a third 

cZ'^a . 

variable i by another horaographic relation then upon substi- 
tuting for *, w is of the form w'hether the variables and constants 

involved be real or complex. 
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That is, if w be homographic with regard to z and z be homographic 
with regard to then w is honiographic with regard to ty and so on for 
any number of variables. 

The relation may obviously be thrown irrto the form 
wz w z ’ 

where A, /x, v are constants. This relation is of much use in the theoiy 
of geometrical optics, in various forms, the quantity A being there 
usually zero. 

The equation ^*7 be written further in the form 

w-X . _ (g - Ac) g 4- (6 - Ad ) __ , z-fi 
u;4- A*”(a4 - Ac)z + (64- Ad)~ 

And if we use bi-focal coordinates in each system, viz. (R, R) and 
(r, r'), the two foci on the two planes being A, — A in the «;-plane and 

R T 

/X, -p, in the 2-plane, then — so that when z describes a circle in 

the 2 -plane, viz. r : r' — constant, w will describe a circle in the ti^-plane, 
viz. R: H'ssconstant, a result which has been already stated. 

The ease ~ — ^=2 is a case of the above quasi-inversion. 

We have = l*li and if the z-locus is the fixed circle 121 = constant, 

the u;-locus is a fixed circle. 


(H) Conaider next the conformal representation of the equation 
«; = A2*-f ... , 

where A, and a, y, ... are aU real positive quantities. 



Putting, as in previous cases, 2 = re‘^ M>=r'fc‘^ = X-f iT, 
X = At* cos ad + Br^ cos pd + Cr^ cos y^+ . . . 
y=At*8ina^ + Br^ sin + Ct*’^ sin y^ + ... 
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If we take the 2-curve to be a circle of radius unity, then for the 
u>-curve X = '2A cos a^, Y = YA sin a^, and this locus can be constructed as 
the locus of a point carried on one of a set of hinged rods OP, PQ, QR ^ ... 
of lengths A^ B, 0, etc., the carried point being considered as the end of 
the last rod and one end of the first rod fixed at a point O, the whole 
system moving in a plane and the several rods rotating with angular 
velocities in the ratio a: :y : etc., ... ; in fact, what is usually known as 
an epicyclic train of linkages. 

(I) Consider the case of two terms w-A^-^-Bif. 

Let Q be a point attached to a circle of centre P and radius 6, which 
rolls without sliding upon the outside of the circumference of a fixed 



circle of centre 0 and radius a, and let PQ^p^ and ^2> angles 
which OP and PQ have turned through since A\ the extremity of the 
radius which passes through Q of the moving circle, was in contact with the 
fixed cii-cle at A. Let PX* be parallel to AO, Then the angle X'PA' 
(marked in the figure as > tt) is 6^2- 
Then, for pure rolling, 

a6i-h(dt-6i) or + = 

het disaaffy and take .4 = a + 6, B^—p. 

a-^-b h A • -L ^ A A 
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Then the coordinates of Q are 


AT—Acosa^+BcosjS^, sin a^-l-Hsin 

So w^Az^'\rBz^ gives in this case a trochoidal locus for tv corresponding 
to the circular locus for the trochoid being traced by the motion of a 

point at distance p (= - H) from the centre of a circle of radius ^ ^ 

rolling upon a fixed circle of radius a ^ = ^ If p=6, an epicycloid 

is traced by the w-point, supposing 6 to be positive. 

In the case a — 6=p we have 

A=^, B=-a, and ^=^ = |^ = 2 . *-«■ /J=2a, 

SO that the w-z relation is — 

And in this case the epitrochoidal curve is a cardioide. 

It is unnecessary to particularise the value of a which is the ratio of 

the rates of angular description of the circle traced by P and the unit circle 

traced by the z-point. If we take as=l for simplicity, then ^ = 2, and we 

have « 

ir=!2a2 — 02®. 


The correspondence of the 2 -curve and the w-curve is shown in tlie 
adjoining figure, where corresponding points on the two loci are indicated 
by the same letter, unaccented for the 2 -curve, accented for the ?/?-curve. 



In the figure the t(?-plane is supposed, for convenience, to be superposed 
upon the 2 -plane. 
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(J) If 6 be negative and /3 = 6= - 6', we have a hypocycloid traced, and 
4 a n V — o> 

A~(i — h^ B — hy Q — = 


giving 


a-h' 

w = {a-b')z*-\-b'z~'j^' 


b' 



And the partituUr case in which 6'=^ gives 

And 1^1 = 1 by hypothesis, so z = e^^. 

Hence w~ncoHaO^ which is then a real quantity. 

And as ir=?<4-tc, we have « — a cos a^, i> = 0, i.e. the diameter of the 
fixed circle is tmeed by the ?(?-point, as is well known. 

(K) For a three-cusped hypocycloid, 




a 

‘3’ 




2a 


B = 


p- 


6 

'a' 


= ~ 2a. 


And the w-z relation is w;= and so on for other cases. 

It should be noted also that the order of the terms Bz^ is imma- 
terial ; that is, we might regard w as given by w— Bz^-^Azf*", 

A nd then the same epicycloid or hypocycloid, or epitrochoid or hypo- 
trochoid, as tlie cxise may be, can be traced in another way, viz. by the 

rolling of a circle of radius f^B upon a fixed circle of radius ^ 

(L) The coze ^ where a, a' are real conetante. 

a * a 

This case gives ~c‘^' = log^~c‘^^«=log ^4*t(0+2A?r) ; 

r T* v* r* 

whence log-= /Cosd'=’->, ^-p2Air= ->8in 

” a a a a a 

So that to a circle r= const, on the x- plane corresponds a straight line 
parallel to the y-axis on the tr-plane ; and to a straight line through the 
origin, ^ = const., on the 2 -plane corresponds a family of straight lines 
parallel to the ^-axis on the w-plane. 
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CJorresponding to the Archimedean Spiral r=^ad on the 2*plane, we 
have, on the (►^'-plane, a family of logarithmic curves, viz. 

^ , - 2A7r==^ c»'. 
a a 

Corresponding to the Equiangular Spiral r = on the 2 -plane, we 

have, on the ir-plaiie, the family 

aea' = ae (« * ^^0 ^ , i.e. — , - 2 Att = tan fil'— -f log - \ 

a ® rt/ 

viz. a family of pai’allel straight lines. 

Asa further example of the use of the curvature formula of Art. 1251, viz. 

P P 

let us apply it in the la.st case. 

We have /'{z) dz = a and amp./' ( 2 ) = - ; 


P P 

In llie {larticular case wliere the 2 -curve is the equiangular spiral, 

‘M = (cotp + i.)<W, dz = re'>(wlli + i)fie 

- </y: 

Sin fi 

and and p'^cc. 

I z ! sin p ' sin p 

Thus the formula reduces to p = r cosec which is the well-known 
result for an equiangular spiral. 


125G. Branches and Branch Points. 

In the case of a multiple-valued function, where each value 
of the independent variable z leads to more than one value of 
the dependent variable w, the several values of are said to 
be branches of the function Thus, if the equation connecting 
w and z be F(w, 2)==0, and if upon solution for w we find 

each of these forms being now single- valued, then t/q, 
etc., are called the branches ” of w. 

When z traces any curve in the {x, y) plane, each of the 
functions w^, w^, ... traces out a corresponding curve in 

the (u, v) plane, and each curve is a graph of its own branch. 

If for any point z two values of w become equal, such 
point is said to be a ** branch point*' of w. A line which 
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connects two and only two branch points is called a branch 
line or cross line. 

1257. The simplest example is the case when w^ — z. Here 
'tv is a two- valued function. The function has branches ” 

At th(i points 0 = 0 and 0 = 00 there are “branch points.” 
The positive direction of the x-axis which joins 0 = 0 to 0=30 
is a branch line. 

1258. To examine the behaviour of and 'w^ in the 
immediate neighbourhood of the branch point at 0=0, put 

and travel round the [)oint along a small circle of 
radius r ; r remains constant, 6 increases by 27r. 

becomes 

=z~-J becomes — J re*<^+2ir) ~ J u \ . 

Hence in passing once round the branch point 0=0, and 
therefore crossing the branch line, each branch changes into 
the other, 

1259. Similarly for the case tv^ = z, where q is a positive 
integer. 

Here w is a ry-valued function of z, and we have 

1/ 2X7r . 2X7r\ TOO 

?/;=2^ cos - -h^sin ) , where X = l, 2, 3, ... or g. 

\ 7 7 / 

Let the 7 7^/‘ roots of unity be called a, a-, a®, ... a^. 

Then the branches of the function may be written 
1111 

t(’j = a0<^, — ... Wg=a^z9, 

1 

where by 0^ we mean any definite 7^^ root of 0, the same to be 
taken throughout. 

The points 0 = 0 and 0=00 are branch points, and the 
positive portion of the x-axis is a branch line. 

In passing once round a small circle of radius r encircling 
a branch point, say that at 0=0, 'Wg changes from being 
i 1 

a*{re^y to being a*[red*+2*r)jBf ^ ^bat is to 

2ir 1 1 

a*e ^ or 

therefore Wg changes to Wg^i, 
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Thus the system of branches changes from 

W^, ... Wq to tt^g, ... Wqy 

and a second encircling of this small contour will cause the 
further change to tUg, ... tOj, and so on. So that 

when z has travelled q times round the branch point at c=0, 
the original order will have been restored. 

Similarly also for the case where p and q are positive 

integers prime to each other, 

1260. Reverting to the caae ta^ — aZy where a is positive and real, put 
z — 

Then Wj = = + *^ W 2 ~ = — v/ arc‘® = ; 

0 0 

i\=slary ^1 = 2 * r^ — Jctry ^2 = ”’ + 2 ‘ 

We show separate i^-planes for the separate branches. (Fig. 365.) 

Take as the z-ciirve the circle r=a. 




Fig. 365. 


Here, as I\ (z)y moves round the circumference A BCD of the circle 
r = a, the points P|, (iCj), and /’ 2 , (tCj), respectively describe two 8emi> 
circles shown in the accomyjanying figure, viz. the upper half circle 
for and the lower half circle C^D^A^ for w^. When P traverses its 
path a second time, proceeds to describe the lower half circle of ic, , 
viz. CiD^A^y whilst P 2 describes the upper half A^B^C^ for 

1261. Sheets, Biemann’s Surface. 

In order to avoid the inconvenience of the same value of z 
indicating two or more values of Wy the following device is 
adopted. 

Imagine the x-y plane upon which the point z travels to 
be split into as many parallel sheets as there are values of w 
to which any one value of z gives rise. Let these sheets still 
carry with them the tracings of the original axes, and let them 
be sepai^ated from each other by infinitesimal distances c, the 
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origins lying in a line perpendicular to the several planes 
and the axes remaining parallel, and let the same point z 
be marked upon each plane. Let the several planes be 
designated as No. 1, No. 2, No. 3, etc., and be associated with 
the several functions etc., to which the 

value of z gives rise, so that when z travels on plane No. 1, 
the graph of is traced on the tw-plane, when s travels on 
plane No. 2 the graph of is traced on the ii^-plane, and so on. 
In this way each value of z with its particularising plane 
gives rise only to one value of w, so that w may now be 
looked upon as a single- valued function of z, and z requires 
for its description not only the values of x and ?y, but also 
the number or label of its particularising plane. 

Now it will be inferred from the exainple.s considered that 
when z in its travel upon the original x-y plane in continuous 
motion cro.sses a branch line AB in that plane there is a 
change in the branch of the function, tOj to say. In order 
to represent the continuous motion of z in our new system of 
sheets from plane (1) to plane (2) it will be necessary to suppose 
the existence of a plane bridge extending from A to B, and 
terminating at these points and leading from plane (1) on which 
A, B lie to plane (2) on which A\ R lie where A\ B' are the 
new positions of A, B on plane (2), so that in passing from z^ 
on plane (1) to on plane (2) the point z passes down the 
bridge of infinitesimal lengtli from the one plane to the other 
without changing its value in so passing. 


A 



And in the case when there are only two branch points and 
one branch line, we shall consider the several ^-sheets to be 
nowhere else connected. Thus, as z passes over this bridge 
from plane (1) to plane (2), Wi changes to After travelling 
in plane (2) the point z must again cross the bridge to get back 
to its original position for there is no other connection 
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between the planes (2) and (1 ). The excursion of z from plane 
(1) to plane (2) and back Again may be indicated to an eye 
looking endwise along the branch line from to as in the 
diagram No. 367, the bridge being represented in duplicate as 
FQ or F'Q' for convenience. 



Fig. 367. 


Thus, in the case of v^—z, we have the diagram of the 
change indicated in Fig. 368. 



In the case oi the cyclic order of changes as z passes 

the branch line is indicated in Fig. 369 (taking, for e.xample, 
(/ = 5). 



Fig. 369. 


The whole system of sheets thus connected by means of a 
bridge through the branch line is then regarded as forming a 
continuous surface, and is known as a Riemann s Surface. 

1262. Enough has been said to indicate one method of 
representation by means of which the consideration of a 
multiple-valued function z may be regarded as reduced to the 
consideration of a single-valued function. And this will 
suffice for our purposes in this book. The whole theory of 
Branch points. Branch lines and Riemann’s representation 
would occupy far more space than is at our disposal, and we 
must refer the student to treatises on the Theory of Functions, 
e.g. Forsyth, Theory of Functions, Chapter XV., or Harkness 
and Morley, Theory of Functions, Chapter VI., where this 
very interesting matter will be found fully discussed. 
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1263. Any Algebraic Equation of the degree has n roots, n 
being a positive integer. 

Let = •••+Pn— 0, where z and 

the several coefficients may be real or complex and n is a 
positive integer. 

Whilst z travels over the whole of the 2 :-plane it is obvious 
that w will travel over at any rate some part of the ^(;-plane. 




Fig. 370. 

Let 0 and 0' be the two origins. Then we shall show that 
w must reach 0' in its travels over the tt;-plane. For, if there 
were any finite limit of the nearness of approach of w to O', 
let p be that limit. Let Zq be the value of z for which w 
arrives at its limiting value, iv^ say, which must lie somewhere 
on the circumference of a circle of radius p in the u;-plane and 
having 0' for its centre. 

Consider the vector z—ZQ-\-h. 

Then w = {^o + ^0” + ^0"'^ +^ 2 (^ 0 + + • • • +Pn , 
which, by multiplying out the several terms and arranging in 
powers of h, we may write as 

h2 hn 

w=F{z^) + AF'( 2 ,) + "-j r{z,) F^^\Z,), 

where F{z^^ F(Zq), etc., are the several coefficients occurring, 
and are functions of z^ alone, finite so long as Zq is finite. 
Then obviously Wq=F(Zq), and therefore 

w - «;o= + |-j ^’"(*0) + . • • + W = A W + f . say • 

Then, provided F'(Zq) does not vanish, we can, by making h 
sufficiently small, make the ratio ^'hF\z^ less than any 
assignable quantity. 
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And even if F'(z^) does vanish, as well as 

F"(z,), F"'(zo ) ... F'--'( 2 .), say, 

so that is the first term which does not vanish, we 

can in the same way, by taking h sufficiently small, make the 

/t*’ 

remainder of the series beyond the term bear to this 

V I 

term a ratio less than any assignable quantity, and therefore 
ultimately, when h is indefinitely small, 

hF'(zJ . 

w-Wo=- --^Y’ or -^,,F \^o), 

as the case may be. 

Now let the point z^+h travel in a small circle round Zq as 
its centre. In doing this the amplitude of h is increased by 
and that of by 2r7r, r being a positive integer, whilst that 
of F'(zq) or F^^^Zq) is unaltered. 

Therefore the amplitude of w—w^ increases by 27r or by 
2r7r, and the point w describes some curve about Wq which 
returns into itself after one or r complete circuits, as z describes 
a small circle about Zq, Hence it must penetrate at least once 
into the circle of radius p in its travel about U’^. And this 
contradicts the hypothesis that there is an inferior limit to 
the closeneas of approach of it; to O' 

There must therefore be at least one value of z, say z=^z^j 
for which w coincides with the origin 0' and makes f\z) 
vanish. 

Hence z—z^ must be a factor of F(z). 

Dividing out z—z^ from F(z) we get an expression of degree 
71—1 in powers of 2 to which the same process can be applied. 

And, proceeding in this way, it is clear that F{z) m'ihst 
have n zeros. 

And, if ^ 3 *- be the values of z for which F(z) 

vanishes, we get w~A (z—z^)(z’-z^{z—z^,,. (z—z^), where A 
is independent of 2 :, but may be a complex constant. 


Thus 


r«n 

mod. it;=mod. A . TI mod. (z—z^), 

r-l 
f— n 

amp. it;=amp. -4 + yj amp. (z-^Zr). 


and 
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1264. Number of roots within a given Contour. 

We are now in a position to assign the number of roots of 
w==0 which lie within a given contour in the lo-plane. 

When z travels in a closed curve once round Zq the ampli- 
tude of the vector z-^Zq ia increased by 2v, and if the closed 
curve encircles z^ r times before returning to the starting 
point, tlie amplitude of the vector is increased by 2rrr, 



Fig. 371. 


When z travels round a closed contour which does not 
enclose Zq the amplitude of 2— 2?© increases by a certain amount, 
and then decreases again till it assumes its original value 
when the whole circuit of the contour has been traversed, so 
that there is no change in the amplitude. 



Fig. 372. 


1/ the Z’Contour pasaet through z% at a point of continuous curvature of the 
contour instead of surrounding it, there is a change of ir in the amplitude 
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of z-z^. If be situated at a node of the «-curve, then, when z describes 
a loop starting from the node by one of the branches which passes through 
2 b and returning to the node by another branch, the change in the ampli- 
tude of 2~2b is a, where a is the angle between the directions of the two 
tangents at the node between which the loop lies. 

Remembering that if 

w=A(z-z^)(z--z^)(z-Zs) ... (z-zj 
we have amp. tt;=amp. .^-f-amp, (2:— ...-famp. (z— 

it obviously follows that if z is made to travel round any 
contour which encloses any r of the n zeros of w. viz. Zj, Zg, 
Z3, ... z„, and no more, and does not pass through any of them, 
and if the contour be such as to encircle them each once only, 
the change of the amplitude in iv will l)e 2r7r. If, however, 
it passes through one of the other zeros at a point of con- 
tinuous curvature of the contour l^esides encircling the r zeros 
considered before, there will be a change of amplitude to the 
extent of (2r-4-l)7r. Conversely, if as z passes along the 
perimeter of any region S it be observed that the change of 
amplitude is 2nr, we infer either that there are r zeros of w 
within that region or r—2p zeros within and 2p upon the 
boundary, and that, if the change of amplitude be (2r-f-l)7r. 
there will be r zeros within and one upon the l>oundary or 
r—2p zeros within and upon the boundary, so that in 

the one case there are r roots within or upon the boundary, 
and in the other there are r+1 roots within or upon the 
boundary, and the number upon the boundary is even in tlie 
first case, odd in the second, and if the change of amplitude Ixj 
an odd multiple of there must be at least one zero of w on 
the boundary of the contour. 

1265. liloatrative Examples. 

1 . Consider the equation 

- 22^ - + 22 + 10 === 0. 

Take a contour boundc^d by a circular arc, centre at the origin, and of 
infinite radius R and the positive directions of the x and y-axes, viz. the 
quadrant OAB. 

Then ( 1 ) as 2 travels along the x-axis, and the amplitude of 2, and 
therefore also of f& is zero, in moving from 0 to A. 
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(2) As z travels along the quadrantal arc -45 of the infinite circle, 

and as 61 changes from 0 to ^ the increase of amplitude is 4. ^ — 27 r. 



(3) As r travels from at 5 down the y-axis to 0, r=0, and 

z-iy-LT, say, and r- + 2if + 10=p(cos (#) + i sin (/>), say, where 

tan.^==2^ g± ^--. (a) 

SO that tan </> remains jM>sitive as r decreases from oo to zero, vanishing at 
both limit.s. To find where it attains its maximum value, w'e have by 
difl-frentiatio.. , ^ ,« + 2r*-29r2- 10 

(,«+r2 + 10)2 ’ 

and the equation to find the stationary values of tan <j!> is 

r«-H2r*-29r2-10=0, (r) 

which being a cubic for r* must have one value of r® real. Moreover, as 
r- “ao makes the left-hand member positive, and r- — 0 makes it negative, 
a real value of r® must He WtweenO and infinity ; and further, Descartes’ 
rule of signs shows that there cannot l>e more than one I'eal positive root. 
Iiet that root be r®-a®, and let the remaining roots, both real or both 
imaginary, be and y*. 

Then ' eeo-d. 

2 ^<ir (r‘4.r*+10)» 

If both jCf* and y® be real negative quantities, r® - and r® - y® are both 
positive. 

If and y® be unreal, the product (i*® ~ - y®) cannot change 
sign as r changes through real values from oo to zero, and this product 
is ultimately r* when r is infinite. Hence in either case (r®— ^)(r®'-')®) 
is positive. 
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Also r is decreasing. Hence 

from r~iJtof=sa,we have ^=( “ )’% therefore tan is increasing, 

and from r =a to r =0, therefore tan </> is decreasing. 

But at the amplitude is 2ir. 

Hence increases to some value between 2Tr and 2ir+^, and then 
returns to its value 2?r. 

There is therefore only one root of the equation in the 6rsc quadrant. 

If we take the 6rst two quadrants as our contour we get a change of 
amplitude 0 + 47r + 0 = 

Hence there are two and only two roots in the first two quadrants. 
That is, there is one root in the second quadrant. 

Similarly there is one in the third quadrant and one in the fourth 
quadrant. As a matter of fact, the four roots are - 1 ± v/ - 1 and 
2±\/ - 1, as may be seen by factorising the original equation as 
(z* + 2z + 2)(z* — 4r + 5), 

and the localities of these roots are shown in Fig. 374. 



2. Consider next the equation 

u; = z* - 6z‘ + 1 62^ - 24 z 3 + 252 * - 1 82 -|- 1 0 = 0. 

Take the same contour as in the last case. 

(1) Along the j?*axis from 0 to A z—x^ and there is no change in the 
amplitude, which remains zero. 

(2) Along the infinite circle w is ultimately and there is a change 

of amplitude 6x^ — 3?r in passing from A to B. 

A 

(3) Down the y-axis from B to O, z^ir, siiy. 

Hence u>= ~f«-6Af‘4-16r*+24tr3- 2r)r2~ 18if +10 

“ p(co8 </> + i sin say. 
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Then 


tani- 6>*-2 4>^+18f .. 6(r»-l)(f»-3r) 

^ V-16r* + 2 &r »-10 (r“ -!)(»-- I5r*+ 10)' 


This indicates a peculiarity at r= il, i.e. e = it ; and it will appear 
from u;= 2*-6-2*+... -f 10 that is a factor and two of the roots are 
z~ ±t. 


To exclude these roots we draw two small semicircles of radius r' with 
centres (0, il) in the first and fourth quadrants as shown in the 
figure, tlius amending our contour ; (or we might, having discovered these 
roots, divide 2*4* 1 out of the expression for w and start again). 

Hence, except at the point (0, ±1), we have 


tan </> = 6 ^ 


r(r^-3) 

-15r5«4-l6’ 


(«) 


whence 


1 . .d<l> f*-f 6 r*+ 15 r 2 4-30 





Ro that ^ is negative for all positive values of r, and therefore as r 

decreases along the //-axis </» increases, with the exception of in the 
immediate neighbourhood of the point w'here r=l ; and tan<^ vanishes 
both at r= R — od and at r =0 as well as at r=\^ 3 . 

To consider what happens in the neighbourhood of r = 1, about which 
the small semicircle is di*awn, put z=t+rV^. Then to first powders of r\ 
to s ( - 1 + 6 ir V*') - 0(1 + rtrv*") + 16 ( 1 - 4ir'e‘*') - 24( - 1 - 3r'e‘*') 

+ 25 ( - 1 + 2«r'«‘*') - 1 8(t + +«•*■) + 10 = 8 (3 - 

and the variable portion of the amplitude diminishes from 
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6>'~ ”2 ^*-8 2 travei'ses the seiuicircle CED from C to D ; otherwise 

along the y-axis the value of the amplitude is always increasing from 
<^ = 37r at 00 , where tan 0 = 0 to <^ = 47r at r=N/3, where tan 0 = 0 again, and 
except for the semicircle CED to 0=57r at r=0, where tan 0 has again 
become zero, besides the loss of tt in passing round the small semicircle. 
Hence the change of amplitude round the wht)le contour is 

0 from 0 to A, Stt from A to tt from B to F, w'here OF = n/3, 

TT from F to O except round the semicircle CEDy - ir round CED ; 

i.e. in all, the change of amplitude is 47r, which indicates the existence of 
two roots in the first quadrant, besides the root £ — t on the boundary. 

In the same way, it can be .shown that there is another root 2 = -t, and 
two others in the fourth quadrant, but none in the second and third. 

As a matter of fact, the expression when factorised becomes 
(j2 -f- 1) (^2 _ 22 ^ 2) (22 - 4z + 5), 

and the roots are 2 = ] and are indicated by dots in the second and 

2 = 1 +t, 1 fourth quadrants in the figure and the 
2^2 ± If ] centres of the semicircles. 

3. Consider ?r = 2 ^**+* -f 2 -H 1 ~ 0. 

Taking the same contour as before : 

(1) Along the .r-axis 2 =.r, and there is no change of amplitude in 2 or 
in w. 

(2) Along the arc of the infinite circle, radius 7? say, 

= where B is very large, 

and the change of amplitude is (47i4-2)|^ = (2/i + 1) tt. 

(3) Along the y-axis put z—ir; then 

w= ~ + tr 4- 1 = p(co8 0 4 1 sin 0), say, 

and *and> = j-_'„^„ (a) 

_ ( 1 - r‘"+») + (4n + 2)r«»+» _ 1+ (4>i + 1 )r*"+* 

«ec 0 ^ j _ - . 

which is positive for all positive values of r. Hence, as r is decreasing 
as 2 tiavels from B to 0 down the y-axis, 0 is also decreasing, and the 

decrease is from (27i4l)7r through (2»4l)7r-^ at r=l, where tan0=oo, 
to (27i4l)7r-7r at O. That is, the total change of amplitude in passing 
round this contour is 2n7r, which indicates the existence of n roots in 
the first quadrant. 

(4) If we take the first two quadrants as contour with an infinite semi- 
circular boundary, the change of amplitude is 

0 4 (4n4 2) TT 40= (4/14 2) IT. 

Hence there are 2a 4 1 roots in the first and second quadrants, ?.e, 
(n4l) roots in the second quadrant 
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(5) Consider next the behaviour in the fourth quadrant. 

For the variation of z down the y-axis, OB\ put z— -tr, 

- tr -f- 1 = p' h‘os + e sin say, 

tan 

^ dr (r*’*+*-l)* * 

which is essentially negative ; and r is 
increasing, theiefore is decrea.sing, and 

</>' = 0 at O, and agaifi at where r~cc^ 
and there is a loss of ir in the amplitude. 

In traversing B*A tliere is, as before, 
an increase of (2a+l)7r in the amplitude, 
whilst in travensing A 0 there is no change. 

This gives a change of '2mr^ which indicates the existence of n roots in 
the fourth quadrant. Similarly there are n + 1 roots in the third. 

Hence the localities are : 

n roots in the first and in the fourth quadrants ; 

-f 1 roots in the second and in the third. 



B' 

Fig. 376. 


EXAMPLES. 


1. Find the moduli and amplitudes of 

(.r + (y)^ log(:r4-ty), (.r + 

sin (/ + (//), cos (x -e ly), sec (x + ty), tau“^ (x + ly). 

2 . If ^ = X + ty, show that 

log|r'j = rlogi(;i-yamp.f, i 
tan amp. = y log | c | + x amp. c. / 


3. How are sin z, log x, tan ”' z defined when z = x + ti/l 
Show that if 2 : * X + ly, 


dz 


d sin z 

~~dz' 


d\ogz 

~dz ' ' 


dz 


tan''* z — 


1 

i+z^’ 


4. Discuss the locality of the roots of the equations ; 

(i) w = - 2cr® + 4x 4- 1 2 = 0 ; 

(ii) ws^ + 223~42r+12 = 0 ; 

(iii) «; = 2d + 62^* 4- 1 621^ + 202r +12 = 0; 

(iv) w s 2 d - fixT* + 1 62^2 ~ 20z +12 = 0; 
stating in each case how many roots lie in each quadrant. 
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5. Find how many roots lie in each quadrant in the following cases : 

(i) w = + 1 =0 ; (ii) w = + I =0 ; 

(iii) -f 2 4- 1 = 0 ; (iv) = 2 ?^^+' + ar + 1 = 0 ; 

(v) w = + 1 = 0 ; (vi) w = + 1 s= 0 ; 

6. Discuss the localities of the roots of the equations : 

(i) w? = c« + 2s» + 7;r^+10^3 + U22^84? + 8 = 0; 

(ii) ws^-604 + 5^»-3O;?2^4^-24 -0. 

7. Examine the nature of the conformal representation of the 
equation = 1 + 2 r for the cases : 

(i) when z moves on the circle mod. z~c\ 

(ii) when z moves on the straight line y= \ ■\-x \ 

(iii) when z moves on the straight line y — c. 

8. Find the radius of curvature of the hyperl)ola 

X- sec^ c - y- cosec- c =» 

by a consideration of the conformal representation of the equation 
w-aco8Zf taking for the ir-path the straight line x-c. 

9. Supposing ahv = z^f and a to be real, show that if ^ traces 
the curve (z^ •hy^)^ = a^(x^ - Sxy^), then 10 traces a circle at three 
times the angular rate. Deduce a formula for the radius of curvature 
of the above 5r-locus, and verify your result directly. 

10. Taking the equation te+l=(2r+l)^ show that the v-path 
corresponding to mod. z-1 is a cardioide. 

1 1. Examine the w^locus in the case 14 ; = cosh log r, when the i^-locus 
is mod. z~l. 

12. Taking the relation ttr'^-3w=:z, show, by putting J, 

that if t describes the circle mod. t = k : 

(1) the 5? point describes an ellipse ; 

(2) the three w- points corresponding to any value of describe 

a confocal ellipse and form the angular points of a maximum inscribed 
triangle. [Harknrss and Morlry, Theory oj Functions, p. 39.] 

13. Discuss the conformal representations arising from the equation 

w = log z, 

and show that the curvature at any point of the te-locus is pro- 
i ds 

portional to the value of ~ at the corresponding point of the 

2r4ocu8, </!> being the angle between the tangent and the radius r, 
and ds an element of arc of the ;^locus. 
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14. Suppose w to be any rational function of + ly), and that 
w is put into the form p + iq where p and q arc real. Suppose that 
as z travels in the positive direction round any contour F in the 
x~y plane,;)/? passes through the value 0 and changes its sign k times 
from + to - and I times from - to +. Show that the number 
of roots of w — 0 which lie within the contour is A Qc - 1), it being 
further supposed that the contour is such as not to pass through any 
point for which both p and q vanish, and that when repeated 
imaginary roots of ?c-0 occur they are counted as many times 
over as they occur. 

[Cacchy. (Sec Todhunter, Theory of Equations, Art. 308.)] 


If). If 4i be the longitude and X the latitude of a place on the 
surface of a sphere and d ^gd”^ X : 

(i) Show that the coordinates of a point A',, of the stereo- 
graphic projection of </>, X are 

r, = «e“^sin </>, I • * 

(ii) If A'm, F„, be the coordinates of the same point in a Mercator 
projection defined as 

A m ^ m “ 


express A", and F, in terms of AT,,, and 

(iii) Considering the equation ?c/rt = r‘-/'‘ (a real), show that w is 
the stcreographic projection of a point on the sphere, whose Mercator 
projection is z. 

(iv) Show that the magnificiition in the stereographic projection 
X (1 +sin X)~\ and in the Mercator projection x sec X 

(v) Examine the stereographic and Mercator projections of : 

(a) the meridians ; (h) the parallels of latitude ; (c) a rhumb line. 

i 

16. If o/ {x -»-<//)'* , prove that the systems of curves r"cos h6 = a”, 
r” sin nO - in the plane ^-)/ correspond to straight lines parallel 
to the axes in the plane x-//, and find the value of the integral 

for the rectangular space included between any four of 
them, dA denoting an element of area. [St. John’s, 1890.] 

17. In the relation w — cs\nz, show that the tc-curve which cor- 

responds to a rectangle ±7r/2, y == on the c-plane is an ellipse 
with two narrow canals extending from the extremities of the major 
axis to the nearer foci, and that the interiors of the respective 
regions correspond. [Forsyth, Th. of F., p. 604.] 



418 


CHAPTER XXIX. 


18. Writing Z=X-¥iY, where X and Fare real, and taking 
Z==sin:, determine a simply connected region of the plane of z 
which is transformed conformally into the half plane Y > 0 . 

[Math. Trip., 1913 ] 

19. For the equation v/A' + ii" = tan (J?rx/7+ 15 ^), show that we 
have as corresponding areas the area within the circle 

and that within the parabola - x). Examine also the nature 

of the correspondence as regards 

(i) the points on the circumference of the circle; (ii) those on the 
diameter F= 0. [Math. Trip , 1887 ] 

20 . If 2 r = sin-J^=sin“J(A’' + tF), show that the lines A"= const., 
const, correspond to a system of confocal conics, and that the 

ratio of the areas of the triangles 'j, ^ 2 * -^3 ‘^”d 2 ^,, Zg, is proportional 
to the product of the distances (or z.y or 2 : 3 ) from the common foci 
of the system, the points Z^^ Z.^^ Z^ being the vertices of an infini- 
tesimal triangle in the if-planc and the vertices of the 

corresponding triangle on the 2 -plane. [Ox. II P , 1913 ] 

21. Show that ( 2 - 1 - a) 2/(2 - gives one conformal representa- 
tion of the semi-circular area on the plane of 

tv, upon the upper half of the plane ty Explain 

how to modify the formula so that j = /fc, v = 0 become ^ = 0 , ij- 0 , 
and x = y- y^ become f = 0 , ?; = I {li^ = a\ -f- y^ < a^). 

[Math. Trip. II , 1919 ] 
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INTEGRATION. CAUCHY’S THEOREM ON CONTOUR 
INTEGRATION. TAYLOR’S THIilOREM. 

1266. Definition of Integration for a Function of a Complex 
Variable. 

Let/(2) he any single- valued function of 2, and let any path 
of z on the 2-plane be selected which does not pass through a 
point which makes /(2) infinite, and along wdiich the change 
in /(2) is continuous. 



Let 2 o, 2 p 22» ••• 2 ^ni infinitesimally close array 

of points on this path from an initial point {zq), to anotlier 
point i^ (2). 

Then the limit (provided a limit exists) of the sum when 
n is infinite of the series 

(Zl - Z.)/W + (2*- *l)/(*l) + {Zs-*2)/(22) + • • • + (2-2„)/(2n). 

when the moduli 

\^i — |2^s“^2l * •* 1^ 

419 
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are each indefinitely decreased, so that the successive elements 
of the 3-path are all infinitesimally small, is called the integral 
of f(z) dz for the selected path, and is denoted by 

\*f{z)dz. 

1267. Obviously, the last term of the series, having an 

infinitesimal modulus, the series may, if desired, be supposed to 
stop at the term as in the case of a function 

of a real variable (Arts. 11 and 12). 

1268. This definition clearly includes that of functions of 
a real variable (Art. 11) as a particular case, the “selected 
path ” for the variation of z in that case lying upon the 
x-axis. 

1269. Gfeneral Properties of an Integral. 

Properties of the integral, corresponding to those of Articles 
322, etc., for a real variable, may be established. Let = /(z^). 

Then, in the first place, it is immaterial whether we consider 
the limit, when n is x , of 

(Zi-Zo)m>»+(Z2-Z,)Wi + (23-Z2)»<’2+ + ... = {A), 

or of 

( 2 j - 3o) + (z^ - Zj) -f (Z 3 - 2 .) -f • • • + ( 2 n+l - W^n+l • • • - {B). 

For the difference of these expressions, viz. (B)—(A), is 

(Zj - Zo) (wi - Wo) + (^2 - ^i) K- w, )+... + (z„^i - z„) - wj, 

in which the number of terms is n+ 1 , which is ultimately 

infinite, but an infinity “of the first order,” if we regard 

— ^ as an infinitesimal of the first order. 
n +1 

Let the greatest of the moduli of the several terms be 

which is finite, as the path of 2 has been chosen so as not to 
pass through a point for which w becomes infinite. Then, since 
the 2 -points are taken infinitely close to each other, and the 
function w is continuous for variations of 2 along the path, 
[z,.— 2 ,^ 1 1 is an infinitesimal of at least the first order, and 
is also an infinitesimal of at least the first order. 
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Hence the difference of the (A) and {B) series cannot exceed 
the value of the product of 

(an infinity of the first order) X (an infinitesimal of the first 
order) X (an infinitesimal of the first order), 
i.e. a finite quantity multiplied by an infinitesimal, and must 
therefore vanish in the limit. 


1270. It follows that if w~f(z)y 

rt rz r=n+l n-fl 

wdz^\ f(z)dz='^ («r-Zr-x)/(Zr-l)=2(*>— 2r-l)/(»r) 

Jzo J 2o “l 1 

= -"^(2r-l-2r)/(2r)= -£/(z)d2= -|^”«’d2. 

1271. Again, since the sum of the series 

(Zl - 2o)/(Zo) + (Zj - 2l)/(2l) + (*3 - 2 »)/(Z 2 ) + • ■ ■ + (Z - 2 „)/( 2 „) 
may be divided into any number of portions which together 
make up the whole series, we have 

f /(2)d2;+f /(^ydz-hf f{z) dz-\- /( 2 ^)d 2 ;=f f{z)dz, 

wliere fj, ••• fr values of z at any points taken 

in order upon the selected path from Zq to z. 


1272. Again, consider [ [f(z)±F{z)]dz. 
ho 

Provided we follow the same 2 -path of integration in both 
cases, and that both/ and F are finite and continuous between 
the points Zq and z on tliis path. 


Hence 


f f(^) (^r+l 

Jzo 0 

f F(z)dz=Lt^(Zr+i 

Jto 0 


2r)/(2r). 

Zr)F(Zr). 


I f(z)dz±^ F(z)dz^Lt^(Zr^l — Zr)[f(Zr)doF(Zr)] 

= [ [f(z)±F(z)]dz, 

Jzo 

And the same is true if there be any finite number of 
functions. 

Also, somewhat more generally, if XA^fkiz) stand for 
AJ,(z)+AMz)+... 
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for a finite number of functions, where ilj, are all 

independent of 2 , then 

^Ai:Mz)dz==l\^ A,Mz)dz, 

;*6 J *# 

so long as the same 2 -path is followed in each integration, and 
the conditions as to being finite and continuous from 20 to 2 
are satisfied by each of the functions. 

The coefficients ^4* may be any whatever, provided they are 
not functions of 2 , and the number of terms in the summation 
is finite. 

And further, in these results each function has been sup- 
posed single- valued, or if not, that the same branch is adhered 
to throughout the integration in each case. 

1273. So long as the path of integration from Zq to 2 is 
finite, and passes through no critical points of f(z), i.e. points 
for which f(z) becomes infinite, and is a continuous path so 

far as variations of f(z) are concerned, the integral j f(z) dz 
must be finite. 

For this integral is, by definition, 

Lt [(3i -Zo)fiZt) + (Z2-2,)/(z,) + ( 23 - 2s)/(^*) + • • + (3 - Zn)/(^n)J. 
and, by supposition, none of the expressions /(Zq), /(z^) 

have an infinite modulus. 

If mod./( 2 ,.)^JfiC, say, be the greatest of their moduli, the 
modulus of the integral f f(z)dz, which i.s 

Jzo 

Li'S. mod. (2Jr+l~^r) 

is Lt K'Lmod,(Zr^i — Zj), 

and 2 mod. ( 2,.+ 1 — 2 ,.)= the arc of the selected path from 

2© to 2 , =S, say, which, by supposition, is finite. 

Hence the modulus of the integral is not greater than K . Sy 

and is therefore finite. Hence the integral itself, [ f(z) dz, is 
finite. 

1274. When the number of functions /j( 2 ), f^(z)y f,^z), .../«( 2 ) 
is infinite, the functions being etich single valued, or if multiple 
valued, the same branch being adhered to throughout the 
integration, the same theorem as that of Art. 1272 is true for 
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th6ir sum, provided that the sum forms a series which is 
uniformly and unconditionally convergent,* and provided the 
2:-path of the integrations lies entirely within the circle of con- 
vergence and is finite; for if we write ... for 

these functions, lat f(z)—u^+U 2 +n.^+...+n^+Rn, where 
is the remainder after n terms ; and let the scries 


to 00 

be uniformly and unconditionally convergent for all points 
within the region bounded by a circle of radius p, then, when 
rj is indefinitely increased, |/i?„| vanishes. 


But 


f [ /(2) 

J2u^- 1 Jzo 


and if |7?'| he the greatest value of |/J„| along the path of 
integration, wliich is finite, and which lies within and does not 
cut the circle of converge!ic(‘, then 

I r Rn dz is > r I R'dz\, iji. >\R' r ! dz 1, 

X the length of the path of integration 
X a finite (piantity, 

and |R'| is zero, by supposition, when n is made infinite; 

.\ L/|f Rndz ^0, and therefore [ R^dz—O, 

whence f n^dz^ 

J 2(1 1 J 

where the path of integration is the .same for each term of the 
series and the conditions of the series are as stated. 


1275 . Cauchy’s Theorem. 

It was shown in Oiapter XV. that if <f> and be any two 
functions of x and y which are single valued, finite, and con- 
tinuous at all ^K)ints .r, y which lie within or upon a given 
closed contour P of the o'-y plane, then 



* A knowledge of tlie general theory of infinite series and tests for con- 
vergency will Ims assuincHl here. The necessary information will be found in 
Professor Holwon’s Ptaur Trvjonometry^ Chapter XIV., or in the Treatise on 
the Theory of Functions^ by Harkness and Morley, Chapter III. 
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the surface integral being taken over the area bounded by the 
contour and the line integral being taken round the perimeter, 
the direction of the integration being such that in travelling 
along the arc in the direction of increase of s, the area bounded 
by the contour is always on the left-hand side. 

Consider the function w=f(z)—f(x+iy)=^u+iv, say. 

Then u and v being conjugate functions of x and y {Dijf. 
Calc.y Art. 190), we have 


'do • , du do 

dx^Vy' 

Now, from the al)ove theorem, we have, by two applications, 
\(udx-v ri^)= dx dy =0 

](vdx+ndy)=^ 


and 


Hence 


j f{z) dz = |( tt 4- iv) d{x+iy) 

= j*(u dx—v dy) + dx + u dy) 


= 0 , 


and the assumption in this theorem is tliat f(z) is synectic 
within and upon the boundary of F along which the integra- 
tion is conducted. That is, that f{z) is a single- valued, con- 
tinuous function which has no infinities, whether pole or 
essential singularity, within or upon the boundary of the 
contour. This extremely important theorem is due to Cauchy 
(Comptes Rendus de VAcdd. des ScienccH, 1846). 


1276. Deformation of a Path. 

When w is a synectic function for a definite region F of the 
2 :-plane, let ACB, ADli be two 2 :-paths which lie entirely within 
that region. Then it follows from Cauchy s theorem that 

J w dz (along A DR) -f J wdz (along RCA ) = 0, 
as there are no singularities in the region between the two paths. 

Hence J wdz{9\oi\gADR) — \ wdz{fx\ox\^ACR), 

Hence, as far as the value of the integral is concerned, either 
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path from A to B is deformable into the other without alter- 
ing the value of ^wdz along it. When one of these paths is 
the straight line AB itself, the other path is said to be “re- 



concilable with ” a straight-line path of integration ; and it 
will apj)ear that such deformation of the path from A to B 
can be carried to any extent, provided that this deformation 
does not carry any part of the path of integration outside the 
boundary of the region F on the x-y plane, for which the 
function f{z) i.s synectic. 

1277. Differentiation of this Integral. 

Writing f for z and taking /(f) as synectic throughout the 
singly connected region F of the z-plane, and starting from 
any selected point viz. A in Fig. 378, and travelling along 
an}^ path to z, viz. the point B, both terminals and path lying 
entirely within the boundary of F, we see that the integral 

I /(f) df i.s independent of the path of approach of f to the 

terminal z. I^et F{z) stand for this integral. Then it follows 
that F{z) is a single-valued function of z; and it has been 
shown to be finite in Art. 1278. Let z-\-Sz be another point 
within the region F intinitesimally close to z. Then F{z-\-6z)j 

which is I /(f) df, is also independent of the path of approach 

of f to z-^Sz. We may therefore select the same path as before 
from Zq as far as the point z, together with any additional 
elementary path from z to z-\-Sz lying within the region F, and 
along this /(f) remains finite and continuous by supposition. 
The difference between /(f) and /(z) for any point of this 
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elementary path is therefore infinitesimal, and therefore we 

may write 1 {f{^) + €}Sz, where the modulus of e 

is infinitesimally small, ultimately vanishing with that of Sz. 
Wherefore F(z+Sz)—F{z)—{f(z) + €}Sz, and therefore the 
moduli of F{z+Sz) — F{z) and Sz are of the same order of 
smallness. Hence F(z) is continuous at the point z, i.e. at any 

point within the region F. Also has a limiting 

value independent of the direction of approach of z-i~Sz to z, 
\\z.f(z), when is made indefinitely small. That is F(z) 
possesses a differential coefficient. F{z) is therefore a synectic 
function of z for all points within the region F. 


1278. Definition of Integration regarded as a Solution of the 
Differential Equation 

It now appears that the integral | f(^)dC <lefined in Art. 

1266 as the limit of a summation from a definite starting 
point Zq to a definite terminal point c along any selected path, 
both path and terminals lying within the region F, and the 
terminals being not within an infinitesimal distance of its 
boundary, throughout which region f{z) is synectic, is a 

solution of the differential equation whatever the 

starting point z^ may be. And supposing z^ to liave been 
specifically selected, we may write the general solution of 

this equation as y=C+| /(f) rff, where C is the integral from 

any arbitrary point of the region F along any path lying 
within F to the selected point z^. Im fact, we might regard 

the notation y=C-f [ /(f) df as only another way of writing 
. ® 

the differential equation, but one which emphasizes the interro- 
gative character of the investigation it is proposed to conduct. 

1279. Extension of Former Definitions of Integration. Re- 
moval of Limitations. 

So long then as F is a singly connected region in the 
z-piane in which f{z) has no singularities, whether poles, 
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essential singularities or branch-points and the path of 
the integration lies entirely within the contour of F and the 
terminals do not lie within an infinitesimal distance of the 
boundary, the identity of the summation definition with that of 

dit 

a solution of the differential equation is established. 

Seeing that we have a mode of considering any multiple- 
valued function of z as reduced to that of a single-valued 
function by means of a representation on a Riemann’s Surface, 
and under the understanding specified as to the nature of the 
function, the path of the integration and the existence of a 
differential coefficient, we may now remove the limitations 
of the definition of integration as specified in Art. 17, Vol. I., 
as to the reality of the variable, and of the function, and the 
stipulated condition as to the single-valued character of the 
functions dealt with. We may therefore regard the functions 
which have been subse(juently ti’eat(‘d as subjects of integra- 
tion, as functions of a complex variable with such alterations 
in the several definitions of those functions as may be required 
in individual cases to give them intelligible meanings in 
consonance with such as they possess when functions of a real 
variable. 

The proofs of general })ropositions as to integration given in 
Chapter IX. (Art, .*121 onwards), which were there established 
under the understanding as to reality of the variable and 
single-valuedness t)f the function, are now superseded for the 
wider conception of the nature of the variable and the function 
by the general propositions of Arts. 1269 to 1274. 

1280. Loops. 

As the property presupposed for the function w may cease to 
hold and the function become meromorphic at certain points of 
the plane by virtue of the existence of Poles, Branch Points 
or other singularities, it is necessary to consider, in case the 
specific region F should include such points, what paths there 
are in this region whicli are deformable into a straight-line 
path from any one point 0, which may be considered the 
origin, to any other point P of the region. Also we shall have 

f p 

wdz is affected when the path 
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from 0 to P is not one which can be deformed into the straight 
path OP without passing through one of these singular points. 

Imagine an infinitely extensible and contractible inelastic 
thread attached at the points 0 and P to the plane and lying 

in the plane. Imagine a pin stuck 
perpendicularly into the plane at 
a point A, It will be obvious that 
the thread might pass on either side 
the pin, or it niiglit loop round it 
one or more times as in the paths 
in the diagram OXP, OSP (which 
is straight), OYP or OZP. In the 
case OXP the thread path can be 
deformed into the straight path 
OSP without moving the pin from 
the point A> But neither of the 
paths OYPy OZP can be so deformed 
whilst the thread lies in the plane 
without removing the pin. The path OXP is said to be 
“ reconcilable with ” a straight-line path. But the paths OYP, 
OZP are not so reconcilable. 

1281. The path OYP is “ reconcilable with ” a loop round A 
consisting of a straight line OB, a portion BCD of a small 
circle with centre at A, a straight line DO' parallel and e(jual 
to OB, and O'P, and tlie thread OYP may be deformed into 
this “loop and line'’ without crossing the pin at A. 

The radius of the small circle may be regarded as any 
inhfiitesimal and the breadth of the canal BO an infinitesimal 
of higher order than the radius of the circle, so that the 
angle BAD is evanescent; the circle BCD may then he 
regarded €is complete and the banks of the canal OB, O'D as 
coincident. Thus B coincides with D and 0' with 0, and the 
figure will be as shown in diagram, No. 1181. The portion of 
the deformation consisting of the small circle and the two banks 
of the narrow canal starting from 0 and terminating at 0 
after passing once round the point A is technically known as 

a “Loop," and the integral {wdz taken round the circuit 
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OBCDO will be called (4), and it be the integral along OP 
the whole integral for the path will be the suffix in 

such cases denoting the number of loops tliat have been 
traversed before starting upon the portion of the path 
indicated by the letter to which the suffix is attached. 


P 



Fig. 380. Fig. 381. 


If .4 be an ordinary point of the plane the region within 
the small circle is synectic, as also along the canal, and (i4)=0. 
The value of w on the return journey DO is the same as that 
of w on the outward path OB, and the integrations are of 


opposite sign and cancel ; and 
the integral round the small 
circle separately vanishes. 

No “ loop ” passes twice 
round the same point A 
without first returning to the 
starting point. The canal 
of the loop is usually but 
not necessarily taken straight 
(see Fig. 399, Art. 1294). 

1282. If the thread ini- 
tially lies as in the path Z 



O 

Fig. 382. 


of Fig. 379, passing round the pin twice before arriving at 
P, a deformation is possible into two loops + a straight path 
OP, as shown in Fig. 382, the points 0, 0\ 0" being ultimately 
coincident. The value of the integration round this path we 


shall denote by /s(44)-f f/g or (-4*)+ 1^2- 
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If the thread passes round the pin n times before reaching 
P, the thread-path will in tlie san)e way be reconcilable 
with n .4-loops -f a linear path, and the value of the integral 

^wdz along it wdll be denoted by I = 

In the case of a single- valued function the suffixes used 
are of no account. But in the ease of a multiple-valued 
function the return value aft(T traversing a loop is not the 
same function as that with wdiich we start encircling the 
loop. Hence it is necessary to keep count throughout of the 
number of loops passed before starting upon the next in order. 

1283. Next suppose there are two pins stuck perpendicu- 
larly into the plane at A and at B, There are many varieti(‘s 
of thread paths along which the thread may lie from 0 to P, 


P 



Fig. .m Fig. 384. 

(1) It may be deformable without crossing a pin (as OXP) 
into the straight line OP. 

(2) It may, if in po.sition such as OYP, be deformable as 

before into an 4[-loop -f a straight-line path OP. Uy 

(3) It may, if in a position such as OZP, be deformable 
into several il-Ioops + a straight-line path OP. /=(4”)+ J7„. 
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(4) It may, if in such a position as OTP, be deformable into 
a J5-loop or into several P-loops + a straight-line path OP. 

(5) It may be that the thread path surrounds both pins several 
times, and then the system is deformable into a set of ^-loops 
and a set of P-loops together with a straight path OP, in 
which case B may be encircled as 
many times as A, making each time 
a double circuit, or there may be 
more surroundings of one pin than 
of the other. 

The notation for the integrals will explain itself. 


or {ABY+V^, 
or {ABY + (PJh) + • 


1284. A loop round 
a “ double loop.” This 
term is often confined 
to the case when 0 lies 
between tlui points in 
question. 

A double loop is de- 
formable as shown in 
P^igs. 385, 38(i, and 
U-[AB)^IL,. 


A and then round B will be called 



Fig. 385 


In the same way, if there be several pins Ay B,C, i), say four, 
any thread path such as OXP may be deformed into four loops 
and a straight path, and the integration will be represented by 

/-(^) + (Pj) + (a)+(Z>3)+I7, (Figs. 387, 388), 



or if the thread encircles a pair of pins as in Fig. 380, the 
deformation and its integration will be represented by 

or {AB)+{AB)n+{C^)+(D^)+U^. 
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If the thread encircles three pins ABC, as shown in Fig. 391, 
the deformation and the integration will be indicated by 

and similarly in any other case. 



Fig. 387. Pig- 3H8. 

It will appear in general then that any thread path may be 
deformed into a system of loops + a straight-line path, 
however many pins there may be. 


p 



Fig. 389. Fig. 390. 

1285. Method of Exclusion of Poles. 

When a pole exists within a contour F at a point 2= a and 
not within an infinitesimal distance of the boundary, it may 
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b(3 excluded from tlie integration by the artifice of altering 
tlie boundary, aH indicate*! in Fig. 392, by the introduction of 
a loop so as to exclude the pole from the new contour F'. 


P 



Fig. 391. Fig. 392. 


A small circle KF(r is drawn with centre at the pole 0 (viz. 
z — a)y and two adjacent points of it EG are connected with 
two adjacent points Dll of the original contour forming a 
narrow canal. We then regard the boundary of the contour 
r' as tht‘ curve ABCDEFGHA, and integrate round the 
amended contour. 



Fig. 393. 


The breadtli of the channel DEGH may be taken as zero 
throughout its length, and it may be taken as straight, so 
that the portions of the integration of a single-valued function 
along DE and GH cancel each other, and it leaves us with 



434 


CHAPTER XXX. 


the theorem that yf(z)dzy round the outer boundary in the 
S3nse of the arrow at A , round EFG in the sense 

of the arrow at F, vanishes, it being supposed that f(z) 
possesses no singularities other than that at which lie 

within the region F. That is, the value of ^t\'z)dz, taken 
round the outer boundary in the positive sense, i.e. leaving 
the region always to the left-hand, is eijual to ^f{z)(lz, taken 

round the inner boundary in the same sense relatively to 
the region bounded b^' and lying within the innc'r contour, 
as indicated in Fig. 3113. 


1280. 


The Integral 



Suppose tlien that f{z)-~~f^ where (p{z) has no factor z — a, 

so that there is a pole of f{z) at at which f(z) becomes 

infinite, and that the point a is not within an infinitesimal 
distance of the nearest point of tlie boundary. 

To consider the value of J/(c:)(/:r, taken round a small 

circular contour with centre c — a and small radius p, which 
will not cut the boundary, put 
(Iz 

Then ^ — =i(W, and if p be infinitesimally small we may 


put r/>(c)— 

Hence j* = |</>(^/ ) i <10 )| — 27 rf </>(a ). 

This then is the value of the integral conducted round the 
small circle, which is therefore, by the previous article, the value 
of the integration round the outer boundary of the contour. 


Thus 


taken round the outer boundary 


of 


tlie 


contour F, ~27ri</>(a). 

Supposing, however, that the point a lies upon the contour 
along which it is proposed to conduct the integration, at a 
point of the contour at which the curvature is finite and 
continuous, it may still be excluded by travelling round it 
along an infinitesimally small semicircle with centre at a and 
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lyin^ within the bounded region, cutting the contour at 
P and Q. 'Fhen after putting, as before, the limits 

for B will now be from — e to — (c-f tt), wdiere — c is the value 
of B at commencing the small semicircular path at P, and 
— (f-f tt) is the value when the contour is recommenced at Q. 
We then have 

I /taken round the whole con tour\ 

]qZ — a ^ Vexcept the intinitesimal arc PQ) J_, ““ 

that is, Prin. Val. of ^ 


1287. The Integral f '\- 

i (z-a^){z-(q) ... (z-dr) 

Similarly, if there be several poles of /(s) lying within the 
ctaitour r and none of them within an intinitesimal distance 
of the l)Oundary. 

Suppose 2 — 0.2’ b.) be these poles. 


Let f{z)== - - , . , 


Ur) 


, where <p(z) is of degree ??, 


•VO, . . . 

have 


say, in 2 , and possesses no factors 2 — Op z- 
Ry the rules of partial fractions, we 
the form 

/( 2)== A\_,2"-^-f 2"— ^ -f- . . . + A\2 + Ao 


4-N^ 




or Z—(lr. 
a result of 


1 


{a,— a,) z- 


where the factor is omitted from the denominator 

and n is supposed not less than ?*, or if be less than r the 
integral polynomial part is absent. 

The first part of this expre.ssion, down to A"„, constitutes a 
function of z witli no poles within the contour F, and therefore 
its integral taken round the boundary of F contributes nothing 
to the whole integral. We may construct a loop for each of 
the infinities and proceed as in the case of a single infinity. 

The term involving taken round a small circular 

contour wdth centre (/,, contributes to the integral 


: . 2x/, 


this small circle being taken of so small a radius as to exclude 
all the other poles and not to cut the boundary. 
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Hence the whole integral taken round the contour, viz. 
Zy being equal to the sum of the integrals round the 
small circles wliich surround the several infinities, 

_2_,V • 

1 ••• («.-«r) ’ 


O 


Fig. 394. 

r 

the factor being omitted, = 27 r(^ X,, say, where the 

value of Aj may be reproduced as ^ 

If 

and similarly for \y A 3 , etc.; or by the ordinary rules of 
partial fractions. 

The effect of pole-clusfers within a contour will be discussed 
in Art. 1317. 





1288. Effect of a Branch Point. 

If the function w be multi pie- valued, say two- valued, but each 
branch being continuous and finite and possessing a differential 
coefficient at all points of a certain region F of the 2 -plane, 

Cauchy’s theorem as to the integral of Jw dz from a point A to a 

point B of this region along a path which does not pass l)eyond 
the boundary of F is still true, provided that the paths from A 
to B belong to the same branch of w ; and as long as the paths 
ACBy ADB of Fig. 378 are both finite patlis of the variation 
of lying entirely in the region F, or both finite paths of the 
variation of W 29 the theorem stated is still true, viz. that 

dz along ACB—^w^ dz along ADB 
and [w^ dz along ACB= [wg dz along ADB, 
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When, however, the 2:-path encircles a branch point in one of 
these paths from A to B, the functions and Wg interchange 

values, and the integrals of \wdz along two sucli paths may 
differ. ^ 

1289. For iiiHtance, in the case of the two- valued function w defined 
by the equation \ 4 - 2 , we have two branches 
= 4-\^l + 2 , 

and there is a branch point at - 1, an<I, as will be seen later, one also 
at 00 . 

To examine this ca.se, put 2 = and let z travel round a small 

circle of radius r with centre at 2 = - 1, and let us start witli the braneli 



Fig. 395. 


Then, in encircling the jx>int — 1, ^ increases to 0-f2Tr and becomes 

Hence w has changed from \/r€‘® to t.e. to e‘Vrc‘^ and has 

become - v^rc*®, «.c. u?*. 

Now, any path from 0 to P will be reconcilable with (1) a number of 
loops round - 1, (2) a .straight- lino path, and the integral will be 

/ = (A")4-u„. 

Now, (1) in case of a ]iath such as OXP, which is reconcilable with the 
straight line OP (Fig. 395), we have 

/= I Widz==Ufi. 

Jq 

(2) In case of a single encirclement of the hrancli point 

(A)=j ^ Wt (f2, 

where represents the value of the integration round the infinitesimal 
circle; Ind this - s/r7®(tre‘^) and vanishes when r is indefinitely 

small. *® 
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The third integml J Wxdz — w^dz, for Wx — -Wx ; 

{A) — 2 f u'xdz. 

Jo 

We thus arrive back at 0 with the value w—Wx, and with this value 
must continue along the line OP. 

Thus, Ui= I wxdz= - Mo, 

Jo 

where Ui is the contribution of the path OP after one encirclement of A’ 
The whole integral is therefore 

1 = 2 1 Wxdz-Uf,. 

Jb 


(3) If there be two circuits of the loop before reaching P, we have 
/ = (^) + (.4i) + Mj = Wx dz + u'x dz +• Wx dz 



which is evidently — Mo, and we note that (^i)- -(-d). 

(4) It will thus appear that if there be n circuits round the branch point, 

/ = [!-( - 1)"J ')f,d2 + (- !)"«.. 

The value of the integral / Vl-f x 
.'o 

Hence the values of the integral for the different patlis are : 

(1) direct path, m® ; 

(2) one loop -f direct path, - J-Mq ; 

(3) two loops -I- direct ptith, Mq ; 

(4) three 1 oo|)h-{- direct path, - J-Mq ; 
and so on, alternating in value. 

i-* 

Hence, if u= / and z is thence regarded as a function of m, 

JO 

say z = we have 2 == </)(Mo) = <^( - J - Mq), indicating that two values 

of the argument lead to one and the same value f»f z. 


1290. In the case of any branch point at a point z=a of a 
function w—f(z — a), which is such that Lt^^„\f{z~a)dz\ is 
zero, as in the case considered in Art. 1289, tlie contribution 
due to the circular portion of the loop is zero, being 

Jo 

and vanishing with r, since Ltr„Q\rf(r&^)\ vanishes ; and tlie 
only contribution from the loop is that due to tlie two banks 
of the canal portion of the loop. 
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If the function w be two-valued, it has been seen that in 
passing round the branch point and intercliange values, 
and the contribution of the loop is 

7 = f -}- f w.^ dz ; 

J 0 J c J a 

and in the case considered, viz. 

Ltz^a\\v^ dz| — 0, 

j* u\dz — 0, 



1291. More generally, if the function be n- valued, such as 
vf^—z—re'', 

HO that — r'*[cos(d-f -X'7r)-|-iain(0-f 2X7r)]”, 

1 lB 

where X = 0, 1,2, ... n — 1, each branch wliere « = one 

of the roots of unity, changes into 

i 

and there is a cyclical interchange of the value of w as we 
pass round successive branch points, so that iCo — ciM’i, 
atid .so on, and u”— h (See Art. 1259.) 


So in this case, 
becomes 



tCj dz-\- 



/ = (!- 



dz. 


12f)2. To return to the case of a two-valued function, if 
after a description of the ^-loop, .starting from the origin 
with value we pass along a .second loop round another 

branch point B, we start off along the second loop with the 
value and return with the value w^, and for the two loops 



+ J” + 1 , «’■> "'i 

— — w^dz 

Jn *^0 


= (A)-{B), say, 
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and this we shall call (AB) for shortness, so that 
{AB)=(A)-{B). 

Similarly {ABC)=(A)—{B)-\-(C), 

{ABCD)^{A)-{B)+{0)-m 

and so on. 

It also appeal’s that in a double looping of the same branch 
point A, we have 

(AA)=(A)-{A)=(i. 

In a triple looping of A, 

(AAA)={A)-(A)MA)=(A). 

These peculiarities are indicated in the notation 

So we have 

(AB)=(A)-(B), (BA)=(B)-{A), (AB)-\-(BA)^(), 

(ABC)=(A)-(B)+(C)={AB)+{C)^(AB)+(C)-(A)+(A) 

^{AB)A{CA)+{A), 

{A^BC) = {A ABC) = (.4) - (B) - (C’) == (BC) - (^t')+ (B^), 

{A»BC) = {A)-(A) + {A)-(B)+(C)^-{AB)+(V) or (^)-(BC') 

or {A)-j-(CB). 

For a double looping of any jiair, 

(ABAB) =(A)-(B)+(A)-(B) = 2(A)-2 (B). 

For n-encirclings of A and B we may write 
(AB)”=n(A-B). 

Again, (B) = (B)-(^)+(^)=-(B^)+(.4). 

(BCD) = (B) - (C) + (D) = (B) - (C) + (B) - (A ) + (A) 
=(BC)+(DA)+(A). 

1293. It appears tlien that to integrate round any com- 
bination of these branch points, the whole can Ixi expressed 
linearly in terms of integration round any one loop, say the 
.4-loop, together with an integration round a combination of 
double loops round pairs of others; and each such looping 
of two branch points is expressible as the difference of the 
integrals which accrue from integrating round each of the 
separate branch points of the pair. And further, that for a 
two-valued function the value of the function on final arrival 
at 0, and l>efore starting on the straight part of the path 
from 0 to P, depends upon how many times the path has 
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surrounded a branch point, and the final integration along the 
straight path adds -fWo if an even number of circlings has 
been effected, and —Uq if the number be odd. 

Thus, if 0 be the origin, and there be branch points at 
A, B, C, D, E, F, (7, H, a path in which B, C, A, D, E, F, A, H 
are successively looped before returning to O, and then passing 
to P, will give the integral of a two-branched function 

and integration for a path for the loops round P, C, -4, D, P 
will give 

and these may be respectively written 

{BC) + (AD) + (EF)+{AH)+y,. 
{BC)-^{AD)+(EA) + {A)~v,. 

Now, if there be n critical points A, By Cj D, , there are 

I \ 

sets of difiereiices (we omit the brackets for short), 
4-P, 4-C, A-Dy A-Ey,,.. 

B-Cy B~Dy P-P, ..., 

C~Dy 0-P, 

D-Ey . 

and only n-l of them are independent, say 

A~By P-C, C-Dy P-P,...; 
fi)r any other, such as P—P, may be expressed as 
(P-C') + (C7-P)+(P-P). 

Hence the value of Ju’ dz taken along any path from 0 to P 
must take one or other of the following forms : 

X (AB) + iJi (PC) + r (CP)+... + ^'(PP) + «o. 
or X'(4P)-|-^"(PC7) + j/"(CP)+ . . . + /i'^(PP) + (4) Wo, 

where X, /j,, v, , X', yu', I'y , are integers, positive or negative. 

1294. If there be no branch point at infinity, and if iv 
remains finite and continuous for all other points of the ^-plane, 
an infinite circle, with centre at the origin, will contain all the 
branch points, and can be deformed into a system of loops, 
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each passing round a branch point once, as in Fig. 398 ; or in 
case they lie in a straight line, as in Fig. 399 ; and the region 



between this circle and the loop system Ijeing synectic, we have 
taken round the intinite circle, ~ (^)— (J5) + (C)— (D)+ • •• , 
and ^wdz round the intinite circle will be a delinite quantity 

which, in such cases as 

2 1 

, 1 

(z-a^)(z-a.^(z-a^(z-a^){z--a~){z-a^' 
will vanish. For, taking the first of these, and putting 

z=Re» (fl=oo), -^idO-, 

z 

\rdz=^[ — when i? — 3c ; 

Jo 

and similarly in the second expression. 

Fig. 399. 




Thus in such cases there is a relation amongst these differ- 
ences, viz. (4)~-(B)-l-{C)-~(D)+...=0. 

In the case of four branch points, the independent differences 
will reduce from three, {{A)—(B), (B) — (C), (C) — (B)}, to two, 
say {A)-(B), {B)-(C). 
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And tlie forms possible for the value of the integration 
along paths from 0 to P will be comprised in 
1= X (50) + Wq, 

/-“X {AB)-{-^ {BC)-{~(A)~Vq. 


1295. Eepresentation for Large Values of ; Branch Points at 


Infinity. 

I'o represent the nature of the function for values of 2 at an 
infinite distance from the origin, take a third variable z, such 
that zz'=], tind represent the travels of z' on a plane of its 
own. Then, fur points z on the c-plane which are at great 
di.stance from the origin 0 , the points c' on the s'-plane are 
near the new origin (X on the s'-plane. 

Taking the function 

_ 1 

wliich is a branch of a two- valued function, let us find the 
brand I points. 

Let 0 be tlie origin on the c-plane A^^ Ao, ... An, the several 
points Up 2--=(C,, z — d.^, ... , and let P be the point 2. 

Let z-~a^-\-r^e^^^=^a2-X 


Then 


v^•,r.r., 


1 


Let P describe a small circle round any one of the points, 
say Up Then, after the completion of this circle, 7’p r.^, ... 

and 0 .^, 0 ^, ... liave resumed their original values, but 0 ^ has 
become 0j-|-27r. 


*iv 

Renc(‘ the function w. has become i.e. —w. or tc.,, and 

1 ^,iir 1 

therefore there is a change of branch at A^. Similarly at 
A3, Now consider the case when 2=oc . 

Using the otlier representation we have, writing a^— 

1 , 


iU 


w. 


... iin 






a. J 

a., / 



and we have to consider the behaviour of this function for 
values of 2' near the origin 0 ' on the s'-plane. 
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Putting z'=re'^\ we have ultimately, when r is very small, 

n ^ 

w=rh 2 , and when z is made to describe a small circle of 
radius r about the ^'-origin 0\ 0' has changed by 2ir, and the 
function becomes multiplied by i.e. by 

(cos TiTT -f £ sin tit) or cos mr. 

Hence^ if n be even, u\ remains unchanged, but if n he odd 
u\ changes into i.e. there is a change from branch to 
branch 

1296^ Thus, in the cases 

w ==:—=========. and w— 

n/( 2 - tti) {z — aj) s'(z -o i) (s - a^) (- “ ^' 3 ) 

there are respectively two and four branch points, viz. z—a^ 
and z=a^ in the first, and z=a^, z—a.^, z — z~a^ in the 
second, but none at x . 

But in the cases 


~P==^=r:=====^ and u\ = -,-= — 

^/{z- a^) {z - ao) (z—a^) <(z - a^) {z-a^ (z ~ (*3) (:; - aj (z - 

there are branch points at a^, ttg, ((3 in the first, and at 
ag, a^y in the second, and in both these cases there is 
also a branch point at 00 . 

In the latter cases the loop system, when represen t(*d on 
the 2'-plane, will be as discussed previously, the origin being 
also a branch point. But if represented by loops on the 
2:-plane, we have (taking the case of three factors) di , d^, x 

as branch points at A, B, C, 1) respectively, the latter at infinity, 
and, as in Art. 1294, there are apparently three independent 
pairs of differences, which we may take as (AD), (BD), (CD). 
But writing w — {(z—a^)(z—a 2 )(z—a^)y^y we have 



and we shall show that (BD)=(AD)-\-(CD), which reduces the 
three apparently independent pairs to two really indejMjndent 

ones. For jwdz taken round any finite contour in the finite 

part of the 0 -plane, which does not include A, B or C and 
cannot include jD, vanishes ; and such a contour is deformable 
into an infinite contour, such as indicated in Fig. 400, with 
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loops excluding the branch points. Therefore |w;d!2 round this 

deformed contour also vanishes. For convenience this defor- 
mation may be taken as a circle of 
infinite radius centi ed at the- origin, 
with four loops excluding thebrancli 
points, the canals of A, B, C V>eing of 
infinite length and that of D finite. 

The contribution to the integral 

wliicli accrues from these 

loops amounts to {A) (jB)-f (C) - (D), 
i.e. to (AD) - (BD)^(CDY The re- 
inaind(T of the contour, which 
consists of infinite circular arcs, 
along each of which the same 
branch of w is adhered to, and wliich 
each extend from the canal of one loop to the canal of the 
next, contributes nothing to the integral. For taking any of 
these arcs, say from 0-~aio 6—13^ where and a</?<27r, 



we hav< 


zwdO, and therefore 


I"*"!.’ 

mod. I w (Iz^ mod. | zw (id > | mod. (zw) dO. 


But mod.(z?/») tends continually to a limit zero as mod. z is in- 
definitely increased, and if iv be its greatest value for points 

f /3 

mod. (zw)d6 is positive and 

<iK(f-i—(i), and therefore also tends to a zero limit. Hence 
the whole integral for the deformed contour is that due to 
the four loops only, viz. (^4/))— (BZ>)+{CZ)), which therefore 
vanishes. It fol lows that the only possible values of the integral 

M = I -J-- = — are of one or other of the forms 


p(AD)+q{BD)+r{CD)+u,. 
or p'{AD)+q'(BD)+r'{CD)+(A)-u^. 

where p, q, etc., are integers, and that by virtue of the relation 
{BD)=(AD)-\-{CD) these further reduce to 

\{AD)+,i(CD)+u^ or \’{AD)+fi\CD)+{A)-Uo, 
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where X, /u, X', jul' are integers, and is tln^ value of wdz by 

any straight-line path from 2 to oo , which does not })ass tlirongh 
.4. B, or a 


xudz, say, 


1297. From those considerations it will follow that, if a 
quantity 2 be defined as 0(n), and given by 

«=(■ 

Jov(3:-nj)(c-((,) Jo 
the possible forms of tin* n*sult being limited to 
7t = X(.4/i)-f-i/o. or it^-^X(/lB)-f (^)— 
and the same point r being attained for eitbiT of them* values 
of XL, we must lia\e, when we regard c as being expresscsl in 
terms of «, = 


(j> must therefore he a ])(>ri(H}ic function sueh that an addition 
of (AB)y ip. to the argument any numbtn* of tim(‘s 

makes no difft'renee, and also that, if (A) be added to any 
number of sets of integrals round double loops (A/i), ilu' sam(‘ 
will be true if the sign of be changed. 

In the cases 


•* (h r* dz 

since ?t — X(^^)+/i(/^f ') -j 

or X^(.4i^)-f;4/^^0+(^l)“-^^o 

in both cases, for A, B, C are imji three of the four branch 
points, we liave 

<^(7f) = 0[X {AB)-{-fi (BO)-\~Hq\, 
or </>[X (z4/^)-i-// (/lOd” 

and a double periodicity of z^<p(xi) is established. 


1298. Period Parallelograms. 

A geometrical illustration of this double periodicity may be 
given. 

Let dx(z) be a doubly periodic function of a single complex 
variable z with independent j^eriotls w, a/, viz. 

0)— a+<i8i w'—a +</?', 
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SO that 0(^)-=0(2 + o>)--=</>(2:+2ft>)=... 

-- 0 (z -j- (ty) — 0 4" %o) ~ 

===il>(z + w + (t)')= ... -^0(3: + 2 >‘»’ + 7 w )= ... , 
where p and n are any int(‘^ers, positive or negative. 

K<‘ferre(I to any S(‘t of rc^etangular axes in tlie ;^-plane, the 
points (0, 0), (fi, ft), (a -fa', ft-{ ft'), (a, ft') are the four corners 
of a parallelogram {P4g. 401). 



Fig. 401. 


Th<^ adjacent sides ol‘ tliis parallelogram make angles 

tiin ' -» tan~^ » 
a a 

with the -r-axis It is eall<*d a period parallelogram. 

The four points, pa-h^f/ft, (p-f 1) a + < ( 7 + 1)/^, 

{ (/> + 1 ) a - 1 - a } f / { (7 -f 1 )/5+ /T}, (pa + a') +/ (7/3 +/3'), 
will ecjiially form the angular points of a parallelogram of the 
same size and shape as before. The whole 2 -plane may be 
regarded as mapped out ink) a network of such equal parallelo- 
grams by giving to p and 7 all integral values. As 2 travels 
over the region bounded by any one of these parallelograms, 
0(2) ranges through all the values it is capable of assuming. 
If z travels into other parallelograms on the 2 -plane the values 
of 0(2) are merely repetitions of the values it attained at 
corresponding points within the first parallelogram. Thus 
points similarly situated with regard to any elementary 
parallelogram of the network give the same value of 0 ( 2 ). 
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1299. If <l>(z) be Synectic throughout so also are its 
Differential Coefficients. 

We shall next show that when ff>{z) is synectic within and 
upon the boundary of a given region bounded by a closed 
finite contour F, all its differential coefficients are synectic 
within that region. 

We have seen that if a be a point within the region and 
not within an infinitesimal distance of the boundary, 

taken round the boundary of F, where z = (t is not a zero of 

Let z — a + Sn be an adjacent point to z^a within the 
contour and not infinitesimally near its lK)undary. 


Then 




^ L f 

27 rijz~<i--S(i 


dz 


taken round the boundary of F, and therefor(‘ 

Now, by division, 

_J^)- 

z — a—S(t z—a~^{z — (i)- (z — ay'(z—(i'~Sa) 

Therefore 

round the boundary ; and the definition of a differential 
coefficient is that it is the limit, if there be one, of 


^(a + 6a)-<f>(a} ^ 239 ), 


when |^a| is made indefinitely small. Hence we may put 
^ (a + ^^0 — </> (a) == { -f 6 } , 

where c is something whose modulus ultimately vanishes with 

i^«|. 

We may therefore write 
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and therefore the moduli of the two sides of this equation are 
equal. And since the modulus of the sum of two complex 
quantities is less than the sum of their moduli, and the 
modulus of the product is the product of the moduli, we have 

inod.[ri^ht-hand side] < mod. €+— ^ mod. f 

27r }( 2 ;—af(z—a—da) 

Let K be the greatest of the moduli of the values of the 
integrand as we travel round the boundary, which is a finite 
(jiiantity since (p(z) is finite and z—a, z—a—Sa are not 
inlinitesimally small. Then the modulus of the integral in this 
expression is less than K x Perimeter of Contour, which is a 
finite (|uantity, the perimeter being supposed of finite length ; 

< mod. f {--A- - . mod. X Perimeter of Contour. 

2t 


Hence diminishing mod. Sa indefinitely. 

Therefore 

the integration being in all cases taken round the boundary 
of the contour. 

In the same \ray w^e may prove 


For if ^ = be a point within the contour and not 

within an infinitesimal distance of the boundary, we have 

0 '(a + Sa) = dz, 

, <k'{a+Sa)-d>'{a) 1 f , J 1 _LJ]^ 

Sa 2'Kiy^''^\.{z—a—Saf (s— apJ<Sa 

where mod. Q vanishes with mod, iu, 

__ 2! f <h{z) 7 ^ 
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It appears therefore 

(1) that approaches to and ultimately differs 

by less than any conceivable quantity from 2 ^ 

when mod. Sa is made to diminish indefinitely without refer- 
ence to the way in which the indefinite approach of the point 
a-f-(5« to the point a is conducted. Hence 0^0 ^ function 

of a which possesses a differential coejfirient ; 


(2) since <l){a) and 0(a + <5(O are by supposition single-valued, 

the expression is also single- valued, and also 

its limit; so is single- valued ; 

(3) iff {a) is finite \ for its equivalent r/c is such 

that the integrand is finite for all points upon the contour, 
since the point a is not at an infinitesimal distance from the 
boundary, and the boundary itself is of finite length by 
supposition ; 


(4) for any positive infinitesimal change in 1 6a | there is a 


change 




{ 2- 


of the same order as \S(t\ in \(ff{a) . Hence 0'(a) is con- 
tinuous. 

Hence (f>'(a) has a d iffe rent i<d coeffrient at the point a, is 
single-valued, is finite and is cont irnums. It is therefore 
synectic at any point a within the 8pecifie<l region for which 
(p(a) is synectic. 



the integration proceeding, as before, round the boundary. 
And the argument may now be repeated with this result to 
establish the succeasive equations, 



all of which functions are synectic in the region for which 
0(a) is synectic. 
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1300. Taylors and Maclaurin’s Theorem. 

We may now proceed to establish Taylors Tlieorem for tlie 
(‘Xpansion of /(a + A). lunt f{z) be any function of z which is 
synectic witliin and upcjn a ^iven ^ 
circle (J with centre at z — n and 
radius p, and suppose z — ti not 

to b(' a zm-o of /(r). L(*t //, be / a+;i\ 

another ])oint witliin this contour ( * 1 

and not within an infinit(‘sinial \ / 

distance* of the* boundary. \ / 

Th(‘n ^ 


./ (" -1^ = 2-7r£ j : - !< - // ■‘02, 

the' integration bein;,^ conducted round the boundary. 
Now, by division, 

' I f' I I 

z~<t - h ~(i)- (z — (()'’' 

h” /t"-n 1 

+ ( j I. „)n+i + (0 - z-a-ll ' 


A" /("-n 1 1 

„/ If, 

27 r<ljc:--( ^ 


J(3 — (r)”+^ 




/(i)'(= 


- /•(££) + /'/■'(«) + 'f. /"(<•) + • • • + 1 > 

whore ^ f, , ,,(h taken round the circle ; 

” 27r( J{c — — — '0 

and putting z==a-\-pr^^, we have 

1 r f(z) 


• f . e-''^^d6. 


Let the greatest value of 


6“”*'’! be K, which is finite 


since \J (z) | is finite at all points within the circle, and the point 
s=a-f is not within an infinitesimal distance of the boundary. 
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Then 

i.e. iR,.|>|^r.|/i|.if, 

I P I 

and \h\<C.p, so this may be made less than any assignable 
quantity, however small, by increasing n indefinitely. 

Hence the conv^ergericy within the circle of radius p is 
established, and the. usual form of Taylor’s theorem still 
holds for a complex, viz. 

/(« + h) =f(a) + hf («) + 2 ./"('O + • . • to 00 

for all points within a circle of centre a and radius > 
provided /(z) is synectic for all points within this region. 

If the origin be at the point z~a, i.e. a = 0 , we have the 
same result as for Maclaurin’s theorem for a real variable, viz. 

/(A)=/( 0 )+A/( 0 )+|^/"( 0 )+... , 

with the same limitations as before. 


1301. Definite Integrals obtained by Contour Integration. 

Cauchy’s Theorem of Art. 1275 is of great use in establish- 
ing in a rigorous manner many results in definite integrals 
and in furnishing new results. In such investigations the 
form of 16? as a function of z is at our choice, and the particular 
contour of integration is also at our choice. 


Consider the integration 
supposed real. 



round ant/ closed contour ^ a being 


B 



Fig. 403. 


It follows from Arts. 1275 and 1286, 
that the result of this integration is 

(1) 27rt, (2) TTi or (3) 0, 
according as 

(1) the contour encloses the point 

2 = a ; 

(2) the contour passes through 

with continuous curvature at 
the fK>int ; 

(3) the contour is such that z—a lies 

outside it. 


Take as contour a circle of radius R (drawn as > a in the figure) and 
centred at the origin. 
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Put z = Re^^; then dz = iRe^^ dd \ 


^Re^\ide 


— 27rt, TTt or 0, aH /^ > rt, =a or < a ; 


, /2^ Re^^{Re~^^-a) ^ , 

whence ( IP-iaRoosti + a^ ® *" ‘''*® : 

whence = ^ (« > „), o(/J<«), 

, /■2ir sin ^ 

and / . ^^^^==0 

Jo /i^ — 2a/ccoa 

in any of the cases^ i-esults which may l)e I'eadily verified by direct 
integration. 

1302. Consider the integration of 24*=—, ivhere k is real and positivey 
round a contour bitunded bg (1) an infinite semicircle BCDy centre at the 
origin of Ote x-if nxcsy radnis R ( = oo), (2) a small semicircle EFAy centre 
at the origin and radiiLs r, co7icave iji the same direction as the former y and 
(3) the two intercepted portums of the x-ariSy viz. DE and d/i. 

w has a pole at tlie origin. Tlie small semicircle excludes this pole. 
Examine the behaviour of the function when z is infinite. 


, e“^^®^”®{co3(I7?cos ^) + t sin(^/2cos ^)} 

Ix't * = Then w ^ 7 — a » 

and therefore vanishes in the limit when R is increased indefinitely, 
so long as .sin 0 is not negative ; that is from 6 ^ = 0 to 0 = 1 ^ inclusive. 
Tliere is no pole in the region described, and w is aynectic throughout 

the region. The totiil iiitegml j wdz Uiken round this perimetei- therefore 

vani.shes. To estimate this we consider C 

the integrations ; 

(1) fn)m r to /f ( = x ) along the .r-axis ; 

(2) from ^-0 to O — tt round the great 

semicircle BCD ; 

(3) from - R to - r along tlie .r-axis ; 

(4) from O — TT to 0 = 0 round the small 

semicircle EFA. 

(1) Along AByg = 0 and dz-=dxy and the corresponding contribution 

r-a^d-X 

to the wliole integral is j y dx. 

(2) Along BCDy /f-constant, z = Re^\ = and the contribution 
to the whole is 

— dz=r e*^***' td8-=r * {c«s ns cos 0 ) + 1 sin cos 6 )) d8, 

z Jo Jo 

which ultimately vanishes wlien R increases indefinitely. Therefore 

there is no contribution from tliis part of the integration. 



Fig. 404. 
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/ ^d'z r—r ^tkz 

— dz= j — dxy and as x is negative we write -a 

lor*. * * 

Jr X ’ 

which is the contribution for this portion DE of the integration. 

(4) Round the small semicircle the contribution is f f.dd^ and ; 

being iiifinitesiinally small this becomes id6~ -ttl. 

Hence, summing up, 

/•x> ifcc 

/ --dx-hO-l - dx-TTt — Oy 

Jr X Jr X 

t.e. in the limit wlien r is indefinitely diminished, 


rc^^d-x-e-ikx rc 

I 

Jo X Jo 


sin he j TT 

- - dx -^ 

X 2 



k being supposed positive, which is in accord with the result of Art. 993. 

• f 

1303. Consider J ^ where k is a real positive quantity and a is a 

complex^ viz. a -ft/?, in which /3 is po.sitive. 

We take as contour the ar-axis, an infinite semicircle whose centre is 
at the origin and radius It ( — cc), and an 
infinitesimal circle of radius r, and centre 
at the real point (a, /i), wdiiijh, .since [J is 
po.sitive, lies within tlie great semicircle. 

There is a pole at 2 = r/, which i.s excluded 
by the small circle. Examine the behaviour 

of w~ -,when z i.s infinite. Put z~li^^, 

z - a 

{cos cos 6^) + tain (/(■/[? sin t/)} i *i r 

Then w— ^ ^ ^ ^ , and therefore, as in 

— a 

the last case, ultimately vanishes when It is indefinitely increased, 
provided 6 lies between 0 and tt inclusive. 

There is no pole in the region between the two circles, and w is synectic 

throughout it ; and jwdz~0 when taken round the boundaries in opposite 
directions. 

( 1 ) Along the a:-axis z~Xy and we have as the pait contributed by 
integrating from C to i e. - oo to oo, 

/** {(a: - a) cos sin lira;} j /*" (!r-tt)8in ia?4-/^ cosil*a;^ 

“j-.' ''\x~-ay + l^ ** + *]_„■ '(x-ay‘ + li‘ 
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(2) Round the infinite semicircle, we have a contribution 
I'lr ^ I'tr g~ kit sill cos 0) + 1 sin (^/{ cos 0)} 

Jo /{e^<^-a ^ ^~Jo ‘ 


dOy 


which, })y virtue of tl»e ultimately zero factor e adds nothing, 

R being absolutely infinite and sin 0 positive. 

(3) Hound the infinitesimal circle DEFy putz = a4-re‘®. 

The integration round the perimeter mu.st give according 

to the general result of Art. 1286, i.e. =27r(icoHl‘a-sinA:a)e“*^ ; whence, 


as j f{z)dz round the outer boundary ABCOA ks equal to that round 
DEF in the same sense, we have by equating real and imaginary parts. 


r" (x-a)oos/x-/isin /x , _ _*.o . , 

r 2^e-WcoHfe.,J 

which may be written 


cos f I-a; 4- tau“^ 

\ X -- g / 

, \''(x “ g j"' +7^' 

sin (^kx-{- tan~^ 
e ^/(x-g)-4-/i“ 


dx=-2Tre ^'^sin^a, 
dx= 27re“^’^cos fcg. 


1304. lii the rase where the centre of the small circle lies on the 

j-a.ris and a semicircular arc DEF^ of radius r and centre at a, 0, 


small circle before 


B 


replaces tbe complete 
considered. 

To consider the efiect <»f this, we integrate : 

(1) from C to D, (2) round DEF^ 

(3) from F to A, (4) round ABC. 

For (1) and (3), we have 

i.e. wlien r is infinitesimally small, viz. the Principal Value of 

.f- JO .r-a 



For (2), putting i = a + r<!‘*, = and the contribution is 

- Tie'**, 

r being infinitesimal. 

For (4) we have, as before, a contribution nil. 



456 


CHAPTER XXX. 


Hence ultimately, r being indefinitely small 

/*“ cos + t sin fcr , , , 

I (i.r - IT (i coski 

00 X — a 


(Ir - -TT (t cos ka - sin ka) — 0, 


/** cosibjj . , ^ 

I dx= — IT sin ka, I 

J—aox~a I princi 

/ * sin fcr j ,1 eacli 

ax= TT cos ka, I 

-00 J,-tt f 


Vincipal Values being taken in 
each case. 


dz, a and h being real and 

positive, taken round a contour consisting of 
y {\) the positive portion of the z-axis ; 

g (2) infinite quadrantal arc, centre at the origin 

and radius R ( = x> ) ; 

(3) the positive portion of the y-axis ; 

\ As in the last two cases, the function vanishes 

\ in the limit w hen 1^1 = x , and it will be clear that 

qL- > I there is no pole in the region round which it is 

Fiir 407 r>'op««e'l integrate. 

*■ We have then 

I i. - dx+ ' -7-?- — .<iy+ ( ? *— d!/ =0. 

Jo X Jo 1 Jr if 

The fi.-st integral = f" 


The second integral = T [e-a«*'»»e«>Kvo.»_ 

•0 

vanishes when /2=x by virtue of the exponential factors 
for sin B is positive. 

The third integral = by Fnillani’s Theorem, or by the summa- 

tion definition of an integration as in Ex. 1, Ai t. IG. 

Hence we obtain in the limit, when R—cc , 

f 

results previously established. 

1306. Consider the integral / . — dz, where a is real and < 1 and >0, 
J 1 +2 

where by 2 ®“* loe understand that particular one of its values whose amplitude 
is (a ~ 1 ) times that of z. 

There are two poles, 2=0 and 2 = - 1. There are also bianch points at 
the origin and at x . 

Take as contour an infinitely large semicircle, radiusi?( = x )and centre 
at O, the origin ; an infinitesimally ainall semicircle of mdiuspand centre 


cosax-cosftx 


1 ^ r 
Jo - 


Kinaar-sin bx 
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0 ; an infinitesimally Ainall semicircle with centre at 2 = —1 and radius p, 
the concavities of the circles all being in the same direction ; and the 
remaining portions of the boundary being the intercepted portions of the 
ar-axis ; the whole making the figure ABCDEFOHIJ A (Fig. 408), within 
which, with the meaning indicated for 2 ®“*, the function is synectic. 



The poles are then excluded from the contour, and the integration is to 
be conducted along the six parts ABt BCD, DE, EFO, OH, HIJA 
indicated in the figure. 

(1) Ahnig AB the integral is j ^ or changing x to -x, 


-L 




dx or 


r ^dx. 


dz 


(2) Along the semicircle BCD, put 2 = - 1 •\-p&^ ; 

.-o 

The contribution is then j + ^idO, or since p is infini- 

tesimally small, 

I td(?-(-l)®t7r = t7rc‘®^ 

-'ir 

(3) Along tlie stniiglit line DS the jiortioii of the integral is 

-f jj-l 


/ , dx, or changing jc to -x, 

J - 1 -tp 1 -f X 


Vrt — 1 V* — ! 


dx or e*' 


P ^a-l 


./l-p 1 


Jl~p 1 ~x 

(4) Along the semicircle EFQ we have, putting z-pe^^, 

i pe^* d6 

which vanishes, p being an infinitesimal and 1 >a>0, 

(5) The contribution from OH is 

(6) For the semicircle HIJA we have, putting 2 = Be^^f 

Jo Re‘* + l 

which vanishes, since R is infinite and 1 >a>0. 


dx. 


J" (/!!- 
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Let Ii and 1% be tlie Principal Values uf 

r*" p /•i— p /•* ”1 

Ltp^oj L<p--=o|^ I + J’j — ^dx respectively; 

we then have, summing up the six portions, 

/■* a:«“l fp ,^-“1 

_J^+o+l 

1 yi-p ».«-! 

and dx=- \ da;, 

Jl-pl-x Jp l-.r 

so that - I 'f~-dx+ ^ dx=-( +/ 

.'l+pl-.r ji-pl-.r V.'p jl+p/l-a- 

and in the limit, when p is indefinitely diminished, becomes = -/*; 

.. t7re*®"‘ + /i = 0, 

- (cos ar 4 - 1 sin a7r)/a + 7r(t cos air - sin ott) 4-/i = 0 ; 


whence /, — cos aTr/^ — tt sin arr, j 

~/2sina7r4-7rcosa7r = 0 ; J 

tlierefore /j = roo.seca7r and /j = Tcoto 7 r. 

These ai’e the results «.f Articles 871 and 1103. 

/ fiaz 

po5»7n'e values of a and b. 

There are poles at z— ±ih ; and when \z\^ oc the integrand vanishes. 



Integrate round an infinite semicircle with centre at the origin 0 and 
radius 11 { — rc)^ and round a circle of infinitesimal radius p with centre at 
the pole lb. 

Then the integral taken round the fuiter iKiundary = the integral taken 
in the .same sense round the inner boundary, and the latter is 

27rt ^ ^ i2B6.) 
ib^ib b ' ' 


Over. the outer boundaiy we have 


L 




dx-\- 






L 


--- 



CONTOUR INTEGRATION. 


459 


Writing -.r for .r in the first integral, it becomes 

and tlie first two integrals combine to give 

rn g—aR Bin 9 giaR 
The thiid integral is / — „ 

viitue of the factor when R is infinite, sin 0 being positive. 

Thus, siiiinning up, we have 


* 2 cos a.r , 
i„ -fciqr;:. 

10 

-- tRe^^ddy and vanishes by 


t)je result of Art. 1048 


Jo + ’ 


1308, Consider the integration of positive values of 

a and h. 

'rhe poles ai'e at z- i t/> ; and when | 2 | = x the integnind vanishes. 
Take tlie same contour as in the last example. 

The integral rourjd the small cir<‘le, whose centre is t&, 


— 27rt - 1 - , - TTte 

Over the outer boundary w’e have 

/ (it' + (/a;+ I 


— ah 


Writing ~x for x in the first integial, it bec'omes 

’ xe' 


Re^Ue. 


dx = 

L 6-+X- 


>10* 

I I ./ dXy 

Jo fr-i-Z- 


w’hich combines with the second integral to give j 


' 2t.r sin ax 


Ir+.v^ 


'<ix. 


the integrand, and therefore vani.she.s when R is x, sin d being positive. 

Hence, as the integral round the outer boundary is equal to that 
round the inner in the .same sense, 


I xsina.r , tt 
Jo + 2 


1309. Consider the integration of ~ " -.A /c*" real and positive values 
of a and 6. 

There are j)olcs at ; and and \\hen l-^l -QC the integrand 

vanishes. 

Take the same contour as in the last tw*o cases, with the addition of a 
small semicircle of radius p, with centre at the origin, to exclude the jiole 


at 2 - 0 . 

Integrate, as before, round the boundary CREFABCy and equate to 
the integral round the .small circle encircling z — ih in the same sense. 
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Thus 

/t>e‘®(62 + /32e*‘<^)'^ip a:(b^-hx^)‘^Jo y?c‘®(6* + ^V‘*) 



Fig. 410. 


Then writing —a: for a: in the first integral, it combines with the third 
/■* 2t sin OT 

j, i^TF)' 

Since ^ is infinitesimal the second integral = 

The fourth integral vanishes for the same reason as in the last two cases. 


'o jr(A2 4-**) 


/ giaz 

^n^stw ^ ^ bein^ real and positive. 

The poles are given by 




i = »i-l/ 

n (z^- 
«=0 ' 


^bz cos ^ ^ TT + 6**^) 
2n / 


/ 2s+l . . 2jf + l 

cos — TT ± I Sin - „ 

V. 2n 2« 


2«ti 

=6e^ 2n ‘ 


and lie upon a circle of radius b at equal angular intervals the x-axis 

being an axis of symmetry with regard to the poles and not {laasing 
through any of them. Also if | 2 l = oo the integrand ultimately vanishes. 

We take the same contour as before, viz. an infinite semicircle of radius 
R(^co) and centime at the r-origin 0, the .r-axis and infinitesimal circles 
of radius p drawn round each pole as centre. 


1 


#=n^-l 1 \ 

r" 2«+i \ 

*=» b-6«-2« '} 




Now 
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the poles of the second group lying outside the contour of integration, 

and therefore contributing nothing. The pole 2 n contributes 

2«±1 
2n ’ 

i \2n-l* 

2h 2n j 

Hence the poles within the contour contribute in the aggregate 

2HJ 


i.t. 


•>* i.1 Zi+l 


• r /a»+i ^ . 2*+i \ 


For the outer contour we have 

r ^tax /*« 


+ 1 sin ( — TT + ao cos — ^ i 

V 2n 2n 



— lax 

— and 

r 2 cos dwT 

The third integral vanishes when as it contains the vanishing 

factor «*"•***“• ; and since the integral round the outer boundary of the 
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contour is equal to the sum of the integrals round the small circles which 
contain the poles which lie M-ithin the great semicircle, 


Jo + 




' sin [ii+J „ + „h cos (^±1^ ^)] , (2) 


which is the result established in Art. 1067. 

It will be noted that in the .summation above in eij nation (1), that the 
imaginary portion vanishes, the poles being symmetrically situated about 
the y-axis. 

The arrangement of the poles in the cases « — 1, — 2, n 4, n = 5, 

is shown in Fig. 411. 


1311. Consider a real, positive and <7r. 

81 nil TTZ ^ 

Since the limit of this expression when | 2|=0 is there will be no pole 

TT 

at the origin ; and when |-*| — oo the integrand ultimately lieeomcs /.cn>, 
since TT. 

Since sinh7r^ = 7r2^l + p^^l 4-^^^... , there are poles at c- 4 t, 2 — ±2t, 

2 = ±3t, ... , which are all situated on the ^-axis in the 2 plane. 

Take for the contour round which the integration jwdz is to l)c 
conducted : 

(1) the complete .r-axis ; 

(2) the ordinates .r= -Jt It, where It is infinitely groat ; 

(3) the portions CD ; FG of the line y — 1 shown in Fig. 412 ; 

(4) the semicircular arc, convex to the origin, centre at :~l and of 
infinitesimal radiu.s p, viz. DEFns shown. 

Then all poles are excluded from the region tlius bounded, and the 


function is aynectic in this region. 



A O B ^ 


Fig. 412. 


The ordinates BC, QA at infinity yield no contribution. 

For, along BC, we have / t dy, 

^ ® Jo sinhir(« + *y) 

and R being large, sinh alt and cosh all may be written and sinh ttR 

and cosh vR may be written 
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Hence the integration along BC reduces to I — — - 1 dtjy i.e. 

*'o 

which vanishes by virtue of the zero factor in the integrand, since 

(t -TT is negative and /i is infinite. Siinilai ly for the portion G'd. 

F\)r the portions CD and 1*^0 we have respectively 

/■p sinh o(t 4-.r) , , /’•'* sinh o(t4-.c) , 

I — '(/.V and I — 7— — {dj-. 

sin]i7r(t + .r) j-p sinh 7r(t -f .c) 

Considering the first of these integrals, 

sinh ff (t + ./’) = t sin a cosh o.r + cos a sinh </.r, 

sinh 7r(t 4'.r)= - sinli 7r.r ; 

^ ,, /** t sin « co.sh a.r + cos rt sinh , 

*. the integral becomes j smTi^' ’ 


ami writing -.r for .r in the second integral, it becomes 


’ sinh a(i —.r) 


’ t sin a cosh a.v — cos a sinh a.r 


Jp siidi 7r(t -.c) ' Jp sinh r.r 

and CDf FC together yield 2co8« \ 

’ ^ Jp sudiTT.r 

To consider the contribution of the infinitesimal semicircle DEF^ put 

z = t + /3€‘^, and integrate from 6?=0 to 0 — -tt. 

Thus siidi itz — sinh a(i + pe‘*) = i sin o, p being infinitesimal, 

sinh 7r2 = sinh 7r(tH-p€‘^) — 7rpe‘® cosh 7rt= -wpe*^^. 

The yield from this part i.s therefore 

_/ I rf6^=-sino. 

./o irpe^ 7r Jo 

Hence, as the total integral round the contour vanishes, 

o r sinh c/.r , , ^ „ r sinh a.v , . , . x ^ 

2 1 a.r + 0-1- 2 cos rt I -r-v — rta: + (-8in «) = 0 ; 

Jo 8inh7r.r Jp sinh7r.r ' 

and p being ultimately zero, 

r ainh rt.r , 1 ^ a j r” sinh au' , , a 

. , - - a.r = - tan and / -t-t a.r = tan-. 

sinh 7r.r 2 2 ./-» sinh yrar 2 

1312. A^ow take = a being realy positive and <7r. 

Since cosh7r2=(l + 42:*)^1 +^^^^1 ••• > poles of w are at 

t 3t A 

.-±2, ±2. ±y. etc. 

If we take a contour consisting of the x-axis and a parallel, .V = with 
bounding ordinates 47= ± JR at infinity, and a small semicircle, convex to 
the origin and radius p, described about the region thus defined 
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excludes the poles, and w is a synectic within it, so that Jwciz=0 when 

the integration is conducted along the contour of this region. 

The points J5, (7, shown in the figure, are supposed at oo , and A, O 

at - 00 , and DE F ia the infinitesimal semicircle about 2 ==^ (Fig. 413). 

The ^-axis contributes f da-, that is, 2f djr. 

j-«cosnirar ’ .'o cosiiTro; 




•v' A 


O 

Fig. 413. 


B .V 


The ordinates at infinity contribute 

/** cosh a(iJ4-iy) , , /'® cosh rt(- i?-f i//) , 

Jo cosh ^ ^ ii cosh TT ( ■“ R + ly) ^ ’ 

and, as in the former case, 

cosho/f, sinh c/jR, coshTr/?, sinhTriZ 
may be replaced by respectively, 

since R is infinitely large ; and we may write 

cosh a(i2 + ty) = cosh tt (R 4- ty) = 

cosh a ( - /? 4- t.y) = and cosli tt ( - R 4- ty) = ; 

and the two integrals become 

f * «(«-»)« and - f idy, 

Jo Jo 

which both vanish when R is infinite by virtue of the ultimately zero 
factor in the integrands, a being <7r. Hence the yield from the 

two ordinates is nil. 

The parts CD and FO respectively contribute 


P coshafa:-H^) C 

1 — ) \ 

J^CO8h^(x+0 J_ 


cosh 


a(^) 


cosh TT 






and 


a ^ or 4“ = cosh ax cos | + 1 si nh a.v sin ^ 


cosh 
cosh 


2’ 


isinhTTJ^, 


and the first integral becomes 


-r 


cosh ax cos ^ 4- 1 sinh ax sin ^ 


sinlii 


dx ; 



CONTOUR INTEGRATION. 


465 


aiui similarly writing -x for x in the second integial, it becomes 
cosh ( 


{ cosh « ("2 “ r ^‘**‘^^* ^ ~ ‘ 

cosh7r^2-.r^ tsinhTrj- 


sinh ajrsin - 


dx. 


Hence, in the aggregate, these two terms yield -2sin - f* 

2Jp sinhTTj: 

To find what accrues from the semicircle DBF^ we ])ut z = ^ + and 
integrate with regard to from ^^-0 to 9— - it. 

Thus, since cosh u + = cos to the first term, p being infinitesi- 

mal, and cosh 7r( * ) — 7r/)te‘^ 

r~^ a 

aicircle— I — — jtpe^^c 

Jo 


i 


cosh az 

cosh TTZ 


dz round the semicirc 


^ dd~ - cos 2» 


and tlie total integral round the contour = 0, since w is synectic 
throughout the region hounded ; hence 


i>sh ax 


a /**sinhfU‘ 


111 Ux + 0-2 sin " 1 dx - cos ^ - 0 ; 

zJp smhTT.r 2 

j ” cosli ax j n • « 1 * ^ . 

Jo cosh irx 2 2 2 2 2 

, - /'*coshrf.r , I o , T* cosh a.r - a 

and therefore / . rt.r~ --8et* , and / — r oar = 8ec-. 

.'o cosh r.r 2 2 » cosh tt.i- 2 


and p being ultimately zero, 
cosh a:> 


1313. Consider — , wh(re a is a complex constant =a + t0, in 

cosh TTZ ^ 

which p is not ntgative. 

The poles are, as before, z= i , + ^ » etc., and in addition, since 

g*(a f c/3)(a:-f ly)_g-^x-aygl(aI-^v)^ 

the function hectunes infinite if /ix + ai/=— oc. Hence we must take a 
contour which excludes all such jK>ints. 



Fig. 414, 


The region bounded by the positive direction of the x-axis, an ordinate 
x^R where JR=qo, the straight line y = the quadrant of a circle of 
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centre z = and infinitesimal radius viz. CDE and the portion EO of 

the //-axis, contains no pole and the function w is syncctic throughout it 
(Fig. 414). 

'Phe .J’-a\is (‘niitiihutfs / • 

.'o cosh TT.r 


The ordinate AB at infinity contrihute.N nothing, f(»r the integrand 
contains the factor which \anishes when .r~ or . 

The jKith t/~k fiom j—R to j-jt contrihntes 


/> e 


I sinh TTC 


?) 


(/.r, for cosli -f -- 1 sinh tt.c. 


For the infinitesimal (nuulrantal arc with centre , put and 

integrate from ^^.= 0 to 0~ 


This yields 


pr*'’) 

£ :: — 

y <’Osh7r(^-f 


i.e. p being infinitesimal, 

L 


® -d0‘- -ie-**"-"*’. 


The portion EO of the //-axis contributes 


- - I rf//== - 1 1 dj 

.’k-p cosh ITT// ’ .» <*')s7r.r 

•, as the total integial jtvdz vanishes. 


i: 


Hence 


’ e cos (U’ -f t si II aj ) 


cosh TT.C 

1 


^ Jo tsinhrr.r 






(A/ - 0. 


Hence, equating to zero the real and imaginary parts and proceeding to 
the limit w'hen p = 0, 


Jo 


cosh TX 


rn 

I 

Jo 


^sx «inar 


cosh TTX 


dx+e 


• / p^ 

HI n^^ 0.1’ 

1 

■dc- 


Kinh 7r,r 

'0 CO.S TT.r 

( P^ 

com( ar ~ 2 j 

\ 


.sinh ir.r 

h) COH TTX 


1 -5 P 
a' ‘•<’"2’ 


. 1 -j . /i 

dr- -g* 
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Jf we put /i- () in tin* first, we have 


f rosu.r . / Kina./; , , 

I , -d.v-e ‘ .-T 

jo eo.sli TT.i' jo Hinli TT.r * ’ 


and chaneinf^ the .si«nj of a, 


<‘<tstu' j , “ f'' sin a./' , 

/ - . - dr + €‘ f -- , dr 

jo TT./* jo SinhTT.i’ 


and solving thrsc iMjiiatjons, 


(' voHtir 1 a f' sin a/- 1 , , a 

2 li jo SI nil TT.r 2 2 


TT > f< > 

J lier(* ai'«‘ pnli'.s at 2 — ///* ■ *^ -// Cos a i /•'/sin/i. Take as (“ontour an 
inlinite seinnnele, radius H { r.) and centre at the ori^nn G; the 
.r-a.xis ; and a small circle, radius p and centre at i.e (acosa, a sin a) 

(Fie. 1 <).*»). 

'I'he cmitrihution from inteeratine alon;' the .c-axis is 


\ ' -cc 'r. / ./- - '><t.r cos a 4- 


j -r. r- CON a f a- \ ' -cc 'n / ./••' - 2o.r cos a 4- 
and jmttin^'- x hu* .r in the first iriff*eral, 

(, / < os <t 4 n- '(1 / - 4 2(/./ cos a 4 a- 

Hound the inlimte s<*niicir<je we have 

t /.-V'*- + //C'" 

winch vaiiiNlies, .snna* p < 1 

F«ir the inlinitesimal circle put 2 -- ae“^4 - The lesult is, hy Art. 1286 

i-ri + ; 

4- f)e‘^ - 

and ft Heine inlinit<‘simal, this l>e«‘oines 

u(e‘“~e '“) sin u 

and since the intej^ral round the t'liter i*ontour is ecpial to that round 
tlio inner in tlie same .senst*, 


j() .r’-i - 2a.r cos a 4 o- ^ jo .i 4- : 
and erpiatinjr real and imaginarv ])arts, 


4- 2a.r c<is <t 4- n- sin a 


+e.«prr-- --- 

jo — 2o.r cos a 4 ^ .H a;--e2<ra;cosa4-u*’ sin a 

x^dx IT - , . 

Hinpir , o= . - rt*^^sinpa. 

.'0 a:- 4- 2f/x cos a 4 ff am a 
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Hence 

„p-i 

+ 2ax cos (1 -f f?- sin a sin pn* 

’ ^ 

Jo X- - 2ox cos a 4- a“ sin a sin prr ’ 

the latter of which follows also from the former by writing 7r-a for a. 

^lat 

1315, Consider u'~ . , where a and h are real. (0<6<7r.) 

cosh 2 -cos b 

The poles ure given by cosh z = cos 5, that is 

2 cos 6«*4- 1 =0, e*=:cos 6 ± t sin 5, 2 — t(2;t7r±/>), 

where n is any integer. 

These poles ai-e all situated upon the //-axis at distances from the origin 
±by ± 27r ± 6, etc. 

Take as contour the entire x-axis, the ordinates x= ± It (/f — oo), the 
straight line y = 7r, and an infinitesimal circle, radius p and centre 2 == th. 
Then the function w is synectic in the region thus bounded, the only j:)ole 
(z^ih) which lies within the outer boundary being excluded by the inner. 


1 >p > 0, 

IT > a > 0, 



The contributions from the various parts are : 


(1) From the x axis Dd, j - 


cosh X - cos h 


dx. 


(2) From the ordinate AB^ 

gta(Jt-i-iy) 


r 


y+Ty 






-cos b 




” e ®^(cosa/f 4-t sin alt) 
_|_ g-’ii-ty _ 2 cos b 


dy = 0, 


where i2=oo; therefore AB contributes nothing. Similarly CD gives 
no contribution. 

(3) From BC^ viz. ;/ = «■, we have 

2 = X 4- ITT, dz = dx, cosh 2 = - cosh x and - e“" 

Hence BC renders 


- cosh X ~ cos 6 




cosh X 4- cos 6 


dx. 
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(4) The integration round the small circle gives 


2in - 


ia(i6) 


^—ab 
i\e. Stt--.— 7 , 
8in b 


sinh lb* 

and the integration lound the outer contour is equal to that round the 
small circle in the same sense. Hence 


i 




J-x, cosh .r — cos b 


+ c 


— na I ® 




Stt 


-ab 


Let 


Then 


J-cc cosh j ' -f cos b ainb 
j ^ cu : , / — [ ^ «ina.r , 

/.•=f - /,'=f 

.' — 3D cosh a; 4- cos /> J 


'- X. cosh 4’+ cos 6 
Stt 


dx. 




9_ 

and therefore /. 4- c~ "“7/ = . , e"“®^ and /o-f 

' sin 6 - ^ 

Also, if we wiite 7r~b for ft, the accented and unaccented letters are 
interchanged. Hence 

and /./ + e-’"/,=0 ; 

* ‘ Sin ft i 2 ^ 

and solving these four e(|uation8, 
y — I * cosrta: 




lx - 

- 00 cosh X — cos ft ' sin ft 

cosax 27r sin haft 

X cosii 4- cos ft ' sin ft sinh ott ’ 


inha(7r-ft) ^ 

sinhaTT ' I* 


(1) 

..( 2 ) 


and /j; “ /.j' — 0, as is indeed obvious beforehand, since, in integrating from 
- ao to oc eleiiients of the integrands for wdiich x only differs in sign cancel 
each other. 

Obviously iitlier results may be deduced from these by various selections 
of a and ft, combined with addition or subtraction of the results. 

For instance, in the formulae for /, and the integrands are not 
affected if the sign of x be clianged, so that 

coso.r , TT sinha(7r-ft) 

sinh aTT * 


Jq cosh .r - cos b^^'^ sin ft 

r* cosar ^ sinh aft 

Jo cosh .r 4- ci>s ft sin ft sinh air * 


..(3) 

..(4) 


Changing 6 to - - ft in (3) and (4), 


cosh .r- sin ft 


Jn Cl 


Jo cosh .r 4- sin ft 


(Ir = 


^ ai»ha(^+6) 


cos ft sinh aTT 

(6) 

cos ft sinh aTT 
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Patting rt = 1 in (3) and (4), 

r* coA.r _ ir_ sinli^ir-/>) /-v 

Jo coah.r-coaft sin 6 sinh tt ’ 

r*® oos.r (fc— !L_ (rt) 

Jo cosh .r 4- eo8 /> ' sin/>ainh7r 

Adding (3) and (4), 

/'* cos r/.r ooah .r ^ ^ siidwi(7r - t)4-siidw//> 

Jo cosh ^.r - cos 2// ‘ 4siii/i siidiOTr 

cosh (ffZ — f*') 

^ V 2 / ( 9 ) 

4 SMI /) , OTT 

csh 2 

Subtracting (4) from (3), 

^ sin]io(^-/>) 

/ ^ \2 / .WVV 

Jq cosh 2 — c<»s 2 sin 2A , . ott 

" siiih 

Writing ^ t<»i‘ i” (^) ‘''*’>d (10), 

/* cos err cosh .c . ir cosh oA .... 

II cosh 2/’ + cos 26 4 <'os 6 . ott’ 

"“*‘2 

r* cos o.c ^ TT sinh o6 

'll cosh 2./ '4- cos 26 2 sin 26 or’ 

and so on with otlicr cases, 

fyflZ 

1310. C\>nsuler w— , o being i cal and 1 > o >n. 

1 - 6 ^ 

Here there arc poles wliercvct e' I, oe - log(c“‘^’’) 2Art f<'i aiix 

integral value of A. 

Take as contour a rt'ctanglc of inrnntc h*ngth, one side ahmg tin* 
./'-axis and extending from ./'-^- - x to .r- r. ; two orilinates, one at x , 
one at - X ; tlie line //- r and an infinitesimal '-s/umcirele excluding tlie 
origin, "i'lien, integrating round this /‘onttuir, no pole being in the legioii 
surrounded, w’e have, with the notation of preceding eases, 

JL_ d,- + ~ dr + - --r/r.T,7> 

^afxiiir) • 0 pa(-/M IV) 

-f / ' . dx+ I - - ,td// 0. 

.'>c I Jtr I . 

In the limit, when p is indefinitely small and /t infinitely great, tlie 
first and lliii'd integrals together give the. Pi ineipal Value of / ' dr 

Tlie second integral — {- i)dd w'hen p becoine.s indefinitely small, -- nr. 
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Tlie fourth vanislies, since it is ultimately 

- dy and o<l. 

Jo 

The fifth integral = / j,,. 

’ •J 3 

The sixtl) intepfial ultimately vinishes wlien JH increases without limit. 

jy: 



Fig. 41G 

Thus, Ih’iii. Val. of / - - i -|-(cos fr7r + 1 si«i or) / ef.r + ir — O. 

J-'" 1 -e* J=c 14-c® 


Henct 


r 


1 -f e- 


and the Principal Value <»f 


. -JO 1 ■ 


. du' ~ r cosec ar, 


d> “ r cot ( 


J (;-,()'■ 


'riiis result IS, however, only a transformation of that of Art. 1306. 

1*117. Effect of Pole Clusters within a Contour. 

If S(*v"eral polos, sa\' n, b<‘ clu.stered to^etlior at one point of 
tlie c-])lane, tlie })()int i.s said to be a ]K>le of multiplicity h, or 
to j)ossess polai ity of tlui order at the point 
It is us(‘ful to note that in ajiplyinjj^ the theorem 

*J.7ri 

to the ease in wliieh 

'/>(c) j ^ . 

•'' ' (r-(r)" (;-«)" 

where n is a positi\e intet^er, we have* 0(c)— J, and all its 
ditferential coefTici(*nt.s wiili regard to :: are zero. 

Hence multiple pole c --o is zero for all 

positive integral values of v exee])t ?? -1, and when 7?— 1 we 
have c J- 
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It follows that if iv be of the fm-in 



where (p{z) does not contain any of the factors z~(t, z — h, 
5 — c, but is rational and algebraic, there is polarity of 
order q, r, etc., at the respective points z=^a, z~h, z~(\ etc., 
and in putting w into partial fractions to prepare for integra- 
tion round closed infinitesimal contours surrounding tliese ])oles 
it will only be neces.saiy to retain those partial fractions in 
which z — a, z—h, etc., occur to the first power. 

And supposing tliat the result of putting into partial 
fractions is 

w=K ^ 2 ” -f- a - j- A"o -f- 1“'. “!“••• 


+ 



r-2 


_A’__ 

(z-ay 


r - q [r 




then, in integrating round any closed contour which encloses 
all these critical points and no others, 

^wdz— 27 n(A-\-B+C^ .. ). 


1318. Moreover, when the numerator of tr, supposed rational 
and algebraic, is of degree in c at lea.st two lowcu* than tin* 
degree of the denominator, A-f A-f*( (Art. and 

therefore in such ca.ses | wdz—Oy however many critical points 

may be enclosed within the contour, and whatever the degree 
of their polarity, provided the contour (»f integration contains 
all the poles. 

It is WTirth notice that it 

ttj, a^y ttg, ... be the zero.s, of multiplicity q, r, etc., 
and a/, ... be the poles, of multiplicity 9 /, r/, etc., 

of a function /(z), so that 

•’ ’ (z-a/y'iz-a^'y'iz-u^Y...’ 

f(zj a, z— a,'’ 


we have 
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whence, if <^(s) be any other function of z which has none of 
the factors 2 — a/, 2 — a/, etc., then 

1 ^ ’ Az) ~ 

the integral being taken round a contour which contains all 
the poles without passing through any ot them ; 

or if ,j>(z) be unity, - 2 “,|y(z) 

1319. If, for instance, 

r +_7 . + ’■ + . 

J(Z) 2~(/2 2 — (Ij ’ 

and if W(‘ integrate round any contour which contains some 
f)r all of tlie roots, 



for all the roots within the contour 

"^the number of roots within the contour, 
counting each root as many times over as it occurs in/( 2 ). 


1320. Again, if in int(*grat ing round the perimeter of a closed 
curve which possesses no singularities and lies entirely in a 
region of the z-plane iti which tr is a synectic function, then if 
fc be constant along the iKHindary of this curve it is constant 
for all points lying in the r<»gi()n thus bounded ; for if 2 =^ be 
any point of this bounded region, then if /(f) be the value 


of w at the point f, then 




M 1. 


where z is a point on the boundary ; and if /( 2 )=const.=^, 
say, at all j)oints of tlie boundary, 



. 27ri = 


A, 
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Hence, for all points f which lie within the boundary, the 
function has the same value as when f lies on tlie 

boundary. 


1321. Further, if we are given the value of w^at all points of 
the contour of a region within wliich w is to be assumed synectic, 
the equation 

27rij3-f ^ 


may be used to find the value of /(^^) at all points within the 
contour For if /(2;) takes the form )({z) at the boundary, the 
value of /(^) for a point within the boundary is 


1 



13:^2. Ex. Supposing that at all points of the circular contour r— \ a 
cerUiin function known to Ue svnectic within the circle takc.s the >aliie 
~ a- von what is the function 

Putting tlvis into the form anti writing z 


1 .'2n 


1 . “ 1 ”"’ 

^ -L L V + f V J„ 


^TTt 


•"« 1 • 


and log I Ijeiiig loge^", wliore A, is .m inU'gcr, we have /(^)— ~ «*)> 
where the proper integral value of A is t(t he chosen ; and putting 
f=re‘^, w^e liave the contour value A - u V*^). Hence A ~1 and 
f{z) = z{z* — a*) for any point z w itliin the c<uit<Mi!' r - 1. 


1323. (1) Consider w= beinj greater than 0 and less than 1, and a 

real and positive. 

Here there i.s a pole at ^ = 0. We may avoid this pole hy taking a 
contour consisting of the portion of the .r-axis from .c-p to .v~R, a 
quadrant with centre at tlie origin and radius R ; the [K>rtion of the ^v-axis 
from ,y=i? Uy and a quarlrant with centre at the origin and radius 

p. And w*e shall choose R to be x and p to he infinitesrmal. I’hen is 
synectic in the region thus bounded, and we have 


/? /-e ^-oy fO 

‘ A ‘ == 
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Tlie •second integral contains tlie factor - i in wliicli sin 6 is 

positive, and vanislies wheij R is iniiiiite. 

The fourth intcf^i'al vanislies wlien p is iidinitehinial sinct* ?Kl. 

Hence, proceedin;^ to the limit H—'£> and p = 0, 

I '■ coHrtr f t sin o./' f tt . , ttI 

I,) ~~ ' ^ ,Ti ' -w)^+tMn(l 


l^cosf/.r 7 rr(l-w) 

I ,n ‘7r-,eoM(l •«) ^ 


Sin 


L> 1 


1 




l'(/d (d ” sin htt '2r{n)a^~^ Tirr’ 

cos - 

nir 2 

-sn.(l - 1 ' 

'♦ '■ 2 td ■” 1 (n) ” sin?i7r 2r(?j)r/*“” 

^dvino tlie well-kn»»\vn integrals of Fresnel (Ait IHUJ). ' 2 ) 

(:i) Consider u- . 

Hfiv tlieie aie of the // -j- 1“' order at t/> and at r= —ih. 

'laking th(‘ eontonr to l»e the iidinite sfinioireh*, tlu* ./-axis, and tlie 
small eirele ahoiit z-ib and radius p, as before, \v(* have 

</>(^) 




i-... 

Hence (■_>/, 7"t-' "‘"'''I’''’ I'"'*' 

The integiation along the x axis is 


l)(n4-2).. (2«) 


dx 


'o 

>\hieli ol)\ iouslv 


koiind the inlinite seiuieirele we have j 
\anishe.s if R Ik; niaih' infinite. ' 

Hence r *''■ 

• 0 ( C" 4- (m’)“ 

The result is readil\ verified by putting .r = Alanty, when the integral 
b(‘conieM ^ 

l.,U /^'cns'nddif. 

1325. Instead of using the fiinniila ,^^*-^27ri, as above, 

we might follow tlie inetlKul of Art. 1317, ami put 

into Partial fractions so far as is reipiired to find the Partial fraction of 
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the form We then proceed thus (Art. 144): put We 

then have 


J 1 ^ 1 1 

^♦*+1 (2i64*y)**+i y*»+i (2 i5)’*+‘ 


’'+>(2.6)«+>[* 2^6 ■*■••• 


whence ^ f - n, (» + tX« + 2)-(2") . JL 

whence ^~(2t6)«+>' 1.2...« (2i6)» 

1 1 (2tt)! 

* (26>“+‘ ■{«!)»’ 

and the value required is A . 2jrt, i.e. I'ouiid the multiple pole at z = tb the 

27r (2«)! .. 

^iOZ 

1326. Consider wsf(z) s ^ positive. 

There is polarity of thc(/J + 1)^** order at the points z = ±ib. 

Take the contour as befoi-e, viz. an infinite semicircle centred at the 
origin, the j'-axia and an infinitesitnal circle round 
Mz) 

We have, puttinK/W=^-j-^, 

and — - (ta)""'**" (^LiAL. 4.” T.A (mie-Sf"'* ("A ?]_(” + 2) 

and <p>. lyi) (tu) jl*") (j+,i)"+«^ 1.2 * ' ' (z + t/i )»+5 

n(n-l)(n-2),,.,„_,e‘“(« + l)(« + 2)(n + 3) , ,,„{« + l)(« + 2)... (2 h) 

r" 5 “^ — \n 4 -i ” n - f,r:LvM+i-~ 


And since 


(2 + i 6)»+* ” ^ ^ (:+T^j»‘+» 

round a multiple pole of the r)nler, 


^^(»*)(a), we have, putting ih foi a, 




(w + l)n (« + 2)(n + l)w(« -1) «" 


yg~a6 r gn {n + \)n x 

n : L{26)"+‘ 1 ■ (26)»»+‘-* 2 ! (26)"+^ 


Round the outer contour we have 


(2w) ! 1 

«!' (26)^+\ 


Putting - j: for x in the first and combining the result with the second, 

COB £W? 

we get 2j (pTjTJiji+i third integral vanishes as the integrand 
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contains the factor which vanishes when /?=oo, sin ^ never 

beconnng negative. Hence we obtain 


I cos a,v 

Jo 


d.r = 


[(2a6)"4- -■ '^1^” (2a6)»-* 


n ! (26)'»+' 

(w-f 2)(n+l)«(/i- 1) 
2! 


i2ab)” 




(2w)n 

91 ! J’ 


which agrees witli the result of Art. 1057, writing n fc»r n-f 1 in tlie 
present result. 


1327. Coiuider the case = whei'e k is a complex coiistant 

-a-ih^ in which a is positive^ b positive antf not both zei'o^ and l>n>0. 

Since «<1, there is a pole at the origin. Writing 2 = = pc where 

/?is we have = which cannot 

become infinite, except at 2=0, unless (loa(d-fi) W negative, i.e. 

or — in which case an infinite value of r would make w 

infinite. 

We shall avoid these |H)les if we take a contour consisting of a sectorial 
area bounded by ^~0, d — a(<irj2) and by arcs r=y?„ where R^ is 

infinitely large and R^ infinite^simally small. The region thus bounded 
is such that w is sy noetic within it, and w'e have 

• .'0 

• /?! a 



Fig. 417. 


The second and fourth integrals contribute nothing, for in the second 
the integiand contains the factor which vanishes when 

Ri is infinite, since we are supposing a<ir/2, and therefore, 0 being 
<a» 6 - /3 <vl2 \ and in tlie fourth, the integrand contains the factor 
which vanishes when R^ is infinitesimally small. 

Hence, proceeding to the limit when /fj -> 00 , /fj -► 0, w'e have 


( 1 ) 
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]f now we choose the anijle of the sector, viz. a, to be /?, /.c. tair* , we 
have ^ '' 

I where p ~ a- }r\ 

— e”*^ ' P being real, 

Le. f 

Jo 

which shows that the tlieoreni f is ti ne for aeornplex 

Jo V 

constant fc = a-t/>as well as for a real one, o being positive (see Ait, 1 l.')b). 
Also f .^"“*c~“*cos A.rrf.r=- ^ cosf>Man"‘ 


f.n ^^sin^Are/ 




(i) 


1328. E(piation (1) of the previous article gives 

Jo ’’.o' ’ 

whence 

I ‘^^®cos {wa - .r((i sin a - />cos -- I ./”~b “"-^i‘().sA.rdr 

.'O « '5 

r.;-"-'c-<‘'‘'""'‘*'‘''"“'^Mn(y.tt-..(„siiia-/M<.s<r))rf,= / "mu d.<-, 

Jo •<' 

and therefoie taking the ease when />-(), 

Ij j e-“^ "* “ oos ( Ha - a.r sin «)«ir --- < -"dr ■--- j'' ^ , | 

sin (Ha * r/saiu a)dr“(>, j 

If we innltiply by cos no and sin ea and add, ) 
and by sin /fa ami c*os ?ia and subtract, / 

w^e obtain cos (o.r sin ajdr- cos Ha,| 

® si 11 (ar .sin n}d.r = ^ ^ si ri w a. j 

[('f. Briot and Bouquet.] 

If y be any other angle, we have upon multiplication by cosy, siny 
and subtracting, and by sin y, cosy and adding, 

f ‘ cm (mjt sin a + y)d.r — ^ cos (/la -P y),|^ 

J sin (aa'sin tt + y)d.r -i~^“^8in («a-f y).j 

(a<7r/2, 1>M>0, a +’*.) 
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PROBLEMS. 

1 . If ?/’“ = : - 1, examine the value of f ^ wd::^ 

Jo 

(i) via the branch 1 by any path which does not encircle 

the branch-point at ; 

(ii) via a path starting with the same branch and encircling the 
branch point once. 


2. Find the values of 


fsin;r , f sin.:' , f sin^ , 


tJiken round a small circle whose centre is at — a. 


3 . Find the values of 

f " f/ ^—r,dZy f - — :,dz and [',~~^^—T,dz, 

Uikcn round a small circle whose centre is at z-a. 


4 . Show that the values of the integral , taken 

^ J(2-2)(2-4)’ 

round the circles 2 -- 1 , , 2 1 = 3 , \z' - 5 , are respectively 
0, - TTi and 0. 

dz 


T). Show that the values of the 


integral J - 


|(2_2)(z-4y(2-6)’ 
taken round the circles 2 j ^ 1 , z = 3 , - 2 | = T), i 2 j = 7 , are respectively 

^ TTl — TTt 

0, , 0. 

f z-dz 

t). Show that the values of the integral I 7 - 7,. , 

J(z-2)(2-4)(z-6) 

taken round the circles 2 1 = 1 , z ; = 3 , ; z j = 5 , ! 2 1 = 7 , are respectively 

0, — Irriy 27ri. 


7 . Show that the value of the integral 1 taken round 

^ j2^-22+2* 

a contour consisting of the .r axis, the y-axis and the arc of the 
circle 1 2 1 = 2, which lies in the first quadrant, is it. 


8. Show that the value of the 


integral 


taken 


round a contour consisting of a semicircle of radius greater than 
unity, with centre at the origin and its diameter the //-axis and 

lying towards the positive side of the .T-axis, is and the 
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same integral, taken round the entire circumference of the circle 
4* 2a: ~ 0, is ^ . Show also that the same integral, taken round 

2?r(i 

the rectangle bounded by a; = 0, a* = 0'75, y = ± 1, is -- . 

o 

J dz 

round a contour 

which consists of the y-axis and that part of any semicircle [zl > 1, 
which lies on the positive side of the y-axis, is - J tti. 

[F'orsyth, 7 'h. Fu7ict,f p. 42.1 


10. If p and y be positive integers, show 


by integrating j <fz 


round the perimeter of a semicircle of radius a (supposed > 1), 
having its diameter coincident with the axis of x and its centre at 
the origin, that 


J -g \T^ Jo ~ 14 - ^ 2 j[) 4 1 

and deduce that if 1 > a > 0, 


qm\~ 


-7 


Jq I sin an- ‘ [Math. Trip., 1S87.] 


1 1, When is a function said to have a pole? Distinguish between 
a pole and an essential singularity ; show that a function w hich is 
everywhere regular is a constant. 

. , , f (Iz 

are real positive quantities, taken round a suitable lx)un(lary, show 


From consideration of the 


whore a and h 


that 


Jo 


dx 4- 


e“V/y jy 


Jo(*- 


sin X 


a)2 + 62 


dx - 


Jo + *“ - r')* + 
J 0 + ^- f )'^ + 


n- cos (I 
" '■ hef> " ' 

IT sin a 

* 

[1. C. S., 1908.] 


12 . 


Determine a function which shall be regular within the circle 
|z|« 1, and shall have at the circumference of this circle the value 
{a^ - 1 ) cos ^ 4- i (g ^ 4 l)8in 6 
cos 2^4- 1 ’ 

where d?>\^ (7 denoting the vectorial angle. 

13. Establish by contour integration the result 
r X^dx TT 


[1. C. S.. 1909.] 


h being positive. 


[I. C. S., 1910 .] 
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14. By considering the contour integral 

(0<a<l), 

round a rectangle of infinite length («= -oo to +oo), and finite 
breadth (y = 0 to tt) with a small semicircle excluding the origin, 

prove that r“ 

I , dx = w cosec ira. 

1 +6* [1. c. S., 1903.] 

15. If a, h be two quantities each of the form a-i-jSi, explain the 

meaning of the integration J <fi(z)dzj and point out in what cases 

the value of the integral is dependent on the path chosen between 
the limits. [St. John’s Coll., 1881.] 

16. Prove that, a being positive. 


^00 

dx — I sin (a'2 - a*) da ' ; 
Jo 
/•<*> 

x^dx—\ cos - d^) dd. 

Jo 


[Smith’s Prize, 1876.] 

1 7. Evaluate the integral j* dzy taken round the unit circle 

in the counter-clockwise sense, where a is any real number other 
than ± 1. [Math. Trip., Pt. II., 1920,] 

18. Evaluate the integral taken round the unit 

circle in the counter-clockwise sense, where a is any real number 
other than ± 1 , and the logarithm has its principal value. 

[Math. Trip., Pt. II., 1920.] 

19. Explain what is meant by a perio<l of an integral of a 
function, and investigate the periods of the integrals 

fr+V 

[Math. I’rip., Pt. II., 1913.] 

20. Show, by contour integration round an infinite semicircle and 
its diameter, that 

r x^dx w p x^dx 

x* + x+l Joa;*-x+l 

X* dx iir 


f” x*dx iw . V f” x^dx _4)r . ^ 
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21. Discuss, by contour integration round an infinite semicircle 
zVih 


and its diameter, 
0<a<7r. 


f 2^' dz 

1 -5 — ^ :r , where v lies ])etween ± 1 and 

’ J ^2 + 2;rcoso -f 1* ^ 

ff 

22. Prove that I log cos ^ log - , by consideration of the 

Jo - 

integral J log taken round a suitiible contour. 

23. By consideration of the integration round the peri- 

meter of an infinite rectangle of breadth t/a*, establish Laplace’s 
integral of Art. 1041, a being real. 

24. By consideration of round an infinite rectangle of 

breadth ft, a being real and positive, prove that 

r* ga*6‘ 

cos { 4a^te (x* ~ ft^) } dx - ~ T ( i ). 

25. By integration of I ^ round an infinite quadrant, where 

a and k are real and positive, show' that 


cos ^ ^ cos ka ) ; 


0 + 4a* 

sin A:x - , ir , , , 
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ELLIPTIC INTEGRALS AND FUNCTIONS. 

1329. The Legendrian Standard Integrals and the Jacobian 
Functions. 

In proceeding to the further consideration of the JacoV)ian 
Elliptic Functions sn cn u, dun already introduced in 
Chapter XI., we shall adopt the siinie order of discussion as 
that followed in the description of the ordinary circular 
function.s and of their inverses in Trigonometry ; viz. 

(1) The nature of their Periodicity; (2) The establishment 
of their Addition Formulae; (3) The examination of formulae 
arising therefrom. 

We have defined m{u,k) as the value of z, which makes 
7 (,= I r , where A; < 1 , and cn('?(, k), dn(?(<, k) are 

defined as — and respectively. 

1330. Periodicity of the Extended Circular Functions. 

dz 

Let us oxaiiiine first the simpler integral function 

sin u being considered as not hitherto known, but now defined by the 
equation 2 = sinu, so that the inverse function sin^^z is ^ 
z is not n’stricted to real values, but may be a complex variable. 

1331. If we write «> is a two-branched function, its two 

branches being ic,= and ».= individually charac- 

terised as assuiiiiiig the respective values 4-1 and — 1 at the oiigin. 

The branch-points are at *-l and at s=-l. These points are also 
poles of the function. There are no other singularities. 

483 
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The region between an infinite circle whose centre is the origin 0, and 
a double loop enclosing the two branch-points, is synectic, and the infinite 
circle is therefore deformable into and reconcilable with the double loop. 

Hence, considering either branch, say (widz taken round the infinite 



Fig. 418. 


Now round the infinite circle, along which we may put z- Re'* and 
dzlz=^id6, where R is infinite, w'c have 

j tt-, rfz -- j = | . 1*1 '>eing very large, 



Hence j w^dzt tiiken round the double loop, is also=:27r. 

Again, in integrating round an infinitesimal circle whose centre is at 


the branch-point z=l, put z=l4-re‘^ 

9 


fw.dz^l' 


ire'* do 
-re 




“ \''2 + re ‘* 


when r is indefinitely diminished. Similaily the integral round the 
infinitesimal circle with centre at 2 = -1 also vanishes. 

Hence the integral for the loop round z = I is in the limit 

w^dz-k-j^ Wjdz+J^ Widz, 

where w^dz indicates the integration for the circuit round z«l ; and 

Wi has changed into Wi after performing the circuit once (Fig. 419) ; and 
since -Wi, this reduces to 
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Similarly, the value of the integral j Widz for the loop round - 1 i« 
= Widz+ Widz+ ^ w^dz, 

where c' refers to the circuit of the infinitesimal circle round z~ -\ 
and jf Widz vanishes. Hence, for this loop, we have 

f Widz+f Widz — 2 f Widz — 2 f 
h Jq Jo Jq v'l-z- 


Thus = 0 

and Li - L_i — integi'al for the whole loop 

TT 


r r . dz TI 

.. Li^ir, L_,=--7r; t.e. / -y====- 
.»0 5 


aiid 


^ dz TT 


tlie direction of travel in each case being the “positive” direction as 
defined earlier. 




Fig 4iy. Fig 420. 


Now, if one of the branch-fxnnts, say z=l, be encircled twice, the path 
starting from the origin and returning to it after two encirclings, may be 
deformed into two loops round the point, and the integral, leaving out 
the integrals for the two infinitesimal cii'cuits about the branch-point, 
r\ -*o ri rn 

which vanish, is ~ / Widz ^ I w.,dz-h Wtdz-h , Widz, wdiicli is zero, 
.'0 .0 Jo • ' 

and Wi has changed to w.j and back to tCi in the double circuit, t.e. to its 
original value at the origin. 

Thus, for a loop with an even nuiul>er of circuits round one jK>le, we 
have a zero contribution with no aggregate change of branch, but for a 
loop wdth an odd numlxM* of circuits round one pole, the equivalent is 

obviously a single loop, -2 f Widz — rr, accompanied by a change of 
Jo 

branch from Wi to u?, on arriving back at the origin. 

The same thing happens for several encirclements of z — -1, starting 
from the origin with value tVi, except that for an odd number we have 

a contribution 2 j Widz=^ -tt \ and t4?i has Ix^coiue iv* or Wi according as 
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o 


there liave been an odd or an eoen number of encircHngs of the branch- 
point. 

When both branch-pointn are encircled n times in tlie positive dii-ection, 
the integral will be n.27r with m> change of branch, or if the pair be 
_ encircled p times in the 

po.sitive direction and q 
Q times in the negative direc- 

^2 tion, the <‘ontribution Mill 

he (p'^q)'27r — 2n . tt, where 
n is the excess of the 
number of positive encircle- 
ments over the number of 
negative ones. And such 
an enciivling of both points 
Mill result in Wi being 
restored as the final branch 
of the function when z has 
returned to the starting 
point. 

Now any jMith from O 
to 2 is reconcilable with a 
bneai- direct path, together 
with .such loops as haw 
been describeil above or 
some cornbinatKui iff them. 

And if I Widz along the 

straight jiath be called i/o» 
tile contiibution to the 
tot.il integral fiom O to z 
by any other {lath deform- 
able into the straight line 
OP M’lth a .sy.stem (»f loops 
will be -fHo or - m®, ac- 
cording as Zf after having 
de.si'i ibed its loop .svstem 
and before commencing the 
portnm OP, h.is returned 
to the origin M’ith a value Wi or a value for the fuintion, and the 
total for any path will be Uq or Uq, as the ca.se may la-, together 
with whatever may accrue from the several encirclirigs of the branch- 
points. 

Thus the total values of the integral / Widz are 

Jo 



Fig. 421. 


I Widz- 
J(i 


Wo ; 


(1) for the direct path alone. 
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(2) for an odd nu?iiber of circuits of one \ =Li-Uq 

loop + a direct path , J or 

(3) for an even number of encirclements 

of one branch-point + a direct 
path» 

(4) for n encirclements of both branch- 

points -f a direct path, 

(5) for n complete encirclements of both 

branch-points combined with an I =w(Z>i - 7>_x) + iji - m© 

odd number of encirclcmenth of j or =n(Li -«» ; 
one of them -f a direct path, / 

(6) for n complete encirclements of both 'j 

branch-points with an even imin- I =n{Li-L i) + mo* 
ber of encirclements of one -H a I 
direct path, ^ 

and seeing that Li - L^i would be replaced by - Li-|-Zr_i if the description 
were in the opjxisite direction, these results are all of one or other of the 
forms 2p7r4-«o or (2p-f- l)7r-‘Uo» *.«. j>7r + ( - 1)**!/©, 

p l>eing some integer positive or negative. 

If then, in the equation w= / -7^-, we express z as z-<j>{u), it 
Jq vl-2- 

ap];>eai'H that as all these paths lead finally to the same point z, we must 
have the siirne for all the paths 

= </>(uo), i.e. </»(tto) = <#>{j)7r + (-l)^W8}, 
and the general solution of the equation <t>(u) = (f>{u^) is M = pTr-f ( - 

This is tlie ordinary result of trigonometry, and for a real variable it is 
a well-known theorem that sin u = sin {p7r4-( - !)*'«}• 

1332. I^t U8 next put -2*=x(“)' enquire which of the above 
values of u lead to the same value of - 2-. 



=Wo; 

= n{Li - 1, 


C’learly the function has the same value at P, (-s), as it has 

at /», (2) (Fig. 422). 

HeiUHs, liesides the various |>aths which lead from 0 to P must be 
considered U.ose wl.ieli U«.d from 0 to /". And it is not all the paths 
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which have been considered from 0 to P thus restoring the value z at /', 
which also restore the value of Vl For after a description of an odd 
number of single loops, Vl -z^ has become ->/l Hence, in order to 
arrive at P or at P* with the value +\/l -z*, we can only take the cases 
of description of an even number of single loops ; also a double loop 
traversed any number of times will restore the value - 2 *. 

We therefore have the following cases : 

(1) for a direct path from 0 to /*, ; 

(2) for a direct path from 0 to P\ 

f v^l -2*d2= - 1*0 ; 

Jo Jo 

(3) for an even number of loops round either branch-point 1 

+ a direct path OP^ J 

(4) for an even number of loops round either branch-point ^ 

+ a direct path OP'^ / 

(5) for any number of double loops + direct path (>/*, 

(6) for any number of double loops -4- direct |;>ath 0J*\ 

(7) for any number of double loops -f- any even number of \ 

single loops -f a direct path OP^ ) 

(8) for any number of double loops -p any even number of \ ^ 

single loops -f a direct {lath 0P\ ] 

Hence it appears that the values of u which lead to the same value of 


Wo; 


2wtr + Up ; 
2ri7r -> Uo ; 

2?i7r+Uo ; 


v^l— are exactly comprised in and expressed by 27i7r±Uo, i.*t. 

if \^1 -z‘^ = ;((u), then '^(u)=:^\('in 7 r±u)y 
and the general solution of the equation \(u) — x(up) is u = 2?J7r3-Uo. 

Thus, defining cosu as where u= / — , we have 

costt = cos(2«7r ±m), and the solution of cos u cos Wq is u = 2n7r.+ u«, 
which for real values of u is the well-known trigonometrical result. 


1333. Further, in the case when on the whole an odd number c»f single 
loops have been desciibed, has on the leturn of z to the origin 

become -Vl -z* and along the direct path to P we have 

dz 

i 

and along the direct path to P* we have 


/ “ * dz 

Jo 


Up. 


So that on the whole we have, for the double loops, 27i7r ; for an otld 
number of single loops, ±ir ; for the final path OP or OJ*\ giving 
the general value of u as (2n±l)7r±U9 i,t, (2^ + 1 )7r + Uo. And these 
values will give -Vi-z^at the final position, i.t. x(u)= ~ x((^^d“ l)jr:Pu), 
which is the same as the corresponding result of trigonometry, viz., 
X being an integer, cos^t = - co» {(2X + 1 )ir ± 
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dz 

1334. From the integral | directly obvious by 

expansion and integration that u is an odd function of z, in which the 
first term of the expansion in powers of z is z ; and, therefore, by 
reversion of series, that z is an odd function of it, in which the first term 
of the expansion in powers of it is it. Hence it appears, from this 
consideration also, that if z — (f>{u)y then </>(«)= -</>(- it). And further, 
since \^l~z'^ is an even function of it, we have Also 

183v5. Periodicity of the Elliptic Functions. 

We now turn to the consideration on similar lines of 
_r* dz 

^“JoN^(r-2*i(r-^V)’ 

where k is a real quantity < 1. This may also be written as 


where z — sin 0. 
Let K 




(1-z2)(1-A«222) 

where 1. 

The function defined by 

'j/»2 


_ cie 

Jo sin‘^?l ’ 

and A'"=f-== 
Jov/d- 


v/(l-V)(l-A:V)’ 


i.s a two-branched function, viz. 

1 1 

V(l~2-)(l~-/cVj’ 
having four branch-points A, D, viz. 

symmetrically situated about the origin on the .r-axis. 
Let P be the point z. 

.P 


•=-- -L - _ _ 

' ' N''(i-2>=)(r-A-v)' 


~C D O B 

Fig. 423. 

There arc no branch-points other than B, C, D (Art. 1296). 
These brancli-points are also poles of the function, and there 
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are no other singularities of any kind. We shall first consider 
1 

Hz 

the path of tl)e Integra- 

(1) along the cc-axis from .r — 0 to a’~l— /), viz. 0 to Z in 
Fig. 424 ; 


the integration 1 
tion being : ^ 


jJV 




B 

Fig. 424. 


(2) round the small semicircle ZA/iV, centre at z ~l and 
radius p ; 

(3) along the ic-axis from x=l + p to ^^ — p, viz. NR in the 

figure ; 

(4) along a quadrantal arc, centre at z = l and radius p, 
viz, RS, 

In this integration which jmsses the point B, where 2=1, 
the sign of 1 — 2 changes at B and the integrand becomes 
imaginary. We have then to examine the behaviour of the 
factor y/l—z a.s we pass round the semicircle LMN, but do 
not complete the circuit, about the branch-point. Put 

z^\ + pe^ 

Then s/1--2---n/ — and in passing round the semicircle 

LMN above B, 6 decrea.ses from 6~ir to fi==0. and Jl—z 
changes from the value L to the value J—pt'^ at 

ttr 

N\ that is, its value has been multiplied V)y or —t in 
passing round the semicircle. 

Therefore becomes iw^ in passing over B. 

If we pass under B, we have a change in 2 from the 
value J- pe'^ at L to the value J— pe/^^ at N, and therefore 

tv 

the value at L would be multiplied by in passing to N \ 
that is, would become — 

Since the value of Vl — 2 at L may be written as s/p, where 
p is I — 05, X being the abscissa of L, it becomes --tjp at N, 
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where p^x -l, x being now the abscissa of N, and along 
NR there is no further cliange of amplitude. Hence 
From to L v^l x increasing from 0 to 1 — p. 

From L U) | - , 

round UIN f ^9 decreasing from tt to 0. 

From N to A z- —ijx— 1, x increasing from 1 + p to 

The factor — \ - kx from 0 to R, But A being in 

tliis case a brand i-i)oint, we take a (juadrantal arc with centre 
A and small radius p, avoiding the branch-point. 

Put 2- - p-| Th<*n s^l —kz^J —hpv^^,\n which Q decreases 
from 0 ‘ tt to ^ ^^ e thus have as the contributions 

from 0/v, LMN, NR Jind RS respectively, 

n-^ dx p ipc^uie 

dx r “ tpe'^dO 

- 1)(1-A V) J, -< V [( - 1 } (- V)(2+ V’) 


and wIk'ii p is indetiiiitely small the sectmd and fourth vanish 
and the first is ultimately K. Transform the third by writing 
; wlieiice 


1 Fh-dx' /l-F.r'2 // 

dx ” l = ^ s'l— U'“. 

Hence the third becomes ultimately 

dx 1 *^’^' k'\rdx' k 1 

1)(1 Fs'i-T^ /7r' 

-f, ==.A-'; 


1 

that is, 1 , ^ - =K + /A", via a path above B, 

and -~K—iK\ via a path below B, 

It follows that an(A'd-//r)=-j;- 
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Now, noting that ^ is the value of x when a!'=0, and that 


Jx^—l=-^y/l—x'^, we have 




ilc' 
’"k ’ 


alsodn(K+./i:')=^l-A:*p=0. 

1336. Remembering that when 

^ f* d x 

JoVl— Jov^ll — a:‘'*)(T — 


■V) 


-i: 


lie 


p dx 

Jo7(nr^T 


■)(l-A-*x*) 


Jovl — P 

and j;=sinfl=snw, also observing that x^O gives u=0, 
we have sn0=0, whence cnO=l and dnO=l ; also snX—l, 
whence cniir=0 and dn K==»Jl — k^=k'. 


1337. Again, if we write —0 for 0, 

^ Jo 


n= 


\/l — A’-sin‘-^0 ’ 
r® do 


-A:2 8in2 0 

Therefore — 0=ain(— X(); sn ( — 14)= — sin — sn n ; 
also cn ( — w) = cn u ; and dn (— a)=dn u, 

1338. It also appears directly from the integral 

dz 

by expansion, that n is an odd function of z wliose first term 
is Zy and therefore, by reversion of series, that z is an odd 
function of it, the first term of the expansion being ii, and 

therefore also that ^^ = 1. 




u 


Also that, since cnit=v/l~8n2u and dntt = \/r—/c^sn“tt, 
cn It and dn it are both even functions of z (—snti), the first 
terms of the expansions being in each case unity. These 
facts also show that 

sn ( — ii)== — sn It, cn(— it)=cnu, dn (-— tt)=dn it, 
as seen before. 
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1339. The Elliptic Functions of 0, K, K+iK'. Collected 
Results. 

We thus have 

8n0=0, cn0=l, dnO=l, 

sniiCssl, cnliL=(), dnK=lc\ 

8n(«+,A")=p ca(K+iK')=^-~, dn(K+iK')=0. 


1340. Qeneral Values. 

We shall now consider the variety of values of u which will 
accrue from the integral 


u— 


f 


dz 


in integrating from the origin to the point P, viz. z, along the 
different paths which may occur, iis was done in Art. 1331, for 

f* 


There are four branch-points A, B, C, D, and four loops 
and it has been seen in Art. 1294 that for such a system any 



path starting from 0 and terminating at P is deformable into 
and reconcilable with 

(1) a straight line from 0 to P 

or (2) a straight-line path from 0 to P, together with a com- 
bination of loops, 

and that in any system of loops about four branch-points 
there are two and only two groups which give different values 
to the integral taken from 0 to P, viz. 

(i) those which consist of the integrations for sets of double loops 4- a 
direct path 

or (ii) those which consist of the integrations for sets of double loops 4* a 
single loop 4- a direct-path. 
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Moreover, resuming the notation of Art. 1292, any two of 
the six possible double-loop systems may be selected as inde- 
pendent. This time we shall take these two double-loop systems 
as (AjB) and (BD), and (/i) as the principal single loop; and 
remembering that after ev’^ery travel round a loop the branches 
of the function interchange, we have 

as the only possible forms of the result, where denotes, as 
before, integration along the straight-line patli OP starting 
with the branch i<;j, i.e. the same branch with which the whole 
integration was started from 0. 

I 

Now tOj Jz-f J where J u\dz refers 

to the integration round an intinitesimal circle wdth centre 
at Ay which vanishes ; 

1 

(A) = 2f 

•'O 

the 4- or the — according as we pass over or under H in 
arriving at A ; 


W=2| 

1! 

o 


• 

'0 

1 

i 

(0 = 2 

[ ^w^dz~—2^ 

P dz^~2{K±iK'); 

J 


h 


1 

!i 

1 dz - — 2K ; 

'o 


and (AB)^(A)--( H) zb 2/ A' ; K. 

Hence the general values of the integral which accrue arc 

u^2\iK' I where X, /u, X', fi are 

or xi^2WK' integers; 

that is, n = 2piK' ^2qK-{‘(—\y*UQy where /), q are integers. 

If we write it follows that 

-\-2qK -\-{ — 

and taking q an even integer =2r, 

so that 2tK' and 4iC are independent periods of this function. 
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Conversely, it follows that the general solution of the 
equation is y-=2ptK'-{-2qK-{-(-~lYyQ, and <p(u) is 

the Jacobian function sn u. 

Henc(^ sn Uo^-fin{2ptK'-\~2qK+{~ ly^u^) 

or, which is the same thing, putting (— 

sn {2piK'-j- 2qK -f v) = sn (— 1)'M; == ( — 1)« sn r. 

As j)anicuiar cases of this double peiiodicity, we have 

</>(«) ili(2K - w) = if>(4K 2 lK' + u) = - u) --.(l>(2iK' + u) 

[4 {K -f- lK^) -f- w] “ etc. 

1341. Having defined j as a function of ti, =<(,(u), by the 
e<j nation cz ^2 

""J 0 C(T-- 22) (1 ’ 

let us examine the periodicity of the expressions 

vl ('0 ('^o) v^J. — kV ^>/y‘ (u) ^xj/ {Uf^) 

regarded as functions of n. 

Ijt^t P and P’ be the points z and —z respectively. Then, as 
z travels from O along any path which terminates either at P 
or at P\ starting with the respective branches for wliich 
X(d) -1 an<l \/r(0) — 1, we are to arrive at P or at P' with the 



Fig. 42<>. 


value.s 4-v^l“-2* and +v'^l — ^*2* respectively. And this will 
be effected, jimvided that either no change has occurred in the 
branches of the functions in the paths followed, or provided 
that in either CJisc an even number of such changes have 
occurred. Such changes of branch occur 

in x(w) at each looping of B or of A but not of -4 or C ; 
in at each looping of A or of C, but not of B or 2). 
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Hence in the case of ;((w) the number of times a single loop 
has been formed about B or about D must be even, but a double 
loop round B and D may occur any number of times. A double 
loop about A and B counts as a single loop about B, 

In the case of the number of times a single loop has 
been formed about A or about C must be even, but a double 
loop round A and C may occur any number of times. A double 
loop about A and B counts as a single loop about A. 

Again, if the integral for the direct linear path OP be 
denoted as before by Uq, that for OP' is 

p* dz — _r — — 1 / 

It has been seen that for the variety of paths from 0 to P 
the general value of the integi*al u is 

w =■- X (AB ) + fx (BD) + Vq or ti ==\'{AB) + iix(BD) + (B) — . 

It follows that the general value of the integral from 0 to 
P' will be expressed by 

u=='\(AB)+/jl (BD) ~ Vq or n = X'(AB) + ijl'(BD) + (B) + Uq ; 

that is, for those which terminate at an unspecified one of the 
two points P or P\ 

u='\{AB)+iJi (BD) ± V q or u = \'(A B) + ju'(BD) +(B)±U q. 

Now amongst those solutions which restore to the inde- 
pendent variable either the value z or the value —z, soiiu' 
arrive at P or at P' with the value -f v^l — 2 ^ and some with 
the value —n/I — 2 * for x00> similarly with the values 
+n/ 1 or — v^l— 4^22 for \fr(?/); and those solutions which 
arrive with the values — must be removed. 

To do this in the case it is only necessary to 

select those cases in which the number of single loopings of 
P or of Z) must be even ; that is, X must be even and X' must 
be odd. And in the case of — we must select 

those cases in which the number of single loopings of A or of 
C must be even ; that is, X and X' must both be even. 

Thus for Vl — 2:* the form of u is 
u—2m{^iK')+ fjL4tK’±u^ or 

in which the coefficients of 2iK and 2K are both even or both 
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odd, t.e. in one expression u~p(2iK'-^2K)-{-q4>K±UQ, where p 
and q are integers ; and for — the form of u is 
u = 2m(2iK') + juL4fK zt «o or w = 2m (2 l K) -f + 2 JK: ± Wq » 

7.e., in one expression, u=^^piK' +2qK±UQ, where p and q are 
integers. 

Thus X(")= x{?(2^^'+2/f)+g4KdtWo} 

and v^l = -\-2qK±.Uf^. 

The functions ^ plainly sn, cn and dn respec- 

tively. Thus 

sn v — sn {2piK'-\-2qK+{—lYv), with periods 2iK\ \ 

cnv-=cn{p(2tK'-{-2K)-^q^K±:v), with periods 2t/iC"+2/if, 4K,l 
dnv=^dn{4>piK'-i-2qK±iV), with periods 2K J 

Each function will have returned to its original value when 
the ‘argument’ has been increased by any multiple of ^iK' or 
of 4fK, which are therefore the whole periods for the group of 
functions, though individuals of the group will each have twice 
performed the whole cycle of their values in these intervals. 

1342. We may examine this periodicity of cn u and dn u from a some- 
what different point of view'. Defining cnu as +s/l-«* and dnw as 
-Ps/r-fcV, and noting that 2 — 4-1 are the only branch-points of *^ 1 - 2 ^ 

and 2 = 4 -^ are the only branch -points of •J] ao that an odd number 

of loopinga of B or D would change the branch of -Jl -z\ whilst an odd 
number of loopinga of A or C would change the branch of >Jl -k^z\ and 
remembering that 

(A)=^2(K + iK'}, {B)^2K, (C)^ -2{K (D)=--2JSr, 

we have cn [w-f (.4)] =cn ti, cn [M-f-(B)]== -cn w, 

and /. cn [ii4-2(iC-f tiC')] = cntt ; and cn (»t-4-2/ir)= - cn w ; 
whence cn {u -h AK)— - cn (u 4- 2K ) = cn u. 

Therefore 2(iC-f liC') and 4K are periods of cnw, and 
cn [tt -f- 2 A ( if 4- tK') -f 4fiK] = cn u, 
cn[u-^2\(K4-f‘K')-\‘2fjJC] = --cnu (/xodd); 
i.e. cn [w-f2AiiC'-h2(A4-/i)ir]=» -cn 14 (/i odd), 

cn [w4-2A4iC'4-2(A4'/4)^= cnw (/4 even). 

Similarly dn [u + (il)]= -dn u, dn [i 4 -f(R)] = dni4, 
i.e. dn(i4 4*2JSC) = dntt ; and dn [t 4 + 2(ir4*tA^')]= "”dni4 ; 

whence dn [i4 4*4(^-f ii5r')]= - dn [u -42(11 

2i 


B.I.C. II. 
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Further, dn (tt + 2tX')— dn + - tin w, 

dn {u-\-AlK') — -dn (tt-}-2t/iL') — dnix, etc., 

».c. dn{u^2X.K + \fiiK') — iliiu ; dn(tt + 2AX4-2/itX^')= -tin u if /i be odd. 
We maj sum up these results concisely thus ; 

sn (M + 2jpi/r'4-2jA^) = ( - l)«sn It, \ 
cn{u + 2pLK' + 2qK) = (-\)^+^cnu, [ 
dn (M + 2ptiC' + 2gA’) — (- ipdii w. i 


1343. Values of sn lu, cn tu, dn m. 

Let and put sin 0 — i tan an imaginary 

transformation. Then cosd dd=i8ec^(pd<p and cos0=sec0; 

— f*___ __ d<p 

Jo sec 0 v^i + Icr tan^ ^ J 0 7i — Tc'^ sin^^’ 

0 = am {u, k ') ; /. sn (lU, k) = t ■ 

cn (u, fc ) 

whence cn (/ u, k) = — ~ ; dn (at, k) = —4 ^* . 

cn(u, /c) ^ > f Qn{ujc ) 

These relations are true for all values of it real or complex. 


1344. The Addition Formulae for Legendre’s First 
Integral. Euler’s Equation. 

f*« dz 




Jo^’ 


where Z=(l — s*)(l — /cV). 


Then 


Xj = sn ttj, Xg = sn Wg . 


.(A) 


Consider the differential equation 

v/x/v/^r 

where A'i=(l-a:,*)(l-/c*j5j*), jrii=(l-a:j 2 )(l-A: 2 a: 5 j“). 

Let and x.^ be regarded as functions of a third variable f, 
such that _dx^ 

di = ~dt ^ ~ ' 


and *i*=1-(/c*+1)XiHA:V; !-(**+ UaJ.'+ifcV: 

whence, differentiating and dividing by 2x^ and 2 x 2 respec- 

fci'^ely. x,= -(A'+l)x,+2ifcV; 

Thus x,Xg — =2A^(x,*— Xj')XjXj, ■» 
whilst — x,*x,*= — (x,*— X,®) (1 — A^Xi*Xg*) } 
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jr 2 k^x.x^ d , 

Hence — ~= — i — t/ (^r'^o) ; 

whence lo^ (^ 1 ^ 2 ^' 2 ^ 1 ) ~ + const., 


x^Xo j .^*'2^1 p 1 . ^2 "h ^1 “^^2 _ n 

^ h}^ ' 2 ^ 2 •• T 1 . 2 ^ 2 .^ 9 . — 


\ — k*x^x^ 


1 — k^x^x^ 


Another form of the Integral of (A) is obviously 


Rl + tL2= 


Jos/ -A’j Jo 


= const.— 6*'. 


It appears therefore that wlien u^ + u^ is constant, so also is 
x.^>JX^+x^J~A\y 

T-/fc^V 

One of these constants must therefore be a function of the 
other, say, C=^(C'). 

Hence ~ ^ 1 + ^2)> form of <f> may 

' ' 1 * - <*ari rl^ rXm y7-» 


tf ^ XjJ 

be readily identified. For, since 1 ''-X- and Uo= I -^- , it 
is clear that, 

if Xi=0 and therefore A\ — 1, we have Wi — 0, 
and if cr.,=0 and therefore A^3=l, we have ^3 = 0. 

Putting iL>=(), we have ^(R,)=a^i==sn Uj. Hence the form 
of the function <p is identified as the elliptic function sn. 
Thus we have 

sn(„,+«^) = -J 1 — r=7cvs? — “ 


sn(ai+U2) = 


f , ^ sn cn }u dn iL^+sn cn dn it, 

^.^. 8n(M,+w,) • 

Remembering that 

sn' ttj , i.e. sn Uy ^ , = cn Uy dn Uy and cn'?t j = — sn Uy dn Uy , 

this formula may be written as 

nn(tiy+u,) i^kHn^nySnhL, 

For shortness write snVy=Sy, cni(^i=Ci, c\\u<,=c^y 

dn xiy=^dyy dn and 1 — /r^ sn*^^ sn-tt^— 

Then sn H- — (SyC^d^ + s^Cydy)ID or = {SyS^ + s^Sy')/ D, 
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[Compare the ordinary addition formula of trigonometry, 
UjCosUg+sin ttgCos which may be similarly 
written =Sj 02 + sVj or = svV+’Vi > of the above 

elliptic function formula when k~0.] 

1345. To obtain cn(/f^+W 2 ), we have 

cii^ (itj + Wg) = 1 — sn'^ (Uj + Ug) 

— — 2s^.S2 CjCo d^d.y .Sj V d^^d.^)jD- , 

/. cn(Wj + ?/. 2 )==((V 2 '"‘V 2 ^A)/-^» positive sign being 
taken because, when each side must become Cj. This 

may be also written 

cn ( ?/i + w.,) = 

[Compare with the trigonometrical formula for cos(?yj + W 2 )» 
which may be written *V 2 » where Cj = costtp 

etc.] 

1346. To obtain dn(?ijd- ?/ 2 )> we have 

dn* (Uj -f- tt.>) = 1 ^2 sn^ (Uj + ttg) 

= { ( 1 ~ F V)“ — f >- 

and dn(?/j + ?f 2 ) = (c ?//2 — ^ 2 ^ 2 )/^ the positive sign being 
taken because, when u^^O, each side must become d^. This 
may be written as 

dn (Wj + W 2 ) = j^- 

1347. Derived Results. 

From the three formulae 

sn (Wi + = {s^c^d^ + s,f^d^)ID, \ 

cn (u^+y^)-=(c^c^-s^8^dyd^lD, i (1), we obtain, by changing 
dn (M, + «,) = (d^d^-k\s^,c^lD. J 8‘K“ «2 - 

sn {u^—u^={t^c^i—s^id^)ID, \ 
cn (mj— M j) = {CiC^+SiS^^d^yD, j- (U)- 
dn (Wj u^) = {^ 1^2 + k^*8i8^^c^)ID, ) 
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The addition and subtraction of formulae (I) and (II) in 

pairs gives 

sn + u ^) + sn (u^ — = 2s^c^dJD, 

sn (Wj+Wg) — sn (Wi — t/g)— ^s^c^dJD, 

cn (Mi+?g+cn 2ciCg/J[), 

cn (Wj + Wg) — cn (Mj — Wg) = — ^s^a^^d^d^jD, 
dn (Wj + ttg) + dn (u ^ — Wg) = 2d^dJD, 
dn (u^ + Wg) — dn (Wj — Wg) = — 2k\s./i^cJD, 

Replacing 1*1+11.2 and m, -m. 2 Ly t/i, ( 7 , re 8 j>ectively and writing D' f<»r 
1 - 811* — an* , we have 

sn 17 , + sn 1/4= 2 sn ~ (]„ Ei:^ j D\ 

z 2 2 / 

an I 7 j-an 1/2= 2 sn — — ^cn — ^ — 2 — 

cn C/i + cn 1/2= 2 cn — ^cn — 

cn Uj-cn t/.2=-2 8n— — sKn— L^ — *da— L^ — ?cln— L^ — -yD, 


dnU, + dnU 2 = 2dn 


v,+u....v,-u./^ 


dn 17, -dn l/,= -2ifc*sn^^-‘8n-l9^*en^|-icn^^-^y/)'. 

2 \gain, by division of c<Jire8})oiiding foriiuilae from groups (I) and (II), 
and waiting t^ or Lnwi for tananittj and ctnWj for cotaniWj, etc., 

ctnftt 1 ti.,) - ^ ... ctn W| t-'tn + dn tt, dn «, I 

^ ^ aiC< 2 d 2 + asc^dj ctn t *2 dn u... .-t ctn Uj dn ‘ J 

1348. Following Cay ley '.s notation {Elliptic Functions^ p. 62), with a 
slight modification, let us write 

«!«* ==A|, = 

/ 4 / / « 1 ^ 1 - ik*ai*aa*= D, 

a«a2 =As, — CjCj=sjB|, ~j^d|dj=(7|, 

P=V-a,«=c.*^c^*, 

Q « 1 - a^* - a,* + ifc*ai*a«* = c j* - agW^* - c,* - 

iJ « 1 - A:»a2* ~ Ic^st* + A:*a,*at* - d,* - kWci^ - - ^*«i*c**, 

a|'ai =^i, aiCjd|~I7j, 

-A!'*a,«,=^a, cfy'^Ti, atCjdj-t/*. 
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A number of identical relations immediately arise amongst the 
capital letters. We have 

(1) -fcV)-V(i 

=(«,•-«,*)( 1 - I^SiW) = PI>- 

(2) -4, ‘Kl 

= (1 -4,‘-4,*+i!:WXl -iV,V)=0J5. 

(3) 0,* - C,* = dW - it^4, VCl’Cl* = (1 - 1 - - **4, •4,* (1 - 4,*) (1 - 4,*) 

=(1 -fcV-tV + Jfc’ilVXl 


Hence 

Again, 


P ~ Q ~ R 


(4) 5,» - S,«=( 1 - 4,*X1 - 4, ‘XI - ifc*4.*Xl - - (1 - ifc‘)*4,‘4,‘ 


= (1 -4,‘-S,« + /tV«t*X> i*««* + ifcV4.*) = C^. 

(5) J’.‘-3’.* = 4.‘(1 -X‘4.«)(l-4,‘)-4,‘(l -iVXl -4.‘) 

= (‘l’ - *!*){ I - **<1* - ’ + ^ ‘*1 ’«.*) = KP. 

(6) y, «-i;, ‘=4, ‘(1 -4 , •xi-^‘4,*)-4,‘(i-4.«xi -/■•»,») 

= {4,‘-4,‘)(l - »,‘-4,‘+/l:‘4,‘4.‘) = fie. 

Hence P{S* - S.‘) = T ,*) - iJ( F,‘ - f/.*) =Pe*. 


Also^ 


(7 ) ( J5i -f Bf){Ci - C|) — (CjCj ~ Si8ididi){did2 + 
~ c jC|d|dg 


and similarly, or changing the sign of 3,, 

(B) + — A j) = (djdj - iSiCiC2){8iC^li -s^Cidi) 

= 3lC,dj(I -X*V)-3jC,dg(l -^3,*) 


— (^iCgdi - 3|C|d|)( 1 — — ( Tj -f T,i^D^ 

and similarly, or changing tlie sign of 3*, 

(02-C,){A24-A,)=^(T2-T,)Z>. 


(9) (Ai+A|)(J?i - ^t) — (SiCidg +3,C2di)(CjC2 + 3i3jdid|) 

+ -3i*) 

+ 3i*3,C,di(l ~ /j*32*) -1-3,32*02^2(1 " 
~(^I^X^t“h^*®l^l)(l — ^*3,*32*) = ( f/ , -f- U2)Dj 

and similarly, or changing the sign of 3^, 

Thus 

(B,±B2)(C ,yC,) __(C,±C2)(^,yA2) (A,:^A,)(J3,^iB.) ^ 

sr2±5, ~ ~ r,Vf;2"” 
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Witli this nobition, it follows at once that 

»nK+«.)=-ig- = = 

an(a, a,)- ^ -A^+A, B,+B,~C, + C,'} 

..n(u 4.« ^ B,+B, _« 


" D By-By' 

R Ty-Ty Sy+Sy 


cn(Wi-Ma) = 

cln (1*1 + Ml) = 

dll (“1 -“f)= -‘7)--^cr+(r,“Z7+zrBr+^^ 


1349. A number of identities immediately appear. 

For example, since 

{Byi-ByKAy-A,)^D{Uy^L\) 
and {By-By){Ay^A,)^D{Uy-^ L\), 

we have ByAj ~ ByAy^^ DUy and ByAg- ByAy = DUt^ 

I’-e- SySy. <\Cy^Syl^y. ('l Cy - SyCyd y{l - 

and SyXy . CjCj + . ('yCy ~ s^ydy ( 1 - 


13r)0. More important however than such, aie the following : 

sn(?<i + ?/g)-f‘Sn(Wi-M,) = ^^-l» sn(Mi4'?^)-8n(?/i“?/2)=-^*; 

e^B 25 

cn (?/, + J/|)'l-cti(?/i - ?^,) = enO^i + ?/t) - cn(?/i ; 

2(7 ii(7 

dn(?<, + Wj) + dn(Mi-«,)- “ 2 ^* . dn(Mi + ?/a)-dn(?/, = j 

which are the formulae of Group (III) in (’Jiyley’s notation. 

, . , . PD P sn^n, -srrug , ^ 

,n(a.+a.)m,(a,-a,)= .^=_= or (-v-Vl'A 

, , , By^-By^ QD Q cirM, -sn^Uadn'-'Wj , v j 2 \ n 

ii(Bi + a,)cii(a,-B,)- p f-ifc»sii*B78ii“u, ’ 

\ 1 / \ Ci^ — Cj” 5D 5 dn'‘*tti — A*^sn“Mgcn"ii'i 2 i.‘>„ 0 . 2\/ri. 

1 +8n(tt, + ttg) sn(tt, - tt,)=- 1 + =(<-r+«W) A 

1 ~sn(tti 4 -u,) 9 n(u,-t(,) = 1 - ^ =(c,*+i»;-^ 0 /A 


I + Aj^sn (u, -f Uy) sn (ii, - u,) = 1 + A?* = [di^ kh^Cy^)lD, 

I - Ar-^sn {u y + u,) sn (u^ - - 1 - A;^ ^ 
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1 + CD (It, + «,) cn (It, - It,) = 1 + = (ei* + f i*)/A 

1 +dn{«.+it.) dn(«. - tt.) = 1 

[1 + sn (ttj + tti)][l + an (u, - Wa)] = sn (Wi + m,) + an {u^ - -Ma) + [1 + an (itj + tta) sn (Uj - u 
= (2«iCarfa + “ (^t •+• 

Again, cn(tti+i4,)dn(i4i-iia) = -^-^^* ~^ 2 )~ — 

=(a,V - - Vhxh)IB, 

dn(u,+«,)sn(tt,-u,)=-‘.^ • -’ = ^^i~5 = (<V,'-c,c,')/D 

= (<'a'^id| - C|4a^>) ’ 

and so on for other cases. 

Jacobi gives a list of 33 such results {Fundamenta Nova^ pp. 32-34). 
These are quoted by Cayley (Elliptic Functions^ pp. 65 and 66) and by 
Greenhill (Elliptic Functions^ pp. 138, 139). 

Sevei*al have been worked above as illnstrative of the method to be 
followed. They are too numerous to remember, but any one of them 
may be readily obtained if wanted. This li.st we append as Examples. 

Examples. (Jacobi.) 

1351. In each case the denominator D—l — kW^, and the 
previous notation is adhered to, viz. mu^—8^, etc. 

Establish the results following : 

1. 8n(tii4-tt|) + 8n(uj-tt,) - 28iC^ID. 

2. 8n(iti-htt2)-Hn{i4i-ttt) = 2s^idilD. 

3. cn(t4i-ftt*)+cn(tti~u,) = 2CiC,/P. 

4. cn (tti + u,) - cn («i - it,) = - 2aia,d,d,/D. 

5. dn(Mi+tt,)-f du(tti-tt,)= 2didtlD. 

6. dn (tti + tt,) - dn (iti -«,)=- 2k%8^iCtlD. 

7. sn (tti + u,) 811 (tti - ttj) = W - 

8. 1 + an (tti -f tt,) sn (« i - «,) r= (c,* + Si^ d^)lD. 

9. 1 - sn (tt, + tt,) sn (it, - «,) = (Ci* -f «,’-ci,2)/i). 

10. 1 + Jfc^sn (ill 4- II,) sn (u, - ii,) = (d,^ + }c^8^c^)lD. 

11. I -Psn(tti4'tta)8n(ui-ti,)=(di*-fifcVci*)/I>. 

12. l*fcn(iii-fti,)cD(tii-ii,) =(Ci*+c,*)/D. 

13. l-cn(iii+«i)cn(ii|-fi,) =(«iy,HaW)/D. 
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1 4. 1 + dn (tt, + Wj) dn[Ui- Wi) = W 4- d^)ID. 

15. 1 ~ dn ( tti + Wa) dn (tti - tta) = k^{8{^c^ + 8^c^)ID. 

16. {I ±8n(wi-f Wa)>{l±8ii(Wi-tta)} ~(Ct±«A)V^. 

17. {1 + sn(Wi-f Wa)}(l =(Ci4-«idi)V^- 

18. { 1 ± A; sn (ttj + ttt) } { 1 ± A; sn (w, ~ tta) } = (d* ± Jb,C 2 )VI>. 

H>. { 1 ± Ar sn (Ui -f- Wa) } { 1 =F A; sn (Mj - tta) } = (di ± A^aCj)*//). 

20. { 1 ± cn (wx 4- Ua) ) { 1 ± cn (Ml - tt.^) } = (Cx ± Ca)2/X>. 

21. { 1 ± cn (m, 4- tta) } { 1 :f cn (ui - w,) } = («ida ^ 

22. {l±dn(Mx-f M,)}{l±dn(Mx- Mt)} ={di±dty/D. 

23. ( 1 ± dn (Mx -f Ma)} { 1 T dn (mj - m*) } = F^(«iCa ^ s^iffD. 

24. sn (mx + Ua) cn (Mj - Mi) = (<iiCxd* + 8^4i)ID. 

25. an (mj - m*) cn (mj + Ma) = (^jCxda - ^aCtdx)//). 

26. an (ui + Ua) dn (Ui - u*) = («xdxCa + s^ifii)ID. 

27. sn (ui - Ma) dn (mj + n,) - («idxCa ~ 

28. cn (mi -hMa) dn (Mj - Mj) - (CjCadida ~ k'%8t)jD. 

29. cn (mx - Ma) dn (mx + m,) = (ciC^didt + k'%St)lD. 

30. ain (am (wx Wa) -}- am (mi - Ut)) —^SiCid^l D. 

31. ain {am (wx -h Wf) - am (mi - Ma) } = ^s^c^ifD, 

32. coa {am (Mi -f Ma) + am (mi - Ma) } = (c^ - 8yd%^)lD. 

33. cos {am (mx + Ma) - am (mi - Mj)} == (fa* “ 

To the above list it is convenient to add for reference : 

(а) cn(Mi + M,)on(Mi-Ma) ==(c,2-«xW)/^ = (ci*-«W)//>. 

(б) d n (mx 4- Ma) dn (mi - Ma) = {d^ - = (da* — kh^Ci^yD, 

(c) { dn (M| + Ma) ± cn (Mx -f Mj)} { dn (Mj - Ma) ± cn (Mi - Ua) } = (Cjda ± 

(d) { d n (mx -f M,) i cn (Mx + m,) } { dn (mx - m,) T cn (mx - Ma) } = (^x T Stf/D. 

[(c) and (d) are given by Greenhill, E,F.^ p. 262.] 

1352. Periodicity of the Functions considered by aid of the 
Addition Theorem. 

Starting with the addition formulae in which Z>=1 -F^x-^a** 
sn (Ux ± Ma) = (« iC,da db «aCjdi)/i) ; en (mj ± m*) = (CxC* T «i«idida)/Z> ; 
dn (mx db = (dxda^ FaxSfCiCa)//? ; 

and putting Mx — m, Ma — A, we have, since sn/f — l, cn A = 0, dn A—A;', 
sn (m + A) = (sn u cn A dn A 4- sn A cn m dn m)/D, 
where D ~ 1 ~ Fsn'-^M ~ dn*M —d'^, 

f.e. 8n(M4'A)= cn(M+A)=~^*, dn(M+A)=*g, | 

8n(u-ir)=-|, cn(tt-ir)= -J, dn(«-jr)==j. j 
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Putting u-^-K ill these formulae in place of w, 


8n(tt + 2^L) = 


on(u-fi:) 

dn(tt+jfiC) 




sn(tt+3JC)= 
sn (tt4-4/r) = 


cn(tt + 2jr) c 
dn(tt + 2iC)“ d’ 
cn(tt + 3/C) 
dn(«+3X)“ *’ 


cn(tt+2/jr)~ -c, dn(tt + 2^)=d, 
en(u+.3X)= ij, dii(« + .3A:)=|', 
cn(it+4JC)= c, dn(a4-4X)=d. 


Hence the functions have all returned to their original values with 
I)eriod iK. It will be noted that dn u was restored with two additions 
of iC, and that sn u and cn u took the same value but the opjjosite sign 
after two additions of K. 

In the same way, since 

sn (/C + 1 AT') = ^, cn {K + tK ')= dn (X + .X') = 0, 


weliave sn(»+X+iX') = ^.«rf/A where Z) = l -IV. ; 


sn(«+X+iX') = 

cu{« + X+.X') 

dn(M+X+iX') = ' 

an(tt+2iC+2iA')= -5, 

cn(u + 2iir-f2iA')~ c, 

dn (u 4- 2/ir + 2iK') = - d, 

8n(tt-f'3A4’3tA^— ~ 

cn(«+.3X+3.X')=-‘^, 

dn(«+.3X + 3tX')=- 

sn(tt-l“4ir-f 4iiC')= 5, 

cn(tt-f 4ir4-4iA')- c, 

dn(u + 4X + 4tX')= d, J 


and all the original values are again acquired after an addition of 
4(iC + iiir'), and it will be noted that after two additions of K-^iK\ 
chu resumed its original value, but snw and dnu resumed their original 
values with the opposite sign. 

Writing u-K for u in the several cases of the last form, 

/ . dn (it -/f) 1 id tc 

miuuk) = dn(« + .n 

sn(«+X+2iA") = -sn(ti- A') = cn(i<+A' + 2iA') = dn(M + A' + ‘2iA') = - j. 

(I a a 

sn{u + 2 K + 3iK') = cn(ii+2A' + .'!.A')= dn(B + 2A + 3iX')= 

8n{« + 3X+4iA")= 8n(n-X) =-^, cn(M+3X+4ir)= dn(u + 3A' f 4.A")= 


the last three being the same results as for the functions of u + ^K. 
Again, writing w- A for w, 


8n(tt+2tA0 

cn(tt - K) 
~dn{u-K) 

cn(ttH-2tA") = 

-c, dn(tt + 2tA') = 

~d, 

Bn{tt+^+3tA') 

d 

■“it? 

cn(n + A: + 3tr) = 

™, dn(tt+ A-f 3iA") = 

ik*8 

C 

8n(tt+3t/r') 

_ 1 dn (tt ~ A) __ 1 
"k cn(tt- 

oniu+lkK') = 

dn(n + 3.A') = 

IC 

8 ’ 
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Writing u + K for u in the functions of ui-K-\-LK*y 
m{ui2K + iK') = “/v + <ln(M+2A:-n/ir')=:- j, 

8n(« + 3A:+<A:') = cn(i.+3/f + .n= .ln(H + 3/i+.r)= 

Writing w^^ AT for n in the functions of u + 2K-^2iK\ 

Hn(u^-3A’ + 2tAr')= -Rn(M + /:) =-^» cn{n + 3Ar + 2tA0 =-^, dn{w + 3A + 2iA')=^- 

1353. We exliibit tliese results for arguments of form u+pK-{-qiK\ in 
tabular form for reference. 

If A stand for the word denominator we have, tabulating the numera- 
tors only and indicating the several denominators, 


4-O.tir' 




-f2iA' 


+ 3iA' 


+ 4iA' 


If, for insttince, dn(u + 2A + 3tA') he required, we look in the group of 
the third column and fourth row and find numerator denominator 
» kSy and the result is t cn u/an u. 

The vertical order in each square is sn( ), cn( ), dn( ), A. 

The fifth column and fifth row exhibit the fact, that after an addition 
of 4K or of 4iA' to the argument, each of the functions returns to its 
original value, and shows their double periodicity. The value of any 
function of the forms 

8n(tt+pjr+giir'), cn {u-^pK^qt-K'), dn {u+pK-^qtK'), 


+ 0.A 

+ K 

+2ir 

+SK 

+ 4A 

8 

c 

-8 

-c 

8 

C 

- k's 

-C 

k's 

C 

d 

k' 

d 

k' 

d 

A = 1 

A=ii 

A-1 

11 

<1 

A-1 

1 

d 

-1 

-d 

1 

- id 

-ik' 

id 

ik' 

-id 

- ikc 

ikk'e 

-ikc 

ikk'8 

-ikc 

A-ks 

A-kc 

A-ka 

It 

<1 

II 

<1 

8 

c 

-8 

-c 

8 

-c 

k'8 

c 

-k'8 

-C 


-k' 

-d 

-k' 

~d 

A--=l 

A=d 

A-1 

II 

A=1 

1 1 

d 

-1 

-d 

1 

id 

ik' 

-id 

-ik' 

id 

ikc 

- Ms 

ikc 

- ikk's 

ikc 

A = ib« 

A-ifcc 

A-ka 

II 

<1 

A-ka 

8 

c 

1 

-s 

-c 

s 

C 

-k'8 

-c 

k'8 

c 

d 

k' 

d 

k' 

d 

A-1 

II 

<3 

A=1 

11 

<1 

A=1 
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where p and q are integral, can now be written down ; e,g, 
cn (tt-f 5Jf + 1 1 iX') =cn (tt 4- X + 3tX') = ik'jkc. 

The tabulation is given by Cayley (E,F,, p. 77) with a slightly different 
notation. 

1354. Putting tt=0, all the functions in the table for which A = ^ 
become infinite. 

There are four such groups, t.e. twelve of the functions. Cayley points 
out the impoitance of their ratioa even when themselves infinite, and 
writing I for the infinite factor l/ksnO we have, remembering that c=l 
and d=:l, in this case 

sn iK' cntK' dinK' cn{2K-\^iK') _ dn(2K + iK') 

1 —I —ik —1 i -tk 

snSiX^ ^ cn3tX^ ^ dn3tX^ _ ^ cn(2X4-3tX0 ^ dn (2X4-31X0 ^ 

1 i ik - 1 - 1 1^ 


1355. Formula for sm2u, etc. Duplication Formulae. 

Putting Ui=^u. 2 —u in the addition formulae and writing i, r, cf, I) 
respectively for sin cos dn u and 1 - k^ sn* m, 

(1) sn 2(1 == 28cdl f), (2) cn 2ii = (c^ - Z> ~ ( I - 2«* -H 

(3) dn 2ii-((f2-PW)/D-(l -2ifeV4- W)//). 


Hence we deduce, writing < s tn tis sn «/cn w, 


(4) l-t-cn2w = 2cVA 
1 - cn 2m 


( 6 ) 


1 -fen 2 m 




(5) 1 - cn 2 m = 

(7) cn2M-^^^jj^^, 


(8) 1 -f (111 2M«2dVA 

l-dn2M 
l-fdn2« ^ » 


(9) l-dn2M»2JkW^/A 

/11X.I o d'-JkW 
( 11 ) 


(12) 1^“=*^.*, 
' ' H-cn2M 


(i* = i-jbV= 


cn 2M-f dn 2 m 
1 -fen 2m ’ 


(13) 


1 -f cn 2 m 
1 -f dn 2M~’(f*’ 


(14) 1-Jk* 


1 -f cn 2 m _ - _ k'* 

1 fdn 2 m”’ d* ” d** 


ib'*-f dn 2m- jfc*cn 2uk'^ 
1 -fdn 2 m "’(i*’ 


(15) l-ib2 


,1 - cn 2 m _ 
i-fdn 2 m* 


ifc*s»=d2, 


fe^-fdn 2M-f l;^cn2M ^^ 
1 -fdn 2m ’ 


(16) cn2M+dn2M=2c^V^ and dif 2 m^^ ^ 

(17) From (15) and (16), 

sn^M cn*M dn^M _ I 

1 - cn 2 m “ cn 2M-f dn 2 m ” ib'* 4* d n 2 m - f cn 2<f ” 1 4* dn 2 m ’ 
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1356. Dimidiation Formulae. 

By writing - for w, we have 

.,u l-cntt cnu+dnw , ik'*+dntt+ifc*cntt 

riTdirs-’ •*" 2 i+diri — • 

1357. Again, since 

dn 2u -cn2u- 2k'^8'jD^ 1 + cn =* 2cVA 1 + dn 2w = 

ifc'2 + dn 2tt - cn 2u - 2k'^ID, 

, ct^ fc'2 

^V0 lift VC — — ■- ■■ — . - , - ■ 

dn2M-cn2tt l + cn2tt l'i-dn2it k''^ ■¥&i\2u-1Pcn2u* 
and putting ? for w, we obtain further formulae for sn cn dn viz. 
i\ nu-cnu u <;‘^(l + cntt) 

2 ib'^+dn u-^2cntt’ 2 u* 2 /:'*+dn u~ 

1358. Triplication Formulae. 

Writing ‘Mi=t£, tt, = 2tt in the addition formula for 8n(u, + ^ 2 ), 
sn 3tt-(sn u cn 2u dn 2ttd- sn 2u cn w dn m) (1 - ib^sn^w 811 ^ 214 ), 

and substituting for 8n2tt, cn2tt, dn2t4 their values from (1), (2), (3) of 
Art 1355, we obtain, after a little reduction, 

8n3tt/sn 14 = (3--4(1 +F)s24-6W 
and similarly cn 3tt,cntt={l -4«2 4.6ibV-4fc^«®-f 

d n 3tt/d n tt = {1 - W'8^ + OAjV - AlPiP + / D\ 

w here /I' = 1 - ^kH^ + 4A;2 ( 1 + k^)tfi - 3i- V. 

(\vley gives also the following results, which may be verified without 
difficulty : 

// = (1 -2fai + 21»''-fcV)*; ~4r^“^ = (l+2*<-2JW-fc»«»)s. 
1 4- a: .sn ti ' ^ I - ib sn u ' ' 

The formulae for sn A 14 , cn Att, dn Ai4 for the cases A = 4, 5, 6 and 7 are 
also given by Cayley {Ell. F,^ pp 78 and 81 onwards), but these formulae 
rapidly become more and more complicated. According to Cayley the 
cases A = 6 and A = 7 are due to Baehr {Orunei'fs Archtv.^ xxxvi. pp. 126 
to 176). 

1351). Dimidiation Fonnulae for tlie Periods. 

..w 1-cntt cntt+dnw , ib'*-f dn i4+ib*cn w 

rr+cGn.’ '" 2 =t+Iu'u • ^" 2 — rfdjii — ■ 

K iK* 

give many results for the functions oftt+p-^+g- 5 -,p and g being integers. 
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Putting w==0 in the formulae of the table, and therefore s=0, c-- 1, 1, 

K li-cnK 1 K /(^TdFX 

~ 'Vl+dnX-^.^r+fc'' l+dnJf ~Vl+*'’ 

2 y i+dii^r 


<.K‘ 

sn— = 

Vl + dniJS:'“ )- V 

<.K- 

cn-^ = 

^ /cn tX"4-dn tX' , N/l4-/fc 

V-TTHTTJr- V (/ « ) - : 

II 

C 

^Ik'^ + dniK' + k-cniK' ^Ik'^ - ikl -khl , /, . . 

-r+dn7]f-- --V- i_.W (/-«) = v'l+tl 

X+iX' 
sn 2 = 

1 (^/i:r*+tN/rrfc) ; 

Vl+dn(X + tX') ^2ifc 

cn 2 = 

/cn (X+VX') + dn (X+7X') 

> l4-dn(X + tX') 


“ V - ‘ = Vt (‘■•O" ? + ‘ i " 1")^ = Vlfc ( - * + ‘ = 

, X + tX' 
dn — 2 — = 

^ /F2 + dn (X + tX') 4- F-' cn (X + 1 X') 
l+dn(X+tX0 


= Vit'v'i’-ijfc='^-| [s^l + it' -in'I- V], 

The reader will find no difficulty in completing for himself and 
tabulating the various results for the cases p==0, 1, 2, 3 ; g = 0, 1, 2, 3. 
Such a table is given by Cayley {E.F.^ p. 74). 


1360. 


We now have 




^ V .\lk' + -r= cd 

^l+k Vl+F 

1 k'9 + cd . 


1 ^2j 

-‘■‘■rip 

-^iTi? o2 4-F«- ’ 

cn 1 

f-fl 


./ F c-W . 

V iTik' c‘-« + ^ 

/iri 1 


1 -Jk' 

fT,d-{\- k)nc 

dn 1 


1 ] 


with many similar results, and such results may be thrown into other 
forms. For example, w'e may show that 


sn 


/ .X\ 1 d + sc(l+F) 


cn 



l+T' c-f «i 
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1361. Other formulae may be obtained by direct application of the 
diniidiary formulae to the results for pK qiK\ e.g. 


/o . cn 2?4 ,,811214 


dn(2M-|-A^)=:-; 


, „/ K\ l-cn(2?4+if) dn 2i4 + fc'sn 2t4 ^ 

whence 8n»(u+ - j= etc., 

and many other formulae are similarly obtainable. 

1 362. A General Proposition. 

Let U be a function of three variables ^3> between 

which there is a connecting relation, viz. 

and suppose the function C7 to be such that when any one of 
the three, say is regarded as a constant, then U vanishes in 
one of the two cases (<^1 = ^3, (02=03» = 

"dU Bf/ 

provided also that — — A^, = ~ — then U must be zero 


dn 2u-\-k' 


provided also that — — A^, = ~ — A^,, then U must be zero 

nth. nth.. 


always. ^ ‘ 

For if </)3=const., d03=O and d<l>JA<t>^+d(pJA(f>^=0, i.e. 
d<pJA(f>^ = ~d(l>JA<p 2 —^^ a»d this would have been equally 
true if the connecting ecjuatioii were 

-f- A^4, — ^^3/ ^03 “ 

But 

t7=conat. — C, say. But in tlie case (^i=^3> ^2=0), 
U=0-, C=0. Therefore V vanishes. 

1363. Case I. Let 

f*»rf6 f*>d6 , -- 

“■"J. 59’ “>“J. rr A« 

n.™ P-' p..' 

BMj Bw.^ B 0J A0J B^2 ^02 

Also, if ^1 = 03 and 02=0, we have ^1 = ^3 and ie, 

Wi + W2-~W3=0. Hence the conditions of the general theorem 
are satisfied, and u^+u^—u^=0 always, i,e, according to 
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Legendres notation which is the addition 

formula for the first Legendrian Integral. 

That is, i^(am Wj)-f jP(ain u.2)—F(aTn u^). 

Another mode of treatment (Art. 1342) of the equation 

d<pJA<f>^+d<f>2/A<l>^ = 0 led to the result that 

sn Uj cn dn + sn cn Wj dn ^ 

const. 

when 03 —const., so that 1/3= const. ; and as 
satisfies this, the constant is snWg, so that 


+ = 


S {^2^2 

l-¥s^ 


as before. 


1364 . Case II. With the same definition of Mj, u.^, and 
taking <•*, <•*, 

r,= A0dd, t'j== A0de. A$d9, 

Jq *" •'0 -^0 

and U s sin <f>^ sin 0.^ sin 0^, tlien, proceeding <is 

before, 

'dU 'dU 

^ ^ A^,,= A0i[A^, - k- cos sin (f>^ sin 

001 ^02 

— A02(A0.^— cos 02 sin 0i sin 0^] 

= (A0i)^— (A02)‘‘^*— sin 03[A0i cos 0j sin 02— A02 cos 0., sin 0j] 

= ( 1 - kh ,^) - ( 1 - kW ) - (s^,d, - s,c.4,) 

- s^Hl - - A:=s, 2)]/(1 - 

= 0 . 

Also, if 02=0, ^2=0 and if — •** U — 0 in 

this case; U = 0 always, and 

Vj + 1’2 — V3 = F sin 01 sin 0.^ sin 03 ; 
and writing Vi = £0i, v^=E<l>^, viz. the Legendrian 

notation, +E<p2—E<f>.^=k^ sin 0i sin 02 sin 03 ; 

and .since 0j=ainWi, 02=amtt2* 03=am W3==ain (Wi+Wg)* 
have 

E am Wi + JE am u,^ — JE am (Wj + u.^) = k^ sn sn sn (Wj + U2), 

which constitutes the addition formula for the second class of 
Legendrian Elliptic Integrals. 
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1366. Casein. Let 

de 


"■-tf 


w? 2 =etc., i^> 3 =etc., 


Jo(l + n 8 in 20 )A 0 ' 
where = etc. Then, putting 

rr f dR 

j7=Wt+w,-M>3-jj- p^ , an=(n+l)(n+F), 

^ _ n sin sin ^3 

1 -j- n — n cos <p^ cos cos <p^* 

we may verify as before by the general theorem that f7 = 0 , t.e. 


1101 + 1102 ^ n^a = -^ tan-^/Jv/ a or tanh-^/^x/ — a, 


which is the addition formula for a Legendrian Integral of 
the third class (see Cayley, E.F., pp. 104 to 106). 

The work of this verification is necessarily somewhat 
cumbrous, and it is found best to proceed to discuss the Third 
Legendrian Integral 11(0, n, k) after a modification of its form. 

Taking 0=amfi as before, ^=-iv=x^* Let n= — i^sn^a, 

a being not necessarily real ; then the transformed integral is 


‘'=lV-T*Wa3.V 


But instead of considering the original function 11(0, n, A), it 

is convenient to consider a somewhat different form II (w, a), 

in j f “ P sn a cn a dn a sh^u dw 

defined as s — — 5 = . 

Jo I— Sira SITU 

The connexion between II (w, a) and 11(0, n, k) is then 


n(w, a)==i28nacnadna[ ■ 
Jo ‘ 


sin*0 do 


;o (l+nsin*d)A0 

k? j P (1 +n 8in*0)~- 1 

=— snacnadnal 

n Jo (l+nsin*0)A0 

= — snacnadno{J(0, A;)— 11(0, w. A:)}, 

n 


and the new function is proportional to the difference of the 
first and third Legendrian forms. 
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1366. Jacobian Zeta, Eta, Theta Functions. Introductory. 

These functions, denoted respectively hy Z(u), //(w), 0(w), 
are defined as 


with a constant of integration in tlie second case, such that 
0(0) = fi^nd k being the modulus in each case. Also 

’ TT 

Bi in the hrst of these Jacobian Elliptic Functions is the 
complete Legendrian Integral of the second kind with limits 
0 and 7r/2 (Art. 375). 


1367. Obvious Elementary Properties. 

Clearly Z(0)=0 and Z(—u)——Z(u}. 

Also Z{u) + ^u=^ dn2«dw=| Md6=^E{9)==^E{eimu) 

in the Legendrian notation, i.e. Z{u)=E{im\u) — -j^u in that 
notation. 

Again 

, [WR ^ i2kkK jywu 

Q(^u)=^J and — nnue/^ 

» TT ’ TT 

AI,o 

^ TT » TT 

’ TT 

J/( — u)=s/km(—u)0(—u)~—s^kRnu&(u)^ —H(u). 
Also (())=() and = 

U y IT 

Thus Z{u) and H(u) are odd functions of w, and 0(i/) is an 
even function of u. 


1368. Properties of the Second Legendrian Integral. 

(i) £(— 0)=£ (^— ~x)' — 


A0 dd= 




(ii) E{w±<p')==\ 

Ju 

==Q +1 ^ Ax<ix»(^~’*'+X =2JB^±J50. 



ZETA FUNC5TI0NS. 


515 


(iii) E{^lTr±.(p)~2E^-\-E(’K±.(p)=iE^±.E{^\ and generally 
E(n7r±:<l>) = 2nE^dcE{<l>), i.e, E(nTr±id^m'it)~2nE^±:E{eimii). 


(iv) Again, with tt=J A<f>dff>, 

^=ainw, v—E(An\u\ 


and if ^ = 0, w— 0 and v~0, i.e. jB(ain ()) — 0; whilst if 0 — y , 

2 

v^E^, ie. E(sim K)—E^. 

(v) Moreover E (am u)-\-E (am K) — E am (w-f K) 

70 . TT / , jo^nucnu 

— k-HnuH\n~^snhi-\-K) = k - — | ; 

2 ' ' dn u 

,TT / i T^\ I Xin 7 0^^ U dW U 

. . L ain(a + A)= E{^Amu)+E. — k - — . . 

‘ dn ?/ 

A 1 HO —E am ( a — A') = — A (am u)-\-E.-\‘ Jc' . 

dn ii 

13()9. Addition Formula for the Zeta Function, etc. 

The formulae for dn(u4-r), dn (u—r) of Art. 1347 give 


dn^(u+ .)-duMu-t,)= ; 

' ^ ' ' ' (l—k'^sn^umh')^ ’ 

and integratinj; with regard to v from v--a to v=u, 

r K np-u p p -•»=» 

|Z{u+t))+^M«+t’)J,,^^+|_2(« — ”)+;^(w— ^)J _ 

■ sn i( cn u dn u n^'=“ 


sn*-^ u Li - 




t.e. |Z (2m) -I- - J* 2m -Z(«+ a) - 5 (« + «)} 

+ {z(0) + 5 • 0-Z(M-a)-§ («-«)} 

2 sn u cn m dn w / 1 1 \ 

sn- n \ 1 — it- sn^ u 1 — /o- a sn- uj 

~ _ 9 Z .2 w dn w Hii^u — sn^ « 

1 — k“sn^u ’ i — ifc‘^sn‘^a sn^?/ 

= — A;^8n2u8n(w+a)sn(u— a) (Arts. 1351 and 1355); 

/. Z(ti+a)+Z(w— a)— Z(2w)=A;2sn2ttsn(w+a)sn(w—a). (I) 
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Putting «=0, we have 

Z(2m)--2Z(w) — — A;-sn 2usn^u (II) 


Adding 


^ sn^aCl — A*‘^sn*?Y) 

= — A:’*sn 2 ?i . — 2 2 . 

1 — Arsn^M sn^a 

' 'y / I \ I fz / \ o^/ \ y o sn cn dn w sn“ Cl /ttt\ 

Z{u+a)+Z{u-a)-2Z(u)==-2k^ (III) 


and writing M4-a = Up u — a=n.^y 2tt=w^4-tt.,, Eq. (I) becomes 
Z{ui-\-u^—Z{u^-\-Z(u^ — k-^\\ Ui sn 8n(uj-l-u.,), (IV) 

which constitutes an addition formula for the Zeta Function. 


E 

1370. Substituting forZ(t^) its value i?(ain u) — u, we have 


E (am Ml ) + E (am u.^ — E (am -j- m.^)= F sn Mj sn m, sn (m^ -f m^), 


viz. the addition formula of the Second Legendrian Integral. 

If in (IV) we write Mi- 1 -M 2 +M 3 =(), we have the symmetrical 
form 

Z(Mi)+Z(m 2 )~|-Z(m 3 )= —k^&xi Mj sn sn m.^. 


1371. From (III), we have at once 


t.e. 

i.e. 


0' (m -f a) Q'(m-~u) 

©(M+a) 0 (m— a) 


log 


0{M4-a)0(M— a)’ 

©^M) 


02 (a) 0 *(m) 


2 «'(“)- 

tyj., sn u cn M dn u sn^a 

0(m) 




-] = 

log(l — A:*8n2a sn^M) , 

Jtt-o 

L Jo 

1^0*(O)= 

1 — 1 


(V) 


1372. If we integrate with regard to a, instead of with 
regard to m, from 0 to «, 

«) (VI) 

and interchanging u and a, 
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which expresses the Legendrian Integral of the Third Kind in 
terms of the Jacobian Zeta and Theta functions. 

There are in this form two arguments only, viz. u and a, 
instead of the three, 0, A, w, in the Legendrian form (see 
Greenhill, E F., p. 192). 


1373. From (VI) and (VII), 

n(w, a) — n(a, u) = uZ{a) — aZ(u) (VIII) 


Since a)~u^Z{a)-{--llog 


0(^^ — g) 

©(«i + a)’ 

©(Ug—g) 


and n(M, + M 2 , a)=(u, + tx,)Z(a)+ I 
we have II(Wi, g)-fll(w.>» «)"“II(Wi-|-W 2 , a) — i log 12, 

wl.prA » 0(M.-«)eK-a)0(«i+«i+a) 

U- Q^u^^,^)Q(u,+u)@iu, + U,-ay 

which is a form of the addition formula for the Third 
Legendrian Integral. Various forms of the function f2 will 
be found in Cayley, E.F.^ pages 157, etc., and The Messenger of 
McUh., vol. X. (Glaisher). 


(IX) 


1374. In this brief notice of these important functions, we 
have in the main followed the course suggested by Dr. 
Glaisher in his note in the Proceedings of the Lond. Math. Soc.^ 
vol. xvii. 

1375. Integration of Expressions involving the Jacobian Func- 
tions. 


[We shall write 5, c, d for sn«, cn«, dn u respectively when desirable 
for abridgment.] 


0)j 

j 811 udu ^ 

( “ - / , - - 1 9inh-^ 


- 


(2)J 

j cn udu — 

f _ ^ = j 9in->(* sn «) = i co8-*(dn «). or other forms. 

^ vl * * 

(3)J 

1 dnudu = 

j d6^$=Mxi u. 

(4)^ 

^ 811 * 1 * du — 

{l-dn*u)du=p(u- Eamu)~=^i^u-(zu + j^ «)J. 
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(5) j cn*’ udu- n“ w - am u - = p { (zu -^^u^-k'^uy 


r Jgi 

(6) j dn^ udu- E am u—Zu + -j^u. 


ofsu^udu = -/ -J^T^ 

(8) /cn»«d«= j 

1 , , 2jl:--l . _,,, , 

= 2^®^'*' -It' 

(9) J dn^udu= J(l -l;-!iin-0)dff=^ 6/ + ^ sin 2^- — am u + ^j-Hii mci 


(10) f = - / 

^ ' j mu J 




, which suggests j>utting //— ; whence 


= ~ g>i du, 6^ =\ l{k- + y-), c- =- (y'-' - + r*) ; 

jJ!^. = -(^dy^-[ , =-coslr>(f.)^-.o«l.-( 

jsiitt Jc ^ \kmuj 




, v'-l .. 

y k" y- - A” 


r d?i 1 f ^ J I 1 1 1 1 

;. / — .r, -, ay— ,,coHh~*w- ,,co.sh~M ). 

J cnu k’jjy‘^^1 ^ k k \cuuj 


■ dO ^ 

1 - k-aiu'O 


fc(}Hi‘c^6dO 1 ,cot6^ 1 *_,ctn?4 

} iot;‘0+k-‘^ ~ k' k' ' k " "k- ■ 


,^-,r A • 1 ^ 

U7C. Again ,-^l<.gsn«= = 


W-'„ 


d" , d sd „ , «'rf' , ,, o k- 

aw- * aw c c- 

^,log<l,i«=. ^ = -k-c- + k^s-k> J, -d-. 

(13)[ =-"’“‘‘'‘“ + «-JJamu. 

' 'y.sn-tt Hiiw 

f du 1 snwdnw 1 , 

(''>icv»= ”)■ 

f du sn wciiw , 1 „ 

j dn*tt"' diitt 
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1377. Other positive or negative integral powers of mu, cnu, dnw 
may ho integrated with regard to u hy the reduction formulae 
of hiXainplea 24, 25, 26 at the end of the chapter, which can be 
verified at once by putting respectively P~8^-^cd, d^-^ac 

and differentiating. 


1378. Again, by aid of tlie Period formulae of Art. 1352, viz. 

^ = 8n(tt4-A), 1=. -^_cn(M + /i:), j^-,dn(tt + ii:), 

^=ksn(u + LK'), ~~cn(u-^iK'% ^ dn(u + tA'), 

^ = l;sn(M + A’'-f tA'), --^,cn(M + A + iA ), dn(tt + A-f lA'), 

we may readily deduce the integrahs of integral powers of 
c d s d c s 

d' c’ d’ a* s' c 

Thus, for example, 

I j + A)du = ^.,{(M + A)- Aam(M4-A)} 


1 / c , ,.,sn u cn u\ 

,.,\u-E am u + k ‘ — j I 

h V dn u J 


+ const. 
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PROBLEMS. 

, , d sn u 2 

ow a cn adiiv ~cii 2w + dn 2 m' [Ox. II. P., 1903.] 

2 . Prove that 

{a) J{\ - k* 811 “* u){k + dn 2 i<)/v/l + X*' == 1 - (1 - k') sn^ u ; 

(h) s/(cn 2n 4 - f-k' sn 2m) ( 1 - k'^ sn^ u) — ik sn m 4 - cn w dn u. 

3. Prove that the equation of the osculating plane at the point n 
on the curve x = a sn «, y = /> cn «, z = c dn u is 

4. If « = [ { (a- 4 - J^) (/>" 4 - J’-) a show that 

Jo 

j = Hn «, (mod. s/a- - /*“/tt), a > h. [Ox. II. P., 1902.] 

5. If the functions sn n, cn w, dn u be defined by means of 

^ sn M = cn u dn u, j- cn « = - sn u dn w, ~ dn w = - A- sn u cn «, 

du ’ dll du 

sn 0 = 0 , cn 0 =l, dn 0 =l, 

prove that (i) dn-^ a = 1 ~ k'^ sn*-* u-\ - A- 4 - cn^ u ; 

/..X sn M cn u-t- cn Msn V . j ^ r 
( 11 ) ijj a function of u4-r. 


« « lO tUilVViVfl 

dn M 4- dn r 

6 . If x^2 -v^3 = cos<A and the diflferential 
transformed into - 7 — iind the valu 


\/l - sin- a sin'^ <A 
7. Prove the following results : 


[Ox. II. P., 1901. ] 

dx 

le diflferential /, „ y., . is 

V 1 + 2j*s/3 - X* 

, iind the values of a and a. 

[Cahjs, 1885.] 


u 

K 

2 

3K 1 
■2 ! 

1 

K + 2tK' 

2 

! 3lf + 2./f' 

1 ^ 

lK' 

2 


1 

: -4 ! 

1 

] 

1 i 


■v'T+i' 

: Vi +t' i 

v'l-T' 

; ''f-*' 


V 

3tX' 

2 

1 ■2K + :iiK' ; 

L 1 

K + iK' 

2 

3Ar+tA" 

K + 3iK' 
2 

sn u 

Vk 

1 _L 

\^k j 


V*^‘' 

1 


2A>tA" 
2 


V-I-' 


and find the values of cn u, dn u in each case. 

[See Table in Cayley, K.F., p. 74.] 
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8. If tan ^TT sin <#) = sin yp-Xs/V- x^jJ I + prove that 


Jov'l-.r* 2 n/* 2 Jo n/I - tan-|7rsin^<^ J o \/ 1 - tan^ i-tt sin^ 

[Math Tri^., 1896.] 

9. Prove that cn \iK* dn \iK* -r sn JiAT' = - 1 ( 1 + >Jk)sJ\ -\-k 

and dn Jt/iT'-fsn |t/f'cn - t{ 1 +\/r+ k)Jk. 

[Math. Trip., 1896.] 

10. If tn Wj == 1\ dn Wj, tn dn 1/5, dn i/j = dn Ug = 

show that 

/•\ X / . \ T.-\-T^ , .... _ 2tn7idnw 

= and („) tn 2«= 

1 1 . Prove sin [am (w + v) 4- am ( w - r)] = 2 sn cn u dn ?■//>, 

1 + dn (m 4- v) dn (n - v) = (dn^w + dn^ v)ID, 
where I)—\- A® sn^it sn^?’. 


\/l - tan- 1 TT sin^ <f> 


- 

o> 


Prove that 


1 2 sn ( u 4 


1 l’s-t-c<i __ 1 r/ 4- (1 4- A')sc 

\'l+ /:' 1 -'(T- ~ TT+i' 

1 /»/ 4- ( i 4- k')sc _ /dn 21 / 4 - A*' sn 2?t 

\M 4- A' V(i 4- (1 - A'').sc ” V A:' 4 - dn 2w. 


'(-?) = 


j A'' r -sd 

V 1 4 A*' r-(i 


[Cayley.] 




/ A-' r- - A-'a’ 2 ^ - / 1 - sn 2w 

V 1 4 A*' r 4 .‘:d ^ V A' 4- dn 2?/’ 


, d - ( 1 - A').sr /p fd 4 A '.s' 

^ T- (l -A'),s'*-’"^^' 7T^ 

,, , / 1 4 - A'' dn 2m - A- sn 2m 

V A' + dn 2 M ’ 


. / I A \ 1 ( 1 4 k),'' 4“ trd 1 /( 1 4 - A')s 4 trd 

V 2 / V ^ 1 \k ^ ( 1 4 A)s - icd 

_ 1 Ik sn 2m 4 - 1 dn 2ii 
Jk V sn 2?f. - t cn 2^^ * [C 

, « / tA"\ /I 4- A c - i.<?d /l + A 1 - A,s* 

/] ^ jl-ks- c-isd _ 1 / dn 2K + <:cn2M 
y~k V 1 + ■ r + usU ~ Jk V cn 2m + , sn 2« ' 


[Cayley.] 
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/ lK\ /I jd-lksc n l-A'.S*'* 

V k’ * S!i 2»6 - t cii 'In ~ ik dn 2« 
sn 2u - t cii 2u 

( A + tA \ Ik tk “ lA.* .< + fd 

2 )“V~F' I - /!•(* + tA-),s-- 

V k ik c* "f" (A* — ik ^sd Ik -i’ ik If" "f" — <A‘ ).sv/ 

' A tjf + A’.<cc ~k~ Vr-f (A-f'iA')sf/ 

__ _L / ^' 

\ cn 2u + J: sn 'lu I 


[i’aylky. j 


19. Show that 


*'■’ i "■ = - <)« = “ '£• uu 

(ii) r- /(/ - c-W- - r- + (/-, 

(iii) s2-^- -= -6-2 - .S*(/2, 

</a 5 ’ 

( i v) d 11 * ( « + < A" ) = (^2 + j . 

20. Show that sii*(iij + u.J) - sii2(u, - ii.,) -- 2 '' 'X't' j 

21. Show that 


j" VU'cir^u'^"' 
LVl+dii|!^= - l.'«g 
(iii) J"2 "«VwE''““ 


l + cn 2w , 1 , 1 


£* VrK!! = 1 - (“ ^ lO'J- 


22. Find the values of 


23. If A 


24. If A 


(«i)f 

/, = J(sn «)"(/«, show that 
(M+l)fc*/„+jj-n(l +&*)/„+(»- 1 )/„_, = if"- Vd. 
/„ = J(cn «)"rfw, show that 


(n+ l)fc*/„+j-« (A -*'*)/, -(n- l)A'*/„_j = c"-«sd. 
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show that 


25. If = show that 

(n+ 1 ) 7 ^+,- 7 i{l = 

2 C. If •^n'- j(*|" show that 


show that 


(« + !)**/„+, - n (I + L^) /„ + (n - l)/„_j = - k'^ 


and o])tain reduction formulae for 
27. Prove that 




.. l+tln(u4-/*) ^2 

Hn(//4-v') ‘ dn/’-diwi ’ 

[M. Trip. II., 1915 ] 

... (\\\(u ' r) ~ cu(u - r) <ln ?/ en r - cn ?uln ?• 

n) -- . 

sn(//-r) sn//4-snr 

[Sir J. .1. Thomson.] 

2><. Show tliat sn(//j + u.,) 

[M. Trip! II.” 18S9.] 

29, If //,, liy, ]>e any arguments, and ;//, -r respectively 

denote 

sn (i/j - i/j)sn (»/., - //;d Ml (j/^ sn («3 - »/j) sn - f/3)sn (?/j - ?/.,) 

.sn(//^ f I/,). sn (//., + // ,)* Mi{//^ -t- »._,).sn(j/3 + /ij)’ sn 4 - i/3)sn(«i + 

prove that .r -f // + r 4-.r//: r= 0. [M. Trip. III., 1885.] 

50. If denote the function 

sn(i/A. - H>*)en(f/A ^ - i/^)sn(i/A + ?/^), 

t lien + *^42'’3i + •'’4 -/Vj l-'t. Trip. II., 1889.] 


51 . Fin<l the value.'^ of fdn lu/i/, f-j-- , f/i/. 

J Jdii u* J sn H 


52. Prove the formulae 


[M, Trip. 11., 1888.] 


( i) udu = ’2{\ 4- //**■’) ezn ?/ 4- sn u cn ii dn u - A'* w, 

/ •V , ,r jrr. dn 

(ii) A: 2 1 = ezn(M + A 4* t/v ) 4- , 

' J 1 4“ sn M ' ' en a 

(iii) A'J sni/du^-Jjlogl-^^, 

y u 

where ezn u = + zii u, aiul zn u is Jacobi’s Zeta function ^(«)- 

fM. Trip. II., 1888.] 
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33. Show that sn (a; + AT) = sn (x + ^K) = - s, sn (t*) = i tn (x, Tc), 

[M. Trip., 1876.] 

Prove that, if — 1 - 

34. (i) cn (Wj + Wj) cn (u^ - ^ 2 ) == {c^ - $^d^^)ID = - s^H^)ID ; 

(ii) dn (itj + ttj) (“1 “ ^ 2 ) - ~ - (^ 2 * “■ k\h,^)ID. 


35. (i) cn («i + Wg) cn (Mj - Wg) + sn (i/^ + Wg) sn (Wj - Wg) 

= *)//); 

(ii) cn (Wj + Wg) cn (wj - Wg) - sn (mj + Wg) sn (?/j - Wj) 

(iii) dn (u^ + u^) dn (Wj - m.^) 4- ^‘^sn (n^ 4 - Wo) sn (ttj - Wg) 

- (r/g* - kW^yi) ; 

(iv) dn (mj 4 ttg) dn (i/j - w.,) - Psn (wj 4 w.,) sn ( 1*1 ~ Wg) 

^(d,^^kW)ll). 

36 (i] ^ ~ - q) 1 - 8i^(tt + a) ^ J 8n(K-a) ~ sn 

'* l4-sn(w~o) l+8n(u4-a) \8ri(A'‘- a) 4- sn «j ’ 

... l+^8n(u-a) 1 ~ A- sn (m- g) fl - A: sn a sn (u -4 A")") ^ 

^ ' 1 - A;8n(w - a) 1 +A'sn(w4'a) ^ 4* A;8n a sn(?i 4 A")/ ' 


37. (i) tn(ii + a)4-tn(M -a) = 


(ii) tn(w4'a) - tn(u - a) -= 


2 sn u cn n dn a 


cn-tt - dn-asn'^w ’ 

2 sn a cn a dn u 
cn*u - dn'-^u .sn“?t' 


38. Verify the identity k^k'^S k%' I) - k'^ - 0^ where S denotes 
the product of the four sn functions with arguments w±r, ulw^ 
C denotes the product of the four cn functions and 1> the product of 
the four dn functions with the same arguments. [M. Trip. II., 1914.] 


39. Prove that the length of the curve of intersection of two 
right circular cylinders, whose axes are at right angles and radii 

a, h {a<h)f is '^’here k^-a^jb^ ) and verify 

the result when -a -6. [St. John’s, 1886.] 

40. Prove that the relation 

M dy ^ dx 

{T* T*)(i - ^ "" {( 

where Af is a constant, can be satished by an equation of the form 
yV i/, in which Fare integral polynomials. 
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41. Show that the envelope of 

2/*(cn u (in w + A; w) - a;(dn m - A: cn v) sn u = ok sn u 

is + = where ^’* + (^^ = 1. e^ + g)* = l. 

[This is St. Laurent’s result for the caustic by refraction for 
parallel rays falling upon a circle. See Heath’s Optics, Art. 108.] 

42. Show that the envelope of the straight line 

k'^x sn M + (cn a + A: dn u) y = A* sn M(dn ?« + A: cn u) 

[Cavley on Caustics, Ph. Tr,, 1856.] 

43. A particle under the action of a central attraction 



moves from an apse at distance //(1+r) with velocity s/p(\. •\re)je\ 

show that the orbit described is //r~ 1 -f ecn 6, mod. 1 /n/2. 

[Tait and Steelk, of a Particle, p. 393.] 

44. Show that Euler’s Equations of motion of a body about a fixed 

p( 3 int under the action of no forces, viz. A - {B - C) ~ 0, 

B -{C- A) ujtt, = 0, C -(A-B) <uiu )2 = 0, are satisfied by 

a», = (1 sn A(f - t), Wj = cn K(t - t), u, = c dn A(/ - t). provided the six 
constants a, b, c, A, t, k be suitably chosen 

[Kir( HOFF. See Routh, Big . I > yn .] 
[For the treatment of these equations by aid of the Weierstrassian 
functions, the reader is referred to Greenhill, BIL F., Arts. 104-114.] 


45. Prove that 

,i , 11 ... fd-d\+k)s 1+fo'- d-tksc c-isd 

ik sn(M + 5 iA) + +*)« c + isrf d + iksc' 

[M. Trip., 1888.] 

46. Prove that 

12/ 1 L... C-kD-ik'-‘S_ D- kC 

- sn ’ (m + J lA ) - ~ I) + ikS ~ b-kU C-kb + ik"^S’ 

where S, C, D denote sn 2»t, cn 2 m, dn 2 m respectively. 

[M. Trip., 1888.] 
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48. Show how snmu may be expressed in terms of sruf, where 
7n is an integer ; and if m be odd, prove that the numerator of 
1 -sn7)m when so expressed consists of a perfect s(piare multiplied 

by the factor 1 - ( - 1 ^^sn w. [(?avlkv, p. 90.] 


49. If 
prove that 


- w, where w is an imaginary cube root of unity, 
1 - sn (w - 1 - sn / 1 - <u sn n\2 

1 + sn {(u - 1 + sn M \ 1 4- w sn ?// ‘ 


50. Prove that 

\ du-(u-{-v)d\i^(u-v) j- _ ^ , 1 - k- sn - u sn “ v 

I 1 ~ ^-sn-(?^ + r) sn'^(a - r) J 1 - A-sn-// - I'-sn-r + k-sn'n sn-r ’ 

[Math. Trij*., 1878.] 

51. Prove that 


sn u cn 2 ?/ (In . en Jm dn J w . cn J// dn lu ... 
u ~ (1 - k'Ksu* Jw) (1 - A-^'sn-* \n ) (1 - A-'sn* In) . . . ' 

[Math. Tuir., 1878,] 


52. Prove that 


l~sn?(_ 1 cn^ J(w + A’')dn”.J(i( -f A’) 

1 + sn V sn‘^] {u + K) 

[Math. Tkit., 1878.] 


53. Show that if f '~sn(H4*rt|)sn(a + H.j)sn(2» -fUi ^^^*‘** 
j* (I (In — - .,^oh)g [ I ~ k''m-(u + re,) sn-(f( 4- a.,)]. 


54. Show that 

0- (jr 4- at) 0^ (// 4 - ) 0 ( -f y - 2 h ) 1 - /*sn2(/ - h) sn*(// - h) 

0‘‘’(j: - a) 02 (y ~ a) 0(.r + y + 2«) ~ 1 - A’2 8n2{.r 4 (i) .sn*(y 4- «) * 

[(iLAI.HHER.] 

55. Show that 


r cnu-snMdn?i, 1, f /, ,, / A\ I 

— (/?i=,Jog {Vl4'/:sn («4' „ ) >. 

Jo cnw 4-811 wdnw a; ^ I \ 2/1 


56. Prove that in a spherical triangle obtuse angled at C\ 

we may replace cos a, cos^, cosc, cos //, cos cos C respectively by 
cn tt, cn t\ cn {% 4- v), dn m, dn v, - dn (m 4* r), and them 
cos^i? = 1 - sn^v, 

where p is the perpendicular arc from C on AB, and point out any 
other analogies between elliptic functions and spherical trigono- 
metry. [Math. Trip. III., 1884.] 
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57. Prove that 

(i) 0(2t/.) = ®;W(l-i%,4„); 

(ii) 0(3«) = (1 - kHn'^u sn22«). 

58. Prove that Z{u) = + iZ(iu, k'). 

59. Solve completely the differential equations 


,.v d‘ht 


dhi 


(i) + n- u -f = 0 ; (ii ) = 0- 


r/<2 


Show that in case (i) u is of the form 


u^a - b 


1 - cn - t) 
1+cn 7 j,{f-r) 


with 


[Math. Trif., 1878.] 

//- ~ (a - ?/?)2 4 - 7 i 2 ^ 

1 /, fi - ?>A 

A'2 2 , 


or 


K. 


74 = ^ a-(a-h) tn^ y,(/ - t) 


r(a -H c) ^-2 4. 

- with A2 1 
' f (/ - t), I 1 - 6 


or ~ r cn 


and in civsc (ii) 

M =» cn (/ - t), with Of 2 4- = fl2 (^2 ^ 52J 

[Sol. S.H. Problems, 1878 ] 

60. Prove that if a uniform chain fixe<l at two points rotate in 
relative equililwium with consUift angular velocity alwnt an a.xis 
in the same plane with the line joining the two jKnnts and free 
from the action of gravity, the form of the curve assumed by the 

chain will be given by // = (>sn A*^, the axis of rotation being the 
axis of X . [Oreenhill, M. Trip., 1878.] 

61. Differentiations being denoted b}^ accents, show thfit 

en''w sn''?f ^^2 dn"ff *'**''*„ ^.*2 sn"if 

cn M sn w ~ * dn u cn u ’ sn n dn u 

62. If ~~iL~ 4 - « 0, obtain the relation between x and y 

in an integral form. [Math. Trip., 1876.] 
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63. Transform the differential dx/J(l - x^){l into a like 
expression having, instead of k, the modulus 2s/ k/ (I + k). 


64. Accents denoting differentiations, prove that 


(i) 

sn tf, 

sn'w. 

sn" u 

11 

1 

(ii) 

sn u, 

sn'tt. 

sn" 

'n 


cn «, 

Cll't/, 

cn'u 



cn w, 

cn'w, 

cn" 

'u 


dn M, 

dn'w, 

di^R 



dn «, 

dn'w. 

dir 

"u 


65. Show that 


(>) 

5®, 

ss\ s'* 

= F^scd ; 



cc\ c'* 

[Mathews, 


d\ 

dd\ rZ'2 

P- 

349.] 

(ii) 

cn w, 

cn w, 1 

cn w, 

cn M 


cn «, 

dn a. 

cn M, 

cn u 


cn 1 /, 

cn ?/, 

(In u, 

cn u 


cn w, 

cn a, ( 

cna, 

dn a 


See Grekniiill, KF., 


8A''®cn n 811*]^ 

(^1 - ife*8n*“y 


66. Show that for four arguments Wj, w._,, Tj, Vj, if differentiations 
of the elliptic functions with regard to their re8|)ective arguments 
be denoted by accents, 


dn 2ui , 

dn 2 w. 2 , 

cn 2 a 2 , 

cn 2ui 

cn 2 mi, 

cn 2 ^ 2 , 

dn 2 a. 2 , 

dn 2ai 

dn 2vj, 

(In 2 i’ 2 , 

cn 2 (’ 2 , 

cn 2r^ 

cn 2t\y 

cn 21 - 2 , 

dn 2 ^ 2 , 

dn 2vj 




X [ i'y F.^ sn- Mj 811 “ sn^tt^ sn^Vj], 


where 




u. 




1-A;2sn*u, l-A-sn^i/g 1-A:~8n®f’j [ ~ k'^sn^v^ 


67. 

Show that 


1 ’• 

cn a, 

dn u 


1 1. 

cna, 

dn V 


I 1. 

cn w. 

dnw 



68. Prove that 

8n*(tt4-v), sn (?i + v) sn (w - v), 
cn*(M + t^), cn (m + v) cn (tt - v), 
dn2(tt + i?), dn(w + i;) dn(a - v), 


V + tv V - VJ 


1 


I -A:*8n®~ 

[Ox. II. P., 1914.] 


sn* (u - v) 
cn®(tt - r) 
dn®(tt ~ r) 




[Math. Trip. II.. 1913.] 
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69. If + n* = 1 , prove that 

n ® cos ^ 0 Hin^ il>dO diji 

0(1- m^siu^O)^ (1 - 7t‘^8in®</>)^ 


i:i; 


sin2^cos‘'*r/H?^ d(f> 
(I -w^sin^ 0)^(1 


70 Tf 7//2coS“^+?t2cOS‘-^</) du 

70. If?/=| - 7 ,-== — ---r-dOdili, then T-” = 

Jo Jo \ I — 7/#' siir^yv 1 ~ n^Hin-(p dm 


0 . 

[7. 1891.] 


71. and ^ arc points one on each of two circles in parallel 
planes with a common axis through the centres C\ at right angles 
to the planes; CC ~h and the radii are A and a, PQ = r and the 
angle between the planes C'i'P and CC'(J is c. Evaluate the integral 

J/ - dfy, the integrations extending round each circle, and 

throw the result into the form 


where and arc complete Elliptic Integrals. 



( lIAlTEIi XXXI r. 


ELLIPTIC 1NTE(JRALS {ronlinued). THE 
WEI EKSTRASSIAN FORMS. 


loSO. It was stuto<] in XI. that iho integration of 

C d c 

I \ , wlunv Q i.s a l ational qnartic function of r, couUl he made 
to depend hy a suitable hoino^^raphic s\ibstitution upon the 
inteirration u—{ , where k is real and <r 1, 

and the properties of : when <‘Xpresseil as a function of ?/, as 


also thosi* of J\ — z- and J\ --k’z\ have Ixarn discussed in the 
last chapter, 'this is the Legendrian and Jacobian mode* of 
procedure. 

A more m(Hl(*rn method is due to Weierstrass. In this 

(dj' 

metliod the same inte^ial, viz. I , , is shown to 1 k‘ also 

•I V V 

reducible by a suitable homoj^ra[)hic tiansformation to the 
r (Iz 

form w— 1 , , where /, J art‘ certain constants, 

izJ^Z^lz-d 

viz. functions of the coefficients of Q, and of the constants of 
the homo^raphic transformation formulae. 'J'he function u, 
regarded as dependent ujM>n c, is consid(*red as the inverse 
function, and z expresstid as a function of u as tlie direct 
function. It is usual to write z^y>(u), or /, J) if it be 
desired to put into evidtuice the values of I and J. p(u) is 
called the Weierstrassian Function. 

The letters g.,, are very commonly used instead of / and 
J, but as powers of the.se letters occur very frer|uently there 
appears to be less risk of error in practice if we \ise the /, J 
notation. 
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1381. The inocle.s of reduction of the general integral 

to the re.s})(‘etive Legend rian and Weierstrassian forms will 
})e discussed at l(‘ngtli in the next chapter. For the present 
we shall he occuj)ied with an examination of the nature and 
properti(‘s of the function p{u) and the allied functions ^(u) 
and o“(w), respectively defined by the equations 

r (I 

^(u) --= - j9(M)rfM = ^-lo<ro-(M). 

These ar(‘ resjx'ctivtd}^ ref(‘rred to as the Weierstrassian Zeta 
and Sigma functions. 


hlx 

J7^ 


1382. Preliminary Remarks. 

Tlie geTK'ral binary (piartic 

po.ssesses two invariants for a linear transformation 
,r -- J^X+m^ Y, If = h,X 4- m Y, 
viz. / s — 

th(‘ (juadratic invariant, or ((uadrinvariant, 


Jr- 


1 ^ ^ o' ~ ^ ~ ^ ^ i>^ 



(t.y , the cubic invariant, or cubin 

! (q, 

, <C., 

o., variant. 

(1.,. 

. rCp 

'4 


if a transformation of this kind has r(‘duced the original 
fpiartic to the form 

0 . X* 4 LY" T + b . OX^ Y-+ 4f Y^^ 4- 

th(‘n for this new form 


L^./4-:L0‘-^- -4<q;and J 0, 1, 


and the form h«‘is become 

Y(^X~rXY'^-JY% 


0 

(L 


or if Y b(i unity, ^X^—IX — J. the accents being dropped as 
the meanings of 1 and J will l)e obvious. 


1383. If Cp be the roots of the e(iuation Atz^-Iz—J -Oy 
m that we shall lose no 
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generality in assuming for the present that e.,, are all real. 
For it will be shown that if two of these (|uantities be 
complementary iinagiiuiries, say c.,, then a substitution of 
the form — will reduce the integration 

r dz 

]/^'4{z-e,)(z--e,^(z~-e,) 

to the similar form 


where >;j, >/., are all real constants su(‘h that + 

(Art. 14oG). We therefore assume for the present that Cp 
Cg are all real, Cj -f e, + <’3 — 0 and >• c., > ^ 3 . We also have 


I 

4 


- — Cj 


J 




1384. The Differential Coefficients of 

r dz . 

The integral 1 r. . .. - - -- is made detinite at 

Jz v'4o ® — Jz - ./ 

the upper limit, the integraml vanishing when c: is infinite. 

Differentiating, -\^4r‘~/c - ./, »>. - Ip{u) -,A 

i.e. p''(u) ~ - I^^(u) - J. Hence also 

= etc. ; 

whence it appears that the successive differential co(;ffici(*ntH 
of p{u) with regard to u are alternately irrational and 
rational functions of 


1385. Periodicity of ^{k). 

It has already been seen that the function w defined by 
w^=\l^(z—ey)(z—e^(z—p.^ is a two-branched function having 
branch-points at 2 ==C 3 ,and at c-~x (Art. 1295), 
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and that in conseciuence I — : 

‘ iz sfHz-e^ 

p(‘riods 2a)i, where 


dz 


lias three 


I whe 
2 wi- WoJ 


re X, fky \\ fit! are integers. 


I Xi ^00 px) 

VulZy j wdz, 0>;j ^ I wdz, 

these periods ])eing not indepeiulent hut connected hy a 
linear relation, viz. ~0. Of the three we shall 

consider 2a>j and 2m.^ to he the ind(*pendent periods. 

We have also shown that if Wq he any definite value the 

integral | say that obtained hy integrating alon^ any 

straight-line path extending from :: to x, which does not pass 
through any of the points z~(\y z~~- z~~r.^ then all other 

values ar<* comprised in the system, 
y — 2X6t>j 4 2/iO)jj4- 

W 2X (!>! 'I" 2/i ** 

In eonse(|uence we luive p(2?n(*)j-|- 2 me 3 ±u)=p(a), where 
m, n are integers, an equation which expiesses the double 
ptu’iodicity of the function. And this is ecpiivalent to the 
statement that the most general solution of the e(|uation 
P(u)-”p(Uq) is u --2??i<i>j-f 2 «<t) 3 ± j/q’ being integers. 
Further, it follows that 

p' {2mw^~j-2n<o^-i (?/), V>' {2ma^^-i-2riw^~u)= ~^y (u), 

p" {27na}i 4 ±^0 p" ( ), 

p"{ 2ma)i 4 4- p'"{ I p"(2mwy 4- 2)Ut>.j^ — a ) = — p" (m), 

and so on. 

And in the special cases when m — n ~0, w’e get 

^ (— m)=-P (h). p' ( — «)=--- p' (m). 
p''( — M)-p"(«), p'"( — m)=--— p'"(m), etc. 

These results are obvious from another consideration ; viz. if we 
consider {Az' ~ Iz -J)~^ a.s expanded in a oonverjrent .serie.s of negative 
powers of 2, that expinaion will begin with the term -f ... . Integrat- 
ing between 2 and 00, we have u = -^ + ... ; and scpiaring, ^- 1 -..., and 

2* 

therefore by reveinsion of series 2 = -^ 4 -even powers of ti, t.e. p{u) is an 
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even function of %i. [Tins ex|>iinsion will be found carried out in Art. 

Thus^/(t4), p'"{u)... are alternately odd and oven functit)na of 

M, whence (“'**) = etc., a.s stated. 

Furtlier, since these series f<»r ... all start with a 

nen^ative power of u, it will be clear tliat <[.>(()), ^'(O), {^^''(0), ... are all 

infinite, and the orders of these infinities are respectively tliose of 

111 ,^. 

tliat, for instance, 


Ltu 


0 




= Ltu 



1 

4 * 


1387. The Addition Formula for the Function 

(Lr , (Z// 


for 


Consider the solution of the Kulerian E(|iiation = 0 

r the case when ^ 

X ^ 4.r‘^-~ Lr~J, F-- 4//=^ - /// - J. 
r* ( It ' 1 1 

Let It— I ---- I , i,e, ./•— ^j(a), Then 

J X •s/ X Ju \ ^ 

0 . 

\'a: V 


•v/l' and <in-l (Iv 


Tlius, one form of the int(‘j;ral is w-|-r=-6’, a constant. ...(1) 
We can obtain another form of tin; inte}(ral as follows : 
Introduce another variable t .such tliat 

dx di/ dt 

VA' -JY 

and let x-Yy = P. 

dP _ dt . dP JX-JY 
x—y’ dl .(•■ y 


Then 


^/A-^/y x-y’ ■ ■ dl 
Differentiating with regard to t. 


<PP 

dt^ 


^ l_'_ 

~ x-ybl 


i- Wx_ji dY v/y 
JX dx x-y %JY dy x-y 


JX-JY r — IX _ JY -j 

^ (•«—?/)“ \.^—y x—y\ 


1 ri fdX,dY\ X-Y -] 
{x—yf[2\dx^dy/ x—y j 
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Now 

tiY X y 

dfi \x—-yf ’ ' ' “ (ii dfi fh > 

©-4,P+C-, P=Kf)--. 

where C' is a constant (2) 

Now tills eijiuition having been obtained on the supposition 

that -y^+ ie. that w+v~ a constant C, it appears that 


C is a constant, provided that C is a constant ; i.e. C' is a 
function of say 0(C). We thus have the equation 


==.iV7/f) 


and we have to identify the form of the function c/>. 

Now 

and ■>. ) (u) {j> (t) 

(ft x—\j i’) 


V'(“+'')=, - , / —x~u 

- = u) + I'JJ' ( M) V 4y'— — /// — ./ — 4^ 

+ 4x7/+ 4 J-/] '4(x-(/)-. 
Now let r diminish indetinitely. Then j.?(r) or // becomes 
infinitely threat, and we have (p(n)^lJ =x-~\i{u), and the 

form of 0 is now identified as that of the Weierstrassian 
function 

Hence + 


Hence 


That is F(« + *’) + P(«^) + P(^’) = 




which, as it expresses p(u+v) in terms of and their 

differential coefficients, form.s the addition formula for this 
function. 
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1388. Symmetrical Form. 

Taking a third function such that u + v+iv=0, then 

p(u+v)^p( — w)=p(w). 

Therefore we have the symmetrical form 

= 1 r p(’')-p 'WT _ I [>'(«') ->■>'(«) f 

4 L P (»’) — ("0 j 4 1 P («') — p(m) J ’ 

by symmetry, and therefore 

p' (u) - p' (r ) ^ p' (r) - p' («’) ^ p'(m)) - p'j u) 

p(«)-p(j;) p(t’)-p(u') p(M))-p(M) ’ 

whence 

p (w) [p' (v) ~ p' ( w) ] + p (»') [p' («)) - p' (m )] + p (tv) [p' ( m) — p' (r )] = 0, 
and we have the symmetrical relation 

j 1 . P{M). P'(»‘) 1 = 0 - 
} 1. P(»’). P'(«’) j 

; 1 . P{w’) I 


1389. Various Results derived. 
In the formula 


p(u+r)+p(w)+p(t>)=iry^f-7[||^ 


4LF(«)-p(r) J 

change the sign of v. Then, rememlxiring that p( — 
and ^'( — v)=^ — \y{v) (Art. 1385), we have 

p(«-r) + p{«)+p(r)=I[P/j;l^j)J; 


whence 

p(M+ti)+p(w— «) + 2p(w)+2p(tJ)- 
P(m+v) — P(m— r) 


1 P'^{u ) + jf>' ^{v) 

2 {p(i0-p(t')}-’ 

9 {><) ?('') _ 
{p(w)-p(t;)}'''‘ 


1390. Take a function of x, y, viz. F(x, y), such that 

F(x,y)^2xy(x+y)-I^y-J. 

F(x, a?)— Zz— 

■f(y. y)=4,f—Iy-J=^'\v). 


so that 
and 
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P(«+^) + P(«-®)=2 (x-y)* 

= {^y(x+y)-lI(x+y)-J)l{x-yf=^F(x, y)/(x-y)*; 
whence 5 


1 4x*— /x— J+4y*— Zy— J 


-2{x+y) 


p{u—v) — p(u\rv)-- 


■{P(m)-j»(v)}2’ 


• ,dO/ 4-,>I = ^ f’{p(M). p(t’ )}-p'(M)fr>'(a;) 


1391. In the formula 


let V approach to ultimate coincidence with u. Then 


4 [d 

4 4jf»’(«)— /p(M) — y 


1392. Hence 


„(•>„)= 1 (!»*(«)+ l/P+2/pW 

4 4f»''(u)-/p(a)-J 4p»(«)-7p(u)-J ’ 

w'hich is a rational function of p(u). 

1 393. Moreover 

y" («) _ 9" (“) P' («) - 
rfu* hS 1 / dup'iuj F*(«) 

— [ 1 2p'* ( « ) p ( m) — 4p'> (u) { p (2«) + 2p (m) } ] /p'*(w) = 4p (m) — 4p(2u) ; 

p(2m)=p(«)-J jJ^,logp'(M). 

1394. Another form is 

p(2«) - p(u) « 3p»W- jZp»W-3Jp(u)-M ^ 

PI/U) pW 4p>(«)-/p(M)-J 

Since p(2tt)=e^^H)+iJgW+^pj±M'', have 

4p(2„) 3/p»(«) + a/p(tt)+j/» 


' p(tt) - e, p(u) - ^ - «• ’ 
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wliero A = (:}/e,'^ + a/«, + }P)/4 («i - e.^)(ei - e,) 

= [ - 3 (e/, - e,») f ,2 + Oe,*e,e, + (BjP, - e,')-*] (e, - e,) (ei - e-j) 

= [{e,e, - e,-) (e^, - 4e,2) + 9e,*«te,]/(e, - f ,) (e, - e.) 

= {ete, + + 2e,2= (e, - e,)(f, - e,) ; 

• -i») -I- («« - - ^i) , («■. - ei)( ^. - «.) 


1395. Put t'=2u in the formula 


p(t'+w) + s»(y— m) = 




Then P(3 w) + P(“) = |^-|2mh'/(«T}*’ 


e.'cpressed rationally in terms of i»(w). 

1396. Now put v — nu. Then 


ja(n+l)w + jj(n-l)w= 


_F{p{nul 


which expresses p(n+l)w in terms of J^(nu), — l)w and 

p(w) in rational form, whence jj(«+1)w is a rational function 
of p(w). Thus it appears that |?(*2w), j?(3m), p(4u), etc., can all 
be expres.sed as rational algebraic functions of ^(m). Ihit the 
expressions for these successive forms rapidly increase in 
complexity. 

1397. Again, using the formula 
and putting 3w, etc., 

P(3“) Om) {p(2«)-s.(m)!^’ 

«(4m)-p(2«)=- ... 


P(4m)— p(2m)= 


from which ^(3w), ^(4u), may Ixj successively calculated; 
and it is noticeable that 

p'(2w) ip\u), ip'(tiu) p'(4w) p(u), , . . 

are all rational algebraic functions of fp{u). 
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1308. General Value of Schwarz. 

We shall show later that the gtiiieral form of ^(nw) is given 


by the formula 


^{nu)-\^{u)=^ — 


V^n-xV^n+l 


where is expressed in terms of Sigma Functions. 
Schwarz has shown that 

i ^ 




where 

miiiant 


]\n-l ^ 

1!2’3' (tT^lFr^ A,^ stands for the deter- 
^y(u), ^y'{u), i,y"(u), ...p" »'(u) { 


S->'“ ‘’(W), '(u) \ 


The method of establishing this result is pointed out by 
(<n*ei»hill (/s.F., p. 300, etc.), but tht‘ proof lies outsidt* the 
sco{)e of the present account. 

For immediate purposes we may establish a difference 
♦ Mjuation which will suflice to gi\t‘ us the values of the 
function S'*(nu)— \j(u) in terms of ^j{u) for low values of 7h 
such as n 3, 4, 5, 0, etc., which is all that we shall require. 


1300. A Difference Equation. 

From the formula 

u) \ i^v—u)^~-{2xj/(x+ij)- \I{x ]-y)- J) (x -ijf, 
where x -^(u), y- ^^(r), we have, by putting 
V- nil and jj{nu) 

•2x(x+I{„)(.'2x + I{„)^^IJ2x+J{J~J 

T l~ " ' ji 2 - - - 

( 4a:® — 7x — J ) 4- ( ( )X® - .1 ^ /?„ + 2x7?„® _ 

ny ' “ ' " 

= = {«?''•(») + V” («) };' W.."- 

«... m 

Putting Xj -»•*"(“) = 

X. = 3.H - - 3J.e - 

= 1 {?'(«) 
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where the suffixes of \ denote the degree in s in each case, the difference 

equation is i ‘i* -^n-i ~ starting equations i?i = 0 , 

"n 

i?2= - whence R^— X’iXi)— _ XiX«^ aay, where Xo'^ X2X4 ^ Xa*- 

Xs xr X4 

The suffix notation will suffice until the case of when a second 
factor of degree 12 occurs after Xi2 been used. We may denote this 
second factor by </>i2- 


1400 . Other forms of the difference equation may be convenient, and 
may l)e used, now we have found R^^ for we may eliminate X2 ***' Xa* 
both of them. 

Since 


Rfi + Rn-i — X‘2 4 " ^ and !?„+■.* Rn-\ 1 + Rni-i f^.i X2 4 " - * 

■^n -“h+I 


we have 

■f?w+i - Xa^ji^ .ft 4.,)’ 


i.e. 

/? . -- ■^"“1 p X3 / ^ ^ ^ . 

p "it p Ip p /* 

^n+\ ^,1+1 \^N ^n + l/ 

(11) 

or again. 

(Rn+i-^Ri,) -R?i 4 1 ~ (-f^«+| 4 -ft„«l)ft„*= XaC^M + l ” ^n)‘ •• 

....(III) 


From either of these equations or by another application of (/), R^ can 
be found ; after which we may eliminate both X2 X 3 » fonn an 
equation connecting the R'» of any five consecutive suffixes, viz. 


^+1 (^H + /?••+ 1), ■ffw + lJ ^ 


= 0 ; 


whence 

.{Rn-l-RnYRn-l- * ^» + *)_rv 

' 

in which a factor has been in.serted for ayminetry. 

Now, putting n — 2 in (II), w'e may readily show that 


■«4= - ^1. “'•'ere Xij= Xa* X«- X^’ : 

putting n = 3 in (IV), we similarly get 

2*4= - where </.„ = Xu - X#* : 

X12 

and putting n = 4, 

-B. = - x fx/j!,»« ’ ~ X'**’ 


and 80 on. 

From the seveial connecting equations, 

X«=X«X4-Xs*. Xi2=Xj’X«-X4’. <^ 1 !=Xij-X«*. 

= Xj* X» ^i» “ XlJ^ 
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we can readily exprcHS X(h Xi 2 » <^ 12 . etc-* teima of the original quan- 
tities X 2 » X 3 » X 4 » successiv*^ values of ^{nu)-^{u) maybe 

obtained in terms of .r. (lollecting the results, we have 

P(2u) -S9(«)- S>(3«)-Ii»(«)= --^3^*, P(4 «)-P(m)= 

X.I X4 Xs Xe 

|P(5u) - P(«; = - P(G„) - p{„) = - ^ 

X 12 X3X4'9i‘2 

and the notation shows the nature of the factorisation of the several 
numerators and denominators. 

If we change the notation, and write 

X:.= f/. = Xn = V'6. 4>vi- <#'j4 = i/'j. 

etc., with V^i= 1, we get 

p(->«)-p(tt)= |p(3tt)-p(tt)= 

)P(4tt) - p (tt) = - ?’<•'’“) - P(«) “ - 

P(6k)-P(u).-=-^^’, etc. 

1401. Factorisation of Vr 3 , etc. 

If we consider the solution of p(2u) — we may infer 
the factorisation of Xv ^ 3 * 

The e(|uation gives 2it=2/n(Dj + 2 ?u*) 3 ±u. Therefore 

2?^ 2)1 ^ , ,, 
u - «>! + Y* ^'^3 ^ ^ ^3 • 


The principal solutions are 

2o»| 2^3 2ft>, 2ft>3 2a^, 

5 ’ :j ’ 3 ^ 3' ’ “3 “ 3 ’ 


and any other solutions, such for instance as 


2fe3 

3 ^ 3 * 


4ft)| 

3 



, etc., 


are merely such that when added to one or other of the four 
principal solutions we obtain a complete period. Hence the 
factors of Xi 

and since X4=3«»‘(«)- iW«)-3*/ip{«)-TV^*. have various 
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results from the consideration of various symmetrical functions 
of tlie roots of the quartic instance 








and sinular will follow from a otnsidt'i-.ition of the ecjiiations 


1402. Let “ 4(.# -<’,)(> e_,)(x Cj), V- 

e,)- s : -r^ s\f/-e,)(j/ -r,)]- 
4- e,: 4- -f(- - <'i)(//“-f // + '*•/<) ' ' V» 

!/(// + .) -zY- .U'Vys Vz 


0/ -0“ 


?. [/-Y V, :) - ^’lO/ 0- -(// - -2 ■ 

^ [V^(r) - ''•) That 

s'ipiv-^ ir) -eY(if>(t) -\^(ff')) -s// ■ t\\{z \z -<’|N(// #’j)(// -e^) 

with t\N<' similar e<juatioii'' 


1403. It Mill he noted tliat ^^^4- ''*) - ej, ^0 - ^*^(’^4- »’) r,aie 

|M*rfeet srjuares. 

1-404. In the same way 

\\^(v - rr) - e, {\;){r) - =-- v'?/ - r, n'(c - €.^(z - e,) -f \^r c, s'\ // - - e ,) 

with tM'o Kiniilai- e«jUations. 


1405. If 2a'p 2(e.,, 2m^ he the thret* periixls, tlien 
u^^ — (IS + o\^ ^ 0 and V>(o>.j) 

and since hav(^ i 


Also 




where 

Q^p*(u)--4^f\^jHii)+lIip‘^(fi) + (2J+f>J)ip{u) + (,\P+f^J). 


Then this <|uartic function Q is a perfect square. For the 
.solutions of p(2w)=jj((i)i) are ^iven by 2 m" 2Ao), -|- 2 ;u(C 3 ± (#>,. 
That is t^==an odd multiple of Jwj + a multiple of (o^. 


w, 

2 


(Dl 

2 


are the only indepe'iident solutions, 


for any others are imnely such that, with one or other of 
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these, they make a complete period. Therefore the only 
difi’erent factors of Q are the two 

(«) - p (^'"‘) mid p («) - p -h a,.,). 

which must therefore be repeated. It is therefore indicated 
that 

P(2») - p(<.>,)--- [p(M) -^(*2 )] [«»(")-*’( 2' + “’s)] I P W- 

no c(jefhci(int })eiii^ re<[\nred, because in ^^(2u) the coefficient 
of is to 1)0 1 '’(?/,), which is sf). 

The actual factorisation is ^iven in the next article, which 
will show that the repetition could not be such that one 
factor is repeated thrice. 

1400. Since 

1-- - -1 (« /j - «r) : + + + 

- f, 

- [p*(iO--<'’iC(«)- '’i-)C=('')+'<e|f«/3 + ei'')S^(")+(«3+erT]'P'^«) 

^ - (e/j + <’|-))’ V'Hk) 

- HP(") f,!- ■ ('’.'■j-t 

\\liich shnus the actual factori.sati<»n of (/ 

1407. The values nf ^*^(**.>*'^*** 3 ) therefnre 

f, ^ i e. 6, i v3eV-^ - J/, 

and since lies between e^ and oc we take tlie j)ositive sign 

[See Art 1410] 

I lOH. We have also the lelations 

c('.? ) +!!■'('.? 4 <“i) - = 2p(...,) : p( (-!|' + O'a) = J 

with other results. For instance 

Cp(2») - f, - - [p(«) - 2 ')] ['•'<") - ^■’(f + “’)]/ 

wliere tlie negative sign is chosen, because when u is very small 

= !•'(«) = P'(«)=-J,- 

1409. Putting r = c,, e.» or C 3 in 

^'^u) = 4pX«) - lp(u) - J = 4(.- - e,) (s - e,)(.' - *,), 

P'(‘>>l) = P'(<"2)="P'(">3) = 
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Then 

.. Hu + ^0 m)-4 

- {42^ -Iz-J - 4(2 + *2e,)(2 - e,)-}/4 (2 - e,)“ 

= {(l2V-/)r-(J + 8e,7/4(2-6,)^ 

and 12e,‘'* - / = 4(Ci - ejXe, - a,X + He,"* = 4f , (f , ~ f.,)(c, - cj. 

Hence + j3(u)i) = (ci -e^X^i -C3)/(2- e,), (1) 

i.€. {J3 (h + 0) 1) - ^((u,)} {p(«) - (u*i)} = {p(ru,) - iJ((.»,)} Wj)}, . . .(2) 

with two similar lesults by a cycliciil change of suffixes. 


1410. We may therefore write the result of Ait. 1394 as 

4^(2i4) = p(M) + p(M + Wj) + JJ(w-f ti>2)4-l^(K + t‘>3). [M. THp., 1888] ...(3) 

Other identities may be established. Thus, since 


P(« + <U,) = <>, + ^*' 

2-e, 

we have + 

p(„ + <,,)_ P(«). 


2.e. 


If in (1) we put m= 


2 = p(--!) and ±V(«i-«i4 )(e, (See Art 1 407 .) 


Now 2u)j = 2 I -^~j=Lf-rrr~ and is real ; and as z increases from e, to oc , 
u decreases from (U] to 0 and passes the value to,, 2 in the interval. 
Hence the value of z corresponding to that is between 

c, and 00, and is therefore > Cj. Hence we take the jiOHitive sign, and 

p( y) = « i + 

Also, since p\u)= ->jA{z-ei)(z-€^){z--e^\ we have 


^ )= -^4 {n/(«, - e.J(e, -’63)} {e^ - + V(c, - e2)(e, - c^j} |c, - ^3 4-7(e, - e.,)(e, - e,)} 


= - 2%'(«, - «,)(«, - e,)[Vei - e,+N/e, - e,]. 


1411. It may also be shown that 

J»(7") = «3 - ''(*1 - - *3). f(^')=®V- 

F'(y)= - 2‘ n/(«i - ‘jXe-i - e3)[%'«r^ fj, 

2\/(ei — *j)(*2 — ®3j[''/*| ~ *3]- 
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1412. Again 
Therefore 

S3'(w)S9'(« + iu,)lia'(tt + o.a)SJ'(“ + <«3)= lC(ej- ej) 2 (e 3 - e,)2(e, -e_,)2, 

■111(1 • !>•’"(“) I W”(“ + ««i) I P''(« + <C3) P"(»^+(3,) 

S»'(“) S»'<« + ‘«l) P'(« + <«3)'^ S3'(« + <«3) ' 

1U3. Also „i,i, 

* ' '^3'(tt + («,) (e.-e3)(e,-e,)(e,-e3)'' «i)> "‘‘h 

two similar results. 

■ adding ^y(„) { ^ _p(„) . 

whem-e 4- 4- <»>.,) 

^J'{u) ^‘>'(«4-Wj)' ■ 


1 11 1. Weikrstrassian Periods in Terms of Legendrian. 
\V(‘ liuve now to examine tlio rehition.ship between the 
Legendrian and Weierstrassian systems. Taking as 

the ronts of - /c — */— 0, and su]>posin^ them all real and 
<’i '’> > th(‘ p(‘ric>d 2wy is (hdined as 

•>f' 

and is a mil period (c > >• e., > e,^). 

Let 2 — e,--(c,~e^)cot-0 and — % 

which is j)ositive ami <1. 

T1 n*n r — e., c, — (\, -f (Cj — c.^) cot- d = — Cg) cosec^ 0 — (e, — Cg) 
-- (^1 - ^’ 3)(1 — A:- siird) sin-0, 

and c ~rg=(cj -~Cg)/sin“0; also (Zc= — 2(c^ — Cg) cosec^O cot 0 d0. 
Again z~-r^ gives 0 - tt 2 and gives 0=0; 


. o ^ f'2(fi — C3)cosec-0cot 0sin20(/0 

■“Jo (r, — e^)' cot 0 v4 — k- sin-f) 


2 f- (W ^_2K 

vA', — C 3 Jo s4 — k^ sin *6 Je^—e 


Again {z real, and passing below s=Cj, see Art. 1335), 
o of 


e, n/ 4(2:- <>,)(;-C.')(z-e3) 


1 f*‘ 

• • 2 ( 0)3 7 1 

‘ Jtt 


H-J(ei-z){z-e^{z-ek) 


/4,(z—e^){z—Zl{z—e^) 

===== (ei>a>e3>e,). 
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Let z—e^ coB^d+e^ 

Then Cj — z — (e^ — e^) z — f., = {e^— e^) cos^^?, 

and 0 — == (Cj — f 3) ( I — si n^ ^ ) , 

where A'2 =!jZL'’.2= 1 _'’2~‘'3= 1 _ A;^, 

A:' being positive and < 1. Also dz== — — sin 6 cos 8 dO. 
Again z=e^ gives 0 = ^; z—e^ ^ives 0=0; 


. cy, _ . 2_ 1 f- 

.. WO ^ (vV,-?,' 

Finally 2o)„=2f , — _ ._ - 

J«j n/ 4(2 — C,)(2 — Cjllz — Pj) 

==2/f‘“+r\ ; 

*'u«, Jeyf Ji{z—ey)(z — e,^(z—e^)’ 

/. 2(0)3— a)2)=2f - — (p, > r, > 2 > fj). 

J«, 4 'v 4 (e, — 2)(e2— 2)(2-e3) 

Let * = P3 sin-^ + Cj cos^d ; 

.’. Cl — 2 = gj — pj — ejl 1 — ,sin®0) = (Cj — CjK 1 -- F sin-0), 

Cj — 2 = (Cj — Cj) c<)8*0, 2 — c, = (Cj— Cj) sin*0, 

dz =2 (c,3 — Cj) sin 0 cos 0 {(0 ; 

2=63 gives 0=0, 2=63 gives 0=^; 

• 9 / _ ^-_2 r M 2 K 

•• <^v'c,-e3J„vr::F:sin^0 Je\-e^' 


„ it: if-./i:' 

Hence o>i=--==, 0)3=—= — , 

V«i-fi3 Vei-Pa 


A “^3 


and a)i-~co2+w3=0, as it should be. 

1415. Connection between the Jacobian and Weier- 
STRAssiAN Elliptic Functions. 

In general, taking 

V4(2-c.)(2le3)(2-C3) 

Put z=e|^+(^i—^3)cot20, and we have 




\/l — Fsin^ 


v=^, where A:®= 
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Then 


^=am n/cj— 


i.e. 


P(m) = + ( e, - C3) 

I \ , / , e,M 

»»(«)== '’2+(<’, -Cj) — — =i=J-, 
srr Ve, — e.^u 


sn’xV, 


.(A) 


S'(m)- 


wliicli may also Ikj written as 

(f — 

,B, 

wliicli show th(‘. coniH'ctioii Ix-tween tlie Jacobian and Weier- 
s t rassi an sy stein s. 

14 1 G. Expansion of in Powers of 

Taking and 2 > e, > fo > €3, we have 

u- I ““ j^l ■" 4 (•t>nvergent expansion, 
r r. 1 l/I J\ 1.3 1 / / ./V 1 

i L-^,3 + 4 ,; + :«- 4 J + 4.- :v + ■ • • j 


1 „ 7 1 ./I 1 . .5 7^ 

4. r, ,1 + 2:477 .1 + 274’:» " + ••■• 


25 ' 2 » 

Wo have to reverse thi.s series, and expand 2 in powers of ff 
we notice that is a rational function of 2 , viz. 

«2= * +0+ r^ \+4— - -4 + — • 


Scpiari ng, 


Then 


_ 1 I 2 £ ^ . 

"■ «V '^28 


^ + 0 -f ^ m 2 4 - 72^ + . .. to the first three terms. 

As 2 i.s obviously an even function of ? 7 , we may conclude that the 
expansion is of the form 

where vig, /Ig, ... remain to be found. As the work of reversion of series 
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is somewhat laborious, we luay now use the ilifferential equation ^"' = 1222 
(Art. 1384) to determine the coefficients from this point. 

N OW' z = — - + 0 + ^ 4- + . . . , 

whence , !-((•; +200)’ 5; 8“ ■*■ 2H0 j’ 

71 ‘-V 10: +5^ «: + 4.7V’‘^'^' ’ 

• • -l,-. /■ -U 3/./ 1 / /■’ 3./2\ , , 

g''’'nS g; K3.5-’ 8! foV‘2*.3. 7'“ j’ 


. 1 / , p ^IJ a 

<»(«) = -. + 0 + :>o “■ + 28 “ + 2«:3T5* “ + 2^:7^-7711 “ 

1 / P XI-\ 


2‘.3.13 V2.f.>+7-/ 


1417. It appears that ^ vanishes with u. That is, for very 

1 “ / 

small values of u, ^(tt) = Also ^ 

2 

Again (u ) vanishes with u. 

Moreover tlie expansions of p'{u), p"{u), P'‘'{u)y etc, are in)W' all 
known to several terms. 

1418. The Expansions of the Weierstrassian Zeta and Sigma 
Functions. 

Since f(iO" ” log(r(?/), we have 

f(»)= - + 0 - 2, 3 -V «’ - 2. 7,7- »• - 27 3 . r,7 ; «• - 24: 3 .V, - ; , , 

I / P XP\ „ 

2‘..3-.ll. 13\2. :)'■*■ 70“ '■■'■ 

A Iso jn,')dn = log u + 0 - 2, 3 g »• - 27 3'^. 7 «“ “ 7 «" 


whence 


■ 2 \ 3 ' 5^: 7711 


[au)du •'" 7 . 

tr(tt) = el -W.C 2*-3.6.7.^ 2*,3.&V7 ^ 2‘.3.6».7.n , ^ 

Tl M 1 fl 1 

“■“L 2C3..V 2».3» .V ‘"JL 2’.3.rK7"‘J 

„r, w "ir. 1 

L 2'.3.5».7'"JL* 2^375*77. II ‘"J’ 


!.«. <r(it)=M + 0- 


/«* /V /./«” 

2«.3.6 2>.3.6.7 2*. 3*. 6. 7 “2^ 3*. B*. 7. 11 


....(B) 
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Ecluations (A) and (B) give the expansions of the Zeta and Sigma 
functions. 

The constants of integration are in botli eases taken zero. That is, 
f(M) - " and h)g~^”- are Uiken as vanishing with u. 


1419. We note that both f(w) and cr(u) are odd functions of 
?/, and tliat in conse<iuence f( — w)— — <t( — 

Also that ^(O)--x , x , etc., 

< r { 0 ) = 0 , (t'(0) = 1, (t"(0) = 0, o-'"(0)-0, o-‘'(()) = 0, 

(r''(0)= — i/, etc., 

and for small values of u, a{u)~u. 


14120. Addition Formula for the Zeta Function. 

Tnte^ratin;^ the efiuation 

witli respect to r, + ; 

and putting r-"0, p(r)— x; /. 2^(u)==C; 

■ + ( 1 ) 

Also ^(ii) Indn^ an odd function, ~ f ( v—m,). 

Henci*, intei*chan;^in^ u and v in equation (1), 

- !•(.- .■) - (3) 

Htuice adding, 

m 

=={p(!< + ?') + p(M) + S3(r)}^ 

or writing w-| ? - tv and rememberino; that 

p( n') -=vM’ •=— 

f (m )+ f («’)-+ f (w) 4- sV («)+ 1-' («’) + P (“’) = 0- 
wliere M-j-v-t-w—O. [See Greeiihill, E.F., p. 205.] 

Clmnginfr the .siffii of jj in (It), 

«) 
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1421. By differentiating (8) and (4) with regard to w, 
^ ^ du^ ^ 2du ^>f(u) — p(^j) 


and 

whence 




'2 du p{m)— ’ 


* ' ^ ^ ^ 2 du p(u)~~p{v) 


1422. Addition Formula for the Sigma P'unction. 

Integrating f (M-r)+f (M + r)-2f . with re- 
gard to u, “ 

logo*(u— lO-f log(r(w + r)-"21og(r(u) = log{^(u)-^^(r)}+C; 
and since, when u i.s indefinitely small, 


cr(u)~u and 


1 

7/2’ 


log cr ( - v) + log cr ( v) ^ Lt^ -> o log i (v) ] + C =--- C ; 


whence 

log-^l^^-f log log(r(u) = log{sj{«)-s»(i')}, (1) 
<r(r— u)(t(i'+ «) 

and (2) 

<r(n“-l)w(r(/i + l),w 


ar(u— r) a-(u+r) 
a^ujcrHv) 

Putting v—nu, we have 

jj(nM)— J3(W)=- 


(T'^(nu)a'(u) 


1423. If we integrate with regard to v instead of with 
regard to w, we have 

- log <r{M- v) + log <r (m + w) - 2t’f {«) = ^ (u)~l{v) ’’ 


whence 


^(r(u+v)^ 

(r{u--vy 


s Jop(m) — (?(t)) 


.(3) 
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1424. Starting with 

— f (m— v) + f (m+v)— 2f(«)= — 
and integrating with regard to u, 




-dw; 


- log .r(t,-«)+log a(u+v)-2u^{v)= ' 

whence log e <*»> — ^ “ f “ “ 7-7 rf?/ (4) 

^ cr(v-u) Jo ip(u)-p(v) ^ ' 

1425. Since we have 


du 


<r(u—v)(r(u-\-v) ^ ^ ^ d^ ^ 

log a W (a) 

1 42G. In the result 

(r{u~v)(r(u-\-v) , . , , 

make 1 ; approach indehnitely closely to u. Then 


tHu) ct(u-v)~ 


a'(u — v) 


(r( _ 

o-Mw) (T(w-r) 

for cr'(O) “= 1 (Art. 14U)). Hence- 

<r (2u) -= ~ (T* (u) p' (u) == ( — 1 )' 0 - 2 “ (m) jy (u). 

di 

1427. Differentiating -I log we have 

d"+* 

2"J^‘“'('2u) -p>">(u)= - } («)■ 

Integrating the aanie equation, 

and taking u indetinitelv »mal!, \\e have in the limit 

2.3 1 

■ r=0; 




. l + l + c--‘ . 

2 2u^u^'' 4 


3 

4w ’ 


whence 




Again integrating - J logo- (2«)+ logo- (u) + C'= -}log9 ('0> 
and diminishing u indefinitely, 

- } log 2tt+ logM + C"= - } log^ - 4 4 *"17 2 " 1 *"l7 ( ~ 0 i 

e'= -}loJ^(-l); 

■■■ "■(2u)= 
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1428. Putting n=2 in the formula 

P(n»)-P(«)= - 

'‘“''e ^(S0iu) = = 5 di • 

1429. To find (r(4u), we have 

(r(4u)= -fH(2u)p'(2M)= 

and by aid of these results we might prtweed to find (r(r)u), (t(6u), etc. 

1430. Corresponding to Euler’s Theorem, 

cos 0 cos 2^ CO.S 2'“^ ^ ... cos 2”“^ 0 = sin 2’*d/2" sin 6^, 

we have -P'(2"-«), ... 

-&'(2u) ..o’u ■ 

<r*(3u)- a-\u)- 

(r(2^u) 

whence “«t"; = - u) . p'^(2""*tt) . ... 

cr’ (uj 


1431. Writing for we have 

^n-i V^n-fl — - 1 )m <r(w-f l)tt J (cru)**' 1 *__cr(n - 1 )ucr(n-f 1 )?/ 

'"(o'tt)"'-*'' + ~ (r‘-Jnu) (r-(uj 

= P(«)“P(WM) ; 

.■. JJ(nu)-p(i<)= 

The value of y/r^iu) found by Schwarz Ijas been shown in Art. 1398, 
expressed in term.'* of differential coeffioients of p(«). 

Supp<»Hing the functi<»n.s /?„ to hH\e l>een found in terins of p(ii) h.s 
explained in Art. 1390, etc., \lr„ can abr. he expre.ssed in the same manner. 
For 

- R...,, - 7f,„ ' 

•■ V / V / V V'f ; / - v ; l f/ ) 

=(-i) “ 

and fi=l: whence (n>2) 

<r(u) 

tl/ (ft -'41 m 'U 

^ = ( - 1 ) - . . . fir ’ : 
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<r{nu) 

= ... (J»u - pn - 1 m)'. 

1432. General Form of the Differential Coefficients of p(u) with 
regard to u. 

Writing P, P^, P^, etc., for p(«), <»'{«), p’'{u), etc., for short, 
we have P.^—^P^—IP—J 

/'3=12PPj, 

P^=12P,H12W"j 

= al^+hP+c, .say, P^=(SaP^+b)P^, 

^3= (;rtPiV+ {3.iP^+ t)i\ 

= say, /',= (4aiP»+26iP+Ci)Pi, 

P3= (12<i,P^+ 2/;,) P,H (4ai7^-'+2^P+c.) P3 
- + h.^ P“ t- r,_,P'' + dj^+e^, say, 

p9= 3/>,P"+ 2c,P+ dj) Pj, 

etc. ; 

wlience it appears 

that /\, P^,, . . are all rational functions of P 
and that P.^ P^, P^, ... contain an irrational factor P^. 

If we suppose these equations solved to express the various 
powers of P in terms of Pj, P«, we have 

l 1 1), {P,-f>P-c), 

7»i= jp ^(7* i,7"-r) -;?(P.+ ,',/)-d.P-c,}, etc.; 

I " ft * ' “ “ ] 

whence it appears that any positive integral power of P 

can be expressed linearly in terms of P and its differential 

coefficients, and that the general result wdll be of the form 

P«= .li‘,„.,+PP„..+ C-P.„_3+... + A'7^.+IP+il/. 

in which no differential coefficient of an odd order occurs, and 
the coefficients are all functions of 1 and J not involving the 
variable and readily calculable in the early cases. 
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1433. Integration of Rational Integral Algebraic Functions of 
^(tf) with regard to t/. 

It follows from the last article that 

du - ^ A„_.3+ ^P,n-7+ . . . 

+ KP^-\-L^{u)-]-Mu + 2l const,, 

in which the Zeta function appears from the integration of 
the term LP, 

Any rational integral algebraic function of p(u) and ^\u), 
i.e, of P and Pj, can now be integrated. For if it be 
separated into two parts, the first containing all the even 
powers of f'(u) and the second all the odd powers, then 
after substitution of \F^ — IP—J for Pj*, we have a result of 
the form ^(P) + x(P)Pi, ^ and being rational integral 
algebraic functions of P. And when ^(P) has been expressed 
as explained above as a linear function of P and its differential 
coefficients, eacli term is directly integrable. And if 
expressed in pcjwers of P each term of y(P)Pj is directly 

integrable, for JP’^Pj (/w -P’’+*/(r-f-l). 

d / P*'+' \ 

Moreover, since P*’P,= ( — r , )• which is of form 

* da\r + l/ 

AP2r4.i+ , 

it appears that P^P^ can b<^ expressed as a linear function 
of P and its differential coefficients, and that the same is true 
of y(P)P^, y being rational and integral. Thus, wliatever 
rational algebraic functions of P, 0 and y may be, the iiitegral 
part of </»(P)-f-x(P)Pi is expres.sible in the form 
A-\-A qP-{- a J\-{-A 2 P 2 + ... I 

and is integrable with respect to wand expressible in the form 
O-f ^ M + ^ 0 f M ^ I ^ 2 P 3 + • • • • 

1434 . Thus, for example, to integrate {p(w) + ^/(w)}‘‘^ with 
regard to w, we have 

(P -f Pj Y - P2 -I- 7 V' 2PP^ = 4P 3 -f P 2 - /p ~~ J 4- 2PP, 

“ .'1*0 P 4+ 8-^2”“ i ^P 6J)’\'^^PPl f 

^ + 1 p'(u) -f I p"(y) + 3*0 f"(u). 
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1435. If we differentiate equation (1) of Art. 1420 with 
regard to w, 


- »^) + r{“ + ^) - 2 r(w) = -,7 a 




P(m)— p(wj [fp(u)—p(v)f’ 
and an interchange of u and v, or a differentiation of (2) of 
the Hanie article with regard to v, gives 

a further differentiation with regard to v gives 
- ^"{u - 1 >) + i "(m + v) - 2 f "(v) 

2p'(»>)p"(i;) 2 p'*(d) 

[P(M)-P(”)J' 

etc. 

Thus we can form fractions containing 

etc., in the denominators with no functions 
of u in the numerators, and tliis will presently be found 
useful (Art. 1443) ; and since “P(w), we have 

p(«)-p(w) 

J3'=(V) 

Lp(“)-p(v)f 

2p''‘(‘’) „v . , _ P'» 


- f ( M - t’) - f (H + V) + (V), 


P"(0 






<-(c. 


jV0')p"U') 

[pI«)-p('')]-’ 


Integrating with n*gard to w, 
du 

P(m) 

(lu 


P'(”) j 


-- log (t(u— < ’) —■ log a ( u 4- ^’) 4' f (^) + const., 


^ ^'^IipW-p('’)F 


F- = - i ( w - f (« + 1') -- ‘-2 '« P ( f) 

-P fp(^iy-p(r)' 


^ ^*'^Ip(m)— p('') ^'^I[p(’0-P('’)P 


etc. 
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Each such integral is therefore expressible by means of 
those which have preceded it, the first being completely 
integrated. So that all such functions as 

. ^ 1 etc. 

are integrable and expressible in terms of jp, f or cr functions. 

In the case where p(v)~e^, or we have t’=a>p w.> or rj >3 
and j?'(t>)=0. 

We now have from the second result, 

«»"(“) j - f(« f (»H «-)- 2 cm, 

with corresponding suffixes for e and <*>, replacing the first 
integration above, and so on for the other cases. 

And p'(oD^)=Ge^^— J 7 = -f ^^tc. 


1436. As a particular cjise, if we put ^ constant 

defined by i’=[ ~ j- And 


= 12jp(r) p'{r)“(), --127, tdc. ; 


whence the successive integrals 
may be at once expressed. 


dll 

sj(uy 


du 

sy{uy 


du 

s^^uy 


etc. 


1437. The integration of the function 

may now l>o effect(?d. 

Pet which defines 


1 


a 


iHu) 

V as a ce.rtaiii 


(o / Cj, or e^) 
constant, viz. 


dz 

t’ = J -j, iiud ~ la -J . Then 

!»(«)-«■ P(«)— fO’) F(“) F(»’) I 




(or by Art. 14:{5) ; 
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whence 


C du 1 


[log o- (w — v) — log (T (m 4- v) 4- 2wf (v)] 4 - const. 


-Tr\ 

P (^0 


(r(u~v) 

cr(u+v) 


4- const. 


1438. Art. 1435 shows that we also have 

[p(u^-af ~ f («-»)- f (“+«)- 2 m f>(v) 

{ du 

(m) - af ~ ~ ~ 


{p(M)-o}’‘’ 


and sf) on. 

1439. Integrals of form 


J j3(«)-rt 
course directly integrahle as 


■«ff[p («) — «] and — - — 


[ , -7^/— — r-(/« are of 

J {p(?/)-a}" 


1 


n—\ [p(w)— 


1440. Integrals of form {-^—-du, where F is a rational 
J |?(w) — a 

integral algebraic function, can be integrated by expressing 
F in a s(*ri(*s of form 

A jiJ" (u ) + Bp^-^(u}+ ... + K^(u) + L, 

and then dividing b}^ jp(u)~~ay thus reducing the integrand 
to the form 

^ V»-» (m) + B' p"-* (m) + . . . + K' + • 

and each of the t(*rms of form may be treated as in 

Art. 1433, whilst the integration of the last term is effected 
above. 


1441. Integrals of form 

f ^[p(«)] rfw 

J lp(«)-«][p(«)-^>l ••• [p(“)-^] 

follow the ordinary rules of Partial Fractions in the first 
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place with an integration of the several terms of the form 


above. 

1442. Ex. Thus 


which accrue, following the rules described 


f 

J [p(n) - a] ftj(tt) - b] [i^lu) - c] 


— f V 

-J ^ia-b){a- 


c) ^(u)-^a 


“•=f 


~ 2 L_ loir 

(a-b)(a -c) pf'(tii) ^ (r(?fc-fMi)* 


--:=========== , ut = etc., = etc., and 

V 4r'* -Iz-J 

^y(ui)= —>j4a^ — Ia — J, etc. 


1443. General Summing Up. Completion of the Method. 
We can now consider the general case of the integration 
of a function of form {A+BsjQ)l(C + D JQ), where A, By C, D 
are rational algebraic functions of x and Q is a rational 
integral algebraic function of x of degree 3 or 4, thus extend- 
ing the result of Art. 318. By exactly the same process as 
in Art. 318, tlie function may be thrown into the form 

where U, F, A/, N are rational integral algebraic 

V V 

functions of x. The transformation may be 

XU 

applied to both parts, or to the second part only, for j ydx 

is directly integi*able in terms of x by the rules of the first 
seven chapters. But for the sake of uniformity in the result, 
let us suppose the same transformation is applied to lx)th 
parts. Then, having determined yu and i; so as to reduce 

to tlie Weierstnissian form let us put. as in 

Art. 1432, |?(w)==P, f'{u)^Py^y etc., where u is ^>“^( 2 ). Then 
17/F and MjNy wliich are functions of Xy take the forms U'jV' 
and M'jW respectively, where U\ V\ M\ jY'are rational integral 
algebraic functions of P, or what is the same thing, z ; and 


=|pFid«+|^dw. 
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where WIV" replaces — — i?)* and V'\ V" are rational 

integral algebraic functions of z, t.e. of p(u) or P, and M', N' 
are also rational integral algebraic functions of P. 

Now and M'jN' can both l)c expressed partly as an 

algebraic series of powers of P and partly as a series of Partial 
Fractions. 

Suppose 




M' ' 

•nd 


and 


which are the most general forms. 

Then f P^P du=——' f — ? ^ . 

J^^;^^“log(P— ^), SO that all the terms of J ~,P^(iu can be 
integrated in terms of P, i.e. of p{u). 

Also ^P^ du has been ahowm in Art. 1432 capable of integra- 
tion, and the method to be followed has been there described. 

Finally, the integration of terms of the form 
f(P j(T)^ has l)een discu.ssed in Art. 1435. The total result 

is therefore expressible by aid of the Weierstrassian function 
ip(7t) and its associated Zeta and Sigma functions, and the 
addition formula for each has been established. 

This therefore completes the theory of the integration of the 
most general algebraic function of nature (A-\-B>jQ)l{C-\-I)^Q), 
where Q is of degree 3 or 4, the cases of Q being of degree 1 or 
2 having been completed in Art. 318. 


1444. Illustuative Example. 
Consider the integration 

z^dz 


C7=r — 

iz (a-D* 


* (2-1)*(z-2)n/4(2^-1-1) 


(2<a<oo ). 


Let z^p(u, 0, —4), t.e. 


dz 


V4(a»+1) 

two constants defined by p(a)=2, p(i8)=l 


du; and let a, y8 be 



560 


CHAPTER XX XII. 


Then p'*(a)=36, p"(«)=6 . 2»=24. p"(/9)=6. P-6, 
and we have 

£/== 

Hence, by Art. 1437, 




■2 5-1 ( 5 -iy 


4 


lu. 


U=u+ii. I log e2“f(«)- S - - , '*i -4. 1- loge^“f « 


cr(M-t7«) 




riu + fS) 


and C is to be determined so that U^O if m= 0. Simplifying;, 

loge2“<<*)4-r"!- — 

3 ^ (r(w+«) 8^,^2 (r(u-[ fi) 




and when u ia dimini.she(l inJetinitely, 


0=|log(— 1) — log(— l)4-^i^ ■ - — ’ +(' 

3 ' 8^/2 « « 1 , 


13 


A,-] I 

u- I 

\ # 


= 3 Ic},' ( - 1 ) - ( - 1 ) + ^ ’• 

Therefore subtracting, 


{/=?«4-4oge2“f<-)4-r”!- '1 

4 ^ 3 ^ <r(a+M) Hs /2 ar{fi + u) 

"^4^ 8p{M)— 1’ 

where m=|>-*( 3, 0, — 4), a=i^ '(2), |8=p ’(1). 


1445. For fuither development of ttn.s |>;irt of the Theory of Klliptie 
Functions, the reader must lie referred to Home Umk expr*‘HHly dealing 
with this section of the subject, Huch an PiofesKor ,Sir (ieorge (JieenhiH'H 
treatise, where he will find a large tuiniber r>f \ery elegant applications of 
their use to the probleniH of higher A])plied MatheinaticH, and a inueh 
more extensive account of them than spiice admits here. 
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1. Reduce the integral 




PJJOBLEMS. 


</.<• 


V4 V- -iXr - - r))(3..- - 5) 


(2 < a: < 2 . 5) 

1 


to the Weierstnissian form, hy putting x = 2 + --. Show that the 
iikkIiiH of the integral are 2/^5 and 1 /-JE, and that n = p“' { 1 /(x - 2) }. 
Show also thiit «= , dn“'./ '’T.'* , mod. 

Vo V-V-5 Vo 

2. In the integral « = f -- — . ^ , show that if 

Jr s/40' - 20 i - 2 H 

=• > e, > r., > r, , 

(i) ^., + u^ + u* + \itfi+ ; 

u- 0 

(li) ; 


(iii) Ah 


1 

■30’ 


3. If2« 


, show hy putting 


12 
<l.r 

^ V, (// - h) 

that th<‘ integral is reduced to Weierstrassian form. Prove 
also that 


2u ~ 

J 1 v^(4.r- - 


1. Show tliat 

:\2i,j"\v)sy{2H) - r. ^y\u) - 8o V{ m) - 320.V(w) 

- 20/ V(jO - + {P - 32J2). 

: if 2 m = I ----- , P'(2m) contains as a 
Jz - 2-r - 1 

I " (f: 

^ ^ the roots of the 

equation |j 3 ( 2 m) --0 are given hy m(\/ 3 ± 1), rtu»(N/3±l), 

a<o*(v/3 ± 1), whore m is one of the unreal cuhe roots of unity. 

- 4(1^ 

Show also that f)^(2u) - ^j(u) ^^**'^*' 

^-'(m)^24{.V(m)-2m»). 


Also show that 
factor. 
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6. If 2u 



dz 


show that u 


Mod. sinl5^ 


1 _i ~ cos 1 5" ^ 


7. For any Weierstrassian Integral, show that 

8. If u = p“'( 2 ', 84, ~ 80), show that the values of and 

/<Ui \ _ ^ 

+ <»>s ) are 4 ± 3\/3, and that 


- 4 + ^3*(u) - 8j^(«) -11=0. 

Show also that 

p'(« + uj) = 1 8p'(tt)/ { - 1 ) *, I 

j>'(u + <«,)= - 54p'(“)/{p(“) + 5}* ' 


dx 


, transform the integral by the 


9. If M = f , 

(x — t )(x ~ ^ ) 

substitution and show that 

(.c - ; 


10. Prove the relations, 

(i) 0-2(11} or (v +,«;)o-(i7 - w) 4- 0-2(1 ’) o-(m? + u)(t{w ~ u) 

+ o'Hw)(r(u 4- r)o-(w -v)-Q, 

(ii) ^(u)o’*(w)<r(t>4- «?)<r(i; - w) -k- ^{v)(t^{v)o- ( w ^ u)iT {w - n) 

4- pf«?)o*(w )o-(u 4- v)kt(u - v) ^ 0 . 

(iii) ^(tt)o-*(tt )o-(n 4- w)<r(v - w) + fp^(v)(r\v)cr(w 4- u)cr(w - u) 

4* ^{w)a^{w)(r{u 4- r)<r(tt - t?) 
= .r»(M)(r»(t>)o-*(tt-){ji.(t;) - jj(a))) {p(«>) - *»(«)} {f»(u) - p(»)}. 

(iv) a{v^‘W)(T{v-’W)fr{u-{-x)<r(u-x) 

4- <r(w 4 - m)o'(w - tt)o-(t; 4- x)(r(v - a;) 

4- or(tt 4- t»)o-(tt - v)a-{w 4- x)a-(w - x) = 0. 

[GRKBNUU.L, E.F., p. 208 .] 

(v) <r*(w)(r2(t; 4- w)(r^{v - lo) 4- <r2(f;)(r®(t(; 4- u)ar^{w - w) 

4- a-*(i4»)o^(tt 4- r)(r®(tt - v) 
« 3<r2(u) <r2(v) o-*(w) cr (v + o- (t; - 1£;) o- (w 4- w) <r:(w - w) or (« 4- v) a (« ~ v). 


11. If us^^(Zf J, J), find the values of 







WEIERSTRASSIAN FUNCTIONS. 


563 


12. Find the values of 

, 

13. Prove that 

“ (P» - «) (i^-’ - P«’)2 [j3(» + w) - e]^[p(j; - ir) - «]^ = 0, 
where the sig!i of summation refers to any three arguments w, v, u\ 
and r. is any one of the usual quantities <?p e.^. 

[Math. Trip., 1896.] 

14. Prove that 

Hfp'{u)fj)'{2u)=p^u) - 3/p(«) - IHJ - 

15. Prove that 

Jii>{2u) ~e^ + VpOJM) - e., + s/p(-2M) -T, = ( 1 
l(). Show that 

+ 'og (v»* - - ''lO’Kjsw - 

where ~ - <; 2 )(r j - <rg), — etc., = etc. 

17. If «/>{»/, = show that 

' ' fr(u)(r(v) 

(i) <l>(u, r)4>(u, -v) = ^(u) - ^7(v ) ; 

(ii) </»(?/, -w,) = s/p{w) - Cp 

IS. Putting t u^(«i) (r.(7f), etc., etc., show that 

cr(»Uj) 

(r(*2i/) = 2(r{n)(r^{u)(r.^{n)(r^(n). 

((iRKKNHII.L, E . F ., p. 208.] 


19. If the function </>(«, r) l)c defined by the equation 

show that (i) </»(«, v)4>{u, -p(r) ; 

(ii) 

^S = V(") +»»(»-)• 

Hence give the general solution of the following case of Lame s 
Equation, viz. j ^* 2 ,/ 

y 2p(«) +«;>(»’)• E.F., p. 210.] 
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20. Prove the results 




,iii\ ^(“)P'Py-p"(®)S-''(’') Ao',, A P'O') +.*»'(»’) =2«'(»-rt- 

- W(>')+v('<)Wi'‘ + ’’)- 

21. Obtain from the definition of the fnnetion jj{it) the formulae 

d^tn 

{a) yf(n + v) + i^(u) + ^{r) = rn^ ; (4) ^.^(w) - + r) - — , 

where 2m ^ {p (“) “ p(0 }/{^^(”) “P(*’)}* (Math. Trip. II., 191S.] 

22. Prove that 

( 1 r >. V 1 ^'{n) 1 

23. Prove that tr^(2i/) +<r^(2i/) -- 2frj^-(w)<^^'*(w), when* A, fx are any 

two of the integers 1, 2, 3. (Math. I rip., 1S90.] 

24. If :^(w) = P(w + t*>) -}-P( m) - r, (r = e'-r", prove that 

tr e -e' c - e” 

^■(w)”+ 2e y>(u) 
and [^'(«)F = ^ - ^-i) 

where />j, A'.,, are respectively e ± (9c- - a-)^ and - 2c. 

[Math. Trip. II., lOlR] 

25. Show that the function single-valued 

function of n, and obtain its pericnls anti its addition ei|uation. 

[Math. Trip. II., 1918.) 

r, verify that sin </> is 


= 0 


26. If «sj* 


{(sin </> - sin a) (I - sin ft sin 
expressible as a single- valued function of u in the form 

(sin <f) - sin rt)/(sin </> + 1) = J(l - sin o) sin- (;/?/, k), 

where 

^/2 = J ( 1 - sin a sin ft), - sin o) ( I + sin ft)/{ I - sin a sin ft). 

[Math. Trip. II., 1918.] 

27. State the properties of the elliptic function ip(u), which prove 
that there is a single-valued function a(«), such that a^{\i)==^(u) ~ c, 
and m(u)—\ when «==0. 

Defining similarly h(u ) « {jp(w) - c(tt) » (^(m) - prove that 
a(u) h{v) c(v) - a(v) ft(u) c(n) 


a(ti + v) = - 


[Math. Trip. II., 1910.] 
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28. With the notation of the last question, show that if 


a (u) = 


da(u) 
du ’ 


(i) «(a + (o) (i(a) = a{ui) ^ - a-(.J w) ; 

(ii) 2a(u) c(it) a(2u) = a^{u) - 


(iii) 


1 ^ {/H«) + '■(«)}]• 


29. Prove that 


[Math. Trip. II., 1916.] 


(i) + + w) = 2«, ; 

(ii) iJ(i «) -p(i <» + «.') =2 {(«,-(■,){(■, 

(iii) JJ'(iw)- --2 {(<', -«2)(t-, -<'3)}i((e, - + (<-, 

[Math. Trip. II., 1913.] 

30. Prove the formulae 


^ cnacii/i-( n(a + /i?) dn a dn ^ - du (a + /?) 

.sn a sii /J ^ (a -f j8) ’ 

and hence verify C\vley’.s thecHem, that if a + /i^-f 7 + 5 = 0, then 


//- - su a sn fi sn y sn o + en a en /i cn y cn 5 

- (In a (In (In y dn 5 = 0. 

Prove independently that with Weierstrass’ notation the addition 
theorem may he expressed in the foim 

(<h - ^\P ^^4^ O-*// + (^l - ^ 

when* a + /i + y“0; and .show that the etpiivalent of Cayley’s 
Theorem i.s 


(r.j ~ r;f)fr^a tr^/S <r^y <rj5 h (e,^ - (\)(r.,a tr.fi (r.»yir.,5 + - ^ })^^'i^^zP^zy ^3^ 

+ - r.d (e ^ - «?, ) (e, - c.,) era cr/? cry (rS = 0, 

where a + /^ + y + 5 = 0. [Math. Trip. II., 1890.] 


31. Show that = i{ij'(“)4'>"'(“) - ^ '*('01 

[Maih. Trip. II., 1889.] 

Show further that this result when expre.s.sed as a function of is 

•V('') - i! A'>'’(«) - 3 /h('') - ( q - 

32. Evaluate (i) f {^^(w) ’» (*0 

^ ‘^[Math. Trip. II., 1889.] 

33. If one straight line cut the cubic curve ?/^ — ax^ + a in 

//i)» lh)i (-Pgf ^ consecutive straight line cut the 

curve ill (.rj + d-rp etc., prove that 

dxjy^ + dxji/., + dxjt/^ = 0. [Math. Trip. L, 1914.] 
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34 . If a variable straight line cut the cubic y^~aJl^^{^hx^^-cX'{•d 

at the points (Xj, yj), (x^, yg), and a contiguous straight line 

cut the curve in (Xj + etc., prove that 

(i) I/M/'s = (-^2^3 + *^.3^1 + ^ 1 ^ 2 ) + (*^1 ^2 + -^s) + J 

(ii) dxJy^^ + (lxJy.J^-\-dxJy^^ = 0. [Grkknhili., K.F,, p. 170.] 

35. Show that - w) - - «i] = (^1 - ^ 2 ) - ^ 3 )- 


36. IfM=| (x* + n2) i(x* -h //“) idx, express .r as a single-valued 

Jo 


function of u. 

37. Prove that 


[Math. Trii*. II., 1919.] 

1 p(M-ci>d-ri . , 

' where I. m, n are the 

y>u-ei (ei-€,n)(ei-en) 

numbers 1, 2, 3, taken in some order. (Math. Trip. II., 1913.] 

Cx J/ 

38. Develop a proof that if w == | 

Jo 


. . .. — , then j and 


are single-valued functions of m. hixplain clearly what 
condition.s the path of integration mu.st satisfy and how you fix the 
value of the integrand at every point of the path. 

Express / as a single-valued function of u when 

_ f-*' djt _ 

^^~Jov/(l -2V)(li /V [‘Math. Thip. II., 1916.) 
39. If 2 a)j and 2(03 be a jiair of primitive periods of the elliptic 


functions, 

(i) Show that - | 




;)i 


(ii) If x = - 


then 


- 


^ and ^ 




P(-J + 2p(j’) 


Hence show hpw to expre.ss the coordinates of a point on the 
quintic y = x{x^ - 1 ) as elliptic functions of a single parameter. 

[B 0 RN 8 IDK, Proc. L,M. .SV., 1892.J 

40. Show that 

M/.2y3^,/8 

E(3u) - 3i’(«) = 

[Math. Trip. 11., 191.3.] 



CHAPTER XXXIll. 

ELLHTIC FUNCTIONS (Coutinned). REDUCTION 
TO STANDARD FORMS. 

144G. Preliminary Considerations. 

r ^ * C (lx 

'Aiking the general int^^^ral I , where P is any rational 

J \'Q 

al^eliraie function of x, and Q the (juartic function 
"h 4ajX^ -i ()rt.,x- -f- -j- , 

we now proceed to show liow it may he reduced either to the 
Leuciidrian form or to the Weierstrassian form, as may be 
desi red. 

144-7. We sliall assume that the several coefficients occurring, 
viz. cIq, aj, fZo, « 3 , a^, are all real constants. 

The nxjts of a hiijuadratic = with real coefficients must 
be eithiir (1) all real, (2) two real, two imaginary, or (3) all 
imaginary. 

Tile roots of a cubic equation with real coefficients must be 
either (1) all real, or (2) one real, two imaginary. 

Further imaginary iXKits occur “ in pairs/’ and are conjugate, 
i.e. of form a±if3, where a, ["i are real and 

Hence when < 1^-4 i), Q must faetori.se, at the least, into two 
real ipiadratic factors, and it may further factorise into two 
linear factors and on(‘ irreducible (juadiatic factor, or into 
four linear factors, the coetfieient.s of such factors being all 
real. 

And when ~0,Q must factorise, at the least, into one 
reial linear factor and one irreducible i|uadratic factor, or it 
ma^^ Ixj into three real linear factors. 

For the present we shall consider a^^O. 

5G7 
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1448. The Invariants. 

Now when any binary quartic 

is subjected to a linear transformation 

so that the modulus of the tninsfoniuition bein^ 

/p w?j — 

1 ^2* ^^^2. I 

Q takes the form 

4«/A' r q 6a;A Y \a.;X Y rf / * 

-(«o'. «l'. «•/. <. ^')^ 

the (|ua<irinvariant Z~3«o^q~~4rtja.^+.*la/ is of order 2 and 

weij^Id 4 : 

tlie cubinvariant J ^aQ(L^a^-Y2a^a.,a.^--aQa,^' — is 

of or<h‘r 3 and weijrht (> ; 

and if J' be tlie same functions of tlu^ new co(‘fiieients in 
Q', we have A^/, J AV, so tlmt 1'^ J'^ P J^ : and this 
is an absolute invariant, Ixdn^ imlependent (jf the letters of 
the transformation formulae. 

Now amongst the four hdters /j, ?/?,, L,, w,, there an* three 
ratios at our clioice, and suihcient, if tht‘y can be det(‘rniined, 
to make either a/ and a.J both vanish, or Uq and a/ both 
vanish, and in either case we .shall have a third choice 
between the three ratios still available for any other purpose 
of simplification which we may desire. The choice making 
a^' and a./ vanish i.s the Lejjjemlrian plan of attack in <4 the 
problem of reduction. The choice makin;^ and Ug vanish 
is the Weierstrassian method. The latter is the more modern 
and the simpler. We shall Uierefore consider it first. 

1449. Reduction to the Weierstrassian Form. 

If aQ=a 2 ~ 0 y the invariants bticome 

7 ' ~ — 4aj'a3', J ' = — 

Q' becomes Y ( 4a/^-'- XY^- ^ y»), 

and a,' still remains at our disposal. 



REDUCTION TO WEIERSTRASSIAN FORM. 


569 


We could iimke it unity by a propel- final choice amongst 
the transformation letters. For the moment we reserve the 
choice In any case we have seen that it is possible to trans- 
form Q to the form 

Q'.^KY(^X^-g,XY^-g,Y-% 

where A', g.,, g.^ are certain constants wliicli are functions of 

^ 2 * ^4 > » ^ 2 » ^ 2 * 

1450. Now let 

f{x) - ^/o^'‘ + ^i*^^+da.2jr-4-4a^a:-j-^4, 
and let the roots of /(j') = 0 be a.^, a^, so that 

/(x)- ao(x-(ia){x a^){x-a.^)(r-,l.,). 

From what prece<h‘s it appears that by a proper choice 
amongst tlie lett<‘rs I,, m,, in the liomographic sub- 

stitution .r (fiZ \-niy) {l,fZ~{-in.^),f(s) may be reduced to a form 
in which tin* term in z* is absent in the numerator. 


Now x-,., 

and if we make oar first choice amongst the three disposahh ratios 
/j : : I, : m., to he -hqJ.^s we shall have 

/, 

"/-x'i > ■^="o+r_--. say, 




(in<l the two ([Uiintities fi, ij are still at our disposal. 
Wo now have 

X — fl , ~ tin — a I “T — [ ^ *1\ 



^ i: 1 ^ 

1 

z — n 

* >?-t- 

a©— <*!> 

1 

o 

i 

+ 

1 

o 

z—fj 

\ ao — «2 


(z .+ 

Z — f) 

\ «0““ 


f(x) = a^fi 


(qp— ai)(ao~a;)( ao~ “:t ) 


x(z—n-\ — —a )’ 

\ a,/\ Oq— a 2 ' ' “» “s' 
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In order to arrange that tlie term in in tliis numerator 
shall be absent, we shall make the choice of a relation between #/ 
and jui, viz. that 

-+ ' 

ao~u., afl-a./ 

and we still hare one choice 1*^/1 amongst the constants at our 
disposal. 

Moreover, since dx= —fidz^z -tif, we Iiave 
dx __ —fj.dz 

v^«oM(«o “«2)(«o "«;i) 


X 


1 




“ ) 


Ijet US now make our final choice amongst the dis'posahle trans- 
forfnation constants, such that 


M = 4"o(^*o " «l)(«0“‘<j) ('-<0 ~ 

Then, since /(x) = aff(x~ao)(x ~ ai)(x-~(/j)(x we linve 
-~-/'(x) — (x -a^)(x—a..)(x -a.d + terms containing (x (tg) ; 

Oq 

whence 


Uq Uq 

Again, 

2 ^-/" (^) = ) + (^ - ' « ') f - <h) - «.s) 

-f(.T -a, ){^ -«.,>} (x- «j)(a:~a,) 

-I (x-a.,){x-tt3) ; 

whence 


and since 1 — ^ - 1 ---^^--^ 

oVuo~ai og — a,^ Ug a./ 


.>1 r('<o) 

thw gives .,= J. I/'(«o)Z_£ , ie. i,\/"(«o). 

-/'(a.) 

*'o 
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Thus ft. and i; are now found, viz. ;u=i/'(ao), i?=Vf/"(ao). 

T dx dz I , 

to be expressed. 

And seeing that the relation a;=oo+,^ gives an infinite 
value to z when x=ii^, we have ’’ 


Js s/43' 


ih^ i/s 


and it’ this into^ral tie called w, we liave 2 ~fp{u). 

1451. If Cp C 3 ])e tile roots of — — we have 


0. + V's+Vr' 


•/- (> fi p — 

4 > * r 4 . 


Moreover, retfardinjr - (j^z- //.j as the form assumed by 
the transformed (juartic function (Oo, Op Uy, a^)(x, y)*, viz. 
0 + we have u/ = l, 

■ “■f/s ’’ ^ f/2» //:r 

Also we liave 

< - ■' *1 ( + I 

do dj o\do~di dQ — do do — ds/ 

I *) " (^0 d j)-|- (d© dj)(aQ“^ dy) 

H“(do—«l)(do““«2)l 

t.i'. rj - - ® [(ao d.J(a 3 - dj) - (ao~ da)(di - a.,)]. 


Si ini lari V 


[(do“<l3)(di“d.d—{do "di)(ao— d.^)], 


[(do di)(d.-- d^) -{do- <i2)(d3“di)], 


thus expressing the roots of the cubic 4c'^— //., 2 — (/ 3=0 in 
terms of the roots of the (piartic V="0; and therefore Ua 
or w'hat is the same tiling, /' and are now known in terms 
ot dQ, dp do, d^ and (Iq. 

We shall now for convenience drop the accents from I and 
d as being no longer necessary, and these letteis will therefore 
be for the futun^ undersUuxl to refer to the new form of the 
(juartic function 0 . z* + iz^+0 . Oz^- Iz-J, and henceforth use 
I and J, as in the previous chapter, instead of the letters 
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^2 and respectively as may be desirable, and the accents 
can be restored whenever we wish to institute a comparison 
with the corresponding symbols belonging to the original 
ijluartic Q, 

1452. Our transformation is now complete, and we have 

JaoV(ao, (ip (/g. «4)(^» VY 

= [ — — /, 
the transformation to efiect tin* reduction beiim 


a:~-ao+ 


2 - ^/"("o)' 


1453. To find the Legendrian Moduli, the Boots of Q ~-i) being 
known. 

The transformation formula may be written 


we have also (’i— 


and z — e^- 


x — tiQ n^~ uq (tQ—ii^.r 


Lc. 

4 (iQ — a^ J' — Uq 

similarly 2 -^.,="“ ^ ' 

4 — tto CT “ *iQ 4 Uq — fijj X - uq 

Al.so the Legendrian moduli k\ h' may be readily expressed 

in terms of oo. ap a^. (1;^ «ince (Art. 1414) 

= (e.^ - k" = (r, - «„)/{r, - r^). 

we have 

1 1 

7,9 (io— «3 1 

,.- 4 = • „ - — «p a., 

«0“«3 

1 ^ 

1 (ao-a2)(«i’~“3) ' " ^ “ 

«o-a8 



THE LEGENDRIAN MODULI. 


573 


1454. Cubic to find the Legendrian Moduli, available when the 
Roots of Q=0 are unknown. 

We may obtain an ecjuation for the determination of the 
moduli k and k' for the case in which none of tlie roots of 
Q=0 are known and are not readily obtainable. 

Since /'““(eg— C 3 )/(cj— fjj) and k'~=^l — k-, we have 


and 

wlience 


A-V,--f>.,+rV3=0 ) 

'’i + «2+'’3=0;/ 


f., 










and 

ThtTefore 


;./-(i+}c-){i+k"^jrk'-^-¥)’ 

v= - y. ''iV3= 


r -j =- 7_ _ r 

V l5(l - W'*) ' \ -ii2+lcVc'^)(k'^-k‘)' 


WritiiiR W.'*=P, 




4(1 -P)s ‘^'^(2 + P)*(l-4P) 


■k^y 

P-27J*. 
' 27P* ’ 


(1~P)* 27 V "7*/’ 




wlience 

jt 

and ^3 is an ab.solute invariant, free from the modulus of 
transformation, viz. 




Oj ; 



^'8 ; 



«4 ! 


2 (r/o<U-"l<^i«3+3a2*)» 


when expre.s.sed in terms of the coefficients of the (juartic Q 
This cubic for P may be solved by Cardan’s method, and 
thus the product A**//* cun be found; and as /u*+ /»:'*= 1 , both 
k and 1c can be found. 


dx 


1455 . Illustrative Examples. 

Ex. 1. (’onHider the inteiri*al ue / 

^ » v'ar* + 1 lY -f - 5.r 

Here there are obvious roots of /(.r)=0, viz. jr^O and .r~ - 1, 

/(r) = 12,r5+5l.rH18j- -5, r(.r)-36.r2+ 102.r+ 18. 

Taking the root .r« - 1 as tioi 

/(-!)= 16, /”(-!)= -48, M = i/'(-l) = '‘> ’/ = */’<-!)= -2- 
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Hence the proper reduction formula ia 


.r=ao + 




z - tf + 2 

Then /(r) = .r(.r-f l)(aH+ 14.r - r))==.r(.r -f l)(.i -f r>)(3.r - 1 ) 

= 64(.^--J)(:-l)(r + 3)/U4-2r, 


and d,v— - 4dzl{z + 2 )“ ; 

dj' 


dz 


d: 


v'4(2-2)(2-i)(; + 3) x'U-'‘-2Mr + 2J 

Also .r= — 1 gives ^= oo ; 


r dz 

?/= / -p==^ 


= = ^*( 2 » 2H, - 24) and 


\/4^J-282 4-24 

In this case ei = 2, e. 2 =l, 63 = ~l\ lc^=:{e^~e^) (gj - C 3 ) = 4/r>, fc'*=l/r), 
P(w) = «3+ ' ‘ >/ />; ' 

811 = \ 5 , 11 = ; 811 “^ a/ r> ^ J . 

' ' ^ x + f)* ^/f) ^ .cf-5 

Ex. 2. Take the same example, and atari with the loot .r = 0. 

Here ao = 0 , /( 0 )= -5, /^(0)=18, /^= -5/4, 7 / = 3/4, 

.r= - 5/(42 - 3), </.r = 20 dzl{Az - 3)'^ 

/(j')* 1600(2 - 2)(2- 1)(2 + 3)/(42 -3)^ 

/*' d,r _ /« ii 2 

•*o N//(.r) *”-'-« v>'42» - 2H; + 24’ 



Ji + \h ./. /v''4i’-2fe + 24 

^ A V4i'*-2H2-f 24 
Hence 2 : = ^(2<oi - tt) = ^(M), as liefore. 




Ex. 3. Examine the aariie integral with the Kulmtitutioii 




4jj2 


20 


.4s'-^*-5 


Then r+l = g_^^„ .'• + f'=(r.:v’ ^.r- 1 -4 . 


Hence 


1 f' 

M = T7? ' 




r.-- ; e = 8n(tW5); mod. 


';/5Jo V(iri2)(r^ji2)’ 

which agrees with the former result (Kx, 1), in which 


Vr;’ 


^(tt)sr~3 + '“ and jp=s:~1 + ^ 


pftt) + 2' 


-1+ -5-^-’. 
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1 456. Transformation for the Case of Unreal Values of the e’s. 

So far eg, eg have been considered real. Now suppose e^ 
real and e.,, e.^ he coin{>lenientary iinaginaries. Take the 

hyperbolic transformation — ^ where is at 

our choice. Since we liave 




x—e. 


Let us choose 1;^ = — 2 ei, i.e. choose the hyperbola so that the 
oblique asymptote passes through the origin. Then the graph 
of this transformation i.s a hyperbola with asymptotes x~e^^ 
y=x and centre (c,, ej. Let (^g, fj^), (^3, i/g) be the points at 
which the tangent is parallel to the ar-axis. These points are 
the ends of a diameter, and J73=2ej= — i/j ; /. »7i4->72-f »;3=0. 

Moreover, and which are the roots of ^^=6, must be 


repeated roots of the equations and 2/ = >;3 respectively, 


i.e. 




x-e. 


and y - 






x—e. 


whilst 


which is 1 




must take the form 


^ 2 )(^ ^s) 

dx (x— ej* 

Clearly the values of ^3 e^±Je2e^+2ey^. 


Thus 


f dx ^ 

J JiJx-e^)(x-e^){x-es) 


=1 

=J 

=J 


dy{x — eif 1 

(®— ^s)r*-fs) n /4 (a! —^{x— ej (x - e,) 

{x—ey f dy 

N/(«^«i)(y -^2) *ii) 

dy 

(?/ - »7i ) (y ^t)iy -- ' 


in which J7i+i;gH- 1^3=0. 

The nature of the transformation graph, in which the 
branches of the hyperbola cannot cut the line 3/=>7i, since 
and Cg are imaginary^ and which must therefore lie in the com- 
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partments between the asymptotes as shown in Fi^. 427, 
establishes the fact that are essentially real quantities ; 

y— Va^nd y are the inaxiinum and inininnnn ordinates of 



Fig. 427. 


the graph, and the line y=/ 7 , - — 2e, is a line paralhd to the 
j'-axis at a distance twice as far bcdow that axis as tlu* ct'ntre 
is above it. 

1 4r>7. Analytical Examination of the same Transformation. 

If the mots of any cubic + + be aj, (*,, we 

have ■" ~ ^^t)* - ■" where A is tin* ibscriniinant, 

A = -f 4- , - 3</, 

(Huiiiside and Pantoii, Th, of Eq.^ p. S3.) 
iiiid the iwits are all real or one real and two inm^inary, accord in^^ a.s 
A is or 4-’*. 

In the case of the cubic 4.r'' - /.r - </ *= O, with rootn Cj, e,, /»,, we have 
ao-4, 0^ = 0, a,= -J/, - J; A = 4V* 4 4 . 4( - - A?(/» 27J»), 

and (6, - «*)»(«, - ed*(Cj - 6*)*= (/» 277 *). 

The roots are then all real or one real and two iniaj^inary, accoidiii'? as 
P — i« +" or In the chhc we arc con«iderinj;, vi/.. (»ne real, say 

and two imaginary, viz. e^-p-k-^q^ ^9^ P Jnid q being real, and 

«i = - 2py 80 that *1 + «* + e, = 0, we have 

P - 27J^= ie(2t^)*(9p2^g»)2= - (y4q^9p^^.q^y^=. ^ - 

Hi 

But when we transform by the equation y = jr + , where 

- e./i3 4- 2€,* ~bp^-\-q^~ ”, 

we have ^t~®i4"-fi, 371 

and in the new cubic, 4 y® - /'y - =- 0, we have 

n - 21 - 16(7/, - 7/,)*-^(7/, 7/,)*(t/, - 7/,)« 16 (4/?)q3e, - 2i?)q » 3«, - 2i?)* 

«266/?*(9e,*~4i?2)»*2r>6(5|>*4-g'^)(l6|)* +” 

Hence all the roots of the new cubic are real. 



REDUCTION TO WEIERSTRASSIAN FORM. 


677 


1458. Illustrative Example. 

Inte^i^rate us f — :..r_r ^ 

Jr ~ 1 4 - 54./ *-^ - 1 (XX/- -f 57 

Here .r~ 1 is an obviotis root of /(./’) = 0, 

/■'W= *lr^-3af''* + l08.r~100, /(I) =-24,^ 

/''{.r) = 12.r'--72.r+10H, r(l) = 48 ; j 

••• /^=1/'(1)= -6, >; = ,V"(1) = 2. 

Tlie tiansforniation formula is .r = (Xo + -~ = 1 

- - >/ c - 2 

Wo also have 

/( ' ) --- (•'• - 1 ) f '-’ - 1 1 1-’ + 43 - .'■>7) = (..■ - 1 ) (,<• - 3) [(.c - 4)» + 3] ; 

hence two roota for .r, and therefore iil»o for z, in the traimforoied equation 
will 1)0 imaginary. 

The transfoi'ination is 


alaoAr=-^,: *he,.ce = f = 0, -4). 

Transform further by the rule of Art. 1456. 

.mi ^^=1 — ±s'3-l. 

Therefore »;j = 2\'3-l, t(,= -2\'3-l and i;i + >/ 2 + >; 3 = 0 , 

_(.--v'3+l)S (c + x/S + l)^ 




- >h = 


^+1 


.V~V3 = 


+ 1 

_r j//_ (f ^ 

\'^4V-f4 •if(j 4 -l )'-3 ])2 (y _ 

~ / * g-l-l 

• » n'(; + 1 ) Cv ~ »/i) N V 4- 1 ) 0/ - Vs) "^^4 (// - ) 

_ l’"* <fy /'“ 


v'4(//~?/|)(^y-»/2)(y - Vs) v'4(.y-2)(y^4-2y-ll) 


. r. , 

At - 15 


V4 0/'’ - 15y + 22) 


= P-^0 a 60, -88). 


In order of magnitude the values of the i/’s are 

t/2=:2\'3-1, v, = 2, v3=”2v^3-1; 

whence I*’ = *111^ = i±?^ = sin275". 

4v/3 8 

Thus ?/=:|!>(w) = 2 + 4\/3 mod. sin 75” ; whence we can express 

« and Tin terms of w. 
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We have 




^;>( 7 /) + 2\^3 4-1 


and 




1 . /y+~l-2v'3 

24^3 \^ + l+2v/3 

= J_ /:^ (7 - n.r-|-.r^)'^^ (T^rH3 
2 V3 > 2(7 - .'i.r + .r-^) + v'3 ( T - .r) (3 


(inoil. sin 75'). 

-.r) 


1459. Reduction to the Legendrian Form. 

We next turn to the other method of reduction referred to 

in Art. 1448, which endeavour.s to express directly in the 
^ dx 


Letrendrian form j* p — , (/t^ 1). 


1460. Preliminary Geometrical Considerations. 

It will be convenient to consider the expression Q made 
homogeneous by the introduction of the proper power of y 
where necessary, and written witli binomial coetfieients, as 

Q s Ufpc^+ia^x^y + Ga.,x^?y'-*+ + a^7/^ 

and to imagine it to have been factoris(‘d into two (piadratic 
factors with real coefficients, as 

Q ~ {ax^ + 2hxy 4 by^) {dx^ + 2}ixy + 5'//^) . 

Consider the two concentric conics w hose equations are 
ax^-\-2hxy + 5?/*= F, dx^-\-2}i 'xy -j- b'y^^ir ; 

F and G being at our choice, w^o may select them so as 
give real intersections P, Q, 7i\ S, wdiich wdll alwa^^s bci 
possible if one of the conics he an ellipse. Then it is plain 
that PQRS is a parallelogram concentric wdth the comics, and 
that as PQy QR form a pair of supplemental chords of both 
conics, the lines through the centre drawn parallel to the 
sides of the parallelogram form a common pair of conjugate 
diameters, viz. OX, OY It is therefore possible by a change 
of axes, to the axes OX, OY, to remove the term in AY in 
each of the two conics simultaneously by the same linear 
transformation, viz. (.T=XA+/iY, y=\'X+ /YY), say ; X, /x, 
X', ^ being all real when one of the two conics is an ellipse, 
or when both of them are ellipses; and the conics becoming 

AX^+BY^^F, A'X^+B'Y^=^G, 
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Q can thus be reduced to the form 

Q' {AX^+BY^XA'X^+B'Y’^), 

or, as we Jiiay write it, 

Q'^A^X*+GA.,X^Y»+A,Y*. 

We may obviously make a further reduction by putting 
Xi/A^=^, Y^A^—^|, thus reducing the quartic Q to the 
canonical form 



If both conics be hyperbolae, the common conjugate diameters 
may be imaginary lines. But in any case their equations are 





h, 


a 

h\ 


a 


(Smith, Conic Sections, p. 196.) 

We may, however, readily avoid an imaginary transforma- 
tion. For, as has been seen, tlie only case in which it could 
occur would be that in which both conics are hyperbolae, as in 
the case shown in Fig, 429, where there are no real inter- 
sections. In this case the factors of Q are all linear. Call 
them (1), (2), (3), (4). Then, instead of taking the hyperbolae 
(1)(2)=F, (;i)(4)=:6r, we might take the hyperbolae (1)(4)=F, 
{2)(S)=G (Fig. 430), and with a proper choice of F and G we 
can ensure real intersections and real common conjugate axes 
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to which we can refer the aystem. We infer therefore from 
these considerations that it is always possible to remove from 



Q the terms containing and simultaneously V>y a real 
linear transformation, 

1461. If in the transformation formulae 

x-=\X +fi F, y = \'X -f /i' F, 

we write \'X~^, /a'r=i;, the formulae take the simpler sha{)e 
y = It follows, therefore, that it is always 

possible, by a real substitution x~(p-\-qz)/(\ + z), to reduce 
Q from the general (juartic form 

Q -f4a.j.r f ^ , 

to the form Q^{A^z^+B^){A^z^+B.^I{\ +zY ; 
and since — (r/— />) fZ 2 :/(l+ 2 )*, we have 

and the values of p, q are in all cases real, 

1462. Outline of the Process of Transformation. 

As the whole discussion is necessarily somewhat lengthy, 
we may with advantage stop for a moment to outline what is 
to be done. 
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1. It has been shown that w'hen we can always, by 

the transformation x—(jp+qz)j(\+z), remove odd powers 
of tlie variable from the radical, p and q being real. 

It remains to show how the necessary values of p and q are 
to be found. 


II. We sliall show that the same transformation will also 
reduce the integral to the desired form in the case when 

ao=0. 

III. That by a further transformation 


or, which is the same thing. + i?sin“0)/((7+Z) sin^d), 

the form now arrived at can be still further reduced so that 

becomes a constant multiple of 


(U 


or 




The ratios A : B :C : I) are at our choice. 

f Af (lx 

IV That starting with the integral M,N 

are rational integral algebraic functions of .t, we obtain after 
the transformation a:=(;?-|-g'2)/(l + 2) a result of form 

[4,(z^)+zM^'‘)\dz 


I- 


and that whilst f f ^ 
}j(A,z 


can be reduced by 
can be 


;z^tb;)(a,z^+b,) 

earlier rules, the portion f — - — 

expressed by means of Ijegendre’s Integrals, and that there- 
fore by these means f can in all cases be reduced to a 

^ J ^s/Q 

system of algebraic, logarithmic, circular or hyperbolic 
functions together with one or more of the three standard 
Legendrian forms Z’, ^ or II. 

Hence, as in Art. 318, the integral j* where 

A, By Gy D are rational algebraic functions of a?, and Q is now 
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a rational quartic expression, can be reduced to the sum of 
a similar set of terms by aid of the elliptic functions now 
described. 

1463. I. First consider and imagine Q to be factorised 
into two (juadratic factors with real coefficients, as 

Q = tiQ + 2Xx-\- iul) (x" -f 2\\c + //). 

Then putting .r — ( /) -f- q^);( 1 4- 

^H(z"-^'2/z+(j)X\+zy\ where JI \ ^Xq + im, 

, / ff 

H p(J + X(p-{- q) -f M ““ -f 2Xp f M ‘ 

Similarly, .r2+2X^r+M'— ^ (^”+2/'2 + .^/);(l 

where H\ f\ g' are the same functions of p, </, X', fj.', as //, / (j 
are of p, r/, X, yu. 

Hence t{\z-^2fz-\-(j)(z"-^2j'z~{-g)(\+z)\ 

We shall be able to make /and /' zero b}' taking /> and q 
so that 

])q + X(p + q) + /jL—i) and P 7 "f-X'( 2 ; f + 

le. „ + L=:=_... 

Xjn'—X'/Ji /JL — fA X —X ~ jilf -~4^(X'--\)(\/UL ~~X'^) 

Now 

//-2XXT-4(;. - X2)(^/ ~X'-)- A", say. 

So p-^q=^(fA — fjL')/[X'—X) and p — q~-K,{X'-X), whence 
p and q are found. 

This completely determines the necessary transformation, 
and we shall show that K is real ; so that in all cases 
p and q are real. 

The form of Q is now reduced to 

Q sao H H \z ^ + <;) (2H !/')/( 1 + 2 

Also dz^(q--p)dzj{l+zy^, 

dx _ q—p dz 


Therefore 
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1464. Next, to examine the Reality of K. 

(i) When the roots of Q=0 are all imaginary, <C ju and 

X'" < /x'. 

Let + Then 

IC ^ ~ (/X + /x' — 2\\'f — 4 (/X — X‘^) (/x' — X'^) 

-(X‘^4-p" + X'2+/)"'-2XXT-4^V2 
=[(A“A?+(/3-7^T].[(X-XT+(/)+^^^^^ 
and is essentially positive. Hence K is real and 'p, q l.K)th real. 

(ii) When Q==0 has two real roots and two imaginary, 
X*^ - /X and X'“— /x' have opposite signs, and 

/^‘'.^.0x + m'-‘^AXT--4(;x-X2)(/-X'2) 

::---(/x-f /x'— 2XX')^+ a positive quantity = + ''®. 
Hence K is real, and therefore also p, q are both real. 

(iii) WluMi the roots of (<)=() are all real, say aj, a.^, 
arranged in descending order of magnitude, we may take 

2X— --((ii + a^), /u = ai«.2, 2X'=~(a3+a4), — 

A'- (m + /u' - ‘iXX^-^ - 4 (yu - X^) {p~ W'^) 

= [ a ^ ao 4 - “ i («! + « 2 ) (« 3 + « 4 ) J “ 

- \ [4aja,-((q4- «J'^] . [40^04- (03+ 0^)2] 

= («1 “ " 4 ) («2 “ ^ 3 ) («1 “ " 3 ) («2 “ « 4 )» 
which is again positive, an<l therefore K,p, q are all real. 

In the case/=/', we may put z-\-f=n. 

Then —f), and the required 

form is taken without further reduction. 

1465. II. Case when Uq—O, 

In thisca.se 

The case ai = () need not be considered, as the integral would 
then reduce to a standard form. 

One factor of Q must now be real. Let e be the real root of 

Q==0. 

Tlien Q^4ai(x-€)(x*+2Xx+^), say. Then, putting 
x=^{p+qz)l{l + zX as before, 

X-e^[{p-e) + {q-€)z](\+z)l{\ + zf^H'(z^+^rz^gW + ^f 
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say, and or^-\-2\x+ /iL~II{z^+2fz+g)l(l-\-z)^, as before. Then 
proceeding as in Art. 1463, 

H'=q~€, 2H'f'=-^p+q-2€, H'g-=-.p-e; 

and making /=:/'==0, p+q—2€ and pq +\(p + q) + /ji=0 
Therefore p+q~2€, pq= — 2€\ — /Uy whence 

p-q==2-y(€+\Y+n-\\ 

Thus, (i) if the factors of ;i be imaginary, 

<i /jLy p-q is real, and therefore p, q are both real ; 

(ii) if the factors of 2Xa:+M roots of 

Q — Q be Cj, c.^, c.p arranged in descending order of magnitude. 

€ -4“ <!. 

Then we may take A™ - - and 

j»-gr=2vt{<?,- 5 KTf7)r+e.A- 1 (<*2+«’3)*]=2v'(>7-f2)(^-^s)' 
which is real, since ^^>^.>>^3; and p, q are real in this case 
also. And the rest of Art. 1463 still applies, and the reduction 
to the Legendrian form is effected as before, Q l)ecoming 

4a,Hir(z^-ig)(z^-^gyil + zy 

and . 

x'Q x ioJIH' K'{z^+g){z*+g') 


1466. We have therefore in all cases reduced the differential 

dx dz 

. to one of the forms C - , where C may be 


taken a real constant function of Uq, Uj, of known 

value and a, ft In^th real. For if Ja^HIi or be of 

unreal form, we may rej)|}ice them by J—aJUl or J — \aJIIV 
carrying the negative sign into tlie other radical. 

The case ft^) is obviously unreal and need 

not be di.scus.sed, as we arc now dealing with r(‘al functions. 


1467. III. We have therefore only Ui consider the reduction 
of the 6ve cases : 

(1 ) ; (2) ; 

(••)) j+{^^+u^)(z^-m-. (4) J~\z^+aW-Wi-, 

(5) V+r2H^)F+‘^j- 
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The final substitutions to reduce tliese five cases are all of 
tlic form z^=:=^(A-\-BHm^6)l(C+DHin^d), where the values of 
the ratios A : B :C :J) are to be suitably chosen. We consider 
each case in detail. 


14G8. Case (1), v(2^— a^){z ^—^) ; > 8^, This is unreal if 

lies between a® and /3*. 

(i) a>/3>2. Put 2-/3 sin 0, A: = /9/a. 


„=f 

•'o 


dz 


1 /8 cos 6 dO 

\l(z^ — u^) {z^-~ fi^) J 0 V (a^ — / 3 ^sin* 0 ) cos* 6 


']■ 

a Jo 


dd 1 

n/ 1 -“/:*sin *0 a 


Hence 'r--/3sn«?/; mod. /3/a. 

(ii) 2 > a > Put 2 =a co.sec 6, k—^ja. 


~a^)(2^~/3*) u Jo ^/cot*0(a^cosec*d— 

^ 1 r 

« Jo \/l — fc^si 


ri 0 _ 

/ 3 ^) 


am-^d. 

sin*0 a 


Hence z^a sn an ; mod. 8. 

Ai ' r If rfe 

Also ?/ 1 - = — 1 


■-)(:* -/i*) 


A:*sin*d 

de 1 


Vl~^*^sin *0 (1 

where K is the complete elliptic integral. 

Hence c — a 'sn(/l --a?//) = a dn(aa')/cn(aa'). 


(A' — am“*d), 


1460. Case (2), N/-( 2 *--a*K 2 *- /3*) ; a* > /3* This is un- 
real if 2 * does not lie between a* and /3^ 

Put 2 ^=a*“(a^-~/^)sin* 0 , i.e. a^cos*0 + /3’*sin*0. 

Then a*- 2 * = (a*~^)sin*^, 2 *- ^*=:(a*-/3*)cos2(^, 

7 / 2 02\ ^int) COS Odd 


V a* — ( a* — /8*) si n* 6? 


J*v'- 


dz 


-=ir 


dd 


1 


v'-(J=‘-a*)( 2 ® -/•<*) aJos/l-Ai*sin“0 « 


ani'^^, 


where A;*= 


q2 * ^ "“a** 
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Hence 


c:=adn((nt), mod. ^1 — ^- 

1470. Case (8), \,/{z'^-]-a^){z^ ~ ft^). Tliis is unreal unless 
zr > Put c — /3 sec 0. 

_ r dz __ f® sec $ tan 6 dB 

do __ 1 p a® \ 


Jo cos^ ^ Jcd-\-ft'^ 

k{^ do k ,,, 

« Jo s/l — k^sm^B a 


Hence 2 =/J/cn 

1471. Case (4), \'^—(2‘^-f This is unreal unless 


Put 2=-/3 cos B. 


r 

- -1 

•0 -^nmOdB 



L \'y^*sin‘^<9{a‘‘^+/i^cos2^^) 

1 

dd 



\/i — A^sin*^ 

ft y. a’^ + fty' 


Hence z- 




vV-t 


1472. Ca.se (.i), v'(:* 4 -u*)( 2 * + /^) ; (i^>/?*. Put 2 =^tan(l. 

_f rf; -f' - — ~ 

J(, (j“ -f t) N'/^r‘sin*tl4 a^coH*(l 

iJ.v'l-A-’sin'e “ ' ' 

Hence 2~/9tn(«?<) ^rncKl. 


For convenience of reference we exhibit these cases in 
tabular form : 



UTB. Table of Substitutions, Etc. 


REDUCTION TO LEGENDRIAN KORM, 


687 



In all eases the substitutions are cases of = ^^sin2 6^) ((7 + -C>«in“^). 
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1474. The More General Case 


f (Iv 
iN JQ 


Here M, N are any rational algebraic functions of x, and 
Q, as before, =(ao, a^, a,, a^, a^)(x, 1)^- 

By a proper choice of p, the transformation 


x={p+qz)/{l + z) 

has removed terms of odd dej^ree from Q\ MIN becomes a 
rational algebraic function of z separable into two parts, the 
one an even, the other an odd function ol* r, expressible as 




Hence 


(M dx 


NJQ 


is reducible to 



By putting the second integral is immediaUdy reduced 

to a form integrable by earlier rules. 

We have therefore only to consider the first integral. 

Now <lt(z^) is itself se[)arable into two parts, the first in> 
tegral, the second fractional, and is expressible as 




f f dz 

But lx)th X-.-dz and | can, by integration b\’^ 

parts, or the use of reduction formulae, be connected with 
the integrals 


f dz fz^dz 

JnV’ Jv/Q'' 



dz 


(Arts. 271 to 274). 


Accordingly all functions of form J ^ where 3/, N, Q 

are of the forms specified, can be reduced to a series of 
known integrals, together with one or more of the integrals 



dx 



T^dx 



* dx 

0 [l + nx"^) v^(r- x“)(r-- ex^)' 
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Tlie second of tliese, viz. 

ic‘ JoV(l-*“)(l-A:-X'‘) 


- X (first integral)- j 

\ {> de 1 f» ; 

r 3/^ dx 

Therefore any hucIi integration as J ^ can be effected 


by aid of the three standard Legendrian forms 

F(0. k), E(0, k), 11(f), Ar, n); A; < 1. (See Art. S71.) 

The same is true of the more general form 


discussed in Art. 1443. 


(A + BJQ 


dx 


1475. The Case when the Factorisation of Q is unknown. 

To effect tlie foregoing reduction, a knowledge of the 
factorisation of the (juartic Q has l^een presupposed. When 
there is a preliminary difficulty in this factorisation, we may 
still obtain the desired form by a use of the invariants I and 
J. Suppose the (juartic made liomogeneous b}^ the intro- 
duction of a suitable power of y, and expressed as 
Q^ao^+ 4a J a** y -f tia.^x2 y® -j- 4- 

= (ao, Uj, 02 , 03 , a^){x, ?/)^ 
and let it be reduced by the linear transformation 
a:=/jA"+mjy, 

to the form ® 3 » 

Let viz. the modulus of the transformation. 

Then xd?^—ydx=A(XdY—YdX) 

and 

■JQ -JV 


i.e. writing a;/y==i/, XIY—U, 
du 


=A 


dU 


where 


■J (Oj , o, , , Og , O 4 ) (m, 1 )* -/(Oo'. ®i'. ^2’ 

l^U 


^-IgU+mg 
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Also 

are connected with J', the same functions of the accented 
letters, by the relations — AV, J'— AV, whence PjJ^ -r^jJ''^, 
in whicli we have an absolute invariant free from the co» 
efficient-s of the transformation formulae. 

Supposing the ratios : m, : : ?«2 have been so chosen as 

to make (7^=0 and a 3 '= 0 , as has \yeen shown to be possible, 
with real values of these ratios, Q' takes the form 

(Iq 

which can now be supposed expressed as 

^ 0 "h "h 7 ) ’ 

and we have to show tliat p, q can l)e found in terms of the 
original coefficients Uj, a.,, Uj, a^. 

We have 


< = 6a;=<(p-l-9), <=0, a^==^aQj>q. 

=«o' • -jf ( /» + ?) • oo'm- -(fs- ( p + ?)^ = I® 6 (;^ + ?) n -(;>+?)']; 


• .__((P+#+12p7? 

•• J~ J- “ {p+qf[^^irq-(p-\-<])'-f' 


whence 


Pj- 27,^ 

4 . 27 .'P 


or putting p=pq, 

_P(P-^Y 

(p-'+Up+\f 


pq(v-q)* 

\(p^-qf+P2,pqY 

l^2W ] 

' 4.2"77» ' UiK’ 


Hay, 


27 P 

where ^ known function of the 

4 P — 2ifh 

original coefficients. This is a sextic oijuation to find p, viz. 
the ratio of p :q. 


1 476. Solution of the Sextic. 

The equation is obviously of the reciprocal class, and therefore its 
aolution may be reduced to that of a cubic, and the cubic may be solved 
by Cardanos method. 

Writing the equation iw 4)3= fflx'. P’'t (/>* 
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Then p4-p ' + 14-16 , and the equation becomcH 

Now adopting ('ardaii’H method, put + f ; then 

V-' + f^ + (3^f-A-)(,, + 0 + ^ = 0; 

and taking 

1 

V + - 3 + iC == 0 , a quadratic for r/. 

Ilcmoe >/ and f can he found, and therefore also 0, Suppose 0, a real 
root of this equation, then - 1 , and therefore 

pi + p- i = 2 + 3, v' 6^^. 

Tims s'^p = (2 + Vyi+3) nV| - I ami p = (7 + (y, + 4 + 3)/(0, - 1 ). 

Then a value of the ratio p\q has been found, say Pi'^n where jjj, 
are specifically known numbers, so that ;> jh = ( 7 /?i = ^ say* remains 

to he found. 

Thus . ..._ . . 

o,, </,, U 3 , o^)(w, 1 )< nV/o <{U--»rPiS){U^-{-q^s) 

Putting U—ssV\ we have 
dn 

\'(Oo, (/,, (1.2, <13, </4 )(m, 1)* v^(C7'^+i)i)(r'‘-‘ + 9i) 

Finally, 14pg + g2)= + i 


wheiK’e t ^ ^i;,d j I’s ??()/e Ivk 

the determination (i p and We therefore have 

[ </« ^/pZ±jiMi±£ r 


I’i woir tnown, which completes 


sf{V'^+p,KU-^+q,) 


f du ^ f 

J ri,, (,;, 03. a,)(u, 'l)-* ^ 1-2/ J v'(f/'2 + p,KC/'' + 5i)‘ 

1 477, Cayley points out that if one of the roots of the sextic for p be 

01 i.\ • e \ f (/>* + 14p+l)^ (a^+ 14(1+1)*^ j 

p = a = ^*, the e(iuation is of the form - - = ^4 -■ ■ , and 

p{p-\y a(a-ly 

that the solutions of the equation inav be written 

mi- mi- m- 

which the readei* may verify [Elliptic Fiinctions^ p. 320.] 


1478. When a reduction to the form 

r dU du_ 

has been effected, then in case p and q arc both real, i.e. 9 a 2 ^>Gro'ff 4 , 
factorisation will suffice. But in a case when p and q are imaginary, 
i.e. 9(i/2<aoV> P»t U= A>/(iT707(l - we observe that a®', 

could not be opposite signs, for if so 9a2^>ao'af. 
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We shall choose A= which will be real. We have 

dU = X ^ 5 , 

(i + r)Mi- r)! 

and 

a,'t/< + 6«j't7- + «/=[o.'A<(l + 77 + 6.i,/XMl - 7’2) + <(l - 7)“] (1 - IT 
= 2[(a/-3<A“)r-’4(«/ + .WA-’)l'(I - Tf 


and 

dU 

~Ja/U*Vea. 


dT 


” Sofj'] j _ 7»2j \ \ 

' ylood^' “ ^ 

which is now of real form, since for the case consideied. 

1479. Illustrative Example. 

It will be instructive to consider one caise from seveml j)<*int« of \ic\v. 

Take us / ‘ -y-— - - -- 

• ^ \ - f),#**-' 4 - 4 .J’ 4 - 6 

(a) First let us reduce it to the Legendrian form. 

+ 4 .r 4. 6 = (.r - 3 ) (.r^ - 2 r - 2). 

Put .V = (/> 4- qz) '( 1 4* r), dr = (g - 1 )) di ( 1 + z)-. 

a '-3 = [(p-.3)4-(g-3)2](l4-r) (l 4 - 2 )-. (See Art. 14 <m.) 

- 2.r - 2 == [(i) 4- - 2(;7 4- fy4*)( 1 4* 2) - 2( I 4- r)-’] ( 1 4- r)-. 

Put p - 3 4- g - 3 = 0, ;)7 ~ ( y) + - 2 = 0, i.«. /> 4 <7 = 0, pq = H. 

Take the solution p= 4 , g=2. 

Then 

.i*-3 = (l-r2){l4-2)^ .r2-2.tr-2 = 2(3-.2‘-«)(l-f2)^ d:= - 2di (14-:)*. 
Also = 3 gi ves 2=1; 

11= -A/a I / - (: = sin6^) 

-an* *2), K being the real (juarter-period, iiukI. 1 ,v ^3 ; 
2=8n(X'- w\^.3) = cii( 7 tN^|)/dn(u\^|), 

1-2 d n « \^3/2 - cn w \^3 2 


:r-3^ 


= , iiuhI. 1/n^3. 


^ ^ dn w >j3/2 4- cn u \^3/2 ’ 

(6) Next let us reduce to the Weierstrassian form. 

4:3-“5jf*4*4jf 4-6 being already a cubic expression, it is only necessary to 
remove the term involving the square of the variable. Put .r= 24 -!i; 
a?=r3 gives z = 

(r-3)i(.r-l)2-3]=l(42-^-^?24-W)7 


••• “=J,' 


2d2 


irrD 


2(/z 




=2«.,-2jr'(A 
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and 


c I = = \^3 - e ^ = - — ij, lc^ = 


K 


(Art. 1414), 


K /iot bein^ij the same a« K in solution (a), the modulus being a different one. 

2+n'5 2 + n/:T 


i.'^ ( K - ”) = -2±^= _ 

' 2/ f-S + Vs + S (.r- 


g + Va + ii (.r-3) + (2 + s/3) 


oh^(m cos l.‘»® 


(Art. 1352), 


and 


dn-fucoM If)") (.r-3) tiin 15" + 1 
(.,.-3)tan 15° = 

cn^(ticosl5) crH(Mcosl5) 

.r- 3 = tan 15“ tn2{iico.s IT/) ; mod. V.3(v^3~ 1). 

(c) Tlie results ariived at by these two pi ocesses are of different form, 
the moduli being different. 

Take the integral / occurring in the Legendrian reduction. 

• » Vi - I ninety 


Put 


1 ~Hin6> 


t +Mn 6 
3'heii sin 


= (2+ \^3) cot-</>, so that when O — *^“2* 

i4 ^ “ ‘'I!*' 1 2^^cot 15“ cot 

”* 1 + cot 1 5* cot- </» ’ i + cot 15“ cot**^ (\> ’ 

_ 2 \^cot 15 ’ cosec- </> (i<^ 

^ ~ i +cot LV cot’^c/) * 

, 1 .f 2 1+4 c<»t 1 5“ cot^ (#> + cot- 15" cot^ <f> 

I - - Hin (y - - j ^ j 

_ 2 cot- 15". cosec ^<^ /, cos ^0" . 

~ 3 ( 1 + c(»t 15" cot^ff \ cos^ 1 5" 

j-l r<* dO ^ _ F- f* 

V 3 i. X*' 1 - \ sin-' 6^ V 3 F ^'cotT^ v'l-A^sin‘^ </)’ \ cos 15" / 

= ' P _ . ■ [K - ani-> <^]. 

COS 15 \'l - sin-c^ cos 15 


Hence 


Thus 


</> = am (K -u cos ITi 


1 . . ... ,.ox cn (w cos 15*^ _ , \^co8 30" 

whence «n (A -- a cos 15 ) = ’ 

coH^ = cn(/:-u<’o»ir.°) = tanir.'*‘l<|,“^~^r| (Art. 1352). 


Hence cot = tan 1 5" tn {u cos 1 5"), 
and .r ~ 3 = cot 1 5" cot-</> = tan 1 5" tn*(M cos 15“ ), 

which is the same resiilt as that obtained in solution (h). 



594 


CHAPTER XXXIIL 


1480. Landen’s Transformation. 

From the above example it ap[)ears that the reduction of 
an elliptic integral to the IjCgendrian form is not unique. 

The transformations 

aj= 3 -|_l — ^ and x — 8 + cot 15® cot^ 0 

both succeeded in such a reduction, but the moduli in the 
two cases were different. 

For the general theory of such transformations the reader 
is referred to'Cayley {K, Functions) or Greenhill {E.Fuvctionfi). 

One well-known transformation, however, must be noticed 
before leaving the matter, viz. that due to Landen. 

Taking two variables f?,, R, connected by the e(|uation 
sin ( 2 dj — 6 > 2 )=ai d.,, so that 0^ and 0.^ vanish together, 
we have cot( 2 di — d 2 )( 2 <^Wi— <W 2 )=cot ; whence 

2 .«, CO, 9, 

2.sindo<Wj __ d$2 

’ * 'sin"2d/ ~'cos (2dj -dj)”' V 1 d./ 

Also sin 2di . cot d.j— cos 2di=M, cot + 2dj)/sin 29, ; 
/. cosec^ 2 dj) sin^ 2 di 


‘ V‘- 

Jo ’ 




sin* dj 


^/d., 

== 1 T'*'* 2 ^ n. say ; 

Jo V 1 --/x*sin*d., 


u=aur^(0^, fjL)= . - aiir 
i “TM 




or, what is tlie same thing. 


sin dj== 8 n — V, ^inod. ^ dg— sn ?/, (mod. ^), 


or putting 


Xj^sindj, iTg— sin d^, 


^ dx^ _ 2 

0 v^( 1 - x^^)( 1 - 1 4 / 
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so that ?i=8n“*(x2, /i)= 


1+M 




and therefore 


u is expressible in either of these ways as an inverse elliptic 
function. 

W riting X for and ^ X®+X"^=l, we have 

2 ] 

f -f X', connection between x, and x» 

1 t /I I {-A ^ ^ 

is obtained from the initial formula 


sin - ^o)-=M sin 6.,, viz. 2:riN/l-a‘^2 ^/l-x.} - (1 - 2x^^)x^= 

2.1*1 s/i-~.rj2 /I , / l~x.^ 

s7i:-“.r,=l-|-,.-2.,V- 'vhence.r,=(l + X)x,Vrzi^^.. 

Therefore 


This is known as Landen’s Transformation. 

P"or many such results and other transformations, see 
(ireenhill, h\F., ]>p. 55, 5(), and Chapter X. Greenhill gives 
a very (degnnt interpretation of the above transformation 
with refenuice to the motion of a pendulum (pages 318, 
31{h K.F). 

In such transformations, when F(6 , !:) becomes //), 

F repres<mting tin* first I^‘gendrian Integral, ilf is technically 
known as the “ Multiplier,” and the relation between k and F 
is known as the " Modular K(|uatio!i.” Thus, in the foregoing 
case the multiplier is J(l+pt), and the modular equation is 

X{m + 1 )=2 s'„. 


MHl. lLLr.STRATlVK ICXAMPLK.V 


Kx. 1. 


Hediue 



dr 

H aT-aTio-r- + riu.r 


20 


to Rtandard Lej^endrian form. 

We ha ve f ? = .i'* + Re’ + - 20 = (.i- + 2.r + ) 0) {.<•”- + 6.r - 2). 

Here, with the notation of Art. 146.3, A = l, /i=>10 ; A' = 3, /j, = —2, 


pq + {p + g) + \0-0,\ 
pg + 3(p + ?)- 2 = 0,j 


p = 8, \ 

= -2,j 


giving p + 5 = 6, 1 


1+4 


pq-. 
6-24 
1+4' 
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+ 2.1- + 10 = 10(9 + z=)/( 1 + z)*, J^+ fti- - 2 = 10(1 1 - z‘)!( 1 + z)\ 

dx= -10(k/(l+i)’‘; 
dx _ dt 

which is Case 4, Art. 1473. Put 2 = Vl 1 cos 0. 

Then V rf s in 1 dd_ _ 

>/U v'H 8iii2^y(*2d - 1 1 siir'^^) 2 v^') - A J sin- 

and the limits for jc corresponding to 0 and 0 for dy are v^l 1 - 3 to .r. 


Tlierefore v = 


fy dp 

io v'l-Ylsin^^ 2v'f> v ’ 10/’ 


2v'5/o v'l-jijsin^^ 2v'f> V’ 10/ 

and 2rv^5~cn“* -7^- • - (mod. 

y/ll J--P2 

Ex. 2. Examine the same integral without factorisation. With the 
notation of Art. I47ri, 

,(„=!, rt, = 2. «3=‘4', 03=14, rt4=-20, 

I = a^,((^~‘ia^a3 + 3n./= 

J = + 2<j,flj(i3 - Ooaj* - a^a,* - (i j’ = - , 

P S‘.by U 

10«/’ “ 2'. 375 ■ 

Hence, following the notation of Arte. 147f), 1476, oiir e(|uation for ff is 

23 373 

<^’=3r5rii 


To simplify, let 


2.37 


■ ,3_ •>' /2-37,_,N ,3^74 

•• .3MI\, .V ‘ V’ 99 ; 


of which an obvious root is ^ = — 1. 


Hence ^*=-25 P + H 


9 11 

ll - 9 • 


Therefore 


= say ; />,= -9, 9,= 11. 


Then A = (9*- 14.9. 114-1H)=A 

ant »- -j j 

Ijct t/'=3'sec^. Then j='/n-3 gives 0=0, l/'=3, (f=0 ; 

. <•*' asec ytenyt/y 1 /•»■ , 1 1 

■ ■ " ~ X ^9 tan»^'(9 8ec»y+’l I ) ~ 2 A .'0 Vl - 4i siii»(f 2 
which agrees with the result of Ex. 1. 
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Ex. 3. C^onaider the integral ms J. [Legendre, Exerciees, p. 56]. 
Thi« does not become infinite in the vicinity’ of j' = 0 fArt. 348). 

Put a* = ( 1 4- z^y ^ = - 32 ( 1 4- z^Y ^dz, 1 - .?*2 =(3 4- 32*^ 4- z*)z^li 1 4- z^f ; 

• 

I ^2^ 4- 32^4- 3 

The factorisation <>/ t/te desired form (U'^-\-p){U‘-j-q) is 

Therefore p and q are complex. Following Art. 1478, put 
> I - r ^/j _ 7-i(i _ 7-)’ 

ami r = « givt*!. T= 1, and 

I* + 3.-« + 3 = [((i - 3 n'3) T‘ + (f> + 3 v'3)] (\-T)‘; 

V3rfr \_^ 

• ' '^1 • '^’■’{1 “ 7’) /3 , r«.. /\^3+lVl 


2aiM ir>".'r ..'(1 - 7’2)(y« + cotM5“) 

3* 3* _,c*-\'3 3* 

= — cn~* T~ -- on * , — = -r cn * — r — , 

a 2 j2 + v'3 2 ,,.-3 + V3_1 


3^ _i 1 - 2 n’ 2 j’^ oos ir>’ , , . 

u~ ‘ , (mod. Sin 15 ). 

^ 1 4*i!N^2r* sin 15“ 
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PROBLEMS. 

1. Find the values of I and J for the quartic function 

and show that - 1\ - J — 0, Form also the Hessian of the 
quartic, and the discriminant. 

2. Examine the modification in the reduction to Wei erst rassian 
form which accrues from the quartic Q having one root zero, 
i e. — 0. Show that in this case 

12 a,J’ 12 V «3 «. 'J’ 

e =fl . I _i\ 

* *12 \ai “2 “ 3 / 

and that } (“* . 

*/«i - l/“s 

3. If </) = Uj ( 4 : - a,J/) (X - a.jt/) (X - OjV) (r - a^l/), 

and 7^ = — Og , ~ , Ji = Qj ~ a., , 

P' = ttj - , Q' ^ - a^, !{' = ttj - , 

show that / = {Ptp’i + (^Q i + IPKi), 

J= -^m-liK)(HR -PF)(PF -QQ), 
and A 3 /3 - 277^ = J^Q^JPP'Hpjn. 

Also, if S, = 20 |, S^ — ’^a^a^, S^ = '^a^a^a^, - a^a.ja^n^, show that 


/=^(t25«-3.V3 + V), ^ = t^3 12. 


-3.S', 2.V.. 

2 .V 3 , - S.S'j, 

-3.Vj, 12*; . 


4. If <f>=z* + GKx-y- +y* and the Hcssiati , 

1 2 Vxy. H*t/y 1 

show that H-ktt> is n perfect square if I: = A, - J(A + 1) or - J(A - 1). 


6. Show that 76, - 1 20) = -L gn-^ ; mo<l. 

2y/2 V-2^+5 


6. Show that 28, - 24) = -\/~i ; mod. -f= . 

n/ 5 V ^ -f 3 

7. Show that 36, cfi~^ ^ TIT^ ’ niod. 
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fx fly. 

8. Reduce the iiitetcral u = I 1 — 

Ji v/ - 7()x^ + 253^:3 „ 327a:2 + 179a; - 35 

to Woierstrassiari form, and show that u — ’ Show also 

that it can he expressed in a LegeiKlrian form with a modulus 

i. yiy..u ---±m-^ylv2:;/-[. 

9. Show that if ^**d + ^ 2 substitution 

€ ^ f 

will convert the Weierstrassian Integral 


r jk 

Jj - e^](z-e.^)(z - e^) 


into the Lc‘'entlrian form 


. i„_ f" df 

s/ri- eJov/(l 


where and conversely that the substitution 

w'ill convert the standard Legendrian form into the oierstrassian. 


10. Reduce 


r <h 


- 9) 


to the Lcgendrian form 


1 p _ (/ 

j(UoJ{\-y-) 


N'ViJo v^(l -i/-’) 

and show with the usual notation that 

K — uj, K - iK' — - tK' = Wgs/C. 


11 Show 


1 f’" 

r that 1 


12. In the standard Legondrian form I - discuss 

^ Jos^(l -;r2)(l-Hr^) 

the degenerate forms assumed when k~0 and when /:=1, and 
state to what forms sn-^j;, cn“^j:, diij’and tn ultimatel}’^ degenerate 
in these cases. 


13. Discuss the integration of the degenerate cases of 

r dx 

Jv/(a:"- a)(.r - fi){x - y){x - 8)' 

(i)whena = /3, (ii) when a = /:# = y, (iii) when a = /? = y == 

14. Discuss the integration of the degenerate cases of 

r ^ (e,>e,>e,^ \ 

Jz v/4 (s - tfj) {z - e^jlz - ^g) le, 4- e,;, + ^g * OJ 

(i) when e 2 **^ 3 t when (iii) when «i==«2“^3- 
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15. Express both in Weierstrassian and in Legend rian notation 
the integration r « ^ 

.3/4 -gjirn* 


16. Make use of the substitution = to reduce the 


the substituti 
fx 

integral J 71, form of an elliptic integral, and reduce 

it to the standard Weierstriissiau form. 

17. Use the substitution P = -\-x - j )‘^ in the integration 

w = f — ~ — - ; and show that t~u( , 0, 1 V 


(l-.r3)* 

18. Show that if 


(ix 


(•2<'/<*i-2), 


2u = r 

J 2 v^(j;-2)(5j--ll)(ll.r-21)(3x- 7) 

“ ' = j V rrrii'i Vs) • 

19. Show that the solutions of the sextic e(|uatioii 

(^-+14/1+ 1)» (fi»+\i^+l)^ 

•" r (i:S‘ (I!:?)' 


20. Transform the 


integral w = [ 
Jo I 


[(.’a\ 1>V.] 

into one in which is 


dz 
< (I 

the variable by the relation 4 j^^( 1 - /^) = and the result by putting 
^2= 1/(1 ; and lastly, by the further transfoniiation 

y = i!Z tan ; 

showing that sti =^, (racKi. sin 15"). 

Hence show that 1 •927622... , and verify this otherwise. 

[Brktkand, I.C., p. 687.] 

21. Show by Landen’s Transfonnation 2 sin (2</> - 0)^ sin 0 that 
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22. Express by means of the Weierstrassian elliptic functions 
((u), (r(M) the results of the following integrations : 

... zdz .. . .... f" dz 

(iii) (2<..); 

Jr(j- 2 )Vr>-l ' 

(3<*); 


* (-r - 1 ) (J* - 2) - r)x' 4a: + 6 


w j: 

(v) P — _ - 




1 00a: + 57 

23. Express by ^Yeier8trassian functions the second Legendrian 
sUiiulard form [ J\ - k- d6. 

Jo 

24. Express b}^ Weierstrassian functions the third Legendrian 

standanl form f . ~ . 

Jo (I --«*a*^)v/(l -/ 2 )(l _AV) 

25. If ti - 1 1 f ^ , prove that 

a*(v'l 1 cn n - sn u) = 2 sn w, (mod. J [Ox. II. P., 1913.] 
dx 


20. If w - lop 

Jl V 


r, prove that 


1 1 05x< - 904.r3 - 2 1 0-f* + 8a: + 1 
.r(3 cn u-2 dn w) = dn m, (mod. 1/5). [Ox. II. P., 1915.] 

27. If u- { , express a* as a single-valued function 

Jo (l + .(^- 2 a-^)^ 

of u by help of (i) Jacobi’s functions, (ii) Weierstrass’ functions. 

[Math. Trip. II., 1914.] 

Trove that a ^3 dn (u v3) - sn (mn/ 3), (mod. \/2/3). 

28. Show that the integral 

r {(j: - «i) e - «s) e - «s) (•* - 

is transformed to the integi'al 

2 { (a. - Oj) (a. - o,) } - i f” { ( 1 - y “) ( 1 - ky) }-^dy 
JO 

by the relations y~ « (a.^ - « 4 ) (x - a^)/(a^ - a^) (x - 04 ), 

k'^ ^ (a^ - rtj) (<13 - a4)/(as - aj (a^ - a,), 

and obtain an expression for the general value of the former integral. 

[Math. Trip. II., 1913.] 
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29. A heavy particle attached to a fixed point by a light thread 
of length a oscillates under the action of gravity in a vertical plane. 
Show that the height of the particle above the lowest point of its 
path at time / from the lowest position is 

2a sin- ^mod. sin 

where 2a is the whole angle of swing. 

30. Show that the potential of a uniform thin ring at any point is 



where y is the constant of gravitation, m the mass per niiit length, 
a the radius of the ring, i the distance of the point from a point of 
the ring, and r.> the least and greatest values of r. Prove also 

that the potential may be expressed in the form 6ym — ^7 A", where 

K is the complete elliptic integral of the first kin<l with modulus 

(Ox. II. P., 1914.] 

31. A heavy elastic string which is uniform when unstretched is 
piissed through a smooth semicircular tul)e which is held in a vertical 
plane with its vertex upwards. The radius of the tube is ?•. The 
modulus of the elastic string is e<jual to the weight of a length r of 
the unstretched string. It is observed that the two e(|u:d portiims 
which hang vertically outside the tube are each C((ual in length to 
the radius. Show that the unstretched length of the portion which 
lies within the tube is 

^ dn-' ^4^, ^mod. 

32. Assuming that the law of central attractive force under which 

t/2u 

an orbit u—f(0) can be described is given by Pjh^u^^ show 

that if a particle describes an orbit r = acn under the action of 
a central attraction the modulus of the elliptic function is 3'^. 

(Ox. II. P., 1913.] 

33. A particle of unit mass is projected horizontally with velocity 
Uy and moves under gravity in a resisting medium such that the 
path is a portion of a circle of radius a. Show that the motion will 

cease after a time dn‘’^2“^ (mod. 2"^). 

V ^ 


[Ox. II P., 1913.] 
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34. Show that the area A bounded by the y-axis, the asymptote 
a: = 1 and the curve y'^(x - 1) (a: - 3) { (a; - 4)*-^ 4- 3} = I is 

1 ,14-3n/3' , . 




(mod. sin 75' ). 


35. If /I be the area in the positive quadrant bounded by the 
curve 2 y 2 /(x 2 + 4 / 4 - 1 ) = 3 , the coordinate axes and an abscissa a-, 
show that (j. + 1 _ 1 ) ^ .//cii A, (tnotl. tail 7 r/ 6 ). 


36. A ring is getieniU‘d by the motion of a circle such that its 
plane passes through the centre of an ellipse and a perpendicular to 
the plane of the ellipse through the centre, and the centre of the 
ciidc lies on the ellipse. Show that the volume of the ring is 
4TrA7>r-, where is the semi-axis minor of the ellipse, K the complete 
elliptic integral of the first kind with its modulus equal to the 
eccentricity of the ellipse and e (<h) the radius of the circle. 

[C.S., 1895.] 

37. Prove that the (Mpiation of the osculating plane at any point 
of the curve / --- a sn »/, // - b cn a, c ■= c dn i(, (mod. k), is 

( 1 - /;*-) sn'‘ u - k^ cn^ u + ''- dn'* w = I - k'\ 

[Ox. II. P., 1902.] 

38. An elliptic wire of semi-axes a and h moves so that its plane 
is always pandlel to a fixed plane while its centre descri)>es in a 
perpendicular [>lane a circle of radius c which is greater than either 
a or by and the minor axis is perpendicular to the latter plane. 
Prove that the ring surface formed by the circumference of the 
wire cuts itself in two hyperbolic edges, and that its volume is 

y ^ ^ ~ ' 

where K and E are the complete elliptic integrals of the first and 
second kinds with modulus a/c. [Math. Trip. 1880.] 

39. If the nu^lulus k and the amplitude <f> of the elliptic integral 
A*) be given by /:~cos 7 r/l 2 , eosf-2 - v^, then will 

/’(</>, A) «{sVr(i)}/{32.r(ii)}. 

[J. C. Malkt, E.7\, 9677.] 
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CALCULUS OF VARIATIONS. (Section I.) 

1482. To ascertain tlie great e.st or leiist values of which a 
given function is susceptible umler specific conditions, it liaa 
been found necessary in the Ditterential C alculus to allow it 
to grow, and then to find the magnitude attaineii when the 
rate of growth stops. And methods have been formulated 
by which this rate of variation can l>e ascertained and tests 
constructed for the discrimination of maxima values from 
minima values and from other stationary values which the 
method may discover. 

The functions considered in the Differential Calculus have 
all been expres.sed directly or indirectly in terms of a set of 
one or more indej)endent variables not usually involving signs 
of integration, and if any dependent variables have occurred 
in the functions under discuasion their connection with the 
independent ones has alway.s been specified and known. 

We now have a problem of diHerent nature. We are to 
consider the maximum or minimum value of a function 
usually expressed by an integration, in which the integrand 
contains not only an independent variable or set of inde- 
pendent variables, but also one or more dependent variables 
and their differential coefficients, for which the reUuionship 
between the dependent ones with the independent ones is not 
speciffed, but reniains to be discovered, in order that a stationary 
value of the integral may result under any conditions with 
regard to the limits of the integration which may be imposed. 

1483. Preliminarjr Ideas as to the Mode of Procedure. 

As before, it will be necessary to allow the function to grow 
and to ascertain the rate of its growth under the imposed 
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conditions when the variables it contains are made to vary 
in an arbitrary atid independent manner consistent with 
the retention of the continuity of the function and consistent 
with the imposed conditions. 

We shall first take the case of one independent variable 
only, viz. x, and we shall suppose that the form of the relation- 
sliip between x and the dependent variable y is required 
which shall be such that the integral with respect to a; of a 

given function V of x, y, ... , viz.j Fcix, acquires a 

stationary value. For amongst the stationary values the 
maxima and minima values lie. To fix the ideas we may 
regard x and y as the Cartesian coordinates of a point. And 
here it will i)e observed that y is to l)e regarded as a function 
of X, but that the form of this functional connecting relation 
is unknown and is to be the subject of investigation. 

The form of V is supposed known. The limits of the 
integration may be re'garded as being from a point P, (x©, y^\ 
to a point Pp(Xp f/j), which will be referred to as the terminal 
points or terminals, and which may be specified either as 
fixed points, or as points which lie on specific loci. 

It is then our object to discover the relationship between 

X and y which will compass the object of making jFcfx assume 
a stationary value with such terminal conditions. 

1484. For instance, if we require to find the shortest path in the plane 

x-y from the given line .r-H»/ = 2rt to the circle = we have to 

make j ds^ or what is the same thing assume a minimum 

value, where the things at our choice are (i) the positions of the terminal 
points on their respective loci, (ii) the natui’e of the path fiom one 
terminal to the other. And the solution we should expect will be that 
there is a linear relation y sam» + » between x and y, and that the values 
of m and n will be such that the line cuts l)oth the terminal loci at right 
angles ; which we shall presently find to be the case. 

1485. The Symbol S of Arbitrary Variation. 

When a known and definite relation exists between x and y, 
say y =/(x), and when we pass from a definite point P^, (x, y), 
on the graph to an adjacent point Pg, {x+dx, y+iy)* travelling 
along the curve, there is a relation between the differentials dx, dy, 



606 


CHAPTER XXXIV. 


viz. dy—f(x)dx, to the first order of infinitesimals, where f'{x) 
represents tlie differential coefficient of/(.r) with regard to x. 

We may, however, assign (juite arbitrary independent 
infinitesimal variations to x and y, and thus pass from the 
point Pi to a point not nex^ssarily upon the curve y~f(:x), 
but indefinitely close to P^, and we shall denote such inde- 
pendent and unconnected arbitrary variations by and 
Thus, in Fig. 431, PjP.^P being the grapli of y^f(x) and P,A^i, 
Pg^o’ perpendiculars upon the axis and P^SH a parallel 

to the r-axis cutting and n'spectively, 

we have dx~N^N.,, dy~ PPo, Sx~N Sy SQ^. 



1486. Arbitrary Variation of a Path. 

If every point of the P-path la* thus tn\ated and the 
variations of the several P-points are such as to give a series 
of Q>points which lie upon a continnouH curve, we may rt‘gard 
the P-path as l>eing deformed in an arbitrary manner froiii 
point t^> point into an indefinitely close ^-path, and the 
arbitrariness in the deformation is such that tlie deformation 
at Pj from Pj to does not in any way fix the law by which 
the position of Pj is deformed into the position the only 
restriction upon the removals of the various points Pj, P.,, ... P 
upon the P-path to the corresponding points •-.Q upon 

the ©-path being that each such removal shall be tlirough an 
infinitesimal distance, and that the aggregate of the ©-points 
shall form a continuous curve. This deformation of the 
P-path, whatever that path may be, whether f(x) l)e a function 
of known form or not, is therefore entirely, point by point, 
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at our choice along the whole path of P, with the exception 
of the terminals, which in any particular case may have 
definite loci assigned to them, where there will he definite 
relations between the terminal values of Sx and at each 
end, ]>ut the variations at one terminal being quite inde- 
pendent of those at the other. 

The processes (^f the Calculus of Variations are essentially 
conducted by means of the consideration of such arbitrary 
differential variations as the Sy here defined. 


14S7. Results of the Differential Calculus which do not 
involve the nature of the connection between the variables 
occurring remain the same with the one set of variations dx, 

dy, ... as with the other Sx, Sy Thus, if F be a function 

of any set of v'ariables x., 2-3. , say, V — <f>(x^y sr.^, ... ), 

and if these variables receive two sets of variations. 


(rfjj, ...) and ((5.rp (J^o, ... ), 

then, if dV and bo to the first order the corresponding 
changes in F, wo have, whether the variables be connected 
in any way or not, 




c)x, 


and 




dx^ 


dx. 


1 488. S and d Commutative. 

We shall now prove that d{Sx)=o{dx). 

Let be any curve y—<ft{x), and let P, Pj be contiguous 

/B, 



points upon it, viz. (sc, y) and y-\-dy) respectively. 

Let the curve be deformed to a contiguous curve PP^ 
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SO that the arbitrary point to point deformation displaces 
P to Pj to Qj, etc. Let the ordinates NI\ N^Pi, MQ, 
be drawn, and PST parallel to the x-axis cutting the ordinates 
of Q and P^ at S and T, an<l let Pf7, the tangent at P, cut the 
ordinate of Q at f7, and let be the point in which the ordinate 
of Q cuts the curve AA^. Then iViV.=dr, NAf=S.r. The 
change in NAf due to a change from x to .r-f d.r is d(NAf), 
Le. d(Sx), But d(NAf)^N,Af,-NAf=AfAf,-NN,. which is 
the arbitrary change in NN^ due to the deformation of the 
curve, and is therefore S{dx). Hence d(Sx)—S{dx). 

1489. It follows that = etc., anti generally 

V=d^Sd^-^ r=ti"5 V ; and so on. (See Ijacroix, (W/*. ii., p. 658.) 

1490. S Commutative with regard to the Sign of Integration. 

Let c—Jf dx. Then dz= V dx, and d6z^Sdz=^S(V dx). 
Therefore integrating rt2=J^(F<^r). 

That is Fdx=|<5(F<ir). 

HOI. The Quantity <e. 

Again, r/Q=Sy—iSt7=<5;/—y'^*r, where y stands for or 

the tangent of the slope of the curve at P, We .shall call this 
quantity <d. It is the amount by which Q is raised by the 
variation Sy above tlie tangent line at P, and the distance UV 
is a second-order infinitesimal. Tims, to the first <mlrr, w or 
Sy — y'6x is the amount by which Q is raised ahorr the cvrvo 
2/— ^(x) at tlie }x>int V, 

1492. Differential Coefficients of w. 

Supposing 2/==0(.r,), con.sider the variation in where 

X and y are arbitrarily changed to x-r^x and y~\-^y respec- 
tively. We have at once 

y dy d (t/ + Sy ) dy ^ (dy d Sy\ / , d SxY^_^f 
^ dx d{x + Sx) dx Kdx’^ cGr /\ dx ) dx 

d ^ , d ^ 

^d^^y-ydx^’ 

to the first order of infinitesimals. 
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Hence 

Sy'-y''Sx=^Sy-y’^Sx-y''Sx=~ {Sy-y'8x)=^=a>'. say. 
Similarly, Sy"—y'"Sx^u)\ Sy'"—y^''Sx=u)"'; and so on. 

1493. Qeometrical Proof. 

Let r) — f{z) be a curve such that j t;cL = ?/, i\e. ^ represents the area 

bounde<i by the curve AP (Fig. 433), the ordinates .IZ, viz. X — a 
and X=Xy and the x-axis. 

Let the curve APP^ be displaced by an arbitrary infinitesimal jxnnt to 
point deformation to the curve BQQu A going to By P to P^ to etc. 



(*I + rj-{-8rj)y (x + dXy T;+dr;) be the coordinates of P, Qy P, 

respectively, and di’aw the ordinates ALy BL\ etc., and Pffy Pifl\ parallel 
to the x-axis. 

Then 

y = f 7} oil* = area LNPA ; Sy=^sf t; dr = area Zr'if(?i?-area LNP A, 

Ja ' 

and 

d{Sy)=d(ATt»L'JlfQB)-d(AreiiLA'rA)=iirea. - area iViVi/’.P. (1) 

Also rj 8a; = area NMRP to the first order ; 

rf(i, &r)= area area (2) 

Hence d{Sy)-d{r) &E)=area MMiQiQ-Mea, M^MiSP , 

-area /fA',P,P+iiTe». AfMRP=».rea BSQ,Q, 

/ ’/ ~ ^^QlQy 

and to the first order JiQ=8r) — yi'Sx ; and 

JdMi = + iV,ir, - yM^dx+S(x+dx) -Sx=dai+Sdx. 
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So that to the second order, area RSQ^Q^^iST^-rj Bx)dx ; 

/. ^ [^?/ — y' &r] = 5y -y" &e, and 5y' — y"&c = co'. 
ax 

This geometrical proof appears to be due to the late Dr. E. J . Routh. 


1494. Notation. 

We shall use accents to denote differentiations with regard 
to the independent variable a*, and when accents become 
inconvenient by their number, we shall replace them as 

elsewhere by an index in brackets. Thus 2/ 

We shall represent by V any known function of x, y, y\ 
y'\ ; the independent variable being x, and y a function 

of X of unknown form, and therefore, also, its several 
differential coefficients being of unknown form. 

For the present it is also as.sumed that V is independent 
of the limits of integration. We shall adopt the notation and 
follow the method of De Morgan (Diff, and Int, Calc., p. 440, 
etc.). In this notation Capitals denote partial differentiations 
of V. Thus 




dV dV 


d:r/ 






'dV 




etc.. 


the suffixes indicating the particular differential coefficient 
of y with regard to which the partial differentiation of V is 
effected. Also accents will be used in these cases also to 
denote total differentiations with regard to x. Thus 


rdv\ , 


Lagrange, to whom this Calculus is in the first place due, 
uses a different notation, convenient when no differential 
coefficients of y beyond the secon^l order occur, but not so 
convenient otherwise. In Lagrange’s notation p stands for y\ 
q for y'\ etc., and 
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1495. Variation of j V dx. 

Supposing y 9/, y\ ... where the relationship 
of y and x is unassigncd and held in abeyance, remaining to 
be chosen to suit circumstances wliich may arise, let us take 
AAy (F*ig. 4;i4) as the graph of a supposititious case of such 


/B, 



relationship, and let us suppose it subjected to a point to point 
deformation to a contiguous position of the kind described. 
Then we shall find the consequent variation in the integral 

whore the integration is taken from one terminal 

point A to another terminal point A^, which, like other points 
on the curve, may be subject to small variations of position, 
wdiich ma}^, how'ev'cr, in these terminal cases be partially pre- 
scribed by the terminal circumstances, A going to B, P to Q, 
Pi to (?i. etc. Then, since S is commutative with regard to an 
integral sign, 

cir = J(5( r rfa:)=J(^F nf.c+y(5 rfa;)= j(^F dx+ 
=|<5Frfa;+[F5a;]-|Aj;ciF=[F^x]^+|(5F(ir-rfF^a:), 

the integral being taken throughout the whole length of the 

curve from A to A^^ and the square brackets round 

the integrated portion indicating that the included portion is 
to be taken between the same limits, viz. (xq, y©) ' 
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nates of ^ to ( 05 ^ y^) the coordinates of Now to the first 
order, 

SV^X Sx+ YSy+Y. Sy'+ Y„ Sif + . . . + Y,,, 
and dF da; + y dy + y, dy + Y., dy" + . . . + Y^^) ; 

A SVdx-dV6x=^Y(Sy-y'Sx)dx^Y\6y-y'6x)dx 

■VY,\^y"-y'" &c)dx + ... 

={ y(i)-i“ y/o) 4“ "h ‘““h ^ 

to the second order. 

Hence to the first order 

3|f (ir=[F ^xj'+p ra>+y< 0 )'+ Y.. a,"+ ... + ix. 

1496. The integrand admits of a considerable amount of 
integration. We have 

= 

\^Y,w'dx = y,fo - 

|y„a."dtr= Y„i^' -Y:«> + 

^Yma)"dx= Ymw" — YLw'-\-Y",a> — 


Now make a further abbreviation, and write 

KsY sY- y;+y,:- y:'+...+(-i)"y|:’, 
y, ^ y- y,; +y:-...+(-i)"-»y', 
y„3 y„-y;,+...+(-l)"-*y];;,‘”, etc.; we then have 

djF(fa=[Fd*+ y «+ y„«> y,„a,''4-... + y,,,®'»-‘ J'+f ‘ y«.</x, 

which may be written for short as 

dx=Hi-H^+^Kwdx or 

which gives the variation of the integral to the first order. 

Terms of the second and higher orders of the vaiiation are 
not needed for the present We shall recur to a consideration 


|ya> dx, 

Jy/wda;, 
J y w w dx, 

|y;;;a)diE, 
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of such terms later when we come to formulate an analytical 
test for the discrimination between maxima and minima 
values. But in a large number of cases the nature of the 
stationary result found will be obvious from the circumstances 
of the problem without any formal analytical discriminatory 
test. 

1+97. We shall now count up the number of hist-order 
variations involved at the terminals. Written at full length 
to exhibit all these variations, we have, to the hrst order, 

pFdx 

=[VSx+ y.(Sy-y'Sx)+Y..iSy'-y''Sx)+...+ 

— [F fo-f Y,(Sy-y'ox)+ Y„{Sy’-y"Sx)+... + 

+ f Y{Sy-y'6x)dx, 

Jxo 

the suffixes to the square brackets having their usual signifi- 
cance. There are in each 8(|uare bracket 1 variations, viz. 
Sx, Sy\ ... but these are not necessarily all inde- 

pendent. 

(i) If the terminals be fixed we have four equations of 
condition, viz. Sx=0 and Sy=0 at each end, and n — 1 arbitrary 
variations are left in each bracket, viz. 6y\ Sy'\ .... 
depending upon the direction of the tangent to the path, the 
curvature, etc., at each terminal. 

(ii) If the terminals be not fixed but constrained to lie upon 
assigned curves, say y=Xo(^)» 

conditions are imposed and two 
variations, viz. Sy^ and cease to be arbitrary, which leaves 
n independent arbitrary terminal variations in each bracket. 

(iii) Other terminal stipulations may be made. For instance, 

if the end Xq, y^ is to be fixed, and also the direction of de- 
parture from that point and the curvature at that point also 
fixed, this will entail d>o=0, 

number of arbitrary variations left in that bracket is n—S. 
Similarly, any specific data may be assigned for the other 
extremity. 

Thus, on the whole, there are in tlie two brackets 2n-f-2 
terminal variations. Every imposed terminal condition ex- 
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pressible by one equation, such as x^—ay y© ==^» > which is 

to hold at a terminal, reduces the number of independent 
terminal variations by unity. Hence, if there be p equations 
of condition, there are 2w4-2— p independent terminal varia- 
tiona E.g, if the terminal (Xq, y^) be given, and the abscissa 
of Xiy and the direction and curvature of the direction of 
approach to (Zi, y^) be given, there are 5 eciuations of condition 
and 2w — 3 independent terminal variations. 

1498. In the remaining part of the total variation, viz. 
dx or J V — y'Sx)dx, 

there are an infinite number of variations, each pair ex, 6y 
indicating the displacement of a point (.r, ?/) of the curve to 
be found to a hypothetical adjacent |>o8ition. The function 

Y or K is a linear function of the total differential coefficients 
with regard to x of the partial differtmtial coefficients of Vy 
standing for 1' — IV + IV' — 1 ) »» l'J”J . 

In general itself contain.s and therefore in general 

Y contains a term Hence, if V be e(]uated to zero, as we 

shall see will be necessary in a .search for a stationary value of 

Jf dxy Y=0 is in general a differential e(|uation of order 2n, 

i.e, of double the order of the highest order differential 
coefficient occurring in F. 'Jlie solution of such a differential 
equation will contain 2n arbitrary c<instantH. This is leas by 
2 than the numlicr of terminal conditions + the numl^er of 
independent terminal variations, which is 2(n-f- 1). 


1490. Conditions for a Stationary Value of J Vdx. 

The same line of argument as that employetl in the Differential 
Calcuhts (Art. 496), in searching for the maxima and minima 
values of a function of several variables, will now apply in a 

search for the stationary values of [ Vdx. It follows that 

the first order terms of the variation of this integral, viz. 



mK dXy must vanish, and further that the coefficients 
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of the several independent arbitrary variations contained in it 
must separately vanish. 

Now one system of choices of tliesc independent variations 
will be that in which all variations at each terminal are fixed 
so that // is made zero at each end. Therefore we must liave 

in all cases | K(Sfj — y'Sx)dx—0. Moreover, as Sy—y'Sx is 

arbitrary at <;very point of tlie path, it follows that K must 
vanish as a primary condition. Hence the aggregate of the 
terms in [//]* must also vanish in any case. And further, 
siiuMi it Inis Imh'U seen that if the number of prescribed 
terminal conditions be p, the number of independent terminal 
variations is - p, there will be 271 + 2— p relations ari.sing 

from e(|Ujiting to Z(*ro ilu‘ coefhcieiits of these independent 
terminal variations. 

It has been seen that the solution of the differential equation 
A'=0 contains in general 2fi arbitrary constants (Art. 1498). 

It then appears that as the conditions for a stationary 

value of I V (lx, we have 

( 1 ) y or A’=0, the solution containing 2n arbitrary constants, 

(2) 2)1 + 2— p independent etiuations arising from [A']i=0, 

(3) p terminal equations. 

Thus we have 2w-f-2 terminal eijuations in all to find the 
2n constants, which fix the nature of the path and two other 
(juantities, usually the abscissae of tlie terminals. The pro- 
blem is therefore in general completely determinate, as will 
be seen when we come to discuss examples of the method. 

1500. Cases of Integrability of 7^=0. 

The ehief difficulty in this problem lies in the solution of 
the differential ecpiation A=0, and often this cannot be 
obtained. 

(1) Thore is one case in whicli at least a tirst integration 
can be effected in general terms, viz. when F does not ex- 
plicitly contain x; i.e. y, y''> ••• y"’)- 

For now 

Z=0 and 
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But 


[yy'd® = 


Jyy'dir, 

\^Y,y'dx = 

Y.y- 

^Y'.y'dx, 

II 

r„y"-y;.y'+ 

fy-y'dx, 


..+(-i)’-‘y!:rV+(- 



Hence F={ y.y + "4- +C, 

for the coefficient of y in the integrand of t)ie unintegrated 
part is K, which vanislies. 

(2) Another case of integrability (to a first integral) of the 
equation A=0 is obvious, viz. when V does not conUiin y, so 
that Y does not appear. For K—0 then becomes 

Y!— y"-f ...~0, of which a first integral is 

y, - y : + y: - . . . = const., u y, - c \ 

(3) If V contains neither x nor y explicitly, we have also 

+04- Y.y '+ Y.r + ... + 

1501. A very Ck)inmon Case. 

If Y=0(y, y), in which x does not explicitly occur, and 
no differential coefficients of y beyond the first, we liave 
F=y/y'+C, with the condition F<5x+ Y4c5.y <5*)= -0 at 
each terminal, i.e. 

[C SX+ y,^y]o=0 and [C Sx+ Y,<J?/],==0. 

(1) If the terminal points be fixed, the terminal conditions 
are identically satisfied, and the two constants which will be 
present in the final integration of F=y,y 4 O will Ije de- 
termined by making the curve obtained {>a8s through the 
specified points, wliose coordinates arc in that case known. 

(2) If the terminal ix)ints are to lie on specific loci 

y=xoW. y=xi(*). 

we have iSy,— Xo'(*o)^*o. '5yi=Xi'(®i)**i- 

and therefore 

[0+y.xo'(*.)].=0 and [C+V.x,'(x,)],=0. 
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And supposing y=zF{Xy 0, C'), the solution of the equation 
iC=0, the substitutions of this value of y in the above 
equations, together with the equations 

C, C\ Xi(^i)=^(a^i, 0, O'), 

suffice to determine the values of the two constants of the 
differential equation and the abscissae of the terminals of the 
path. (See Art. 1499.) 


1502. Illustuativk Examples. 

1 . Let ua apply the rule to find the nature of the shortest distance between 
two given points (.rg, ?/o), (.rj, y,), the result to be expected being of course 
obvious. (See Art. 1484.) 

Here jds = jsJx -i-y^dx is to be a minimum. 

We have 

y=o. F=ry+c. 

Thus \/^l + i.e. \!TVy'‘^—\IC or ^ = const. = ?n, say. 
Then y = 7>ur+«, m and n to be determined so that the straight-line 
path indicated shall pa8.s thiough the terminals, i,e. 

r, y, 1 =0. 

•»o, .Vo, 1 

•Tit .Vit 1 

2 . Suppose we require the shortest distance from the curve to the 

curve 

Then, in addition to the above, we have terminal conditions at each 
end, viz. F &r -f- Y,{8j/ - y* Sx) = 0, i.e, CSx-h y'C Sy = 0 or 1 -fy' ^ ^ 

each end, i.e. the straight line is to cut the terminal curves at right 
angles at each end 
Also the equations 

H-mxo'(ro) = 0, 1 + wJXi'(j^i) = 0, w.ro + w= Xob^'o), = 

determine the four quantities th, w, r,. 

It will be noted that maxima as well as minima distances ai^e 
included in the sohition. The discrimination depends upon the nature 
of the terminal curves, but in particular cases the nature of the result 
will usually be obvious without formal test. 

3. Let us enquire next the nature of the curve for whichy with specific ter- 


minal conditions. dx attains a minimum value. [Lacroix, Calc. D., 

p.704.] 

Here X=Y^Y,=0, r„=2/'. r»-=0, etc. 
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The terminal variation conditions are for each end 


F + ( y, - y;,) (% - / &r) 4- r.(Sy - .y" &i:) = O (2) 

If we impose the condition that the curve is to pass through (0, 0), 
(a, 0) and its tangent to make with the or-axis angles tan”^a, tan“^a' at 
these points, equation (2) is satisfied and 


0=0., a' = 0, + 0,a + 03 


whence 0o = 0, 01 = a, 0-2= -2(2a + a')A/, O 3 = ()(a + a')/o2 ; 

and we have i/ = a.r - (2a + a').v\fa + (a + a)x^ld“. 

If a'=— a, this becomes the parabola ai/ = our{a — :v)^ in which case 
y"= —2ala, and is constant throughout the curve. 

4. In the case of a head sliding freely on a smooth wire in a vertical plane 
under the action of gravity ^ to find the form of the wire so that the time of 
descent from one point of the wire to another is the least possible. This cntrve 
is called a brachistochrone. 

The energy equation is v^=2//y, where y is the vertical distance of the 
bead at time i from the horizontal line of zero velocity. This gives 


s/2gJ sly 


which is to be a minimum. 


J \{f/ 


dx, 


Line of zero velocity 



Here 

y=\/l+/7Vy, X = 0, Y= -\l\+y''^l’2y^, Y,=y'l\ly\l\+y''K 

F=r Y,y' + C gives Cs/yjl -fy^=l ; or, writing 
y'=:tAn\lr and C=\l>J2a, 

y = 2acos2^ or 2a-y = 2asin2iA, (1) 

which indicates an arc of a cycloid with cusps on y = 0, i.e. on the line of 
zero velocity. (D.C.j Art. 395.) 
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At each terniinal V 7,(8^-^' 8 j;)= 0 , i.c. 


08^+7, Sy = 0 or S.r+y' 8 y = 0 ( 2 ) 

(i) If the terminal points be fixed, equation ( 2 ) is identically satisfied. 
Equation ( 1 ) is only a first integral, but sufficient to determine the 
nature of the curve. 


To proceed with it, tan^= ^ 

and putting y = a(l 4 -cos 0), we have 



dx= -a {I + cos 0)d6y t.e. .v-~C'= -a{8+sin 6). 


So the equations of the curve are 

= — a(^ 4 -sin ^),1 

a(l 4 -cos ^).j 

Moreover, as y = a(l 4 -cos^) and also =« (1 4 -cos 2 »/'), we have 0 — 2if/. 
If the curve is to pass tlirough (.r*, y©) ^i), supposed fixed, 

we have two equations to determine C' and a, i.e. the position of the 
cusp and the magnitude of the curve. 

If the bead is to start from rest at (.r©, y©) point must lie on the 
line of zero velocity, i.e, .Vo = 0 , and this point is then a cusp of the cycloid. 

Ihit if the end ( r©, y©) be fixed, and the other end (.rj, y^) is a point only 
known to lie on a definite locus j?/= x( &ro = 8 ^- 5 /© = 0 , 8 ?/| = 

and the terminal equation at (.rj, ^y,) gives 8 .r 4 -y' 8 y = 0 at that point, i.e. 

y' - 1 , and the path cuts y = xW orthogonally, and the same is true 

if (.ri, ?yi) be fixed and (.r©, y©) lies on a fixed locus y = x(-p)» viz. the path 
must be such as to cut orthogonally the line from which it starts. 

If both ends are to lie on fixed curves, viz. y = Xo(‘^)» y— Xi have 

the conditions - 1 at each end, and therefore each terminal curve 

is to be cut orthogonally. 

If, for instance, the terminal curves be ( 1 ) the line of zero velocity, 
( 2 ) a vertical line at a distance h from the starting point, the starting 
point is the cusp of the cycloid, and 
the other terminal is the vertex. O 
The value of a is then found from 
the equation 8 = 7 ra, i.e. a^b/Tr, and 
the constant C is ^ 7 r/ 2 />. It will 
be noted that the starting velocity 
from (j^©,y©) on the first curve must 
be that due to a fall to that point 
from the line of zero velocity, i.e. y 
v/ 2 ^y©. Paths starting from any Fig. 436 . 

other given horizontal line, and 

therefore with the same velocity, and describing paths in the least time 
to a given curve cut the curve at right angles, but not the straight line, 
except in the case when the line is the line of zero velocity itself. 
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Tlie problem just discussed is the celebrated problem of John Bernoulli 
which gave rise to the Calculus of Variations. It was proposed in the 
Acta Eriiditorum, 1696 (see Cajori, Hist, of Math.^ p. 234). The general 
problem of brachistochronism for any conservative system of forces will 
be considered later (Arts. 1637 to 1544). 


6. Taking two given points B as terminals to find a curve connecting 
them such that the area hounded by the arc AB, the radii of curvature at A 
and B and the intercepted arc of the evolute is least, [De Morgan.] 

Here ^ J pds^^ is to be a minimum. 

v=(i+/W', x=r=o, ^.= ~(l+yw'^ 

and F=20,y' + 2Ca+r/,y' gives 


or, putting y' = tan\^, p = Cisin ^ + <72C08^ = A 8in(^-|-B), say. 

The curve is therefore a cycloid. 

The terminal conditions are T, (5y-?/'&r)+ T„(8^'-y"&r)=0 at 

each end, and since 8.r = Sy = 0 at each end, this leduces to Y„^y' — 0 at 
each end. 

Also Y„—Y„——(\-\-y'^fly*'\ and the values of at each end are 
arbitrary. Hence // must be oo at each end, and the radii of curvature 

must therefore vanish. The ter- 
minals must thei’efore be cusps of 
the cycloid. 

If a condition be added that these 
are consecutive cusps the cycloid is 
then detei minate, the length of the 
chord AB being given, say l^ the 
radius of the rolling circle must be 
l/27r. If the cusps be not neces- 
sarily consecutive the area might 
be that contained between a set of 
such cycloidal arcs as shown in 
Fig. 438, and their cycloidal evo- 
lutes, and it w'ili be obvious that 
if the number of these arcs be infinite, the area thus bounded becomes 
ultimately zero, the radius of the rolling circle having become infinitesi- 
mally small. 




Fig. 438. 


If the terminals A, B be not fixed but constrained to move on given 
curves, there is a relation between dr and 8y at each end, but the values of 
8y' are still independent and arbitrary ; therefore Y„ still vanishes at 
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each end, which are cusps of the cycloidal path, which may or may not 
be consecutive ; and other relations also arise by equating to zero the 
coefficients of 8.v for each end after substitution of the terminal conditions 
which give in terms of &r. 


1 503. The Case when V depends upon the Terminals. 

If V contains the coordinates x^, and of the ter- 

minals and differential coefficients of y^ and i/i, in addition to 
aj, Vy y\ etc., i.e. 

y^ y t y , i/o* 2/i» 2/o> 3/i » •*•)» 
the variation 8V will include terms in addition to those of 
A^rt. 1495, and now 


SV — ^Sx-{-ySy Yt 8y “["••• 


+ 3 ^; ’ 

and these additional terms in the variation S^Vdx give rise to 

r aF 


the variations ^Xq, ^Xj, Sy^, etc., not being functions of x 
but only of the limiting values of x, and the integrations 
being from Xq to x^ as before. These extra terms are all to be 
added to the terminal variation portion of the total variation 

S^Vdx. The differential equation will be unaltered, and the 

general value of y in terms of x thence derived may be sub- 
stituted in the several additional integrals above, and their 
values may then be found and treated as part of the ter- 
minal variation [//]. 


1504. Relative Maxima and Minima. Lagrange’s Rule. 

Many problems occur in which j* Fdx is to be made 
a maximum or a minimum with the condition that at the 
same time a second integral ^Wdx is to acquire a given value 
a, where IF, like F, is also a function of x, y, y\ ®tc. For 
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instance, we might require the curve joining two specified 
points, such that with the sc-axis and the terminal ordinates 
a maximum area is to be enclosed whilst the length of the arc 
between the terminals is given, 

Lagrange solves this relative species of maxima and minima 
problems by making ^j*( unconditionally, where 

X is some constant to be determined. 


For clearly this gives 6^Vdx+\8^W dx—0^ i.e. dx 

vanishes for all such relations between y and x as make JfF rfx 

any constant quantity. Now, upon solving this unconditional 
problem in the way described in the preceding articles, we shall 
get a relation involving X as well as the constants of integra- 
tion, say 2 /=^(X, Xy Cj, Cg, C 3 , ...). Then substituting for y in 

^Wdx and integrating, we are to make such a choice of X as 

will give the integral ^Wdx the stipulated value a. 

We then have ^J*Fc2.t4"X <J<<== 0 , i.e, S^Vdx^^Oy and the 

variation of JfcZx is zero, and the integral has a stationary 

value for such a relation between x and y as gives to 

the prescribed constant value a. I'lie constants of integration 
are to be determined as described before from the terminal 
conditions. 


1505. Illustrative Examples. 

1. To two points A, B given in position, whose distance apart is 2c, an 
inextensible thread is attached by its ends, whose length is 2ca cosec a. To 
eocamine in what curve the thread must be arranged so that the area enclosed 
by the thread and the chord AB shall be as great as possible. 

Taking the mid-point of AB as origin and OA as r-axis, we are to 

make ^Jpds a. maximum with a condition Jds=2ca cosec a. 

By Ijagrange’s rule we are to make ms /(p + 2X)d« = a maximum, i.e, 
in Cartesians 

u= /"(y -- + 2X Vl is to be a maximum. 
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Here + X= -y\ F=l, r,=5 -A-f 2Ay7^^1+y'^ 

F„ = 0, etc. Along the path we are to have 

Fsr-r; = 0 or 1=-1 + 2A:^ 

ax 

Hence 


y' 

^X-Vy'^ 


y* _x — a 

\/l+y^ A 


and 


^ _ (x-a)dx 

»Jx?-{x—ay^' 


i.e. (a: - a)* + (^ — 6)2 = A^. 



Thus the thread must lie on a circular arc of radius i A of which AB 
is a chord. Therefore the centre lies upon the y-axis and a = 0. 

A 

Let D be the centre and A DO — Then A = ± c cosec /?, and the length 
of the arc = 2(7r-/3)cco8ecj3, which is to be 2cttco8eca ; whence 
j8 = 7 r-tt, A=±ccoseca and 6= i Acos j3= -ccota. 

The equation of the arc is therefore ^.(.cot a)2 = (;2cosec2a. 

In the limiting case when c=0, tt = 7r, and if r be the radius 

Ltccota = Ltrco%a— -r and L^c2(cosec2a-cot2a) = c2=0, 


and the equation becomes a^+y^=^2ry, where 
2irr = the length of the thread. The thread 
then forms a complete circle x^+y^=lylir. 

Incidentally this shows that the closed 
curve of given perimeter and greatest area is 
a circle. The process is the same if we 
require the curve of least perimeter with a 
given area, which is therefore also a circle. 

Note also that if the length of the thread 
exceeds ire, the curve will cut the ordinates 
diawn at A and B and lie partly outside 



them. 


For this reason we did not express the area as 



for in 


that case the limits -c to +c for x would not contain the whole area 
bounded, but only so much of it as lies between the ordinates at A and 
B, and there would be the difficulty of assigning such limits for the 
integration as would give the whole area. 
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A Case of Discontinuity. 

If the condition be superimposed that the thread in the above example 
is net allowed to extend beyond the ordinates ai A and By we should prefer 

to begin by expressing the area as j ydt. But when Z>irc a discon- 
tinuity will be introduced by the imposition of the new condition. We 
still have the condition Js/l +y‘^dx=the given length = ^. Hence 

J(y-hXs/r+y^)dx 

is to be an unconditional maximum, where A. is a constant to be 
determined. 

Here F^y + Xs/U^^y X=0. r=l, r,= Xy'/JT+p, r„ = 0 , etc.; 




7 - -I- by where 6 is a constant. 


(1) 


Hence 

and (x-a)H(y- 


So long as ^ > ttc this M'ill lead to the same solution as before. But 
the arc is now, by the new condition, precluded froin lying outside the 
ordinates at ^ and B, and therefore, for the case where A > ttc, we must 
re-examine the problem. Now, it has been assumed in the reduction of 
equation (1) and in integrating, that y' is finite throughout. 

But equation (1) can be satisfied by 
making y' infinite, which indicates that 
part of the boundary of the area may be 
a straight line perpendicular to JB. 
Examine next the limiting conditions along 
the ordinates ALy BM at the extremities 
of the chord ; &r is to be zero, but is 
arbitrary. Now, for the terms involving 
the terminal variations 

[r8a:-|-r,(5y-/&r)]=0, 



and if the thread be ari-anged as and BMy straight portions, with an 
arc of a circle LMy which satisfies equation (1), we have at A, Z, J/, By 
i,e. at the terminals and at the points where the thread leaves the 
ordinates, &r=0 ; whilst at A and By Sy is also zero. This reduces 
the conditions to [ Y, 8y] = 0. 

That is ( F, Sy at A - V, 8y at L) for the line AL-\-(Y,8y At L- F Sy at Af) 
for the circular arc +(F, Sy at M- Y,Sy at B) for the line 3/5=0, and 
Sy at L is independent of Sy at M. 

Hence Y, for the line AL at L= Y, for the circle at X \ 
and Y, for the line BM At M—Y, for the circle At M* J 
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Bub in each case Y,l k ■=. ^ becomes 1 for the lines, ^ being infinite. 

for the circle also, both at L and at M. Therefore 


Hence -t= 




y'= GO for the circle at L and and the circle touches both the ordinates. 
The area in question is therefore that of a rectangle surmounted by a 
semicircle, and is such that I- AL-k - which gives the lengths 
of the straight portions as \{l — Trc\ when I > ire. 


2. The ends of a uniform heavy chain of given length I slide fredy u'pon two 
smooth curves which lie in the same vertical plane. Let us investigate its 
form on the supposition from the energy condition of stability that the 
centroid of the arc wiU assume the lowest possible position. 

Let the chain assume a position such as indicated by ^ ^ in Fig. 442, 
the terminal curves being ;/ = /o(j?), y—f\{r). We assume it as obvious 



that the chain will hang in the vertical plane of the terminal curves. 
Take any horizontal line in that plane as .r-axis. For the position of 


this jr-axis shown in the figure we are to make jydsj jds a minimum 
with condition Jds = l. Therefore, by Lagrange’s rule we are to make 
J(y + X)Vl+y'»<fc a minimum. 


The equation V= r,y'+0 gives (y + A)«s/l+y'*=(y+A.)/7'^l+y^+ 
i,e. y-hX = 0\^rAy^=0Beci/^, where y' = tan^. This is enough to 
indicate that the chain is to lie in the arc of a certain catenary curve. 
Proceeding further with the integration, 




t.e. = cosh 

C 


X+C 

~c~’ 
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where C" is a new constant. The catenary is therefore one with iti 
vertex at ( — C", — A 4- C) and with parameter C. 

As to the terminals, we are to have [r&r-f r/(5// -y' &r)] = 0. 

Blit S//i =//(.? ^) dviy 

variations at the terminals are independent, and we have C S.v-h Cy'S?/ = 0 
at each end, i>. ^^‘ch end, and tlieiefore each of the 

terminal curves is cut at right angles by the curve of the chain. 

The seven quantities .Iq, .tr, ,yj, <7, C' and A are determinable from 
the seven equations 

.yo=/oMy yi=/i0^l)y = = COsll , 

/o'(x) sinh = - 1, //(xj ) sinh - = - 1 , 

(7 sinh (7 sinh — =f. 

C C 


3. A vessel which is in the form of a surface of revolution with parallel 
circular ends of given diameters is just filled with an inelastic fluid. The 

capacity of the vessel is given and the whole 
fluid is made to revolve about the axis at a 
definite angular velocity u>. It is required 
to find the shape of the vessel so that the 
** whole pressure'^ upon the curved surface 
is a minimum, neglecting the effect of 
gravity. 

Take the origin at the centre of one 
end and the axis of figure as .r-axis. Let 
the radii of the ends be a and h and 
the length of the axis Taking the 
density as unity the hydrostatic pressure 
equation gives — dy, where p is the 
pressure at any point ; whence p = 
for p vanishes along the axis by the 
condition of the vessel being just full. 
Now, the quantity known as “whole pressure” is given 
where S is an element of surface. 



Thus j 27 ry Vl -f y'* dx 
jw^^dx^a, given quantity. 
Hence j (y^Vl +y'‘^ + \y^)dx 


is to be a minim uni with condition 


is to be an unconditional minimum. 


So y*\/l +y'2 4- Ay® =y 1 +y'* + C, i.e. y^Z-s/l 4-y'*4- Ay2=(7, and for 

the terminals [ F&r 4- T',(5y-y'&F)]«0, and at the end through the 
origin &r and 5y both vanish, whilst at the other end % = 0, for the radius 
is fixed, i.e. CSx—O, and therefore as do: is not necessarily zero, (7=0. 
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Then + i^/=y(3/^+y''*)/(l +/‘*)2 ; whence 








Tlyi ~ ■" ^ ^ = C ( 1 ) 


For the terminals [ V&r-f F/(%-//'&r)] = 0, i.e. [(7^+ F/6y] = 0. 

The origin being taken at the centre 
of the flat base (Fig. 446), and the base 
being given, we have 8x and 8 // both zero 
for the terminal of the generating curve 
which lies on the y-axis. Also (7 &i; -f F, 5// 
must vanish at the other terminal. Re- 
jecting the supposition of a discontinuous 
flat-nosed surface, this other terminal 
must be on the jj-axis and 8^ = 0. But 6x 
is arbitrary. Hence 6'=0. Rejecting 
also the solution of an end-on straight line 
experiencing zero resistance, we have 

sm’* ^cos xj/. 

- • ^(3 8in‘'''i^-4sin^^)= -i sin 3^ 

sin ^ A ^ A ^ 

and ^ ~ ^ ^ const., 

which indicates that the generating curve is part of a threo-ciisped 
hypocycloid, and the values of k and the constant may be found from 
the given data. 



It follows that ^ = 

aiy ay dxp 


1506. The Case where Vdxv&z. Perfect Differential. 

We have assumed so far that J V dx in not directly integrable. If 
however this be so, the function is free from an integral sign and merely 
depends upon the terminal values of x, y and the diflerential coefficients, 
and is independent of the path of integration from the one terminal to 
the other. We are therefore not much concerned with this case. Such 

a case would occur if, for instance, F= — -g - - -, for then 


r‘vic=r'f(^)dz^[^T. 

Jto Jxo dx\xj L.rJa^ 


1507. Tests of Integrability. 

Our method of procedure, however, yields a test of integrability. For 
supposing F to be the differential coefficient of some function of form 
-F{x, y,/, 

and assuming the variation to be one which does not affect the terminal 
values of the variables, this vanishes independently of any assigned 
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relation between x and y. That in, the relation 7=0 is identically 
satisfied. And the conveise is also true, and the condition is siifificient 
as well as necessary. 

For the demonstration of this converse the student may be referred 
to Todhunter, Int. Calc,, p. 365. 


1508. Two or more Dependent Variables. 

Let F be a function of one independent V8.riable x and two 
or more dependent variables y, z with their differential 
coefficients with regard to x, and suppose we are to search 
for the nature of this dependence which will give a stationary 


value 


V dx. 


Here V = f(x, We may proceed to find the 

\ Zy ZyZy.,,/ 

first order variation of the integral exactly as before, but it is 
necessary to extend our notation. 


Let 

dx 


-*■(»»)» ^^(n) ^(w)» 


5:^(ii+l)+ Yin-i-2)— ^(n) — ^ = 

Then, just as before, the first order variation of | Fd'o; is 

«{Fi.=[F&+|;’+|;’;+;;]+f<F,+zod. 


or =[//]+ j(T,,+Zf)rfx, 

a result similar to that of Art. 1496. 

Obviously, a similar form will hold liowever many dependent 
variables there may be. 


1509. The Subsequent Procedure. 

As in the case of one dependent variable, in a search for 
the forms of the functions y and z which will give | Vdx a 

stationary value, we are to put Fdx=0, and now two cases 
arise, viz. 

(i) When y and z are independent functional forms , 

(ii) when they are connected by an equation L=0. 
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(i) In the first case, rj^8y—ySx and ^^Sz—z'Sx are inde- 
pendent variations, and we get y=0 and Z—0 separately, 
which form two differential equations to determine y and z 
in terms of x. 

(ii) In the second case, fj and ^ are not independent varia- 
tions, but we have Y»i+Z^—0, together with i=0. 

We shall consider these cases in detail. 

1510. Case I. y and z independent. 

Here 

+ Z=:Z-Z:+z:;-...=0. 

Besides these equations, in the event of V not explicitly 
containing x, we have, as in Art. 1500, 

F=(y.iy'-fy.y'+...)+(Zz+Z.2''-f...)+C. 

And further special cases arise. For instance, if y and z 
are also absent from F, we have 

Y;-.y;+...=o and z;-z;;+...=o, 

whence Y,=C^ and Z,—C^\ 

F=cy+a/-fC+ y.3/"-f ... +Z.z"-f ... ; 

and similarly in other cases. 

Also, if other dependent variables be present, a corresponding 
modification of these results will obviously hold. 

1511. Case II. The Case when the Path lies on a Specified 
Surface. 

Before considering Case II. in detail, viz. y and z inde- 
pendent, we may point out one very useful case which 
follows immediately from what has been said, viz. the case 
where the equation L—0 is a relation between x, y and 2 
alone. This equation is that of a surface on which the path 
to be discovered must necessarily lie. And the case is useful 
for the very large class of problems dealing with maxima or 
minima conditions for lines drawn upon a given surface. 

In addition to yi;H-Zf=0, we have 

Lxdx+Lydy+L^z^i) and Lx8x+Ly8y+Lz8z—0, 

Multiplying the first by &r/daj and subtracting, we have 
Lyri+Lt^ — 0\ whence, eliminating ly and YILy'=ZILz and 
i=0 for all such cases. 
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1512. Next suppose the equation of condition to contain 
Xt y, z and differential coefficients of y and z with regard to x. 



Lagrange adopts a method similar to that of Art. 1504, 
and makes 

^|(7-fXL)c?aj=0 without condition, ( 1 ) 

where he regards \as a function of x only. 

It is clear that this will make ^ | F c?x vanish for all such 

values of the variables as make L=0, which is what we require. 
Now 


=[AZ \{SLdx — dL L{S\ dx — Sxd\). 

The first term is a function of the variables and variations 
at the terminals only, and vanishes with L, 

The third term is the only one in which variations of X 
appear. And it will be noticed that if X be regarded as a 
function of x only, say X=x(^)» since dX — 

JX==x'(x) Jx, we have ^Xdx-^xc?X=0,so that the suppositions 
(i) L = 0, (ii) X = x(^) Produce in that term the same result. 

Therefore, in finding the variation (F+XL)cifx without 

condition, it is unnecessary to consider variations of X when 
we consider X to be a function of x alone. The variation 

of I XL dx therefore produces in the un integrated part of 

(F+XL)(ix, the additional term j X ^ 

1513. Regarding X therefore as a function of x alone, and 
writing F-fXL instead of F, let us put 

[Y]^~{V+\L). [T,]^^(F+U).etc., 
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the square brackets indicating that the substitution of F^-XL 
for F has been made therein. Thus 


S 


|{F+XL)«fa!=|[F]5* 


+iz,]f+[z„]r+...l 


+|([y],+[Z]^)rf®; 

and as the variation is unconditional, we have i; and f inde- 
pendent and [y]=0, [Z]=0 ; that is 

.nd|(F+Xt)-^|,(F+XI)+^|,(F+X/,)-...=0, 


t.e. X being a function of x alone, 

y+x|-,4(x|)+^.(x|,)-...=«] 

which, with L=0, 

give three equations to determine y, z and X as functions of x. 


1514. It will be observed that the terms after the first 
in the first and second of these equations, are those which 
accrue from the treatment of the term 

jx {&L-^8x)dx 

in the variaton of JxL dx, after the manner of Art. 149(5. 

We may note further that when L does not contain differ- 
ential coefficients of y or z with respect to x, these equations 
reduce to Y-\-\Ly=0, Z+X£.=0, Z=0, 
and therefore give again the result of Art. 1511, viz. 

YfLy=ZfI/z and 1j=0. 


1515. Illustrative Examples. 

1. As an example of Case 1. of Art. 1509, let us find the shortest distance 
from the surface Fix, y,z) = 0 to the surface /(x, y, 2 ) = 0 without any further 
condition as to the pcUh, Tliis should nbviously be a straight line cutting 
both surfaces perpendicularly. 
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We are to make Jds = a minimum, with specific ter- 

minal conditions. Here 

i.o, v.», z-o. 

The equations T = 0 , Z = 0 give 

r,=C„ Z,=C„ i.e.^=c„ 

ami therefore ^ -Ci^-C 2 ^. 


That is, the tangent to the path is in a constant direction, and the path 
itself is a straight line. 

At the terminals we have 

[Far+F,(ay-/&r) + ^(&-*'&r)] = 0, i.e. p-t^|^^] = 0, 

and the variations at one end are independent of those at the other, 
t.c. 8.r-i-y Sf/ + 2 ' Sz must be zero at each end, t.c. 

ffU+§'S9+^S^=o 

ds da da ^ 

at each end. But the variations &r, 82 must refer to displacements in 

the tangent planes of the terminal surfaces, for which 

+ + 82 = 0 and /*&r+/y 8 ^+/, 82 = 0 . 

Hence the path sought must cut each surface orthogonally. 

2 . As an example of Case II. of Art. 1509, examine hy aid of theae 
equationa Lagrangda firat ruU^ Art. 1504, where we have to find a function y 

such that 8jvdx = 0 under condition jwdx=a conatant a. 

Putting 3 = jwdxj we may write this as L = z' -W=0, 

Then we make sJ{V-t-X(z'- W))dx=0, X being a function of x alone. 
We have F+| X(z'-W)-^ |> X(*'- »F)+... = 0 1 
and X(z'-W)-^,^X(z'-Wr) + ... = 0.j 

But |a(/-»P)=-X^, ^,X(z'-W)=-X^,etc. 

Z=o, ^A(*'-JF)=0, ^,X(t'-W)=X. 

Hence these equations become 

-a -g-a 
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The second shows that A does not contain and is a constant ; and 
the first niav then be written 

where [F] refers to the operation 

/3 _ d 3 ^ 3 _ \ 

dx dy* dsc^ 'dy” "/ 

upon V — kW^ regarding A as a constant, which is the rule of Art. ir>04. 


Ja y 


3. Consider the stationary value of 
cases. [Ohm. Todhunter, Hist, p. 35.] 

Let ^ — ydx. Then 2 '=^, z'*^y\ We may either 

rh 2 

(i) consider j d.r unconditionally, 

Ja 2 

^ dXf with condition 2 '~y = 0. 


Comparison of the two 


(i)Here r = ^, Z = 0, Z = i, Z, = 0, 


Z ’ 2 ' 2 

The equation F = Z, 2' + 2" + (7 gives F = (Z, - Z^,)2' + Z„2" + C', i.e. 

2 4,=*'if4= 




2" - dx\z"^ 

a first integral of the equation to find 2 as a function of x, 
(ii) Or make [F] = 0, [Z] = 0, with condition L^z' -y — O, 


(1) 


Eliminating y and A, we have 




J__^ / z_\ 

z"~~d,^\y'V’ 


.( 2 ) 


If (1) be differentiated to eliminate (7, we find a result identical with 
(2), and equation (1) is a first integral of equation (2). The first method 
has therefore carried us one step onward in the integration, whilst the 
second has produced the original differential equation itself. 


1516. If s (or t) denote the independent variable, and x, y, 
Zy viz. the Cartesian or other coordinates, be the dependent 
variables, it will be desirable to alter our notation a little in 
conformity with such requirements. 

We take the case of three dependent variables. It will 
make no difference in the investigation however many there 
may be. Accents will denote differentiations with regard to 
the independent variable. 
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Let 


/ a?, X, x'\ 

y> y'> y"> 
\ 2 . 2 '. 2 ", 


and we shall write 




ds^ 



3s’’ 


etc. 


j/<’’+iiJs, 2 <’’+i' 5s, 

x=x-x:+x:;- ... , x,=x,-x,:+x,:- ... , etc., 


with similar meanings for Y, Y,, etc., Z, Z,, etc. 

Then we have, to the first order, 

5 j7ds=[F5s+(J,^+X,r+...) + (F, 

-h(Z, f +Z„ r+ ...)]+ j(^^+ Y,,+ZO ds 
=[jff]+ Fij+Zf) ds, say, as in earlier cases. 


1517. As before, if it be desired to discover the functional 

forms of ar, y, z which will be required to give ^ a 

stationary value, we have to make the above first order 
variation vanish. 

There are two cases to consider, (i) when x, y, z are inde- 
pendent of each other; (ii) when some relation L = 0, or 
some set of such relations exists between them. 


1518. In Case (i), in the absence of any such relation, the 
arbitrary variations from point to point of the path, ly, f, 
are independent of each other, and we liave 

X=0, T=0, Z=0, 

three differential equations, whose orders are, in general, 
double the order of the highest respective differential co- 
efficients contained in F, and whose solutions severally con- 
tain the same number of arbitrary constants as their order. 
Secondly, there are as many equations arising from 
by equating to zero the independent terminal variations therein 
contained, as there are independent terminal variations. 
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Also, as in Art. 1500 (i), if V does not contain s explicitly, 
so that iS=0, we have 

F=(Xaj'+X,«''+...)+(F,y'+y.y"+...) 

+(Z,2'+Z// «"+ ...)+(7. 

Other special cases may arise. For example, if 

V=^(x, y, 2 , x', y\ 2 '), 

the independent variable being absent, we have 
V=X.x'-{-YaJ-\-Z,z'-\-C. 

If V=^ffi(x\ y\ z\ x\ y'\ z"), we have 

7-(X-X>'+X,a:"+(X~ X:)y + Y.y" 

+ (Z-Z')z'-i~Z„z"-hC; 
and also X~X:=:(7i, X-X-C,, Z,-Z;,=C^, 

viz. the .solutions of X= — XI-[- A';;=0, etc., 
so that V=^C+C^x'+C^y'+C^z'+X„x^+ Y.y^'+Z.z !’ ; 
and so on with other cases. 


1519. In Case (ii), when there is a connecting equation L=0, 
we make (F+XL)(is=0, according to Lagrange’s rule, and 
consider X a function of ,s only. 

rpk V . ^ . d- A ^L\ 

Then 


which, with the two similar equations in y and z and the 
connecting equation Z=0, give four equations from which 
X, y, 2 , X are to be determined as functions of tt. 

When L contains only x, y and 2 , so that A = 0 is the equa- 
tion of a surface on which the path lies, these equations reduce to 
X+\L^=0, Y^XLy^O, Z4-XL,=0, 
i.e, X jL^^Y ILy^ZjLzt with L=(). 

These equations could be derived otherwise, as in Art. 1511 ; 
for we have 

L^8x+Ly6y+Lz6z^^ and Lxdx+Lydy+Lzdz=0) 
and, since (=Sx—x'S8, ri=^Sy—y'S8, ^=(Jz— 
we get Lx^+Lyrj+Lz^==0, 

an equation which constitutes a linear relation amongst the 
otherwise arbitrary variations i?, which involve the four 
variations 5a, 5x, 5y, 8z, 



CALCULUS OF VARIATIONS. 


637 


We also have Let one of these variations 

be taken such that f— 0, then XIL^^Y jLy. Similarly taking 
another variation in which >;=0, then XILx^ZjL^, Thus we get 
XjLx — Y ILy==ZIL^, with L=0, as before. 

1520. When z and its differential coefficients are absent 
from V and L, we obtain over again the relations of Art. 1511, 
viz. XjL^—YILy and L=0. 

1521. In any case, where we are to make a maximum 

or a minimum and s is an arc of the path and x, y, z, Cartesian 
coordinates of a point upon it, we have the relation 

and we may make an uncon- 

ditional maximum or minimum. Here JX has been written 
instead of X for later convenience. If F be a function of 
Xf y, z alone, not containing s explicitly, we have 

[X]-Ax. tr.]-Ay'. [Z,]-Xs', 



[y]=etc.. [Z]=etc., 

and 

[V]=[X,]x'+[Y.]y'+[Z,]z'+C, 

i.e. 

y + 1 (»'= + y'* + z'" - 1) = X (a:'H y '* + 2'^) + C, 

i.e. 

F-\+(7. 

1522. 

Again the terminal equations give 



[{ 

V (x-^+y'* +2'*- 1)} 


+Xy'(^y -3/'5«)+X2'{Jz-z'5«)] 

or 

[(F-X) J»+X (ar'to+y'5y+2'(52)]=0. 

or 

[C<58+X(!e'5a:++)]=0, 

t.e. 

C (Jfli-j8o)+[x {x'Sx+y'Sy+^Sz)\=Q. 
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and therefore C ( Ss^ — S >%) = 0 and j^X (a;' + ?/' ^1 / + 

for the terminal variations of s are independent of the terminal 
variations of x, y, z. 

In isoperimetric problems, i.e. those concerned with an arc 
of specific length, — Ssq vanishes ; but in other cases <5^fl 
and are not necessarily equal, and then 0=0. Thus, 
for isoperimetric cases, F=X+C, and the value of C is to 
be determined by the length of the arc ; for non-isoperi~ 
metric cases with an undefined length of arc 0=0 and 
F=X. 

In either case, provided X be not such as to vanish at either 
terminal, we must have x' Sx-\-y 6y +z' 6z—0 at each terminal. 
That is, if the terminals are to be on specific terminal curves 
the path must cut each orthogonally. But if the terminals be 
fixed points this expression will vanish identically by virtue 
of the vanishing of Sx, Sz, 

Since in non-isometric problems F=X, we may write 

at once. (See Williamson, J.O., Art. 296.) 

1523. If F be any function of x, y, z alone, and Jf^s is to 

be made of stationary value for curves to be discovered lying 
upon a given surface y, z)=0, and with fixed terminals 

or fixed terminal curves, w^e have d|Fd.s=0, and w^e may 

treat the variation ah initio as follows. 

We have J((5Fd.‘#+Fc? J.‘?)=0. 

But SV=VJx+ VySy+ Vjz, and dS8=xdSx+y'd(]y+zdSz, 
so that 

^ |f y (x'd 8x-\-y'd8y+z'dSz)) 

= [ V{x6x + y'8y +z'8z)] 
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So that we must have [V{x'8x-\-y’Sy-\-z'8z)'\=Q, as the 
terminal condition and 

along the path. 

We also have 0^(5^+ 02^2=0, a linear connection 

between the otherwise arbitrary point to point variations 
^05, Sz. Hence 

+ (v,-^Jz'-X4>,)sz^0. 

Now, two of the variations are arbitrary, and A is at our 
choice. ^ 


Take ^2=0, and choose Sx not equal to 0 and X=- 




<py 


Then it follows that F*— ^ Fa;'— A0aj=b ; and similarly we 
may show, by taking ^a;=0, that V z 


Thus 




0* 0v 0Z 

The terminal condition \y{xSx+y'Sy-\~zSz)']^0 shows tlmt, 
provided F be not zero at the terminals, the path mud cut 
each of the terminal curves orthogonally. 

IMPORTANT APPLICATIONS. 

1524. Geodesics. 

To find the shortest line, or geodesic, on a given surface 
0(aj, y, «)=0, from one given terminal curve to another drawn 
upon the surface. 

Here u=|ds, i.e. V=Jx'^+y''^+z\ 

Then A’=0, X 




y" 


Z=^-z". 
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Thus, by Art 1519, x'l<l>x=y'<t>v=^"l<pxy the osculating 
plane at each point of the curve must contain the normal to 
the surface at that point. 

The terminal condition is \ySs+ X,(+Y 
i.e. [5s + x{Sx — X 68) + y(6y — ySa) + z\6z — 2'5s)] = 0, 

i»e, [x6x + y'Sy + «' 52 ] = 0. 

Now fix one end, then x'Sx-{ y'6y-\-z'6z—0 at the other end, 
so that the line sought must cut the terminal curve at that 
end orthogonally. Similarly for the otlier end of the path. 
Thus the path must be such that 

( 1 ) the osculating plane at each point contains the normal 

to the surface at that point ; 

(2) it must cut both terminal curves orthogonally. 

1525 . We might, without quoting the general theorem of Art. 1519 , 
proceed as follows, a course which is usually preferable. 

Since we are to make 8 J's/ + dz^ = 0, we have 
[dxd8x + dtfd8y ■\-dzd8z 

J ■"dT 

[y 8x 5 ^] - j ( r" 8x 4 * -I- 2" 82) da = 0 ; 

and along the path we' have 

x" 8x +.y" 81/ + z" 8z = 0, with condition </>, 8.r + 8z = 0, 
t.e. (x" - Ac^,) 8.V + (y" ~ 8y + {z" - A<#),) 8z = 0. 

Now of the three &r, 5 ?/, &, two are independent, say 8y and 8z. 

Let 82 = 0, and take 8y =^0 ; A is at our choice ; take it = a;' 7 </>x* Then 
A</>y Thus ®^»d similarly =s 2 ' 7 </>,. 

We also have the terminal condition .r' 8.r-f-y 8^ + 2' 82 = 0 at each end, 
and the path cuts the terminal curves orthogonally. 

1 526. Gleodesic on a Surface of Revolution. 

Let the surface be, say, a;*+y*=/( 2 ), the z-axis being the 
axis of revolution. Then x"lx=y"ly, i.e. a:?y"~-?/a:"=0, or 
xy'—yx=coniit.=h, say. Referring to cylindrical coordinates 
{pi <l>i z)> p^f/>=hy i.e. p8m^=hy where ^ is the angle between 
the path and a meridian at any point of the curve. This is 
the leading property of such geodesics. 

1527. Geodesics on a Quadric. 

For geodesics upon an ellipsoid we have the relation 
pd= const., where p is the perpendicular on the tangent plane 
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to the ellipsoid at any point on the curve and d is the semi- 
diameter parallel to the tangent to the curve at that point. 
For proof of this and for the general properties of geodesics- 
on a quadric, see Smith, Solid Geom,, ch. xii. 


1528. Required the nature of the projection upon the z^plane of geodesics 
upon the helicoidcd surface z = atan~^ylx. 

Here <^=r8in«/a-yco8 2 /a = 0, ^^=sin 2 /«, <J>y= -co8 2 /a. 

The geodesic equations give i.c. ; 

changing to cylindricals x = pcos 6,y=pfi\n By z^a$y ds^-dp^+p^dO^-^dz^. 
Then indicating differentiations with regard to 8 by suffixes, and those 
with regard to s by accents, «i*=pi*+p*4-a*, i.e. «i« 2 =Pipa+PPi* 

Now p*=:r*+y*, pp* ^xx' 

Hence pp-'+p'*=a:jr-'+y/+.r'»+/*==.r'* + j/'*=p'*+p»^'* ; 

pp'=p*tf'» and ^■{^=P> 

whence (p*«i “Pi«*)/«i*=pA’i. P»«i* -PiMt=P«i*» 

t.c. (p*“’p)(pi*+p* + a*)=pi(pipa+ppi) or p,(p* + a*)-2ppi*=rp(p* + a*). 






sin X cos X ; 


^ \/l-l:*sin*x 


Letp=acotx, thenpi=-acosec»x^, .. 

( d\\* 1 1 

~ j = - sin* x + jfi » where ^ is a constant > 1 ; 

and X + O' where a is a second arbitrary 

constant. Hence the projection of the geodesics on the z-plane has an 
equation of the form r=octn^^ + a^, mod. ifc, k and a being constants 

depending upon the position of the terminals. 

The reader will have no difficulty in showing that if ^ be the angle 
which the tangent at any point of the geodesic makes with the generator 
at this point, and yjr the angle the normal to the surface makes with the 
axis of the helicoid, then sin <f> =kBin\l/ ; and hence that if A 1 A. 2 A 9 ... be 
any closed geodesic polygon drawn upon the surface, and be the 

angles which A^A^^i make with the generator through A^ then 

n8in<^y=n 8in</>/. 

1529. Suppose toe are to obtain the stationary value of 


_ jE+2Fy’- 


y'-\-Gy''dx, 

where E, F, G are knoivn functions of the variables x and y. 
Here 

where suffixes denote partial differentiations. 
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The differential equation to be satisfied is y=y~r/=0, 

. F-]-Gy' 

2V ‘^dx V “ 

After differentiation and considerable reduction, this leads 
to an equation 

A + By'+Cy^+Dy^+2{F^-EG)if^0. ( 1 ) 

where A^EEy~2EF^+FE^, B=^FEy~2EG^-2FF^+GE^, 
C=-SFG^+2GEy-}-2FFy-EGy, D- -GG:,-\-2GFy-FGy, 

for the terms in y*, yy \ y'hf all cancel out. 

The equation (1) is incapable of general solution, but many 
cases arise in which at least a first integration may be effected, 
and sometimes the complete integration. 


1530. (i) For instance, if E, F and O be constants, A — B = C = D-0^ 
and the solution is that of i.e. a straight line. 

(ii) If E = 0 = L- M where L is a function of jc alone and M a function 
of i/ alone, and if F — 0, 


and equation (1) becomes 

2 (L - il/) y" 4- ( 1 +y '») ( My = 0 

2 // LjO+ff'‘)_n 

1+/2 'L-M L-M ~ ’ 

i.e. [log (1 +;y'«) - log (i - M)-] + L. = 0 ; 

14-;/* 


or putting 


L-M~ 




Hence a first integral is - A., i.e, = ^ , 

i.e, ^ integral, 

for by supposition L is a function of .v alone and M a function of y alone, 
so that the variables are “separable” in such cases. 


1531. The case of Art. 1529 is an important one, for it will 
be remembered that if the coordinates of a point upon a surface 
be expressed in terms of two parameters u and v, the element of 
arc may be expressed in the form ds^^E du^+2F d\idv-\-G dv^. 
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Hence the determination of a geodesic upon the surface 
depends upon the possibility of integrating the differential 
equation (1). 


1532. The direct inve.sitigation of the geodesic may be sometimes 
effected by a transformation. For example, if the square of the linear 

element on a surface be given bv ds^—~ , 

o - 1 _ 1^2 _ 1,2 » 

let us take a third variable w such that + + 1, whence 


u du-k-vdV'k-wdw—O. 

Then ds^= {{u^-\-W“)du^-k-(v^+w-)dv^-\-Mvdu.dv)lw'^ 

= {(tt du -f V dv)"^ + W“ (du^ + dv^)) /w^ = du'^ + dv^ + 
so 8— J\^du^-j- dv^ dw^, with condition + + 

That is, the arc of the curve on the original surface is the same length 
as the corresponding arc of a coiTe.sponding curve on the unit sphere 
in a system of rectangular coordinates v, w. And the geodesics on 
the sphere are given by the great circles, t.c. by equations of the form 
Ott4-/;v4-ctt>4-0 ; hence the geodesics on the original surface are given by 
au-^'bv-^c'Jx — where o, c are constants. 


1533, Principle of Least Action. 

Suppose a particle of mass m to he in motion under the actioyi of any 
conservative system of forces and either to be moving freely or under com- 
pulsion to remain on a smooth surface from any one point to any other 
point. Then, if v be the velocity at any time t, and ds an element of the 

path, we shall show that the integral mjvds has a stationary value. 

The quantity A defined as m ^ vds is called the Action, or the 

Characteristic Function, by Sir W. R. Hamilton, and the principle is 
known as the Principle of Least Action. 

1534. If X, Y, 7j be the force components per unit mass, R the normal 
pres.sure exerted by the surface, if any pressure exist, and A, /x, v the 
direction cosines of the normal, the ordinary equations of motion aie 

and the energy eej nation is 

w g-m J (Xdv-h rd//-hZdz)^mxCr,y, z) say, 

for the expression Xdx-{- Y dy-\-Zdz satisfies the condition of integrability, 
since the forces form a conservative system, i.e. are such as occur in 
nature. 

Hence, we have 


»St>=X&J.-+r8.y+2&. 
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But we also have so that dSy+irfSz, 

and the variation in A, ».€. SA=mSj vds—m j {Svds-^vdSs) 

= w J {(X &r4- Y 8y-^ZSz)dt+xd8a;-{-^d8y-{-id8z} 

= w[i;&r + ^ 8^ + irf2] + w j {(X-iJ)&F + (y ~^)5y + (Z~;s) Sz} dt 

= m[.r Ar + i/S^ + iSz] ~wi j R{\8x-hfx8y-hv8z)dtf 


and since the dii*ection defined by A, /i, v, i.e, the normal to the surface, is 
necessarily perpendicular to any displacement &r, 8y, 8z on the surface, 
A &r-fp Sy +■ V 8z vanishes, as also does each of the terminal values of 

So that the variation of A is zero and the “action” has a stationary 
value. Conversely, if we assume that J vds has a stationary value, we 
can establish the general equations of motion of the particle. 


1535. It follows of course that if X, Y, Z be all zero, i.e. if the particle 
be in motion on a smooth surface under the action of no forces except 
those due to the constraint of the surface, then v is constant, as shown by 

the energy equation, atid j being of stationary value, so also is / 

That is, the particle searches out for itself and travels along a geodesic 
on the surface. (See Tait and Steele, Dyn, of a Particle^ Art. 233, also 
Routh, Dyn, of a Particle.) 


1536. Path of a Bay of Light in a Heterogeneous Medium. 

When a ray of light travels in a medium of variable refractive index p, 


from (me point to another, it does so in such a manner as to make j fids a 
minimum. It is required to deduce the equations of the path of the ray. 

This case is similar to the one just discussed. 

We have 8 j pds = 0, i.e. j {8fids + pd8s)^0, 


and 


and 


dsd8s—dxd8x-^dyd8y-\-dzd8z ; 

J {8iids+fi{x*d8x-\-y'd8y-\-z'd8%))—0, 
8fi = fiz8x + py3y + fi,8z. 


Hence [pr'&r+>^'5y +/xz'&] 


and since the ray is to pass from one definite point to another, the 
integrated poition vanishes at each terminal, and the variations &r. 
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8y, 6z under the integral sign being arbitrary from point to point, 
we must have also 


0aj 


d ( dx\ 

^daV'dsr 

which form the differential equations of the path of the ray. 


\ 'dli_d/ dy\ 

'dfi^d 1 

' dz\ 

)’ ’^-ds\f^-ds} 

'^~^ds\ 



1537. Brachistochronism. The General Problem. 

A particle is in motion under the action of a given conservative system of 
forces. It is required to find the path along which it must he constrained to 
move so as to accomplish that path from one given point to another, or from 
one given surface to another, in the shortest time. Such constrained paths 
are called Brachistochrones. The case of brachistochronism under the 
action of gravity has already been considered. 

Let ?/, 2 ) be the potential energy of the force system, m being the 

mass of the particle. 

Then the energy equation gives y, 2 ) = const. 

The force-components per unit mass are —4*,, being the 

rates of decrease of potential energy. By varying v, we have 


k\^o dsd8s^dxd8x^dyd8y’\-dzd'8z, i.e. d8s—x'dSr-\-y'd8y+z'd8z. 

Now we are to make t = j — a, minimum. 

+ +)}+/ +)|* = 0 , 

and 8.r, 8y, 8z are arbitrary all along the path and independent of each 
other, and of the variations at the terminals. Hence 


So 

Therefore 



0 and 


ds\v/ ds\v/ tr*’ ds\v/ v^' 


1538. The Terminal Conditions. 

If the terminals be fixed points, the expression in square brackets 
vanishes identically at each end of the path. 

If the {mth start from a fixed point yQ, Zq) and terminate at the 
surface F(.r, y, z)~0, then &f, 8y, 8z vanish at the starting point, and 
provided the velocity be not infinite at the other terminal x' 8x+y'Sy -j-z Bz 
must vanish there ; that is, the path must cut the surface F{x,y, 2)=0 
orthogonally, for the only admissible variations 8x, By, 8z at this end are 
such as lie on the surface. 

If the path start from a point Xq, Zq, which is only defined as lying 
upon a surface FQ(x,y, 2 )= 0 , a similar result will hold, provided that the 
whole energy of the system be a given quantity, and that Fq^O be an 
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equipotential surface of tlie force system. If the surface 
an equipotential surface, terms depending on B.Vq^ S?/o) 'V'^ould make their 
appearance in the integral, and such terms if existent would have to be 
included with the rest of the terminal terms. 

If the motion terminate at a given curve instead of at a given surface, 
the terminal conditions may be discussed in a similar manner. 


1539. The Normal Pressure in the Case of Brachistochronous 
Description. 

From the general equations written 

- fwV - <#>* =0, etc., 
we have, by eliminating and w\ 


<t>x 

2 ", 2 ', 



so that the resultant force at any point lies in the osculating plane of 
the curve. 

Moreover, multiplying the equations -iw'x' etc, by 
px", py", pz" respectively, p being the radius of absolute curvature, 
we have by addition vVp = <#>xp»" + <#>ypy" + <#>zp2"= where N is the 

normal force component. 

If, however, ii be the pressure per unit mass upon the curve, the 
normal resolution gives the equation — It. 

Hence - 2iV. That is, the pressure upon the curve is equal to twice 
the normal component of the forces, and acts in the opposite direction. 

Now for a free path under a conservative system of forces for wliich 
the components in the direction of the tangent and principal normal are 
T and N\ there being no component in the direction of the binormal, we 

have = T and ^ = JV', whilst for the same path to be brachistochronous 

under frictionless constiuint under the action of a corresponding .set of 

forces whose components are T, N, 0 , we have and — = - N 

(i.e. =N+By>heTe -2N). ““ ^ 


1540. Hence we have Townsend’s theorem : “If for the same velocity 
of description any curve, plane or twisted, be at once a free path for one 
conservative system of forces and a brachistochronous path under fric- 
tionless constraint for another conservative system of forces, the resultants 
of the two force systems must at every point of the curve be reflexions 
of each other as regards both magnitude and direction with respect to the 
current tangent at the point.” 


1541. The principal cases are : 

(а) When the motion is under a single force in a given direction. 

(б) When the force tends to or from a fixed point. 
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1542. Case (a). Force in a Given Direction. 

Take the y-axia parallel to thia direction. Let m be the mass of the 
particle, mF{y) the potential energy. The force to increase y, being the rate 
of decrease of potential energy, is -mF'(y). The pressure on the curve 
is 2wF'(y)cos xj/ being the inclination of the tangent to the .^-axia. 



Let = a be the line of zero velocity; then we have \v^-{-F{y) — F(a)y 
and v^jp = F '(y) cos i/-. 


Plence 


p cos xp 


= F'(y)=- 


vdv 


Vd3~ ds pcoa<f’~ 


whence v=ttCo8 w'here u ia the value of v when ^ = 0. 

Also the y-xp equation of the brachistochrone ia J u^coB“xp = F(a)- F{y). 
It ia convenient to use the angle i, the angle between the ordinate and 


the current tangent, in place of and i — ~ -xp. 

ii 

Then the law of force necessary for brachiacochronisrn is given by 

P= “ niaas, repulsive from the .r-axia, with a line of 

zero velocity found by the vanishing of i. Also the pressure upon the 
curve ia R = 2wP' (;/) cos = -2mP con xp towards the centre of curvature. 


1543. Case (b). Central Force. 

Take the origin at the centre of force. Let mF{r) be the potential 
energy. The radial force from the origin is — mF\r) and R = 
where <p ia the angle between the tangent and the ladius vector. Let a 
be the radius of the circle of zero velocity. 

Then ^i^-hF{r)^F{a) and v-/p- - F'(r) sin <l>. 

v* _ vdv ^ . 1 dv _ dp y _ 1 ^ 

p8in<^"~ dr * v dr rdr p p dr 


Hence 
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Therefore v/^=con8t. = A, say. Whence the pedal equation of the 
brachistochrone is ’{■F{f) = F(a\ and the law of force is 

repulsive irom the origin, with a circle of zero velocity w'hose radius is to 
be obtained by the vanishing of p. 



The pressure on the curve towards the centre of curvature is 
— 2mF\r) am<p — 2mPain<p = 2mP~. 


1544. Comparison of Analogous Results. 

It is worth while for the student to note that 
(a) For parallel forces : 

(i) for a free path jv da =min.f v cos ^ = li (a constant) ; 

Cda 

(ii) for brachistochrone =niin., r/cos^ = tt. 


(5) For central forces : 

(i) for free path 

(ii) for brachistochrone 


I V da = min., 


/' 


da 

— =min., 

V 


vp = h (constant) ; 
vfp = h. 


Compare the following laws of central force for various circumstances : 


^dp 

dr* 


(а) Particle in free motion P = 

(б) Particle in brachistochronous motion P = h^p^, 
(c) Equilibrium of inextensible string 


pv=h. 
vlp=:h. 
Tp = h. 


(d) Equilibrium of extensible string Tp = h. 


1545. Energy Condition for an Equilibrating System. 

If V be the potential energy of a field of force in which any system of 
material particles has assumed a position of equilibrium, it is known that 
the configurations of stability and instability are those of minimum or 
maximum values of V. 

Cases in which a stationary value of V occurs without a true maximum 
or minimum give neutral equilibrium, in which there may be stability 
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for some displacements, instability for others. The Calculus of Variations 
supplies a very powerful instrument for the discussion of such problems. 


1 546. Ex. An inelastic string of uniform density and length I is attached to 
two fixed points A and B. Find the condition that it disposes itself in a 
curve of specified shape under the action of a central force in a field of 
potential F. 

Let m be the mass per unit length. Then the potential energy of the 
whole string ia JmVds, and for sUbility we are to make J(V+\)ds a 
minimum, V being a function of r alone. Then, with the usual notation 


of polars, 


sf(V+\h 


'i^+?‘cld=0 ; 


(F + A)N/r“+r'* = (r + X)^^;,+C 




Hence 


^Cds C 
dO r sin 


fp being the angle between the tangent and the radius vector, i.e. 



C being a constant. 

This gives the law of potential of the field of force. 

dV C dp 

Thus P (viz. the repulsive force from the pole) = 

V being supposed a known function of r, we now have a relation from 
(1) in terms of r, 6, X, C, and another constant which will be introduced 
when we have integrated equation (1) to get that relation into the r, 6 
form. Two of the equations to determine the three constants will be 
obtained by making the curve pass through the terminal points ; the 
other is provided by making 

Ja + 


If T be the tension, a resolution along the normal gives 
— =Pd4 sin 

That Tp is consUnt is also obvious by taking moments about the 
centre of force for any portion of the string. (See Art. 1544.) 

Taking the more general case of a string of length Z, attached to two given 
points A, B, and of variable line-density p, which is a function of s, the arcml 
distance of any point from A, and constrained to lie upon a given 
surface /(x, y, 2 )= 0 , and in a field of force of which the potenti is , 
now a function of x, y, z, we are to make 
u= J[pV + \f(x,y, 
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a minimum, k and /x being functions of s alone, to be determined so that 

j;'2 ^ y'2 ^ ^'2 _ I that /(.r, y, z) = 0 . 

The terminals being fixed, we vary .i*, y, z alone, keeping s constant. 

Then 5w= F, &r+ + ) + A(/x + ) + /x ^.r' — 5.r + + ds. 

The terms of the third group may be integrated by parts. 

Hence, for a minimum, we have 

pF. + A/,-^(/i.i') = 0, 
with two similar equations. 

'Hiese three equations, combined witli .r'“4- + ~1 and f{.r, //, 2 ) — 0, aie 
sufficient to determine A, /x, .r, y, z in terms of s. 


PROBLEMS. 


1. Given that (.r^, yj), (r.^, y^) two points movable in a plane, 
and such that their distance apart is always equal to a definite 
constiint what must be the circumstances of the motion in 
order that we shall always have 

+ x,^ 8 x 2 + y 1 + y 2 ^!/>> — 0 'I 

[I)k Morgan, D.C.y p. 456.] 


2. Prove that to the first order the vaiiation of the integral 
J/G’, y, p)dx^ wdth constant limits, is Jw 


(u = 8 y - p Sx and p -- 


ihy 

dx‘ 


Determine a curve joining the origin to the point (a, 1) for which 

the integral \(p- 7 i'y-) dx has a minimum value. 

^ J ^ [Math. Trip., 1896. J 

3. Prove that the shortest time path between two curves which 
lie in one plane when the velocity varies as the distance from a line 
in that plane, is the arc of a circle cutting the curves orthogonally, 
and having its centre on tlie line. [C 0 u.K 0 F.s 7 , 1893.] 


4. P'ind the relation between y and p in a curve which makes 


Jy^V I +p^ 


+p^dx a maximum. Obtain the polar equation of the curve 


whose pole will generate this by rolling on a straight line. 

[Colleges, 1877.] 



CALCULUS OF VARIATIONS. 


651 


5. A particle is moving under the action of a force perpendicular 

to and proportional to the distance from the line of zero velocity. 
Show that the brachistochrone is a circle. [Townsend.] 

6. Find the law of force parallel to the y-axis for which each of 
the following curves is brachistochronous, stating in each case the 
line of zero velocity and the pressure upon the curve : 

uurve. ar-axis. Uurve. a;-axis. 

I. Circle, diameter. 2. Parabola, directrix. 

3. Parabola, axis. 4. Catenary, directrix. 

5. Tractrix, directrix. 6. Evolute of Para- axis. 

bola, 

7. Evolute of directrix. 8. Four-cusped hypo- line of oppo- 

Catenary, cycloid, site cusps. 

9. Rect. Hyp., asymptote. 10. Bifocal conic, axis. 

[Townsend.] 

7. Find the law of central force for which each of the following 
curves is brachistochronous, stating whether the force is attractive 
or repulsive, the radius of the circle of zero velocity, and the pressure 
on the curve in each case : 

Curve. Pole. Curve. Pole. 

1. Paral)ola, focus. 2. Equiang. Spiral, pole. 

3. Cardioide, pole, 4. Circle, point on 

circumf. 

5. Lemiscate of node. 6. Kect. Hyp., centre. 

Bernoulli, 

7. ?•“ — cos 716^, pole. 8. Invol. of Circle, centre. 

9. Epi- or hypo- cent, of fixed 10. Reciprocal Spiral, pole, 

cycloid, circle. 

II. Central Conic, centre. 12. Central Conic, focus. 

[Townsend.] 

8. Show that the curve of quickest descent under gravity from a 
given point to a given vertical straight line is a complete semi- 
cycloid with cusp at the given point. 

9. Determine the minimum value of 0^^ dx, having given that 




Jo yi 

where y, are the values of y at the lower and upper limits 

respectively, and is subject to variation. 

[St. John’s, 1883; Todhunter, Hist , of Calc. Tar.] 
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10. Find the equation of a curve such that the area between it 

and the a;-axis has a given value, whilst the area of the surface of 
revolution, bounded by it when revolving about the a; axis, is a 
minimum. [Oxf. II. P., 1880.] 

11. A piece of string of given length in the plane of the curve 

has its two ends movable on the two branches of the curve ; 
find the form of the string when the area between the string and 
the curve is a maximum, and when that is the case prove that the 
string at each of its ends is at right angles to the curve. 

[St. John’s, 1889.] 


12. A surface of revolution has a given area, and its generating 

curve intersects the axis in given points ; determine the form of 
the surface so that its volume may be greatest. [ 7 , 1899.] 

13. Show how to connect two fixed points by a curve of given 
length, so that the area bounded by the curve, the ordinates of the 
fixed points and the axis of abscissae shall be a minimum. 

[Math. Trip., 1887.] 

14. Find the curve in which at every point 

{y +(«-*)!} 

is a maximum or a minimum. Interpret this problem geometrically. 

[Lacroix, CcUc. II., p. 689.] 


15. Prove by means of the Calculus of Variations that the minimum 


value of 




dx is (y^ - y^^Y{a - x,)(a - where 


Voi Vi are the values of y corresponding respectively to the initial 

and final values of x, and supposing that does not become 
infinite between the limits. jj p ^ 

16. Find what functions of «, satisfying the conditions y = 0, when 

dx stationary in value when 

[Math. Trip., 1876.] 


a; = 0 and when x^L make f 

I y'^dx is given. 

Jo 


17. Show that* the equation in polar coordinates to the plane 

curve of given length, for which is a maximum or minimum, 
is of one of the forms ^ 

^ « Vl - - cos - a), ? = cosh m(0 - a) - Vl 4 - 

[Oxf. II. P., 1890.] 
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18. A lamina of given mass is symmetrical with respect to an 
axis, and its density at any point varies as the square of the abscissa 
measured from one end of its axis ; if the attraction upon a particle 
at that point of the axis be a maximum, prove that the lamina is 

g^^cos^, where m is the given mass 

and cr the density at unit distance along the axis, assuming the law 
of attraction to be that of the inverse square of the distance. 

[Math. Trip., 1875. J 

19. A curve passing through the point whose polar coordinates 

are acos“^e, is such that taken along the arc of 

the curve between the initial line and the given point, is a minimum. 
Prove' that, provided that 2r~^ - a~^ is always finite and greater than 
zero, the required curve cuts the initial line at right angles in two 
points, the sum of whose distances from the origin is 2a ; and find 
the equation of the curve. [Oxr. II. P., 1903.] 

Interpret the result dynamically. 

20. If + has a maximum or minimum, and A, /x are 

independent of p and of any higher differential coefficients, and the 
differential equation resulting is satisfied by y = ax-{-h for all 
constant values of a and 6, prove that A and fi must be mere 
constants. [Oxf. II. P., 1918.] 

21. A swimmer who can swim at a given rate v starts from the 
bank of a wide straight river, and the strength of the current 
varies directly as the distance from the bank. He wishes to get 
as far down the river as he can in a given time T, Show that 
he must start from the bank at an angle whose tangent is 
proportional to T. Show also that the tangents of the angles 
his direction of swimming makes with the bank at equal intervals 
of time are in arithmetical progression, and that at the end of the 
time T he is swimming directly down stream. If the x-axis be 
taken along the river bank, fiy the velocity of the stream and a his 
initial angle with the bank, show that he is ultimately swimming 

at a distance 2v sec* ^ cos a from the bank. 

22. An oval curve of given length rolls on a straight line ; find 
its form when the area traced out in one revolution by a given 
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point on the plane of the curve is a minimum, the boundaries of 
the area being the curve traced out by the moving point, the given 
straight line and two perpendiculars upon it from the extremities of 
the curve. [Math. Trip., 1870.] 

23. If the velocity of a carriage along a road be proportional to 

the cube of the cosine of the inclination of the road to the horizon, 
determine the path of quickest ascent from the bottom to the top of 
a hemispherical hill, and show that it consists of the spherical curve 
described by a point of a great circle which rolls on a small circle 
described about the pole with a radius tt/G, t-ogether with an arc of 
a great circle. How is the discontinuity introduced into this 
problem'? [Math. Tkip., 1873.] 

24. If = — prove, assuming such results 

of theory as may be convenient, that the curves along which from 

point to point is a maximum or minimum are rectangular 
hyperbolae. ^ [Oxf. II. P., 1886.] 


25. Find the curve of given length joining two fixed points, 
which is such that the distance of the centroid of the arc from the 
chord connecting the two points may be the greatest possible. 

[Oxf. II. P., 1887.] 

26. A variable curve of given length 7r(Tv/2/4 has one extremity 
at a fixed point (3a, a) and the other on a fixed line x — 2a. Show 
that when the area enclosed by the curve, the axis of x and the 
lines a; = 2a, 3- = 3a, is a maximum the curve is one-eighth of a circle. 

[Oxf. II. P., 1888.] 


27. On the surface of an ellipsoid a curve is drawn which 
intersects at a constant angle all the geodesics passing through a 
given umbilic. Prove that its total length from umbilic to umbilic 
is I sec a, where I is the geodesic distance between that umbilic and 
the opposite one. [Math. Trip. I., 1888.] 


28. Find the form of the function in order that 

may be a maximum, subject to the condition that 
constant, and interpret the result geometrically. 


[Oxf. II. P., 1889.] 

29. A man swims from a point on the bank of a straight river to 
a point in mid-stream, with a constant velocity relative to the water. 
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Prove that, in order that the passage may occupy the shortest time, 
his actual course must be straight if the strength of the current is 
constant, but that if the strength of the current is proportional to 
the distance from the bank the path must have for its equation 

+ 1 cosh”' - 1 cosh”’ c, 

J u Z 

where the starting point is the origin, the bank is the axis of y, 
h the distance from the bank where the velocity of the stream is equal 
to that of the man relative to the water, and c is a constant. How 
is c obtained ? [Colleges, 1896.] 

30. Apply the principle of energy to determine the equation of 

equilibrium of an inextensible string under the action of a central 
force, its ends being fixed. John’s, 1881.] 

31. A hcfivy particle moves on the surface of a smooth circular 
cone with a vertical axis and vertex upwards. Find the brachisto- 
chrone from a fixed point on the surface to a fixed generating line. 

[St. John’s, 1881.] 

32. Show that the curve, such that between two fixed points 

in the plane of the curve may be a minimum, is = a”+^sec(n + 1) 

[Trin. Coll., 1881.] 

33. A man walks up a uniform incline from a given point to reach 
a given height. His velocity varies as the sine of the angle between 
his path and the line of greatest slope on the incline. If he exhausts 
himself at a rate proportional to the product of the whole height 
ascended, and the square of the cosine of the inclination of his path 
to the line of greatest slope, show that he will get to the required 
height with least exertion along a curve w'hose equation is 

yZ ^ 02.2 [St. John’s Coll., 1883.] 

34. Prove that the minimum value of ^{xydxdy)^ between the 

limits * = a, y = i and j. = o', y = b' is equal to i (o'® - (V^ - b^)^. 

35 A curve is drawn on the surface a:(y + i) = o* such that 

is a maximum or a minimum; prove that 

^ . 1 .. 1. 4. tSt. John’s Coll., 1882.] 

c being an arbitrary constant. t 
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36. Show that the surface, whose superficial* area is given and 
which encloses the greatest possible volume between itself and a 
given plane, has the sura of its curvatures at every point constant. 

[Math. Trip., 1888.] 

37. Geodesics are drawn upon the surface formed by the revolution 
of the curve a? = 2a sec w, y = tt(secwtanM ~cosh“' secw) about the 
y-axis. Show that the projections of these geodesics upon a plane 
perpendicular to the axis of revolution are of the forms of the 
inverses with regard to the origin of a cerUiin Cotes’s spiral. 

38. Show that if S, H be two fixed points at distance apart 2a, 

and 0 the mid-point of SH^ the law of repulsive force from 0 under 
which the curve SP . HP = c* can be described in a brachistochronous 
manner is one varying as {OP^ - d^)IOP^ where a* + d* = c*. 

Show also that the normal pressure upon the curve varies as 

(OP* + d*)^SOP* - d*)/OP\ 


39. Find the variation, to the first order, of the integral 

j/(*, y. 

taken along an arc of a curve traced on a surface y, ^) = 0 
between two given points of the surface ; and show that if the 
integral have a maximum or minimum value the curve is found from 
the differential equations 






1^4- 


/a<#> 

Lds \ ds) dx J 

/ dx Ld 

!«V ds) 

J 

1 dy L« 

Is \ ds) dz J 

/ dz 


The line joining the centre of curvature at any point P of the 
above curve to the centre of curvature of the corresponding normal 
section of the surface meets the tangent plane at P in G; GT is 
perpendicular to GP^ and PT is the tangent at P to that curve of 
the family <#>==0, F- const, which passes through P, Show that 





[Math. Trip., 1897.] 


40. A heavy particle moves on a smooth surface of revolution 
«=/(v/5*T^), the axis of which is vertical and vertex upwards. 
Find the brachistochrone from a fixed point on the surface at a 
depth c below the vertex to a given meridian, and prove that the 
brachistochrone cuts the given meridian at right angles, and that 
the area swept over by the radius vector on a horizontal plane is 
proportional to the Action. If the brachistochrone be from the 
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fixed point to the curve defined by the equations + 

»/ + s = 2c, prove that, if r and 6 be cylindrical coordinates, the lower 
end of the brachistochrone is given by the equations 
rsin6)+/(r) = 2c, 

[sin <?+/'(r)f = cos2d[l + -l} 

[St. John’s Coll., 1884.] 


41. Show that <f>(x) 
differential. 




is an exact 


42. Show that the conditions that 1 Irdxdx is integrable per se, 
where F=</>{x, y, y, ...y'”'}, are 

'dy (/.r 3/7 3/ dx33^+-”-0 


and 


'dy' dx dy" dx? dy"' 


[Todhunter, LC.y p. 369.] 

43. Show that the conditions that e/x (ix is integrable jper^e 

are those of Question 42, together with 

I . 2^^.-2 + S =0 

dy" dxdy'"^ ’ 

and generally, that l^is integrable n t\m%s per sCy provided that each 

of the functions F, xF, x-F, ... x«~^Fbe so integrable once, 

[Todhunter, /.C., p. 369.] 

44. Show how to find the relation between x and y which will 

make the expression j /(x, y, x^, yj, Xq, y^, p, p>^dx a maximum 
Jxo 

or a minimum, it being given thatXj, y^ are connected by an equation, 
and that x^j, are also connected by an equation. 

A curve of given length I is drawn in the plane x, y so that one end 
is on the axis of the parabola x2 = 4ay and the other end on the arc 
of the parabola. If the figure revolves- round the tangent at the 
vertex of the parabola, show that when the surface generated by the 
curve is the greatest possible the form of the curve is that of a 
portion of the catenary 

I cosh y + a cosech ^ - y sinh y = I cosh (j sinh y 

[Math. Trip., 1886.] 
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45. It is required to find a smooth guiding curve for a particle 
moving under gravity from rest, such that the Imizonial space 
described in time t is the greatest possible. Show that the curve 
must be a cycloid, and that the space is 

[Math. Trip. II., 1914.] 


46. Uniform elastic wire is held bent by proper forces between 
two points A and B so that the area between the wire and AB 
being given, the work expended in bending the wire may be the 
least possible. Show that the curvature at any point varies as 
r2~a“, where AB^2a and r is the distance of the point from the 
middle point of A 11. Show also that if the wire be bent completely 
round to satisfy the same conditions, the form of the wire will be 
given by r^^c'^cos 36^. [Math. Trip., 1878.] 

[It may be assumed that the work done in bending the wire is 

mejisured by 


47. A right cone is capable of revolving freely round its axis, 
which is vertical. A groove is to be cut in the surface of the cone 
such that a particle of mass m sliding down the groove without 
initial velocity from a given point may in the shortest time reach 
a given point in the horizontal plane through the base of the cone ; 
show that the differential equation of the particle’s path projected 
on the horizontal plane is 


where a is the semi-vertical angle of the cone and inlc^ its moment 
of inertia about its axis. [Math. Trip. III., 1885.] 


48. A curve is drawn to touch two fixed straight lines at the 
fixed points F and Q. The area included by its pedal with respect 
to a fixed point 0 and the perpendiculars from 0 to the fixed 
tangents is a minimum, whilst the area included between the curve 
and the straight lines OP, OQ is constant. 8how that the curve 
is part of an epi- or hypo-cycloid. 

49. If a point move in a plane with velocity always proportional 
to the curvature of its path, show that the brachistochrone of 
continuous curvature between any two given points is a complete 
cycloid. 

Prove that in the ordinary gravitation brachistochrone (which is 
also a cycloid), the velocity is inversely as the curvature of the 
path, and state the connexion between the two results. 

[Math. Trip., 1876 .] 
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50. Prove that the curve of a uniform chain of given length 
joining two fixed points is given by an equation of the iorm 

y = isn when the moment of inertia of the chain about a given 

fixed line, in a plane with the two given points, is a maximum ; 

and by an ecjuation of the form ycnK~==b^ when the moment of 

inertia is a minimum, the given straight line being taken as the 

[Math. Trip. III., 1884.J 

51. Use the method of the Calculus of Variations to show that 

the general equation of the geodesics on a right circular cone, whose 
e(|uation in polar coordinates is 0 ~ a, is r cos {(c^ - ^) sin a} — 
where fS and a are arbitrary constants. [Oxf. II. P., 1914.] 


52. Prove that the polar equation of the projection of a geodesic on 
a catenoid formed by the revolution of a catenary about its directrix 
upon a plane perpendicular to the directrix is of one of the forms 


r sn 



= const , 


r sn 6^ = const., 


r tanh 6 = const., 


and distinguish the cases. 

[Math. Trip. III. 1884, II. 1913; Grkknhill, IC.F., p. 96.] 


53. Prove that if, from any point of a surface, geodesic lines of 
equal length be drawn in all directions, the curve which is the 
locus of their extremities cuts all the geodesics at right angles 

54. Prove that on the surface of revolution determined by the 
equations 

rta 

X — ak cos cu cos <f), y - (ik cos w sin <^, = a 1 Jl - k'^ sin'*^ to 

Jo 

the equation of a geodesic line is tan sin k((f) -f P). 

Prove also that the locus of the extremities of geodesic lines of 
length Jrra drawn from the point at which (o = fi and <^ = 0 is 
cos k<l> + tan cu tan ft = 0. 

[Math. Tkip., 1896.] 

55. Prove that the projection of a geodesic on a surface of 
revolution on a plane perpendicular to the axis is in polar 
coordinates ?'”* = a“2cn®/i^ + /3“^sn^/x^, if the meridian curve of the 
surface is the roulette of the focus of an ellipse rolling upon the 
axis, a and P denoting the greatest and least values of the focal 
distances. 
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Show that if the geodesic cuts the meridian plane at its maximum 
distance at an angle y, then 

/X — jS cot y/(a + jS), = (a2 - f^) tan^y. 

[Math. Trip. III., 1885.] 

56. The line element of a certain surface is expressed in terms of 
parameters n and v by the equation 

(U- = - (u dv- V duy)/{\ - 

Prove that the equations of the geodesics on the surface are of 
the form aw + 6v + c = 0, where a, 5, c are constants. 

[Math. Trip. II., 1920.] 

57. Prove that a surface for which 

ds^ = {dx- + dy^ - {x dy - y dxf)l{\ -x^- y'^'f 
has its geodesics represented by straight lines on the plane of x-y 
and its geridesic circles l)y conics having double contact with 
- 1 - 0^ and the geodesic distance p between and (x, y) 

being given by 

<1 - -*’*-y®)co8hV = (i -xx^-yy^?- 

Prove also that the specific curvature is constant and equal to - 1. 

[Math. Trip. II., 1919.] 

58. Show that the conditions that the parametric curves may be 
geodesics on the surface of which the line element is given by 
ds^ = E du^ -I- '2F du dv + (r dv^ are respectively that (Edn-^ Fdv)jsfE 

{Fdu-k-Gdv)l»jG must be complete differentials. Show also 
that if these conditions be satisfied, the specific curvature at a 
1 

point of the surface is y » where — EG ~ F^ and w is the 

angle between the parametric curves at the point. 

[Math. Trip. II., 1919.] 



CHAPTER XXXIV. {Continued). Section II. 


DOUBLE INTEGRALS, ETC. CULVERWELLS 
METHOD OF DISCRIMINATION. 


1547. Doable Integrals. The Case of two Independent 
Variables. 

Suppose there are two independent variables and a depen- 
dent one z which is a function of x and y, but of unspecified 
form. Let {p, q), (r, 8, t), (u, ?*, u\ m), etc., be the partial 
differential coefficients of z with regard to x and t/, of the 
first, second, third, etc., orders. That is, 

'dz 32 ^ 3*2 3^2 , 

We shall also use capital letters with the following signi- 
fication, viz. : 


yJ^X. y ^ iJE pj^l 
3x’ ’32* 3p' 

and the notation 


72 = 


?z 

3r 


, etc., 




the dots being intended as a reminder to the reader that the 
letters x and y not only occur explicitly in the several subjects 
of partial differentiation, but also implicitly through the 
presence of z and its partial differential coefficients. 


1548. We propose to discuss the variation of JjFdjcdy, 


where F is a function of a;, y, 2 ; p, y ; r, v,w,m ; etc., 

and the integration ranges over the region bounded by a 


661 



662 


CHAPTER XXXIV. 


given contour in the x-y plane. Moreover, we shall assume 
that F and the several differential coefficients occurring remain 
finite, continuous, and single valued at all points of the region 
bounded, and at all points lying upon its contour. 

For each point x, y we shall suppose an infinitesimally 
small variation of position arbitrary from point to point and 
denoted as before by Sx, Sy. 

Now X and y being independent, ^x ought not to vary in 
consequence of changes in y, nor sliould 6y vary in consequence of 

changes in x. We should therefore have ^-Sy=0* 

For convenience in the analysis, then, we sliall suppose the 
variation Sx in x to be the same for all points which lie on 
the same ordinate in the x’-?/ plane, and similarly the variation 
Sy in y to be the same for points which lie on the same line 
parallel to the x-axis. The variations being quite at our choice 
from point to point, w^e are entitled to do this. In other 
words, we shall assume Sx and Sy to be respectively inde- 
pendent of y and x. And this supposition in no way limits 
the results arrived at 1’he supposition that Sx and Sy might 
be functions of both x and y is discussed by Poisson {Mhn. de 
VInstitut, T. xii.), and the investigation there given leads to 
precisely the same result as that obtained by the supposition 
here made. [See De Morgan, J). and LC., p. 454.] 

1549. Preliminary Considerations. 

If any function xi^y y) he varied by changing x to x-\ Sx, 
we have, as in Art. 1492, 

i-e- Sxx - Xxx Sx- Xxy Sy—^^ (^X— Xx Sx- Xy Sy). 

Thus, if we write w for dz— 2> Sx~~qSy, we have 
Sp—rSx-~sSy~Wg, Sq ~sSx—tSy—Wy \ Sr'~n Sx—v Sy—wjxt 
Ss—vSx—wSy~w^y, St—wSx—rnSy—Wyy; etc. 

equations similar to those of Art. 1492 for one independent 
variable. 


Lacroix, C.D. et /., T. ii., p. 679. 
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Again, to the first order, 

^XSx+YSy+Z&z-\-PSj)+QSq+RSr+SSs+TSt+... 

d V 

whilst +Pr +Qs +Ru +Sv +Tw 

d V 

^ -j-Ps -\-Qt -{~Rv ~\~Sw -{-Tin 

• Sy=ZiDi-Pu>x+ Q^y + + ScDjcy + Ta-^j, + . . . 

to the first order. 

1 550. Variation <Mh 

Let the region of integration be bc'unded by any specific 
closed contour, consisting either of one closed curve or of a 
system of arcs of different curves in the x-y plane, each of 



such arcs being itself subject to variation. Let the region in 
question be such as sliown in Fig. 449. We have 



Now ^^Vd6xdy=^[\v~^^dxyy. 


Integrating y ^ defined by con- 

tiguous lines MQ.Q^, QiQ^ parallel to the a;-axis, we have 

r"«v?F. \ , 

[VSxU,-[VSxU^-\^^(^:^Jz)dx, 

and this is to be integrated with regard to y to add up the 
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results for all such strips. Let d(r be an element of the arc of 
the contour ; then 

for, if we integrate with regard to o* travelling in the positive 
or counter-clockwise direction, the value of dy in passing from 
to Q2 opposite sign to that of dy in passing from to 

Q4. Thus, this integration yields |^F rf(r taken round 

the perimeter. Hence, double integration referring to integra- 
tion for the whole area bounded by the contour, and single 
integration to that taken in a positive direction round the 
perimeter, 

In the same way, with IJ V dxdSy , we liave 

for a strip defined by the contiguous lines NP^P^, 

parallel to the y-axis, which is 

[VSyU,-[VSyU,-\2[l^Sy)dy, 

and this is to be integrated with regard to x to add up the 
results for all such strips ; then 

= —^(VSy^—^da‘ round the perimeter. 

Hence JJydx 


Therefore the total result of the variation is to the first order 

round the perimeter, 

+ JJ(i^co-}-Pa)*+ QcOy-l-Pa)a.a.+^cOa;y-|- 2a)yy+ .,,)dxdyf 
over the area. 
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1551. In proceeding further it will be sufficient for our 
purposes to limit the discussion to the case where 

V=il»{x,y,z \ p,q ; r, s, t), 

containing no partial differential coefficients of z of higher 
order than the second. For this will include all cases likely 
to be useful, and in any case if higher order differential 
coefficients should occur the process to be followed would be 
the same. 

Now, by Arts. 471 and 472, writing u) for U, 

Jj(Pu.,+ Qa,,)Ja:d2/= - 




dxdy~^ dy^ 


^dxdy 


+ 


d<r. 


wdiere in each case the line integral is taken in the positive 
direction round the contour of the region. 

Thus we have S^^Vdx(]y=[H]+^^Ku>dxdy, 

. r, „ d.Q,d\R,d\S d\T 

vvhere if=Z__ -_+-^ +^- + 

and H=^v{Sx^£-Sypy<r+l,.{p'^-Qp)d<x 

The terms of the group H depend solely upon the variations 
at the boundary of the contour. The terms in the surface 
integral are multiplied by the variation a>, i.e. by Sz—p8x—qSyt 
which varies arbitrarily from point to point of the area 
bounded by the contour. 

1552. Conditions for a Stationary Value. 

As in the case of one independent variable, if the functional 

relation of z with x and y is to be determined so that ^^Vdxdy 

is to have a stationary value, i.e. so that 

must have in the first place K-0, viz. a differential equation 
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bet ween z, x and y ; and in addition the coefficients of the 
several independent variations in the limit terms [//] must 
also vanish. 

1553. Tbe Differential Equation. 

For the case considered, viz. y,z\ \ n t\ the 

equation K—0 is a partial differential equation, in general 
of the fourth order. 

For.syth (Diff. Eq., Cli. X.) di.scusses the solution of some 
forms of Partial Differential Equations of the second and 
higher order, but so far, even in the case of partial differential 
equations of the second order, it is only possible to perform 
the integration in special case.s. 

Tlie chief methods available are in the cases in which tlm 
equation takes the form 

(a) A7*-\-Bs-\~Ct—U 1 where A, B, C, i), U are 

or (/3) + — 1 functions of X, ?/, 2 ,/) and 

for which we have the methods of Monge and of Ampere 
(Forsyth, Arts. 232, 205). 

These methods, however, are purely tentative and may fail. 

(y) We have also an important method known as the 
Principle of Duality, wliich amounts to reciprocation with 
regard to a quadric, usually taken as an elliptic paraboloid 
(Forsyth, Arts. 197 and 242). 

{6) For equations of form A—(rt~H^)^By where A is a 
function of p, q, r, s, t, liomogeneous with regard to r, s and t ; 
an<l B a function of x, y, z, p, q, remaining finite when = 
we liave Poisson's method, which begins with the assumption 
of a functional relation between p and q, and wliich thereby 
limits any solution to be found in that way to developable 
surfaces satisfying the equation. 

(e) We have the case where the differential equation is of 
the class “ linear with constant coefficients.” 

(f ) There are also various miscellaneous methods applicable 
in particular cases. 

The solution of the equation is therefore in any but 

very simple cases, in the present state of knowledge of the 
mode of treatment of Partial Differential Equations, an 
insuperable barrier. 
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When r, s, t are absent and V^(j>{x, y, z, p, q), we have 
3 jp 0 Q 

K'r^Z — — — and K~0 in in general an equation of the 

second order, and if it be of one of the forms enumerated a 
solution may perhaps be effected. 


Ex. It is required to discover the class of surfaces for which 
has a stationary value. 


j j(p^ + q^)dxdy 


H ere V = p“ + q\ Z = 0, P~ 2p, Q = ‘ilq ; and K-O becomes ^ = 0, 

whence z ~ F^{x + t>y) + - v/)- ^ ^ 


1554. It will be seen, however, that in some cases, even 
when the solution of tlie equation A’ = () in general terms 
is impossible, important geometrical properties of the class 
of surfaces satisfying it may nevertheless be deduced. 

1555. If F be of form A -i-Br+2Cs-\-Dt-{-E(rt~8% the 
capitals A, B, C\ D, E being functions of y, y, z, p, q, it will be 
found by ordinary differentiation that the function K is an 
expression of tlie same type. Thus K~0 becomes in this 
case an equation of the nature to which the tentative processes 
of Monge or Ampbre may be applied. 

1556. The Boundary Conditions. 

Taking tlie case y, z \ J>, q \ r, s, i), we have 



which is to vanish wlien taken round the contour of the 
region. 

Hiere will be as many e(|uations resulting from this as 
there are independent boundary variations amongst the 
three Sx, Sy, Sz, and this will depend upon the nature of 
the boundary. 

'Jake the case r, s, t absent, i.e, F^0(y, y, z; p, q). 

Then Sx+wP)^~(V Sy+wQ)^^^, 

where oi)=^8z—pSx — qSy. 
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1557. The ordinary cases occurring in geometrical applica- 
tions are : 

(i) When the boundary is altogether unspecified. 

(ii) When the surface to be discovered is to pass through a 
given plane curve fixed in space. 

(iii) When the surface is to be bounded by a curve which 
lies on a given surface but is otherwise unspecified. 

(iv) When in the latter case that given surface is a plane, 
to which the z-plane may be taken as parallel. 

Take the case F=0(a;, y, 2 ; q) and consider tliese cases. 

(i) Boundary unspecified. Here Sx, St/, Sz arc all inde- 
pendent at tlie boundary. Hence 







that is, and F=0 are to hold at all points of 

d(T d<r ^ 

the boundary for which all conditions are unassigned. 

(ii) Boundary a given fixed curve in a plane parallel to the 

x-y plane. 

Here z is incapable of variation at all points of the 
boundary, i.e. Sz=0, Also at all points of the boundary, 


Sx dx* 


i.e. Sx 




Hence points of the fixed l)oundary. 


(iii) If the boundary of the surface sought is to be on a 
fixed surface, 0(a;, y, 2 )= 0 , but to be otherwise unspecified, 

we have (pxSx+(l}ySy+<f>z^z=0, i.e, Sz— — ^Sx—^Sy \ Sx, Sy 
being independent variations. 

Hence 
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and therefore 

''g- 1 

Remembering also that dz—pdx'^qdy at all points of the 
surface to be discovered, and that <l>jcdx+(l>ydy+(l>zdz—i) along 
the boundary, we have da? + (</>!, dy = 0 along 

the boundary, i.e. dx/{<f>y+q<f>z)=--dyl(<px+P(l>zy 
Hence the equations obtained above become 

{P{</>z+P<pz) +Q{^y + q<l>z))(<l>x+P<l>z)— y (<l>x+P<t>z) — ^ 

and {P{<pjc+p(l>z)+Q(<f>y-hq<l>z)}(^y+q<t>z)~V(4>y+Q^^^ q>z=0, 

i.e. they each reduce to V4>z=^P((f>x+Pfpz)+Q(<l>y+q4^z\ 
{V—Pp—Qq)<l)z^P^x + Q<py* which is to hold at all points of 
the bounding line upon the given surface. 

(iv) When the surface is merely a plane 3 =const., 

</>x— 0, 0y=O, 0z=l, 

and the condition becomes V—Pp—Qq=0, which is to hold 
at all points of the bounding line which lies on the given 
plane. 


1558. Relative Maxima and Minima. 

In the case where a maximum or minimum value of 

is sought conditionally upon a second surface 

integral Wdxdy retaining a definite value a, the same 

process applies as already employed in the case of a single 
independent variable (Art. 1504), viz. to make 


||{7+XTr)rf*dy 


an unconditional maximum or minimum. For it is obvious 
that if 1 / is to be a maximum or minimum, is a 

maximum or minimum, i.e. JJ(F+X»f)rfa5dy is so also. 
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1559. Surfaces of Maximum or Minimum Area ; Bubbles. 

Apply the theorems now established to obtain the condition that 



l'\-'P^'¥q^dxdy shall have a stationary value. 


That is, wo are to 


find the nature of a surface which, whilst satisfying certain bounding 
conditions which may be subsequently imposed, is to have a maximum 
or minimum curved area. 


Here F=v'l+pH3^ X^Y=Z^0, P=-r -y, 
The equation K~0 gives 


sj\ + 


p{VT^qs) 


(1 

t.e. {l+p^-^ q'^){r + 0 + ^pqs + q% 


t 


q{ps-\-qt) 


= 0 , 


or (1 +g‘^)r=0. 

This is a second order partial difterential equation to determine z as 
a function of x and y. Without proceeding to its solution, it will be 
noticed that since the equation giving the principal radii of curvature 
at any point of a surface z= /(x, y) is 

{rt - 8^)p^ - 1 -k-p^ -H {(1 + 1 - ^pqs + { 1 + </2)r} p + ( I + p“ + q^Y = 0, 

this equation reduces for such surfaces as we are searching for to 

The roots are equal and of opposite sign. And if pp Pa be the roots, 

Pj + P 2 =: 0 , or what is the same thing, -1- + — =0, t.e. the sum of the 

P\ Pi 

principal curvatures is /.ero, and the surface is an anticlastic one with 
this peculiarity. Moreover, this is the condition of equilibrium (stable 
or unstable) of possible shapes of soap-bubble films with equal pressures 
on opposite sides of the film. For the hydrostatic equation for that 

difference of pressure is where t is the surface tension. And 

it will be recalled that a number of known surfaces satisfy this condition 
and are possible forms for soap-bubble films, e.gr. the catenoid formed by 
the revolution of a catenary about its directrix ; and this is the only 
possible form if it is to be also a surface of revolution. The helicoidal 
surface ami the surfaces c* = cos^ sec 4 :, sin z = sinh 4 : sinhy are shown by 
Catalan to satisfy the same differential equation (Journal de VEcole 
Pclytechniquey 1856). See Besaiit, Hydromech.^ p. 217, who refeis to 
Darboux, Thtorie Qhiirale de Surfaces^ T. i„ Liv. iii., for a full discussion 
of minima surfaces. 

Since the Potential Energy of a soap-bubble film is JrdS^ where t is 
the surface tension and a constant, it will be evident that if the potential 
energy is to be a minimum the surface is to be a minimum. 
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If the pressure on opposite sides of the film be not the same, we have 
1 I p 

-H — and the mean curvature is constant but not in this case zero. 
p p r 

1560. If the boundary is to be on the surface <^(.r, z) = 0, the equation 
(V-Pp- Qq) = P<l>j, + 0<^>y of Art. 1 557 (i i i) gives indicat- 

ing that tlie iiiinimuin surface is to cut y, z)~0 orthogonally at all 
points of the bounding curve. 


1561. Let us next find the conditions tl»at must hold when, for a 

given volume expressed by j j zdj'dy^ w’e have a .surface of iiiaxinium or 
minimum area. 

We are then to make J J(>/l + p‘^ + + Xz) dx dy an unconditional 
maximum or minimum. Here 


F = n/1+p^+v“ + A2, Z-A, 
d.P d Q 

'dx 'dy 


= 0, p==- 


- Q = _ , 

n/i -f 

= 0 givcvs, similarly to the work in the last case, 


and K~Z - 


A - ■\-p^)i-^pqs^{\^q-)r ^ ^ 

(1 +p*+9*)^ 

so that in this case we have ^ +— =A, a constant, which is the case of 

Pi P2 

soap-bubble films in equilibrium, with a constant difference of pressure 
on opposite sides, such as might be maintained by closing the ends in 
the case of a film in the form of a surface of revolution and maintaining 
a constant air pressure in the interior, so that, provided the temperature 
remains con.stant, the volume also remains constant. 

It may bo noted that a sphere and a right circular cylinder are surfaces 
\vhich satisfy this differential etpiation, but that neither of them satisfy 
that of A rt. 1559. 


1562. Case of a Surface of Revolution. 

This aise may be discus.sed in an elementary way by making j ^iry ds 
a minimum whilst j rryhic is constant; i.e. 8 j (y v^l +y + Xy^) d.v — 0. 

Here V ^ y Xy\ X = 0, 

wlience y v^l + y'** + Xfp—yy''^j \/ 1 +y'* -|- C or y/VT+y'® = C- Ay*. 

One of the radii of curvature (p') of the surface is equal (in magnitude) 

I Q 

to the normal (n)~y\/T^y''^. Thus, A. 

n y^ 

For the other, we have 


dx C X 


d^x _ 



dif 

ds^ 


1 

P 


dfx/dy 
dsV da 


C 


+ A, 


and 
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whence -~- = 2X; and if p' be measured in the same direction as p, 
P ^ 11 

p'as —n, so that - + — 2 A = const. ; the same result as before. 

P P 



1563. It is convenient in many cases to choose a less 
general variation. 

Let us take Sx and Sy both zero, but vary z and the partial 
differential coefficients of 2 . We shall then have 

With this variation the limiting terms [H], when r, s, t are 
absent, reduce to 

(Art 1556); 

and for the very important case frequently occurring in 
geometrical applications, in which the region to be considered 
is bounded by a fixed closed curve in tlie plane of x-y, we 
have ^ 2=0 at every point of the bounding curve, so that \H^ 
vanishes identically. 

The partial differential equation ^^=0 will, when solved, 
usually give 2 as a functional form containing x and y, and, 
in the case cited of a fixed boundary, the functional form 
occurring in the solution will have to be so chosen that the 
surface obtained passes through the bounding curve. 

1564. Ex. Find whether a developable surface can he found which passes 

through the circle 2=s0, a;*+y*=a*, and for which / / y/l^p^~^q^dxdy has a 
stationary value. 

The partial differential equation to be satisfied is 
(l+p*)/-2pgtf4-(l+5®)r=0. 
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If the surface is to be developable, we must take q-f(p). 

This will give [1 + +p2){y/(p))2^0, 

ie, {f(p)-pf'(p)y^=^ ~ 1 - {f'(p)\^ or f(p) = pf'{p) + n/^I - {f'(p)\\ 
which is of Clairaut’s form (see I.C. for Beginners, p. 230), with a 
s )1 Ation f{p) = Ap + n/ - 1 - i.e. Ap-q^ 

Applying Lagrange’s method to this (Forsyth, D. Eq., Art. 184), 

dz 

whence x-k-Ag = B, - ^‘^ = </>(i?), 

i.e. z=g\^ - 1 - vt‘‘^ + </>(.r+ Ag) is the functional solution sought. 

If we take <l> to be zero and A to be n/- 1, we have a solution of our 
problem, viz. 2 = 0. The circular disc bounded by — is the develop- 
able surface which has a minimum area, and the principal curvatures 
of the plane surface are both zero, so that all the conditions are satisfied. 


1565. Consider the stationary value of JjpdS, where dS ii 


%s an 


elefnent of the surface represented by a supposititious relation be- 
tween X, y and z, and suppose that there is an accompanying 

condition that llW'dxrfy— a, taking U and W to be functions of 
X, y, z ahne. 


Here r= Un^I + A IF, Z= 


'dU 


\^TTpT?+A^, 


P^U-r 


Q^U- 


n/ 1 -t-p- ^qp N^TTp^T^’ 

''0^ Pf'du \ P r p { pr + qe ) 

dx 3^ V(l+p2 + ^2)i (\+p^-{-q^)^ (l+p2+?’-)^’ 

l + u . 

(l+p’+?-)i O+pHg’)’' (l+pHj'*)’* 


\dy dz 


Hence K = Z-^.f- ^ = 0 becomes 
dr dy 


'^(l+p»+g»)* + A^"’<l+p‘+?*)^-(|j+^p)p(l+P'+9*) 

X'^’O +P>+g^U(|f - P |§- gf )0 +l>’+9') 

= P[(l +i)»)<- 2pg*+(l +9’)'‘] i 
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If ly wi, w be the direction cosines of the normal to the supposititious 
surface « = </> (a?, y\ say, viz. - .r)/( - p) -- (»; - y)\{ - g) = f - 






and 

and when 


PxH~V\ 


,dU , , dU\ 


jJudS is unconditionally stiitionary, 


1 0.1 _ V 

Pi^Pi V\ 


, 'dU^ ZU ^ 


ciir 

+t7'sr’ 


02. j* 


If the surface in either case is to terminate in a line on any surface 
\l^{jG^y^ ‘S) = 0, the bounding condition ( V- ~ Qq)4't — fV* + Wy becomes 

(r^ + AllVr+F+?)'/'.= tl(i>v('.+#,) or = 

and in the unconditional case «/* — 0, and the surfaces then cut 

orthogonally at each point of such bounding line or lines. 


1 566. A Method of Discrimination when the Limits are fixed. 

If we consider the case of fixed limits of integration for such an integral 

as V- j j>l] +p^ + q^dxdy, say from y-yo to and from to 

the discrimination between maxima and minima may be conducted 
as follows, taking such a variation as described in Art 1563. 

Suppose z becomes z + Bz and p, q respectively p + Bp and q-\-Bq. Then 
r becomes V 1 + (p + Bp)'^ + (? + Bq)'^. This we must expand to terms of 
the second order, and we have 


r+s r=s/rTFT?[i +-g 

* L 2 l+p--fgr“ 


( 2pSp+‘2qSqy "I 

(I +p‘‘* + g'V‘^ ‘"J ’ 


g jr^ pSp + qSq ^ !>p^ + Sq^ + (pSq-qSpy 

(1 +p* + 5‘'*)'^ 2(l+/)2 + g2)i 


Hence the second ol der variation in is 


ifi^ 


Bq^+(pBq- qBp )’-* 

(i+p«+j2)i 


dx dy^ 


which being essentially positive for all variations, the solution of Art. 1559 
gives a true minimum solution. 


1567. Taking the case of Art. 1561, the second order terms in SV are 
those in sl\ + (p+^)''*4-(5' + 8g)‘'* + A (2 + o 2 ), t.c. the same as the above, and 
are essentially positive. We therefore find a true minimum in this case 
also. We turn, however, to a more detailed consideration of the second 
order terms in the general case. 
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1568. Culverwell’s Method of Biscrimination between Maxima 
and Minima Values. Reconsideration of the Variations to be given. 
In estimating the variation of 

*F(/x, where y, y\ y'\ ... 

•'*!) 

we have so far given to each letter, inclusive of a;, an arbitrary 
change, so that the point x, y is displaced to x+Sx, 
and the direction of the path, its curvature and higher order 
peculiarities, indicated by y\ y" and higher order differential 
coefficients, have also undergone arbitrary variations and 
become y'+<5y', etc. 

Many writers prefer to keep x unaltered, and to vary y and 
its differential coefficients alone (see Art. 1563). 

Considerable simplification results in taking ^x to be zero. 
For then we have ft)=<5y, (c—6y\ w"^6y\ etc., instead of the 
more cumbrous expressions Sy—y'Sx, Sy'—y"Sx, Sy"—y"'Sx, etc , 
for which they respectively stand. But there is this dis- 
advantage, that when in an investigation Sx has once been 
taken to be zero it cannot be restored at a later stage, whilst 
if we retain the variation of x from the beginning we can at 
any time make it zero. And in dealing with the terminal 
conditions, these terminals are not in general compelled to 
move upon lines parallel to they-axis, but may lie on specific 
curves in which Sx necessarily varies with ^y, and it has 
therefore been so far convenient to retain command of the 
variation of x as well as over those of the other letters. 

1569. To make Sx^O throughout clearly means that the 
deformation chosen of the hypothetical curve which represents 
a relation between y and a?, is one which is obtained by an 
arbitrary point to point variation of each ordinate. That is, 
each point is displaced parallel to the y-axis, through an 
arbitrary small distance with consequent alterations in the 
values of the differential coefficients of y, which depend upon 
the particular variations arbitrarily assigned from point to 
point to the ordinates. That is, taking y=x(®) 
supposititious relation between x and y, which we are to test 
as to the possibility of its giving a stationary value to 

{Vdx between the limits x==x^ and jr==a!!j, then 
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where e is an infinitesimal constant not containing x, and 0(a) 
is an arbitrary function of x understood to be finite for the 
whole range of integration, would be the equation of a 
contiguous curve to y=y^(x)t and such that the variation 
of y at any point is 6y^€0(a). We shall write \ and 0 for 
^(x) and 0(x) respectively for short; and we shall take 0 to 
have been chosen so that neither it nor any of its differential 
coefficients up to the 1)**^ becomes infinite or discontinuous, 
but that they each remain either zero or finite throughout the 
whole range of integration. Then as 6 is taken independent of x, 
Sy'=^t6\ Sy'"=€e"\ ... ^nd ^y<«)=€0<»*). 

But with regard to the last of these, viz. 60^”^ we reserve 
to ourselves the right to make an abrupt change in the value 
we choose for it, provided such change be from one finite 
value to another finite value. With this supposition all the 
differentiations performed are valid operations, all the functions 
differentiated being finite and continuous real functions of x 
between the limits of the integration. 


1570. With such a system of increments, V is changed to 

F‘+JF==0{x, y+€0, y'+€0', ... y<")+60^">}; 

and assuming F to be such that we may use Taylor's Theorem, 

we have *3 

F+<5F=F+eAF+^-,A^F+|-,R, 


where A^0;^+0';^/+... + , and ~ R is the “ Remainder ’ ’ 

after three terms. This expansion involves the assumption 
that all the Partial Differential Coefficients of F of the first 
and second orders with regard to y, y\ y'\ ... are finite 
and continuous functions for values of y, y\ etc., within the 
ranges from y, y', etc., respectively to y+e0, y+eff, etc., for 
all values of x which lie within the limits of integration of 

the integral Jf^x, i.e. from x^ to Xj. 

Now X being taken as not subject to variation, we have 


and by taking e suflSciently small each of the terms on the 
right-hand side may be made greater than the sum of all that 



CULVER WELUS METHOD. 


677 


follow it. Hence, so long aH|(AF)tZa; does not vanish, the sign 
of 6^Vdx can be made to change by changing the sign of e. 
Therefore the primary condition for a maximum or a minimum 
value is that J(AF)c/a5 should vanish, the limits being the 


same as those of the in 


tegral J 


Now 


Vdx. 

„DF 




where 6 itself is arbitrary. And this will be recognised as 
what the expression Yoa + Y ^tjd + Y + .. of Art. 1495 
becomes upon putting Sx=0 therein. 

By integration by parts, as in Art. 149G, 

J( A F)da: == [ F, 0 + F„0'+ . . . + F(„)0<" - »]+ jF0(fo, 

the term V Sx not now appearing in the limit terms, as ^a;=0. 

Now let us take one variation between the two points 
(Xq, and (Xj , to be such that at each terminal the values 
of X, y, y\ y'\ ... are the same for the varied curve 

as for the supposititious curve y=x That is, 

suppase the two curves to have contact of the (n— 1)^^ order 
at the terminals. Then Sy, Sy\ ... all vanish at the 

terminals, and therefore also 0, 0', 0", ... all vanish at the 
terminals. 

Therefore, with this variation J(AF)(?a 5 == JfGcZx, and 0 being 
arbitrary from point to point along the path of integration, 
we must have y=--0 as a necessary condition that |(AF)c/a; 

should vanish. This is the differential equation before obtained, 
and its solution has been seen to be of the form 


y=-F{x, Cp Cg, ... CgJ, or shortly, y=^F, say, 

in which we may suppose that the several constants occurring 
have been found as heretofore explained by aid of the terminal 
conditions existing, and their values inserted. This relation 

is that for which the integral | Fdx assumes a stationary value, 

and the graph is called a stationary curve. This value of y 
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and those of its differential coefficients may now be substituted 
in F. 


1571. The variation of the integral now reduces to 

in which we are to consider a variation the stationary 
curve, the supposititious curve 2/==x(^) having been discovered 
to be of the now known form y=F, 

As before, if we take e sufficiently small the sign of 

^2 r*, 

^ I (AW)dx governs the sign of the right-hand side of the 

^ - . . f ^» . . . 

equation, so that the variation <5 1 Vdx is positive or negative 


all 


r«i . ^ . 

according as I {AW)dx is positive or negative for 
Ja-o 

sufficiently small values of e of whatever sign. 

Czi rxi 

Therefore if j {A^V)dx be positive, 1 Vdx is increased by 

such a variation from the stationary curve, and if negative, 
decreased. It follows, therefore, that the stationary curve 

y=F gives a maximum or a minimum value to 1 Vdx 

Cxi _ *^^0 

according as 1 (AW)dx is negative or positive. We therefore 

^ ^0 rxi 


have to examine the second order terms 


[ {A-V)dx. 

Jxo 


1672. In the following examination of the second order 
terms, we shall follow the method given by Mr. E. P. 
Culverwell in Vol. XXIII. of the Proc. of the Land. Math. 
Soc., 1892. It is only possible to give here a very abridged 
account of the results arrived at in Mr. Culver well’s researches, 
and his paper should be read carefully by the advanced 
student. Various modifications of his notation and procedure 
are necessarily adopted here to bring the discussion into line 
with previous work, but the main course of his work is 
adhered to. 


1573. Such a variation of a path 2/=x between two specific 
terminals P and Q, as has been described in Art. 1570, having 
contact of the (n— 1)^*^ order with y = ^ at the terminals, so 
that 0=0'=;0"=...=0<**“^)=O at P, and at Q, is said to be a 
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“ fixed limit ” variation, and is a legitimate variation, provided 
the conditions for the existence and continuity of the several 
differential coefficients and the validity of Taylor s Theorem 
are not violated. 


1574. “ Short Eange ” Variation. 

Let APCQB be any path t/ = x* PO'Q be a “fixed 

limit” variation of the portion PCQ. Let the abscissae of 
P and Q be and respectively > fo)- ^^^d let f be the 
abscissa of an intermediate point C on the arc PCQ. Then 

where w <t:p > 0, for by the condition of Art. L')73, 

If tlien the greatest numerical 
value of 0<P\x) in the range to ^ 
be called p, which is by supposition 
finite, we have ::!> (^— 

and therefore > — — P 

we take a very short range from P pjg 451^ 

to Q, niay be made as small 

as we please. Hence tlie numerical value of each of the 
quantities 0, d\ d'\ ... may in such short range be 

regarded as indefinitely small in comparison with the next 
in^’order. Therefore B, B\ B\ ... are all negligible in 

comparison with the last variation 0^”^ tor a “ short fixed 
limit” variation. 

variation reduces to 

Hence for this short variation, 


S 



2 ! 






3-F 

and 0^'*^ occurs with an even power, so that if retains 

one sign within these short limits from P to Q, is 

positive or negative according as 
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negative throughout that range when e is taken sufficiently 
small. 

Now, considering the finite range from a;=a:o to x=Xit the 
integral [ Vdx could not have a maximum for this range unless 

J Xq 

dW 

^ remained negative throughout the whole rauge from 

x=Xq to 05 — scj, nor a minimum unless ^ ^ remained posi* 

tive throughout the same range. For suppose that there be a 
small portion of the range from Xq to x^, say from to in 
d^V 

which ceased to be negative and become positive. 

We could then take a “ short range fixed limit ” variation from 
P where «==^o> Q where x=^^, without any variation at all 
for other parts of the stationary curve from Xq to x^. Then 
for this short range variation, 

and for the rest of the range from x^ to Xj there is no variation ; 
therefore ^ j Vdx for the whole range is positive for such a 

Jxo 

variation, and the condition for a maximum is that it shall 

dW 

be negative. Hence, unless dx retains a negative sign 

for the whole range from x^ to Xp a maximum value of 
I Vdx cannot occur. Similarly a minimum could not occur if 

starting with a positive value, became negative for 
part of the range. 

Hence, supposing that in the whole range from A(x=^Xf^ to 
B(x—x^, X increasing throughout, there is no point at which 

j (A®F)dx vanishes, small short range variations such as that 

just described from the point P to the point Q upon it can 


be supposed to be made, and if in each of these 


y-F 


B(y<n))‘^ 


dx retains 


rxi ^ ^ . 

the same sign, I Vdx will have a maximum or a minimum 

JXa 
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value according as that sign is negative or positive, remaining 
so throughout the whole range of integration. 


1575. It will be noted that in the above statement we have 

written 0 ^y(n 7 j 2 including the do? as a factor, because if in 

the case when in travelling from to -B we pass a point C 
at which the tangent to the path is parallel to the y-axis, and 
X increases up to a certain amount, viz. the abscissa of C, and 
then decreases on approaching B, dx itself in such cases changes 

327 

sign. Hence also in such cases must for a maximum 

or minimum also change sign at G in order to preserve an 

invariable sign in throughout the path. 

We have now to consider the stipulation that there shall he 
no point between A and By say with abscissa X, at which 

f dx vanishes. 




1576. Conjugate Points on a Stationary Curve. 

Let , Q be two points on a stationary path ACQB. 

Then, if Q be the first point along the arc for which it is 
possible to draw a contiguous fixed limit variation AC'Q.whi^^ 
is itself also sUUiomry, the points are said to be ‘ conjugate 
to each other. . 

If both paths he stationary, we must have 8ydx=0 to the 

first order along each, and therefore ^ach must be a solution 
of the same differential equation y=0. Therefore, if the 
curve ACQ have the equation y=F(x, Cj, c,, ... Cy,^), le vana 
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tioii AC'Q must have an equation of the same form, and the 
corresponding ordinate may be written 


SO that 


8y 




'^y 




^—Sc 


Differentiating this (w— 1) times with regard to n, 


3Co 


36*0 


etc., 




3t!*" 


36* j Lyo2 

Now Sy, 6y \ ... are to vanish at A{Xq, yo) and also at 

Q(x, y). Hence we obtain by elimination of ... 

between the 2n equations arising, a determinant with 2n 
rows and columns, viz. 



3y 


a..' 

•• 

3c2„ 


3y***~*’ 


'clc, ’ 

36., ’ 

'dCin 

(I); 

®).. 



/3//''-‘ 

V "Sq 

')■ (-S^ 

/o \ OC 2 

/o' \ 3 c2,i Jo 



in which the first n rows, w'ithout suffix, denote the values at <?, (.r, y), 
and the second n rows, with suffix o, denote the values at J, (.*0,^0). 

1'his e(|uation determines x in terms of x^. That is, it gives 
the various points Q on the first stationary curve ACQB, 
starting from A, to which it is possible to draw a contiguous 
fixed limit curve AC'Q, which is also stationary. And the 
first of the points Q which satisfies this condition is the point 
conjugate to A. 


1577. Now let a point P (abscissa X) travel along the 
curve AB from A{Xq, y^) towards B{x^, i/j), the curve being a 

stationary one for ^Vdx. Then we have seen that for this 

curve to give a maximum value to the integral, it is a primary 
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necessary condition that should be negative for all 

values of x from A to B. 

We shall show that as P travels along AB, the point con- 
jugate to A is also the first position of P for which 

[ AWdx=0. 

Jsto 

Take a position of P very near A and connect AB by a 
‘‘short range fixed limit*' variation AQPDB having contact 





of the (n — iy‘‘ order with the stationary curve at A and at P, 
and coinciding wdth it from P to B, Then, for this variation 

and over the short range Xq to A", Kis replaceable by 
which is of necessity negative, and therefore wdthin this short 
range | ' Vdx is d<*creased by tlie variation wliatever be the 
sign of e when sufficiently small. Therefore negative 

is a sufficient condition that the stationary path should yield 
a maxim um value to j* Vdx for this short range. 

Now let P travel onwards towards B. Then, A^ V being by 
supposition a finite and continuous function of x, it cannot 
change sign except by passing through a zero value. Suppose 
that A^Vf w^hich started from A as a negative quantity, retains 
tliat sign until P arrives at a point C on the stationary curve 
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AB, and that at C, A*F=0, and beyond C that A^V becomes 

positive. Then jA^Vdx from .4 to 0 is a negative quantity. 

Suppose now that P travels beyond C to a point D such that 

J*A*F=0 when the integration is from A to D, the positive 

values of the integrand which accrue beyond C having can- 
celled the aggregate of the negative values occurring before 
arrival at C. Take a “ fixed limit ’* variation connecting 
A and 2), viz. ARDB, having (n— order contact with the 
stationary curve ACDB at A and at D, and coinciding with 
it from D to B. Let X be now the abscissa of D. Then 

and therefore vanishes to the .second order of infinitesimals. 
Hence to that order 

^Vdx for the fixed limit variation ARDB 

= J Vdx for the stationary path APDB. 

It will follow that ARDB is itself also a stationary path 
from A to D. 

For if any .short portion of it, say LRM, were not of 
stationary character, we could connect RM by a stationary 
short-range fixed limit path LR'M, and therefore 

Jkc/x (for LR'M) >► J Vdx (for LRM ) ; 
j Vdx (for ALEMDB) > j Vdx (for ALRMDB\ 
and /. '^^Vdx(loY APDB), 

and this would necessitate ^{^Vdx becoming positive between 

A and D, W'hich is contrary to the hypothesis that D is the 
first point for which the integral ceases to be negative. 
Therefore the variation ALRMD must itself be a stationary 
curve between A and D, and D is itself the point conjugate 
to A, 
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Since j A^F dx is negative so long as viz. the abscissa 

of Z), I V dx has a maximum value along APD for all values 

J Xo 

of X which are less than X, 

In the same way f F (Zx has a minimum value for all values 

Jito 

of X which are <X if A*F be positive at starting from A. 


1578. If, however, the conjugate point of A occurs before B 
is reached, 1 F dx, though stationary, will have neither a maxi- 

JXtt 

mum nor a minimum, as we shall now show. 

Take a short-range fixed limit valuation FGH connecting 
two points, F on ALRMD, H on DB having (n—l)*'** order 
contact with these curves at the terminals F and H. Suppose 



this variation to have been selected a stationary curve. Then, 
^ 217 ' , . ... 

since by hypothesis is negative, this variation gives a 

maximum value for j* F dx for that range, and therefore 

I F dx (for FGH) >| F dx (for FDH), 

Hence ^Fdx (for ARFGHB) > jFdx (for ARFDB), 

and therefore > j F dx (for APDB). 
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Hence 1 V dx along APDB would not have a maximum 

. . . 'dW 

value; and it could not have a minimum value, for i^c^ dx 

is negative. ^ 

Therefore, if tlie conjugate point to A lies between A and B 

the stationary path AB gives neither a maximum value nor a 

minimum value for | V dx for that range. 

We therefore have the following test : 

The stationary path AB having been determined, it will yield 

f 

a maximum or a minimum value for J F dx, according as 

is negative or positive from A to B, provided there be no point 
conjugate to A lying between A and B. But in case of such point 
being existent between A and B the stationary curve from A to B 
yields neither a maximum nor a minimum. 

In the case when ■ ; i,,, r»dx vanLshes at a point between A 
T 

and B, but does not change sign, we could take a short-range 
fixed limit variation, including the point in question, vanishing 

to the second order, and the sign of (5 1 Vdx for this variation 

depends on third-order terms, and unless these also vanish for 

the value of x at the point, the sign of Vdx could be made 

J-To 

to change by changing the sign of e. Hence there would be 
neither a maximum nor a minimum for such a variation. But 


for other variations 
before. 


r 


Vdx has a maximum or a minimum as 


1579. Illustrative Examples. 

(i) Take the case of the integral j {y'y dx of Art. 1502 (3). To find the 
point conjugate to the point Xq, on the stationary curve. 

The stationary curve is y = Co 4* c^x -H ~ 4- ^ Cjtrl 

Here %=:&7o+.r Scj 4- ", 0 ^ 25 ( 734 - %'«6c,4-^6c,4'~, and 

these are to vanish at (to, yo) and at {x, y). Hence the point conjugate 
to (j?o» Vo) is given by 
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1 

1. 


3 ! 

= 0, that is 

-.ro)* = 0. 


2! 

and .r=.ro is 

the only 

0, 

1, .V, 

solution. 

1, 

•^’o » 21 

3! • 



0, 

h ^0, 

2! ” 




Hence» in this case, there is no point on the stationary curve which is 
conjugate to any other. 

We also have V and which, being positive, the stationary 

oui’ve gives a true minimum value to Jy'^dv for any selected portion 
of the curve. 

(ii) In Ex. 1 of Art. 1502, viz. the shortest distance between two points, 

F = v0 4-v^'‘^, = = ^ ,, and is essentially 

d*f dy (l+y'2)7 

jwsitive. And there is obviously no point conjugate to any other on the 
locus y = Co + which is the solution of AF = 0. The solution arrived 

at is therefore a true minimum solution, as is obvious of course from the 
nature of the case. 


1580. The Case of two or more Dependent Variables. 
Resuming the discussion in Art. 1 508 for the case 


v-fL 


and taking ejO, €^0 as the fundamental variations of y and z, 
we have, upon putting 6x — 0, 



and the general forms of y and z are determinable from the 
differential equations F=0 and Z=0, and the constants 
involved obtainable from [if]=0 as before explained. And 
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the same theorems hold as in the case of one independent 
variable. But the second -order variation will in its highest 
differential coefficients become 

in which the integrand is of tlie form 
re, 

and, as in D.C., Art. 497, the condition for an invariable sign 
is that rt—s^ shall be positive, and the sign in question will 
be that of r or of for since rt — 5* is to be positive, r and t must 
have the same sign. 

02^ 327 f 02F y 

Thus it will be essential that 

shall be positive, and for a maximum we must have ^(y(n)j2 
negative, and for a minimum, positive. 

I08I. The case rt=s^ in general necessitates an examination 
of the terms of (€,Ai + c2A.2)^F, which contain lower order 
differentials. This case is discussed by Mr. Culverwell in the 
paper cited above, to wliich the reader is referred. 

The method employed in the last article is clearly applicable 
if there be more dependent variables than two. Following 
the same method as before, the second-order variation takes a 
form similar to that discussed in Art. 502, Diff. Calc., with an 
exactly similar result. 


1582. Relative Maxima and Bdinima. 

It has been explained that when we are to search for the 
maximum or minimum value of v~^V dx, with condition 
<& = a given constant, say a, we are to treat j( F + X TV) dx 
as an unconditional maximum or minimum, and we get 
i(»+X«,)=i|(F+X»F)fo=|(<57+xaF)rfx 

=* J(AF+X AW) fo+l* j(A*F +XA*W) dx+^^^Rdz, 
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and with the same precautions as before with regard to choice 
of legitimate variations which will not violate conditions of 
continuity in the several differential coefficients, and which 
will ensure the validity of Taylor’s expansion, the terms of 
first order having been made to vanish as a primary condition 


for a maximum or minimum, we have 


|(A7+X AW)rfx---0, an 


ecjuation already arrived at in Art. 1504; and then 


f Aw;) -f XA^TF) dx+^^^Rdx, 


and the terms of the highest order in the integrand A^F +XA*1F 
are all we require in the discrimination between maxima and 


minima. ’I'hese terms are 




Ci^W 


,, and for a maxi- 


mum this expression must be negative throughout the whole 
range of integration, and for a minimum, positive. In case of 
the existence of a point conjugate to (a;®, Vo), such as D of Art. 
1577 on the stationary path, with abscissa A, lying between 
the limits of integration, the variations chosen must be 


such as to make Wdx zero. For (see Fig. 455) beyond the 

^ f j-i , 

point D the variation ^1 Wdx has been taken as zero. 
Therefore A' mu.st be such that f Wdx along the stationaiy 

J At fjCl 

fixed limit variation ALRD has the same value as I Wdx 

JXq 

aloM}' the original stationary curve APGDB, for which m 
general the value of X is different. 

The equation to find the position of the conjugate point is 
therefore modified by the introduction of X. 

The equation of tlie stationary path is now of the form 
y = ‘'i* <^ 2 ' ••• O- substitution of this value of 

y and its several differential coefficients we get 


Wdx^-F{To, X. Cl. Cj, ... cJ=o. 
upon variation of the constants we get the additional equation 

and the equations arising from the vanishing o Sy. V ^ 
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6y ", ... at (aj^, yo) and at its conjugate, which are now 

altered by the presence of X to 


Sjx +Sic +Sjs, 

I® +!*■ 

etc., 

+%:^ Sc, -f - ar,+ . . . + -0. 


+ ...+|^<5c„ -0. 

Oi^in 

3 ?/ 

^C.,„ 


true at 

(*0. ?/o) 
y and its 
conjugate 

(a:, y)- 


3A 




dc.,„ 


These 2n + l equations give, upon the elimination of 

^ X , ^Cj , Sc^f ... , 


ax’ 

di/' 

SX’ 

3c/ 

3^-/ 

3//' 

■3c/ 

3.V 
" 3c2„ 

Ay 

” 3c2„ 

3X * 

®)/ 

"37/ * 

&.■ 

3cj 

®). 

3y”"*> 

3C2„ 

• £).■ 



/3y(n-l)\ 


V A* 

\ cV, )»' 

A” 

■■ \ 3r-.,, ;( 

?>F 

TiF 

?iF 

AF 

3X’ 

cV. 

3c, 

3c*>„ 


to determine the position of a })oirit (x, y) on the stationary 
path conjugate to (Xq, y^. 

If such a point occurs between the limits x~~Xq and x = x, 
on the stationary path, this path will give neither a maximum 
nor a iiiinimurii. 


1583. When V contains more than one dependent variable, 
and these dependent variables are connected by an equation 
L=0, viz. the case discussed in Art. 1513, we proceed as there 
explained with the hrst-order variation to obtain the stationary 
solution. In passing to the second-order variation, we have 

“ X/^)rfx, where (Art. 1580), 

where e^O and €^(/> are the fundamental variations of y and 
z, and those of and We shall suppose 
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that the orders of the highest differentials occurring in V and 
L are the same. Then taking as before a short-range varia- 
tion, the variations 0, O', 0", ... 0^*^-^^ may be all neglected in 
comparison with 0^^\ and </>, <j>\ 0", ... in comparison 

with The only terms of A^(V+\L) which need be 

retained are therefore 


- + 2 . , ffnUM I 3’‘(^+XL) J , 

; +- ■QyM2,2{„) 9 + 3(2(n))2 *2VV 


A(n)\2 


o^ni^+x/.) 

3(2/'"’)* 

where 0^”^ are not independent but connected by the equation 

^ \ 3(y''‘’)‘-‘ \dz*”V “ 

+ 3(2'«'f W”V j 


must retain the same sign througliout the integration if a 
maximum or a minimum is to occur ; and that sign must be 
negative for a maximum, positive for a minimum. 

For details of the case in which the orders of the highest 
degree differentials in F and L are not the same, the reader is 
referred to Mr. Culverwell’s paper [p. 2o2, L, Math, Soc. Proc., 
Vol. XXIIl.]. 


1584. Bibliography. 

Readers wisliing to pursue the subject of the Calculus of Variations 
further are referred to Todhunter’s History of the Progress of the Calculus 
of Variations during the nineteenth century nnd Researches in the Calculus 
of Variations, and to the treatises on the subject by Jellett and ^trauch. 
Professor Williamson, in Chapter XV. of his Integral Calculus^ gives an 
account of the “Sign of Substitution” used by Sarrua in his Essay, 
Recherches sur le Calcul des Variations, and makes much use of the same. 
In his Chapter XVI 1. the student will find much useful information 
with regard to the bounding variations in the case of a double integi*al 
and a discussion of some cases which arise in the treatment of the partial 
differential equation as well as several other interesting matters. The 
papers by Culver well, of which considerable use has been made, should 
be referred to in R.S, Trans., 1887, and in Proc. of the Lond. Math. Soc., 
1891-2. Other wiiters are Moigno and Lindelof referred to by Dr. 
Williamson {I.C., p. 465), Lagrange {Th. des Fonct.), Lacroix {Calc. Int, 
pp. 655-724), Jacobi, Legendre {Mim. de VAcad. des Sc., 1783), De 
(D. and /. Calc., pp. 446-474), Poisson {Mint, de VInslitut, T. XIL), Abbott 
(Calc, of Var.), Airy (Math. Tracis), Woodhouse (Isoperimeincal ProbUms). 
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TROBLEMS. 

1. Find the stationary value of|Fd;r, taken between definitely 

fixed limits, where F'= y'® ^ 2myy + ny*, and discuss its nature. 

[Lacroix, C.I,, II., p. 721.] 

2. Mark out the range of limits on the parabola (x + a)*=4ry 

between which the integral J y * maximum, the range 

between which it is a miiiiniuin, and the range between which 
it is neither. [Math. Trip., 18»0.] 

3. The integral i® found to be stationary 

when taken over the surface z - <f>{x, y ) ; show, by confining the 
actual variation of .s; to a small area on this surface, that the variation 
of the integral cannot always have the same sign within limits 
specified by a given curve through which the surface must pass. 


unless 




02 / 




always retains the same sign 

within these limits, and deduce a criterion for discriminating maxima 
and minima. Show further that, for a true maximum or minimum, 
it must not be possible to draw a consecutive surface of stationary 
character which meets the original one in a closed curve within the 
given limits. Are these conditions sufficient as well as necessary ? 

[Math. Trip., 1890.] 
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1585. When a material particle is affected simultaneously 
by two harmonic oscillations, sin agsin (nj^+ag), 

of* the same period 27 r/nj, but their amplitudes and and 
their phases and a 2 being different, they compound into a 
single simple harmonic oscillation ^8in(nj^+a) of the same 
period but with amplitude and phase respectively 

tan”^ ^1 ^2 ^2 . 

cos Uj+ag cos og* 


2a^a^ cos (uj — u^j+a^^ and 


and any number of such simple harmonic motions may be 
compounded in the same way, provided they all have the same 
periodicity. 

Graphically the resultant motion may be represented by 
constructing the graphs of the several vibrations on the same 
plan and forming a new graph by the addition of their 
ordinates. And this always results in an ordinary “ curve 
of sines.*’ 


1586. But if the periodicity of the two or more funda- 
mental vibrations be different, as in 

sin (n^t+ai\ sin (n^+ 

the above analytical process of composition breaks down but 
the graphical method still holds, the resulting graph, however, 
no longer being the simple curve of sines. 

Taking for instance as a simple case the graph of 

^y=8in.r-^g8in3jr+^8m5j:-^sin7.r-f... , 

where the periodicities of the constituent vibrations of y are respectively 
2ir/l, 2ir/3, 2ir/5, etc., and their amplitudes 4/7rl* 4/7r3^ 4/7r5«, etc., we 
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have, from the first three terms only, a figure shown for the extent 
to :rs=7r/2 in Fig. 456. And even for three terms of the series it will be 



seen that the resultant graph is rapidly approximating to a broken 
system of portions of straight lines parallel to and ?/= -x alter- 

nately, the breaks in the continuity occurring at .r=7r/2, 37r/2, 57r/2, etc.; 



Fig. 457. 


and the more terms we take the closer is the approximation to this 
discontinuous system of lines (Fig. 457). 

1587. The Building up of a Function for a Definite Range by 
Means of Harmonic Elements. 

Let us examine then whether it be possible to build up a function of x 
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viz./(.r), discontinuous as regards its differential coefficients at 
37r/2, 5Tr/2, ... and equal to 


+ etc. 

Let us aHsunie tentatively that it is expressible as a uniformly con- 

p=:aa 

vergent series of the form /(.r) = tio+ E cos p.r + sin p.r), and let us 

ji/=i 

attend to the portion { -7r<.r<ir). 

Then (i) integrating from — tt to tt, 

ao. 2 Tr= I /(.i')d.r= I ( ~ tt ~ j)dr-i- j .rdv+j (tt - dj: = 0 . 

~3 *'3 

(li) Multiply by costtj*, and integrate from - tt to tt, 

cip ^ C( )s‘‘^ p.r dr = I ( - tt- . r) cos p.r dr + j x cos px dx +f (ir - x) cos px rfj 
* ~2 

_ r ,sinp.r cosp.rn”'®^ T sinpx cospa;~ [^ 

- ^ p p^ J_j 

a^7r = 0 and 0 ^ = 0. 

(iii) Multiply by sin;)a:, and integrate from -tt to r, 

I 4 . f»7r . 

■. OpTT = - r, sin :r > 

whence ^ 

/{'*') — i) /)a: = ^^sin a;~“Sin Sx + ^^gSin 5x- ^j^sin 7x+ 

If we write x 4 - 2 w 7 r for x, each term of the series remains unaltered, 
and the result is therefore a periodic function with periodicity 27r, which 
is in conformity with the graph in Figs. 456 and 457. 

The series is manifestly convergent for all values of x. Hence we have 
expressed a discontinuous function of x which takes the value ( - l)”(x-- wtt) 
from ( 2/1 - 1) ^ to (2w + 1) w beirig integral, as a series of sines of odd 
multiples of x. 

1588. Functions consisting essentially of a set of simple 
harmonic terms are of constant occurrence in problems of 
Mechanical and Physical Science, in the vibration of a piano 
wire, the propagation of a signal along an electric cable, in 
problems on the flux of heat, or in the motion of a slide valve 


37r ^ ^ 
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whose mode of travel is actuated by a system of linkages, or 
by a cam driven by a uniformly revolving shaft. Primarily 
the nature of the problem in such cases as the latter is that 
of the resolution of a compound motion known to be periodic, 
or of the function which expresses it, into its simple harmonic 
constituents. 

A graphical method of procedure is sometimes adopted in 
the analysis of such a given complex periodic vibration into 
its simple harmonic elements useful for the practical engineer. 
Such methods may be found described in treatises on iidvanced 
practical mathematics. The resolution may also be performed 
by mechanical means.* 

p-= 00 

15b9. A series of the form (Iq-t ^ (dp cofi px + bp sin px) 
00 

may be written as ( 1 ^+ y]cp sin (px-\- g^), where 

1 

and tan ap=apjbp, in which we have half as many simple 
harmonics as before, but the phases are ditterent. 

That a single-valued finite and continuous function is under 
certain circumstances, and for a certain range of the variable^ 
expressible by means of such a series is usually known as 
Fourier’s Theorem. 


1590. Extension of the Rules of Art. 1121. 
Taking p, q and n as integers, 


f. 


■2nir+. 


1 /•2nir-f« 


co8pxcoaqxdx:=2 j co.s(j3-g')x)da; 


r2nw+« 

sin px sin 

r ir+a 

caa^pxdx 

r nw-f-a 

axn^pxdx 

finw+a 

sin px cos 


— 1 r Hin (p < 

2^7 ~Ja 


= 2L 

qxdx=\^- 


8in ( p -^)x ^ Hin(y--g)x '] 2 nir + a 


p-fg p~q 

I f2nir-\-a 

~ 2 ia ( i + COS 2px)dx 


= 0 , 

= 0 , 

= WTr, 




’2n<r+a 


“ 2 n»+a 


(1 -co8 2px)dx 

% 

{sin (p-\-q)x+8m(p-q)x)dx 


coa {p-\-q)x cos(jP~(y)x Jnir>f» 






= 0 , 


r »+* 1 r2nir+* 1 r n2nir+a 

ainpxcoapxdxsi^J^ sin 2^>xdx=5^|^-cos2j?xJ =0. 




P^9y 


*See C^tle's Manual (pages 448-464) ; Modem InetrumentHf Messrs. Bell. 
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1591. We shall assume for the present that we are dealing 
with a function of x, f(x\ which is single-valued, real, finite 
and continuous and integrable for a range of real values of x 
from 2 ?=-* a to a?=a + 27r; or tl^t if f{x) be unbounded as to 
the values of which it is capable in that range, that its 
integral for that range is absolutely convergent. Moreover, 

we shall assume that f{x) is such that it is possible to find a 

00 

series of the form ^o+^(^pC092>^+-2^j>sin2>a;) which is 

1 

uniformly convergent, converging to the value f{x) for each 
value of X within the given range, and that for such series 
term by term integration is a possible operation. Then the 
values of the several coefficients may be found as in the 
particular case of Art. 1587. For we have 

r2ir+a r2ir+a 

(») J f{x)dx=^A„j dx=2TrA^-, 

J 2w4-a 

f(x) cospx dx=Ajj J co8^px dx-=7rAp ; 

rzir+a ^ ^ runr+tt ^ 

(ill) j /(x)sinpxdx—Bp j sin^pxdx=TBp. 

Before substituting the values of the several coefficients, 
write ^ for x in the several integrands. 

Then 

1 r2ir-fa 1 y = » I 

/(^) = r,- /(i) dH - s 1 J 

-‘’T J, IT ^ V J« 

+8inpx| 8inpf/(f)dfj 

= o- /(^) di+-E r 

XTT j pszlJa, 

In the cases o=0 and a= — tt, we have respectively 
/(x)= i f 7(0 r /(^) cosp i^-x) di, (2x > X > 0), 

ZTT Jo 'XT JO 

and 

/(X)=~ (it >*> - ’t). 
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i.e, unless ^==a?, a;d=2'7r, x±4Tr, ... x±2mr, where n is an 
integer ; 

(iii) that in consequence of the last fact, the only cases 
when the integrand can have a sensible value being in the 
vicinity of one of the above values of a;, we may confine our 
integration to such limits as will just include such vicinity ; 

(iv) that when £=x or x±^2mr, the denominator becomes 
(l~a)^ and therefore the integrand tends to an infinite value ; 
but its integral is not necessarily infinite ; 

(v) that if ^ increases through any small interval to ^4- A, 

then f(^) becomes where 0 is a 

positive proper fraction, provided f'(() be existent and remains 
finite throughout the interval ^ to ^+h ; and therefore that in 
that case when h is an infinitesimal, /(f) only changes by an 
infinitesimal amount in the interval. 

(vi) Since a — /8 > 27r, f in its march from jS to a can only 

pass through one of the values x, x±^2ir, x±^4>ir, , and it may 

not pass through any. But if a— /8==2-7r, it must either pass 
through one of the.se values or start from one and terminate at the 
next in order of magnitude. 

Suppose first that a— ^<C2ir, and consider one cycle of the 
values of /, x lying intermediate between ^ and -f- 27r. 

First let a>x>^. 

|( where cj 

are any two selected very small positive (|uantitie8. It has 
been seen that when a is ultimately =1, the first and third of 
these integrals vanish through containing the factor (1 — a) in 
the numerator. Hence 

and putting f=a;+^ and remembering that /"(f), being finite 
by supposition, the change in /(f) is insensibly small between 
these close limits, we have 

/= /(*)!<._, r , 

l>-2aco80+a* ^ 
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1— 7xJ * since 0 is very small, 
==2/(.'r) Lta^i {tan-^ - +tan-i f^a}* 

In proceeding to the limit, however small and €2 may have 
been taken, \ —a becomes, in its unlimited decrease to zero, a 
positive infinitesimal of higher order than either or eg. 

Hence I converges to the limiting value 

2/(a;)(|+^), or 2irf(x). 

Secondly, supposing x to lie beyond the limit a butc^^-f 2'7r, 
i.e. /8<a<a5<^+27r, then evidently 7=0, for the denominator 
of the integrand never vanishes as f ranges from ^8 to a. 

Thirdly, supposing x to lie at the upper limit, t.e. x=^a, 

then£( + J ) ( ) which the first integral 

vanishes as Ijefore and the second becomes 

/. / = 7r/(a). 

In the same way if x lie at the lower limit, i.e. x=/8, we 
have similarly 7=7r/{/?). 

Fourthly, supposing a — /3==27r and /8<a:<a, we have, as 
^before, I = 2wf{x). But if x—0 ovx—a, the integrand becomes 
infinite at both ends of the range, and in either case we have 


f2/0)2 -7r{/(a)+/(/3)}. 

Finally, supposing that at any point x=^c between a and 0, 
f(^) becomes discontinuous, suddenly changing its value from 
/i(c) to / 2 (c) as f passes through the value c ; then 



= Lta-^x r^** ( ) as in the first case, 

Jc-«I 

2 {/,(c) tan-* j^+/,(c) tan-* 

= 2 |/,(c) • ^ +Mc) • ^ ] = ■»•{ /i (c) +M<^))- 
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I'his completes the investigation of one cycle of the changes in 
the value of / as 03 increases from .03— /3 to a3=^ + 27r. 

1598. Extension of Bange of Integration. 

For a greater range of values of 03 the values found in the 
above cycle are merely repeated. For instance, in the next 
cycle, viz. x=^-\-2Tr to 03 = 3+43^, putting or— 27r-f .03', we have 
merely to replace f{x) in the above results by f(x), i.e./(o3— 27r), 
and to make no other change. If 03 lies between x-~ 
and a;=)8-f 2(n-f l)7r, we replace /(.r) by /(.r— 2w7r). 

We exhibit in Figs. 458 to 401 graphs of 

l-2»«.cos(f-a,) + ^2 

for the four cases a -/9<27r, a-~/8==27r, with no discontinuity 
and with a discontinuity. 

It will be noted that in the case of discontinuity in the 
ordinate of the graph of the limiting value of this integral, 
the value at the change is represented by half the sum of the 
two immediately contiguous adjacent ordinates on either side 



+ + + + 

< 0 . « «* 


a-/S< aw, no discontinuity 
Fig. 45s. 
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Fig 461. 


of the discontinuity. The graphs consist then of an infinite 
aeries of equal arcs or lines, together with an infinite series of 
isolated points. 


1599. Geometrical Examination of the above Results. 

T ~2 

Consider the nature of the curve ■ 


1 — 2a cos (f — x) -h 
referred to axes 0^, (?#/, or, wliat is the same thing, 

, sec* ^ o - 

1— (t 2 




li-i: J 


^“5 

2 


where x is kept constant and a positive and not greater than 
unity. 

The curve is obviously of periodic character, for tj is 
unaltered if we write ^± 2 n 7 r in place of n being an integer. 
The rnaxiinuin and minimum ordinates occur when 


sin(^— a?)— 9, 

i,e. at the points •Tr-fa;, 2x4- x, 37r*fa;, etc.; the first, 
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third, fifth, etc., giving the maxima, and the second, fourth, 
sixth, etc., the minima. 

These maxima and minima values are alternatelv 
, 1-a ^ 

ana Yq7j^,ana the range from one stationary point to the next 

is w. Fig. 462 represents a cycle of the values of the 
oixiinate. The remainder of the curve consists of repetitions 
of the portion between any two successive maxima. 



To X R *4 IT X4 2T 

Fig. 462. 


As a increovses to the vicinity of 1 the maxima increase 
very rapidly and tend to infinity, and the minima become 
indefinitely small. 

The area bounded by any complete half-cycle, the x-axis 
and the terminal ordinates, extending from a maximum 
ordinate to the next minimum, is 


L >?‘^f=--2[tan->(}-±j)tan^2:?]*^ =2tan--([ 

for any of the values of the parameter a. 

Thus, in Fig. 462, the area ANMBQA'~2Tr. 

Let PR be an ordinate with abscissa x-f e. The area of the 

portion AN RP is 17 tan”* ( tan and evidently, 

however small e may have been taken, when 1 — a, which is 


decreasing indefinitely, has become an infinitesimal of higher 
order than this converges to the value tt. Hence it appears 
that the descent of the curve on each side of a maximum 


ordinate is very rapid when a is nearly unity, and that between 
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two successive maxima the curve in that case flattens out into 
ultimate coincidence with the intercepted portion of the f-axis, 
so that a point travelling along the curve travels along the 
f-axis up to immediate contiguity with a maximum ordinate, 
then travels to infinity along that ordinate, descends on the 
opposite vside and then resumes its march along the f-axis. 

Hence in integrating from any value to another limit 
^=a, in which the range from to a is < 27 r, the result will 
be zero unless a maximum ordinate lies between the limits, 
and the result will l>e 2‘7r if a maximum ordinate does lie 
between the limits. 

Also if fi --/8=27r, one maximum must lie between the limits, 
and the result will then be 27r, as is also the case when one 
maximum lies at and the next at the integral in 

that case becoming sensible at each limit. 

It becomes clear, then, that if two ordinates be drawn on 
oppo.site sides of a maximum ordinate and contiguous to it, 
the area bounded by these ordinates, the curve and the 
intercepted portion of the x-axis tends to the limit 27r when a 
is made sufficiently near unity, however closely the ordinates 
are made to approach the maximum ordinate. 

1600. Further, the presence of any finite factor /(^) in the 
integrand for which the integral takes the form 

will only affect the value of the integral when the value of 
ff is sensible, even if at any point between the limits /(^) 
be discontinuous and suddenly changes its value from/i(x) to 
fi{x) at such point, provided that both/i(x) andfiix) be finite. 

So that is zero when the range from to a does not 

include cne of the maximum i^-values. In case a maximum 
of fj does occur between the limits, say, between f=x— and 
where Cj and eg are very small, let A and B be 
respectively the grt'atest and least of the values of /(^) 
this range. Then 

i.e. |* lies between 2irA and 2ir5. 
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Now, if /(f) be single valued, finite and continuous, as f 
passes from to f=a;+ 62 » wliere Cj and eg are made 

infinitesimally small, the change ia /(f) in passing from f to 
f+/i intermediate between these limits has been shown to be 
infinitesimal, provided /Xf) be finite. That is, A and B are 
ultimately equal when ej and eo taken sufficiently small. 

Therefore ^r]f(i)di-^Trf(x) 

But if wliilst the range to a includes one of the maxi- 
mum >;-values there be at the same point a discontinuity, /(f) 
changing from //x) to / 2 (x) as f passes through f=x, we have 

nf{m+\ -?/(^)dr+ nmdH\ nmdi 

JP Jp Jx-fi Jx Jx+e, 

= 0 +ir/i(x)-|-Tr/ 2 (x)+ 0 =ir{/,(a;)+/ 2 (a:)}. 

[See Donkin, Acoustics, pages 00-66.] 

1601. Consideration of Fourier’s Series from the Point of View 
of a Summation. Poisson’s Method of Investigation, mainly of 
Historical Interest. 

We may now turn to the consideration of the formulae of 
Art 1591, from the point of view of a summation of the series, 
supposed to be uniformly convergent, 

f f f{i)cosp(i-x)(il (1) 

Jp p=iJb 

and endeavour to discover what such series represents in the 
various cases: (i) j 6 f<x<a; (ii) x=^orx~a] (iii) » outside 
these limits ; (iv) when /(f) presents discontinuities. 

Starting witli the identity 

1 + 2 (fc cos d + 2d^ cos 20 + 2 a^ cos + • • • = — o~ — > 

1 — 2a cos 0-f Cl- 
in which the left-hand member preserves its uniform con- 
vergency for any range of values of 0 so long as | a |< 1 , 
put 0 =f— x, multiply by /(f) and integrate from to f ==a, 
where a — ^8 > 27r. 

We then get 

it- x)ii 

® 
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If we then make a approach indefinitely near to unity, the 
left side tends indefinitely closely to the. value of the series (1). 

The right-hand member of the equality (2) under the same 
circumstances tends to a limit which has been discussed in 
the previous articles. 

If we assume the uniform convergency of series (1) and 
that what is true within any infinitesimal distance of the 
limit, of however high an order of smallness that distance 
may be, is true in the limit, we have 




=/(*) if a>a:>/8 -v 

or =\f(a) if x=a or J/0) if x=^io-^<2Tr, 
or =-0 if 27r-|-^ > X >► a J 

or =/(x) if a>x >/3 \a-8=27r. 

or =i{/(a)+/(^)} if »=a or x=^ j 

The assumption made in Poisson’s investigation in the 
words italicised will be avoided in the method of investigation 
adopted by Dirichlet and discussed later. 

In either case, if there be a discontinuity at aj=c, where the 
value of f{x) changes abruptly from fi{c) to fi{c), both being 
finite, the value is \ {fi{c) +fi(c)} for such value of x. 

If X lie outside the limits ^ and a, say between l 3 + 2 mr 
and /3+2(n + l)7r, f{x) in the above results is to be replaced 


1602. Important Gases. 

The most important cases are (i) 13 = 0 , a= 27 r; (ii) ^= — tt, 
a=7r ; (iii) j 3 = 0 , a = Tr, and in these we have respectively 





=/w 

if 

27r > a? > 0 ; 

or 

-=i{/(0)+/(27r)} 

if 

a;=0 or 27r or 2mr ; 

or 

=f(x—2mr) 

if 

2(7i + l)'7r>a;> 2ti7r. 

h 


Ai)co8p(^-x)di 

T 


=/(*) 

if 

TT > 5C > — TT ; 

or 

=H/(— »r)+/(7r)} 

if 

— TT or TT or (27i-|-l)7r; 

or 

=f{x~2n'n-) 

if 

(2n + 1) 7r > » >(2u-~ 1) x. 
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1 

2x, 


cos 

p{^-x)d$ 


=/(*) 

if 

ir>®> 0; 

or 

=0 

if 

2x > X > X ; 

or 

= i/(0) 

if 

aj=0 or 27ix ; 

or 


if 

cp=x or (2r? + l)x; 

or 

=/(x— 2??Tr) 

if 

(2n+l)x>x>29ix; 

or 

=0 

if 

271X > X > (2n — l)x. 


1603. The same results may be exhibited in another form 
with limits in terms of I instead of x by changing the variables 

so that Then 

d$=jdt, and /(|) =/(^ •») = /’(•;), say. 

Then the result 

^ C08 2> (f-x)d^=/(*) 

al a.1 

becomes ^ j, ’/’(«;) + ^ cos2^(i;-y)di,=/’(y) 

ir ^ ir 

And the particular results (i), (ii), (iii) become, if we finally 
replace >; by y by a; and by / to preserve conformity in 
the notation, 

i 1 T 

=/(x) if 2i>»>0; 

or =H/(^)+/(20} x=0,2l or 2nl; 

or =f{x—2nl) if 2{n+l)l'^ x'^2nL 

(ii) ^ + \ i;f_ /(^) 

=/(*) if — 

or ==H/(— 0+/(0} x= — l or I or (2n-f 1)^^; 
or. =/(»— 2nZ) if (2n+l)Z > x >(2n— 1)Z. 

=/(*) if l>x>0] 
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or 

= 0 

if 

2Z > a; > Z ; 

or 

= i/(0) 

if 

II 

o 

o 

or 

= i /(0 

if 

x=l or (2'n.+l)J ; 

or 

—f{x—2nl) 

if 

(2n+l)i>a:>2wi; 

or 

= 0 

if 

2nl> x> {2n—l)l. 

If, in Art. 

1601, we had 

written ^-{-x for 6 instead of f 


equation (iii) above would have been replaced by 


==0 if Z >► a; >“ 0 ; 

or =i/(0) if x—0; 

or if x—l. 

Hence adding, 

= i/(x) if l>x>0-, 

or =i/(0) x=0; 

or =J/(i) if x=l; 

i.e. the fornmla holds inclusive of tlie values at the limits, viz. 

^ cos^d|=/(x) 

from a;=0 to a;=:i inclusive. 

If we change the sign of x the left side is unaltered. The 
right side must then be written /(—a?) . From x=l to x=2l, 

putting x—2l—x\ cos^^=cos (2^— x)=^cos^— , and the 
result isf(x') or f(2l—x) ; and so on. So that the results are 
-UoOl OtoH ^to2^ 1 2i:to3n 3Uo4n 4Zto5Z\ 
/(-®)r f(x))'f{2i-^x)fy(x-2i) fy{u--x))y(x-u)r 
and so on, as illustrated in Fig. 463. 

1604, If we subtract the same integrals, we get 
f |:8in2^|'/(^)sin2^df=/(x) if Z>x>0; 

or =0 if x=0 or 1. 

Hence in this case the values for x=0 and x=l are exduded. 
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Moreover, a change in the sign of x changes the sign of the 
left side. Hence if x lie between — I and 0, we have 

The graph of the several changes is exhibited in Fig. 464. 
1605. Graphical Representation of the Previous Results. 

Tjet + y S cos — f (^) cos for any value of .r. 

Then if Z^.r^0, S=fir). 

(a) Consider 

Put .r = 2l-y ; then cos — cos . 

Then 5=/(.0 -/(2f-.r). 

{/3) (insider 3Z^.t’^2Z. 

Put .r — 2Z+.r"; then cos = cos — . 

Then ^-/(.r")==/(.r-2/). 

(y) Consider 

Put then cos^J’^ . 

Then S-f{.v"*)—f(4l-.r). And so on. 

Also since a change of sign in x does not affect the value of tlie 
y-axis is an axis of .symmetry of its graph. 



-5/ -4/ -3/ -2/ -I O / 2 / 3 / 4/ 5/ a: 

Fig. 463. 


The graph of y = 8 therefore consists of a succession of repetitions f>f the 
alternate arcs of y—f{ -x) from —I to 0, and of y-f{x) from 0 to /, coin- 
ciding with the graph of y=f(x) only from 0 to I and with its image with 
respect to they*axis from ~Z to 0. 

1606. Let ~ 2 sin j sin^^^ for all values of x. 

Then if J7 = 0, iSf' = 0; if l>x>0, 8'=f{x) ; if .r=l, /S' = 0. 
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(a) Consider 2l>.v>l. 

Put .r = 2Z-.v'; then l>.€'>0, sin -sin 
Then S'= -f(,v')= -J(2l-x) ; and \t x~2l or iS' = 0. 

{fi) Consider ’M>x>2l. 

Put x = 2l-i-x"; then l>y'>0, sin^^- = sin^’^;^‘ 

I L 

Then S' —f{.c")=:f{x~2l) ; and if .r~^l or 2Z, /S’' = 0. 

(y) Consider il>x>3l. 

Put .r=4Z-.r"'; then l>x'">0, sin^-p’= -sin^*"'. 

Then S'— -/(.r'")= -f{4l-x) ; and if x = 4l or 3f, 8' = 0. And so on 
Also S' changes sign with .r. Therefore the _y-axis is no longer an axis 
of symmetry, but the origin is a centre of .symmetry for the grapli of S'. 



The graph of ^ — S' therefore consists of a succession of repetitions of 
the alternate arcs of ?/= ~ /( — .r) from —I to 0 and of i/~f{x) from 0 to /, 
coinciding witli the graph of /(.r) only from 0 to /, together with a 
aeries of isolated points on the .r-axis equably distribiited at distances =Z, 
starting with tlie origin. 

The effect of a discontinuity in f{x) existing between 0 and I would be 
similar to that shown in Pig. 461 at C in the segment from jS to a, with 
a corresponding change in each of the other segments in Fig. 464. 

1607. Let = + 

of X. 

Then if x=-l, /Sf' = ^{/(l)+/( -f)} ; if - l<t<h «'=/(•'); 'f •* = *. 

S' = i{/W+/(-f)). 

(a) Consider 3l>x>l. 

Tut x = 2l+x' •, then -f<.r'<I, -a')»cos^{^-.r ). 

Then S'=/(y)=/(,r- 2f) ; and if x=l or 3f, 8’= i{/(2)+/( - O)- 
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(^) Consider 5Z>.r>3?. 

Put .r=4Z4-.t*' ; then ~Z<.r^<Z, co8^^(^-a-) = cos~(^-.r^). 

Tlien S" =/(.0 =/(.r - 4Z) ; and if a:= 3Z or 5Z, S'' = i{/(Z) +/( -1)). 
And so on. 



Hence the graph of y^S" consists of a series of repetitions of the 
portion of the graph of y—f(jr) which lies between .r= - I and .r = /, 
together with a series of isolated points whose abscissae are -3/, /, 

3Z, etc., and ordinates i(/(Z)+/( — 1)) ; the graph of y = 5^ coinciding ^^ith 
that of y=f(.r) itself only between -I and 1. 

1608. Case of a Discontinuity. 

If a discontinuity in /(.r) occurs betw’een .r= - I and .r = Z, say at .r = r, 
where l>c> -Z, the function changing abruptly from /i(.r) to say, 

both finite, the graph becomes that of Fig. 406, w'here the thick line shows 



the variation of the expression S" for different values of jr and the dots, 
the values at ~Z, r, Z, 2Z4-C, 3Z, etc. The grai>h of y — S" only coincides 
with that of yz^f^{.r) from - Z to c, and with that of from c to Z. 

1609. Another Form of the Result. 

Writing for ^ in the formula 

+ jSj y(^)w8^^(^-.r)rf^=:/(.r) between ~Z and Z, 

01’ = i {/(O +/( - 0} at ± Z, 

we have 

^ + /(-^)co8^(^+.r)(£^=/(.r) between ~Z and Z, 

"" or -i(/m+/(-01..o-i!. 
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Hence 


=/0’) if l>x>-l and =i{f{l)+f(-l)} if .v== ±l 

And the three integrals occurring between limits -I and I are each 
double of the integrals from 0 to 1. 

=/(.r) if l>x> - I and =i{/(0+/(“0} 


1010. It has been seen that a Fourier-Series 

CO 

^o+24pSill(px+ay) 

1 

is under cei*taiii very general conditions a proper analytical 
expre.ssion for an arbitrary function f(x) between specific 
values of tlie variable x. The function lias been assumed 
single valued, real, continuous and either lying between 
certain finite limits, and integrable for the range, or if not so 
bounded its integral for that range is a.ssumed absolutely 
convergent. The possibility of expansion has been assumed 
in the method of undetermined coefficients, and the possibility 
of integration of tlie series term by term when multiplied by 
f{x) throughout has also been assumed. With these assump- 
tions it appears that when such a solution can be found and 
the convergence of the resulting series is uniform, the solution 
is unique. 


1611 . Applications. 

(1) Apply Art, 1595 to expand .r in a series of sines of multiples of x 
(ir > .r > 0). 

The formula ia f(.v)=:j f(^) sin (l>.r>0). But if 

^’=0 or ^,/(.r) on the left side must be replaced by 0. 

Take f=7r. Then 
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Then 

= S ( - 1 ^ sin .r - i sin 2;r + ^ sin 3.r - ^ sin 4.r + ( A ) 

z I p \ 6 4 

for values of .r between 0 and ir. And the left side must be replaced by 0 

if .r = 0 or tt. The expansion holds therefore from x-O (inclusive) to 

.r = 7r (exclusive). 

A change in sign of x affects both sides. Hence if the theorem holds 
for any particular positive value of .r, it holds also for the corresponding 
negative value of x. It therefore holds for all values of x from -it to 
4-7r both exclusive. 

If IT < < 27r, let .r = 27r - x\ t e. tt > x' > 0. 

rpt .1 . /I • / 1 • o / . 1 • o / ^ .r' .r-27r 

Then the senes = - - g 2.t’ + ^ - ... 1 = - ^ ^ — . 

If 27r < < 3ir, let .t’ = 2ir 4-.**", i.e. tt > x" > 0. 

m i-u ■ 1 • // 1 • « // . 1 • o .r-27r 

Then the senes = - sin a* — - sin 2^ + - sin 3x - . . . = - = — 

I J* 3 ^ 

If Stt < a: < 47r, let .r = 47r — .z*'". Then the series — = 2 ~, and 

111 ^ 

so on, and the graph of ^ = -8ina<’“ 8in2a^ + ssin3.r - ... will consist of 
12 3 

lines through 0, 27r, 47r, etc., parallel to 2y = x, with points on the .r-axis 
at TT, 37r, f>7r, etc. 



Fig. 467. 


1612. (2) Exptuid €“* ui a sm’es of sines of multiples of x^ 0<.r<7r, and 
examine the series obtained. 


as riT 

Taking .sin pa:, we have I h\\\ px dx ^ Bp . \ 

1 ■ JO 2 

■. B =gre-»'L«i!L y^-P‘^»«y^ T^g_p. n_(_i)rea.x. 
’’ irL d‘+p^ Jo ■iTd‘+p‘' 

TT \a‘ 


I grttr 1 _ pan i . ^air 'k 

sin 4- 2 sin 2j- + 3 - sin ,3x 4- . . . r (tt > .r > 0). 

4-P 61-4-2^ a® + 3“ j 

But the series =0 at ;r=0 or .r = 7r. 

If 27 r > .r > IT, let jr — 27r-:F', i.e. tt > x' > 0. Then the series becomes 

- - { ^ 2a-^ 4- . . . I = -e"' '= 

ir la^4- a^4-2* j 


If 3ir > .r > 27r, let .r = 2ir-{-x'\ i.e. ir>x">0. Then the series 
becomes and so on. Also at J7=0, ir, 2Tr, etc., the series 

is zero. 



FOURIER’S SERIES. 


716 


Hence we have for tlie graph of 


2 JH 


grtir 1 4- C* 




^a2 + 2''« 




■) 


a figure consisting of a series of arcs equal to that of the curve y = e“*, 
between 0 and tt, alternately above and below the ;r-axis, the origin being 
a centre of symmetry, together with the points ;r=0, ir, + 27 r, etc., on 
the .7>axis, any of which is a centre of symmetry for the whole graph 
(Fig. 468). 



1013. (3) To find a fn action o/.r, viz. f\j')y which shall he periodic with 
period 2/, and shall be 

— from - I to =~. from --.to -hx; = ; from x to i. 

)£l V* mi 

Let /*(.r) = a4(,4- cosine series being selected because 
1 t 

negative values and positive values of jc are to give the same result. 

Then 2 ^ 40 = j d.r+ 5 •' 

j 

wl,e,K-« 

, I 2 / * / 1 ptr 2 . ®7r\ pirx 

A*) = « + ^,l(pC 0 s /2 _-^a,„P-.)cos 


ptrx j 

. QOB--J- ax ; 
4 I 


-/ -I O 1 
2 2 

Fig. 469 


and the gra])h is composed of equal arcs of 
a parabola and straight lines of length - 
which form prolongations of their latera recta, one cj’cle being exhibited 
in Fig. 469. 


1614. Further Bemarks. 

Any series containing only cosines of multiples of .r, as yly+Ldp cospa;, 
being unaffected by a change of sign of a;, must have a graph foi which 
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the y-axis is an axis of symmetry. Any series containing only sines of 
00 

multiples of x, as S^psinpx, changes sign with x, and the origin is 

therefore a centre of symmetry of the graph. Therefore if it be required 
to construct a series which shall represent a discontinuous system of lines 
or arcs of curves for which neither kind of symmetry exists, it will be 
necessary to assume the most general form of Fourier Series, viz, 

-^0 + 2 ^ P ^08 px + sin px 

as the representative form. 


1615. (4) Devise a series whose graph shall agree with 

y — c from 0 to a^from h to 5+rt,/rom 26 to 26 + rt, etc. \ and so on, 
and y = c from a to h^from b-\-a to 2byfrom 26 + a to 36, etc.^) (a< 6). 

Here there is no symmetry with regal'd to the origin or the y-axis. 
The period is 6. 

Assume f{jc) — Aq + '^Aj, cos + 2 Hp sin 

1 o \ o 

so that the series is unaltered when x is increased by 6, 26, 36, etc. 
We have 


A^,b — J cdx+ f c'clx = cai-c'(b-a) ; 

^4 = f ^ ‘fe+poin : 


•• ^„=(c-c')| + c', 

^ c-c' . 2pira 

Ap= sin — » 

^ wp 6 

_ c-c' 2pira . 

vers-^T— > 

^ rrp b 




r, 1 . 2pTra 
x - sin cos 
1 p o 


^.prrx 

__ 



TT ' 


CO 1 

2 ~ vers 
iP 


2p7ra 

__ 


sin 


2p7rx 
6 ■ 



Fig. 470. 


It will be seen that at the values x^a or x=:6 the series becomes 
c + c* 

by virtue of the result 

2 

I sin^+i8in2d+^8in3d+...=s^^Y^ (0 < 0 < 27r). 

The graph is represented in Fig. 470. 
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PROBLEMS. 

1. Show that from = 0 to a:=7r exclusive 

rr 2 . « 4 . , 6 . , 

^ cos a; = j— g Bin 2a; + sin 4x + sin 6a; + . . . 


2n . ^ 

+ rrro — rr^sin 2na;+ ... , 

(•in- 1)(27H- 1) ’ 

and examine what is the sum of the series for other values of x. 
Show by a graph the nature of the series for all values of x. 

« du u X • 1 cos 2a; cos 4x cos 

2. Show that - sin rc = -- - “•t" k “•••» 0<x<7r. 

4 i l.«5 3.0 5.7 

Show by a graph the nature of the series for all values of x. Show 
also that this result may be derived from that of question 1 or vice 
versa. 

. TT . 1 . 1 

3. pjstablish the result = sin a; + ^ 3a; + - sin 5x -t- . . . from 0 to 

IT exclusive. 

Draw a complete graph of y ^ 

4. Provo that (0< a; <7r) 

.. TT 1 a cos a; a cos 2a; 1 acosx acos2x \ 

'’^2^ “ a2'+22 " “a2 + 12'^72T22 “ '‘7’ 

TT sina; 2sin2a; 3sin3x / sina; 28in2a; 3sin3x 


02 + 3!* 




5. Prove that ( - r < a; < tt) 

. TT sinh ax sin x 2 sin 2a; , 3 sin 3a; 

(U o ‘ -9 . To _<) . n? "I" 


2 sinhaTT 0^ + 22 <12^32 

TT cosh aa;_ 1 acosx a cos 2a; a cos 3a; 
2 sinh ar” 2a a2+ ^2 + 2^ a* 4-32 


and 


..... TT cosha(;r-a;) 1 cos a; cos 2a; cos 3a; \ 

6. Prove that, provided a be not an integer, and ( “^<a;<?r), 

TT sin ax sin x 2 sin 2a; 3 sin 3x 4 sin ix 


2'sina7r“l2-a2 


4-... . 


1 


7 . Draw a graph of 

8. Exhibit g 
all values of x. 


2jfw; A 

8. Exhibit graphically the nature of the curve y “ X _ 1 

I 1 1 * 
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9. Deduce other series from Examples 1, 2, 3, 4, 5 by differentia- 
tion and by integration. 

10. Find a function of a: in a series of sines of multiples of x which 
shall be equal to Cj from 0 to ttj, from to dg, from dg 

and trace the graph for all values of x. 

11. Find a function of x which shall be equal to Cj from 0 to 

Cg from to flg, C3 from to Ug, from to + from ag + Uj 
to flg + ag, Cg from flg + ag to 2^3, and so on. Trace the graph 
completely. 

12. Trace the complete graph of ^ ^ ^ vers sin for all 

real values of x. ^ 


13. Show that if f{x)-x, a, t-x in the respective intervals 
0 to a, a to TT - a and ir - a to :r, then 

TT ^ _ ^-^8in(2^-l- l)a8in (2p + l)x 

4/^-^ (2pTi7 ’ 

and give a geometrical interpretation. 

14. Prove that 


x(7r^ - x?) _ sin x sin 2x ^ sin 3x 

n P"" 2 ^ ■‘■“33“' 


(-?r<x<7r), 


and examine the graph of y == ^ ( - 1 lor all values of i 

15. Show that 

but that if x — O, this expression = i/(0), and if x — l, \f{l). 

16. Show that 


or =J/W, (* = 0); or =J/(0, (* = 0- 

(b) jy(0 C08 {i + x)di^0, (0 < * < /) ; 

or =i/(0), (* = 0); or = (x = l). 

[Todhunter, I.C., p. .3f)6.] 

17. Assuming that f(x) can be expanded in a Fourier’s series of 
sines and cosines of multiples of x in the interval 7r>x> - tt, obtain 
a series of sines only which shall represent the function in the 
interval 7r>«>0. 
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If f{x) = 0, 1, 0 in the respective intervals (1/2 - 6>a:> 0), 
(1/2 + 6 > X > 1/2 — h) and Ij'i + J), prove that throughout the 

interval (1 > x > 0) 

/W = ^ - Bin 

What are the values of the series when x has the values 112 - b and 

//2 + M 

18. Show that 


np~eo 

-s 


cos 


(2p-l)7r 

21 


f /(^) < 

Jo 


A2p~l)7r 
" 21 




or 0, (x = 1). 


2% 


^si, 


2? 


Jo 


(2;)-l)7r 
21 




or =0, {x = 0). 

Apply these theorems in the case f(x) — x. 

[Todhunter, J.C.f p. 307.] 
Exhibit by means of graphs the values of the above series for 
values of x beyond the limits 0 and /. 

Also examine in each case the effect of a discontinuity at a point 
c between 0 and I in the value of the function /(^). 


19. Show that a function defined as equal to I when -2l<x< - I ; 
= - a* when - /<j<0; -x when0<.r</; =/ when I<x<2l; 
can be represented by 


3/ 4/.^ 1 ,,7r.r 2/v-^ 1 

[I.C.S., 1899.] 
' si n^/ cos xt 


2 f* sin^i 

20. Prove that the graph of the function /(•r)== -\ 

'"'Jo 


t 


(it 


consists of parts of the lines 4y = 
four isolated points. 


1, y = 0, 2y=l, together with 
[Math. Trip. II., 1916.] 


21. If the function defined by y-x^ from 0 to Jtt and by y = 0 
from Jtt to TT be represented by a series of sines of multiples of a*, 
show that the coefficient of sin nx is 

/ 4 ttN 1 2.1 4 

\7r/i^ 2nJ 2 ir 2 rrn^ 

To what value does the series converge at the point x — ^ttI Sketch 
the graph of the function represented by the series for values of x 
not restricted to lie between 0 and tt ; and also indicate the graph of 
the cosine series which represents the same function in the interval 
0 to TT, [Math. Trip. II*, 1916.] 
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1616. Fourier's Formulae. Dirichlet's Investigation. 

If be a single-valued finite and continuous function of x 
which remains positive and either constant or continually decreas- 
ing throughout the whole range of integration from a; — 0 to x = h, 
where 0 < A > 7 r/ 2 , then will 


Lt„ 


sm nnx , , . j tt 

-^(x)dx=~<P(0). 


Jo sin a; 

This result is due to Fourier. Separating the integration 
range 0 to A into intervals 

TT 


^ ft rr , Stt . ^ V TT 1 n^r nyr . 

0 to -to — (n— l)-to — , — to, 

w a> (a <t) w o) 


where — is the greatest multiple of - contained in A, we have 

(ffl)y (r+2)» 




+ 1 +... 




Now as X increases from rTr/a? to (r+l) tt/w, okt increases by 
TT. Hence sin odx in this interval is of opposite sign to the 
value of sin iox in the next interval. But sin x and 0(a;) retain 
the same sign. Hence the several terms in the above series 
are alternately positive and negative. (r+i)* 

Again comparing corresponding elements in 1 *^ ( )dx 

(r+jy* 

and )^f write «+- for x in the second, which then 


)<l±R 

M 

becomes 


(r+l)n 


I « sinctfX , 


720 
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And since x has increased to x+tt/o, but is still < 7r/2, 
sin (x+tt/o)) is > sin x, whilst ^(x + tt/o)) > 0(x), the element in 
the second integral is numerically less than the corresponding 
element in the first. 

Hence the several terms of (1) are (a) of alternate sign, (6) of 
decreasing numerical magnitude. 

Putting a)X—z, 


(r f l)ir 


f « .sinwX . . , f(r+l)ir , , , , 

Jrn Hinx ^ ' Jrn a)8inz/ft)^ 


=^(0)J' 


(r+l)irgin2J 


dz. (See Art. 1902.) 


Hence the sum of the first r terms of (1) becomes 

when r is infinite. 

And for the remaining terms from 

(f+l^ir ^ n» 

f " sin a)X . . j , f « ' sin u>x . . , 

I — . <b{x)dx to I, ,, d>(x)dx, 

Jrn sinx ^ J(n-l)ir smx ^ ' 


the interval of each is infinitesimally small, and the integrands 
are finite. Each integral is therefore infinitesimally small, 
they are of alternate sign and each numerically less than the 
preceding one. Hence their sum is less than the first of the 
group, which is itself infinitesimally small. 

{ h gjjj 0)X • 

„„ - 0 (a?) dx, it is 

integrated over an infinitesimal interval with a finite integrand> 
and therefore also vanishes. 

Thus we have 

where 0 < A ^ under the special conditions stated as 
to 0(x). 

The method adopted in this proof is due to Dirichlet. It is 
given by Bertrand, Cah. Int,, p. 228. 
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1617. If <l>(x) becomes negative but not numerically greater 
than a definite positive constant C, remaining finite and 
continuous as before, then since (p{x)-\-C is positive and 
decreasing, we have 


£ "If* I- 

But the theorem is also true for a function which remains 
constant and e(]ual to C. Hence subtracting, 




This has tlierefore been now proved whether (p(x) be positive 
or negative, provided it is either constant or decreasing so 
long as it remains finite and continuous between the limits. 


1618. Further, if <jt(x) hi^ an increasuig function, —<p{x) is a 
decreasing function to which the theorem is applicable, and 
therefore 

whence f -! ^ (x) (0), 

j Q s] n X 

whether <^(a:) be continually either increasing or decreasing 
between the limits. 


1610. Since the formula established is independent of h, 
taking p and q any two quantities >>etween 0 and 7r/2, 
we have 


Li^ 


(P sii 

Jo 


sin cox 
sin X 


^{x)dx=,^<p{P)=lJ, 


Jo sinx ^ 


dx. 


Hence if F(x) be any function of x, continuous and 
coincident with <p{x) for the portion f>f ^>(x) between q and p. 


and here it is supposed that from q to p, F{x) is always 
increasing or always decreasing, for it is coincident with 
^(x) throughout that interval. 
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1620. Existence of a Finite Number of Maxima and Minima. 

Suppose that there are a finite number of maxima and 
minima on tlie graph of between a;=-0 and 

say at x.,, x.^y ... x^- Then when 

Now is 

continually increasing or continually decreasing from 0 to x^y 
continually decreasing or continually increasing from x-^ to Xg, 
continually increasing or continually decreasing from x^ to Xg, 

etc. 


The first term therefore contributes ^0(0). Each of the 

others contributes nothing by Art. 1619. So that if the 
number of maxima and minima be finite, the Fourier formula 
still holds good. 


1621. Existence of a Finite Number of Discontinuities. 

Finally, suppose a discontinuity in 0(x) occurs at a point 

x—Xi (</0> ^^'liere the function changes abruptly from <p(Xi) 
to \p'(Xi)y remaining finite and y/r(x) retaining the property 
possessed by <f>(x) as to continual increase or decrease through- 
out the remainder of the range of integration. Then 

Thus each discontinuity introduces a zero term, and 
provided the number of such discontinuities be finite between 
0 and hy their aggregate contributes nothing to the integral. 

1622. Generalised Eestatement of the Theorem. 

We may now restate the theorem thus : 

Let <f>(x) be any function of x with any finite number of 
discontinuities and any finite number of maxima and minima 
between x = 0 and x=hy where h is positive, not infinitesimally 
small, and not greater than 7 r/ 2 ; then 
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1623. Geometrical View of the Result. 

Drawing the graph of y—sinityaj/sina;, the curve has a large 
maximum, viz. cd, at a;=0; and crossing the a:-axis at x^irjwy 
27r/a), Stt/o), etc., there are successive minima and maxima, 
their positions being given by tana)a:=ft)tanx. 

Since sin cox lies between zb 1 and goes through a cycle of its 
numerical changes in each of the above intervals, whilst sin x 

is increasing throughout the whole range from x=0 to ®=2 » 

the excursions of the graph to one side or the other of the 
x-axis diminish in extent, and these subsidiary maxima and 
minima are relatively unimportant. The multiplication of 
the function by ^(x) alters the magnitude and position of 
the maxima and minima ordinates, but leaves the general 
characteristic appearance of the graph unchanged (Fig. 471). 



The geometrical interpretation of the formula of Art. 1622 
is then as follows : 

Let the graph of drawn starting from 

x==:0 and extending as far as x^/i, and also the graph of 
y=z(ji(x) extending as far as x= 7 r/ 2 . Let the areas enclosed 
by the successive portions of the former bounded by the 
x-axis, and, for the principal maximum, by the y-axis, and 
lying alternately above and below the x-axis be Ag, Aj, A^y 
etc., and let B be the area of the rectangle of which two 
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adjacent sides are the initial ordinate of the second graph, 
viz. <p{0) and the length then when w is indefinitely 
increased A^—A2+A^—A^+.,. tends to the limit B. 



1624. Extension of Range of Integration. 

If the range of integration be extended beyond 7r/2, and h lies 
between mr and (n + lj-Tr, we may break up the whole range 
into sub-ranges of extent 7r/2 as far as mr, and we have 


2 ' '2 

In the second, third, ... 271^** integrals replace x successively 
by TT-y, TT+y, 27 r— y, ... mr—y. 

If we take o) to be an odd integer, these become 
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IT V 

J iisinwa; . fssinajx , , 


2 sm (t)X 


whence 


f 

Jo sinx 
“ sm 0)05 


^{2T—x)dXf etc. ; 


1 ”’^ sm 0)05 ^ , 

0 


= '"’[j0(O) + 0(7r)+^(2‘7r) + ...-f- 0(?i — l7r)+ •i</»(^l*7r)]. 
As regards the final term | (f>{x)dx, 


(a) if h lies between 7ix and 7?7r+'7r/2, inclasive of the 

latter, put x=n7r-i-y and h=mr-\-h\ where It The final 

integral then becomes in the limit 




sino)(n7r+y) 
0 sm (mr+y) 


</i(7i7r4-y)<7// 


(b) and if h lies between mr+7r/2 and (n + l)7r, the integral 
may be written £<„_♦«([ *+f ; and 

'Jnir I Sin X j 

putting x=mr+y in the first and {n4-l)7r~?/ in the second, the 
first becomes ^0(7i7r), as has been seen, and the second becomes 




f(""^i)’r"'*sino){(n+l)7r v) ,, 

I- ldM(7H:T)x=:^} + ^^y'> 


n 



where h'={n + l)Tr~h, which is positive and :f> Therefore 

id 

this limit vanishes by Art. 1619. Hence in either case the 

contribution of the final integral is ^<p(n 7 r). But if h=mr 
tlie contribution is zero. 
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Hence in the limit when « is indefinitely increased, 


Tjt^ 


I '* sin u>x 
0 sin a; 


</>{x)dx:=Lt^ 


*2 sin wx 
0 sinx 


{<l>(x)+ <j>{ir~x) 


+<i>{,Tr+x)-\-(j>{;l-r—x)-\- ...+((>(nw—x)}dx-{- [ 0 (x) da; 

J nn X 

= 5[^(0) + 2^W + 2^(2,r) + ...+2^{(n.-l)^}+2^(/i7r)]. 


But if Jl—utt the last term in the square bracket is to be 

Tliis therefore is the extended form of Fourier s formula 
for a ran^e 0 to h, where h lies between mr and (n-\~\)'ir, and 
o) is an indefiniitely larye odd integer with the same conditions 
for 0(.r) as before stated. 

If o) became infinite as a>? even integer, the signs would be 
alternately + and — . 

If there be discontinuities in the value of 0(a;) in the range 
0 to h, and if the starting values of </>(ir) as x begins each of 

its marches 0 to to to to etc., be 

respectively J\(x), f.,(x), f\{x), etc., the formula must 

be amended to 


2{/i(^^) lA(7r)+/4C37r)4-/5(2^)-f/o(37r)4-/7(3^) 

+ ••• +./2n(^^‘7r)H-/‘,>n+l 

when u) becomes infinite as an odd integer and the number 
of discontinuities between 0 and h is supposed finite. 


1025. If (I and b be two positive quantities, a>& and 
niTT <C. (ui-f-l)7r, nTT <^b <i, (w -{-l)7r, then 


and 


f‘* sin wx 
Jo sinx 

f ^sin o)X 
0 ainx 


(/> (x) d.v -- 7 r I (0) -f ^ + 0 (2'7J") + . . . H- 0 (^Utt)] 

-=7rE„t, say, 

^(x)(/.'r=T[i7i(0)+^(7r)+«i(2^) + -+^(«^)] 

=TrE„, say. 


Tlien f ^^V^^{x)dx=ir{Em En)- 

Jft sinx ^ 
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If a— 6 5>27r, 80 that a Xn+l)7r+27r, i,e, :^(n+3)7r, the 
limit is 7r[0{(?i-f-l)7r}+0{(n+2)7r}, (?i > 0). 

If 6 < TT, then a < Btt, and the limit is •n'[0(7r)+^(27r)]. 
Still supposing a and h both positive, and 

a>6 and m7r<a<(m+l)7r, n-Tr < 6 <(n+l)7r, 

consider f ; write x=— y Then the 

Jo 

integral becomes 

— — y)(?y = — ‘7r[i0(O) + ^( — 7r) + ^( — 2‘7r) 

+ ...H-0(-~n7r)]=^ -7rJ5?_„, say. 


Similarly — 

Thus we have 


Li 

Lt 

Li 

Li 




\ 

~ lT(E,n+E- ,(), 

— — 7r(A’_,„ + i?„), 

•-7r( 77. 

nn > n > 0.. 


In the case 0 < 6 < (/ < x, 


E sin uiX 

iliina ^ = ’T [J (®) + J (^)l ='^<P (0)- 


i.6. if the limits be of the same sign the result is zero; if the 
limits be of opposite signs the result i.s 7 r^( 0 ) or — 7 r^( 0 ), 
according as the upper limit is positive or negative. 
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1626. Application to the EFaluation of Fonrier’s Series. 

Taking the identity ----^^—=1+2^ cosy6, write 

therein 2n+l=ft); multiply by /(^) and in- 

tegrate with regard to ^ from /8 to a, where a— j8 > 2ir. 
We have 

g— g 

2^ co8;)(^-a:)d^=2|^^^^S^/(x-l- 2y)dj/ ; 

” 2 “ 

anil increOvsing n without limit, <o->x and 

a—X 

For the right-hand side we have the following cases: 


Case. Upper Limit. Lower Limit. Result. 


a>X>/3 

1 

+ 


/8-l-2Tr>x>a>/3 

- - 0 


u > ;8 ]> X > a — 27r 

+ "b 

a — ^ < 27r 

.r=j8 

+ 0 J/0) 

x—a 

0 - 2^(a) 


Dividing by tt, we therefore have, if a — /8 < 27r, 


cosp(^-x)(i^— /(x) if a>x>)8 1 

=i/(a) >1 ®=n 
=im if x=^ 



=0 if a> j8>aj> a—^TT 


or 27r-fiS>x>a>^. , 


Again, if a— |8=2ir, we have as before for the limit, 7 r/(x), if 
a > ® > )3. But if x=/8 the limit becomes 

fix+2y)dy=l [f{x+2. 0 )+f{x+ 2 .)] 

=J[/(|8)+/(«)]; 
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and if x—a^ the limit becomes 

=1 t/(a:-2 . 0)+/(z-2x)]=| [/(«)+/(/3)]; 
and dividing by tt, we therefore have, if a — / 3 = 27 r, 

a>x>^ 

= i[/(«)+/(i8)]if a:=aor(8. 

And these results are the same as those obtained otherwise in 
Art. 1601. It will be noted that this method of procedure is 
free from the objection of assuming that what is true within 
an immeasurably small distance of the limit is true in the 
limit. (See Art. 1601.) 

For values of x which lie beyond /34-27r in the one direction 
or a—^TT in the other, we may proceed exactly as before in 
Articles 1601, 1602, etc. 


1627. Cauchy’s Identity, 

Taking the identity used in Art. 1626, and putting 
^-=2^ and = 

we have 


I (l + 2cos2^+2cos4^+...+2cos2»^)«-«’t*(i^= [ 
But [ 

JO 


j— y* 

e-a*^* coA2r^(i^=^ € and by Art 1625 the limit of the 


right-hand .side, when n ia indefinitely inerea.sed 


l(-4 


e-r*n*a*y 


and writing a = rt/7r=l/6, 

-Ja(l +-2V«-r*a-^ = Vfc^l+2V;e-'-’‘*^, 

a curious and remarkable result due to Cauchy. 

Series of the character here involved occur in the theory of Theta 
Functions, where 0(m) may be defined by the equation 

0{w)= 1 - 2^co8 2;r-{-2^*cos447- 2g®co8 6.r-f ... , 

where q^e ^ and ^ ^ having their usual significations as 

used in Elliptic Integrals. 
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1628. To prove >f>(x)(lx=^ <h(0). 

j Q UD Jj ' 

Tliis limiting form follows at once by writing 

For we then have, if 0 < A > 

, sin (jox , . j p sin wx , , , , 

J Q X j Q sin X 

=2'/'(0)=2^(0). 

under the same conditions as regards \lr{x) as stated in Arts. 
161G to 1622. 

And further, when h has a larger range, beyond as in 
Art. 1624, we have as the limit, 

I { Vr (0) + 2V^ (x) + 2x/. (2,r) + 2x/. (Stt) + . . . } . 

Rut x/.(-7r)= A{x)=0, y/.(2,r)=--“— ^(2 t)= 0, etc., 

TT iwTT 

SO that whatever the range of integration provided h be 
positive and not an infinitesimal, we have 

^(a:)dx=|<^(0). 

In the same way the result still holds good if <f>{x) presents 
a finite number of finite discontinuities, none of which are 
infinitesimally near x=0. 

1G29. Graphical Illustration. 

Since <^(0), putting 

Jo V ^ 

and writing </>( = 

Jo V 

and the letter denoting the function yjr being immaterial, we may replace 
it again by </>, so that 
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Also it x-0 the limit vanishes and there is a discontinuity. Hence the 

y — Ltui-^v, --i ^ 


is that shown in Fig. 473 consisting of two straight lines parallel to the 
ir-axis, with an isolated point at the origin. 



Fig. 473. 


1630. Let a, ff be any two positive quantities. 

Then 

Therefore ==0, {a>P>0). 

Similarly ^ 

Again 

and 


Hence when the limits are of the same sign, the result =0. When of 
opposite sign, the result is ±ir<J>(0), the sign being that of the upper limit, 
(Compare Art. 1625.) 

* f** > f r8inf«"|“ sinwf 

Again cos du = Jq ~ ^ ^ * 

%,€, J^J COS (u d( du^ the sign being that of h. 
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Further, </> (f ) cos rfj rfit 

= L<a,->« I <#>({){ ( cofi(^u)dujd^=U^^^ 


=0, if a, /i are of the same sign, 


or =di:ir</>(0), according as a is positive or negative when j8 is of 
the opposite sign. 


1631. Graphical Illustration. 

Taking a>p>0 and 






= 0 

x>a>p 


if x-ra>p 




or 


=7r</>(r) 
if a>.c>p 


] 


-lm\ 

if a>x=p J 


=0 

if a>p>x 


The values of this integi’al may be shown graphically by the heavy 
lines and the two isolated points in Fig. 474, in w^hich the dotted line 
is the graph of ^=rr<f>Cr). 



Obvious modifications will occur if a or p or both of them be negative 
or if a < p. 

1632. Still supposing that a and P are both positive and a > ^, and 
putting we have 

=0 1 1 or 1 

ifx>-/5>-oJ ifa;=_(8>-o J “J 

or I or 1 

if~j8>x=-a J 
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And the gmph of Uiis integral is shown by the heavy lines and the 
two isolated points in Fig. 476, and is an image with regard to the y-axis 
of the graph of Fig. 474. 



1633. Various Deductions. 

Since J j* coii u(^—x) chi 

.sin x) 








whose values 
have Wen 
found above, 


and J* I cofiu{^-\-x) 

we have by addition and subtraction, if x l)e positive, 

J J ^(^)cos w^cos | 0(^).sin?/^.sin 

=‘* ^ lor lor | 

iix>a >/3 j \ia>x>ft} 


or 

if a> 

and if a: be negative, 


0 

if a > /? > X 


1 : 


•a /•» ra r«o 

cos wf COS ux d^du — — 0(^) sin sin \tx d^ du 

. 0 Jo J^ Jo 


1 


^O) ] 


ifa.>-/ 3 >-a| j 

= J ^(«) 1 


' X 

] 


or 2 

\i-p>x>-n 

=--0 
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1634. If /3=0 and a=x and x be > 0, 

j** /.« 

0 Jo 0(^)sini^^sin?/xcZ^(^w 

= ~0(x) ; and if x be < 0, 

f » fitc mx> »T> 

0 Jo “"J J 0(^)sin w^sin wxdf <^w 

These results are all obvious on compounding the two 
graphs, Figs. 474 and 475. 

When X -.-0 the second integral in each case vanishes. 


163 5. Since the products cosu^cos?/x and sin wf sin ?yx are 
both even functions of t/, they are not affected by a change 
of sign of w. Hence the integration of either of them with 
respect to u from oc to oo yields double the result of that 
from 0 to X ; therefore if x be positive, 



fa f» 

0(^) COS 9/^ COS f/x J 1 ^(i) sin sin t/.x d^du 




T*p{x), OT 0 in the several cases, 


and if x be negative, 



•a /•» 

<I > (f ) cos uP cos ux rff rfn = — (l>(0 sin vf sin ux d$ du 

J <5 J - -o 


-=0. I</>(/5), ir<p{ — x), ^<^(a) or Oii> the corresponding cases. 
Z A 


1636. If /3 = = 0 and a=* . wc have 
1 1 „^(l)co8t/^co8Ma:rf^dM=£ ^(^)sinM^sinwa:d^dM 

=Tr^(x). {x+”) (1) 

r j”. ^(0co8«^co8«xd^rf«=-£ 0(^)8mM£8in«xd|dM 

-7r0(-x), (X-") (2) 
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1637. Foorier’s Formnl&. 

Put and write for Then, as i is +" or — ”, 

ro f® ro f» 

J odJ J \lr{ — ri)si\nurjBinmdrjdu 

=T\lr(x) or '7r^(— a?), as a; is H-""® or — 

Let V^(—i?)=^(i 7 ), and write ^ for rj. Then, as x is +'"* or — ", 

r r» ro r® 

J 0(^)co8?/^cost/a;d^dw=Tj 1 0(£)sint/^sini/xd^dw 

=Tr(ji(—x) or Tr(p(x), as x is +'"* or — " ...(3) 

Hence from equations 1, 2 and 3, whether x be +" or — ", 

I I 0 ( ^ ) cos cos «x df du = TT { ^ (x) + ^ ( — X ) } 

and I I 8inw^8ini/xrf^dw = 7r{^(x)-0(~x)} 


By addition, 

/•« i»» 

J _ ^ J _ ^ 0 (^) cos w(^-x) d^ du =2 t^ (x), 
which is Fourier’s Formula, 

1638. For +''* values of x it follows that the graph of 

y=| ^|__0(^)CO8u(^-Z)d^(iM 

only differs from that of y=^(x), in that all the ordinates 
of the latter are increased in the ratio 27r : 1. 

Similarly for — " values of x. 

1639. A Bemarkable Application (Bertrand, Cak, Lit-, p. 238). 

J r» /•» T TT 

I ^(f)co8tt^co8Uxd^(/u = -</)(j?) or ?</>(- 
0 Jo Z 2 

as J? is 4-’* or we put wheie a is +’• ; and since 


we have j ‘'^* °* ^ *~** ^***’ ^ '* +”or 

(Alt 1048). 
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PROBLEMS. 


1. Find in a series a function of period 4a which shall be equal to 
a + a; from a;=*-2atoa; = 0, and equal to a - x from a; ~ 0 to a; = 2a. 

[Trin. Coll., 1881.] 

2. Expand 7? in a series of cosines of multiples of z between ir 
and — IT. What will the series so obtained represent for other values 
of a:] 


3. Find a series of sines which shall be equal to lex from * = 0 to 
X = //2, and equal to k(l-x) from x = l/2 to x==l 

Find also a series of cosines to answer the same description. 

[Ox. II. P., 1900.] 

4. Expand x(7r-z) in a series of sines. [Ox II. P., 1900.] 

5. Find a series of sines which shall represent nkx/l from a; = 0 

to x = lln; k from x^ljn to a; = (n - 1 ) Z//t ; and nlc(l - z)/l from 
a; == (n - l)//n to a; = [Colleges, 1878.] 

6. Trace the locus of the equation 


V . nmi . nvx 

^ = 2 — sin -H- sin -;r- . 
c n® 2c 2c 


[St. John’s, 1884.] 


7. A function of x is equal to a;* for values of x between a; = 0 and 
x^lfty and vanishes when x is between 1/2 and 1; express the 
function by a series of sines, and also by a series of cosines of 
multiples of rrz/L Draw figures showing the functions represented 
by the two series respectively for all values of x not restricted to lie 
between 0 and I What are the sums of the series for the value 

a;==//21 [7, 18»9.] 


8. Show that 

log cosec x = log 2 + cos 2a: + ^ cos 4a; + J cos 6a; + . . . + - cos 2nx + . . . , 

(6<x<n), 

and deduce therefrom 

w » 

(a) j log 8 ins:(ia; = ^logJ; ( 6 ) cos 2?m; log sin a: (it = 

9. Prove that 

. 2c* ^ id ( j , nirc nirc\ nnx 

y =33■^?^^r““^■’‘”'^■3-|'^T- 
^ep^e 8 ents a series of circles of radius c with their centres on tiie 
z-asaa at distances 2d apart, and also the portions of the axis exterior 
to the circles, one circle having its centre at the origin. [ 7 , 1893.] 
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10, Find a series of cosines of multiples of irxjl which shall repre- 
sent a function which is equal to x^j^a for values of x between 0 and 
//2, and is equal to {I - x)-/ia when x is between 1/2 and 1. 

What does the series represent for values of x not lying between 
0 and [Colleges, 1892.] 


11. Find a Fourier series to be equal to x^ between fl;= and 

trace the locus 2 ( - I)'""' /, 0 \ . rrrx 

c TT^ r \ Trh'-J c 

12. Show by evaluatioTi of the integral that 

2 f* . (h ^ sin qh - sin qa\ , 

^rjo s.n«x(^ + tan «— ) dq 

is the ordinate of a broken line running parallel to the axis of x 
from * = 0 to a 5 = a and from x=^h to a; — oo , and inclined to the axis 
of X at an angle a between x-a and x — h. [Math. Trip., 1883.] 

1 3. If f{x) = sin ntrx/l and f{x) Bn cos nwx/l for all 

values of x between 0 and /, prove that, provided f{x) be continuous 
from x — 0tox = lj 

Write down the corresponding formula if f(x) be discontinuous 
for the value x = a which lies between 0 and /. [Colleges, 1896.] 

14. Prove that the locus represented by 


( _ l)n-l ^ 

y j ^ — sin nx sin nj/ == 0 

is two systems of lines at right angles dividing the coordinate plane 
into squares of area ir* [Math. Trip., 1895 ] 


15. Show that the equation 

a 4a f TT, 1 Stt 1 5ir. ^ 

“ 2 r”® s ip ^ ^ IT 1 

represents a staircase formed of straight lines of length a, starting 
from the origin and parallel, alternately, to the axes of y and x, 

[St. John’s Coll., 1881.] 


16. If f{6) be a finite function of 9 with the period 27r, show how 
to And a function which, in the space between two concentric circles, 

is a finite and continuous solution of the equation ^ ^ ^ 
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the value /(0) at the point of the outer circle whose polar coordinate 
is 0^ and the value zero at every point of the inner circle. 

, [Math. Trip., 1896.] 

[After transformation to polars, 

CO oo 

M = ^0 + 2 {Anr" + 7/«r-“) cos ^ (Onr" + A.*’’") sin nO 

I 1 

may be taken as the solution of this equation.] 


17. If y be defined as coincident with y = x from x = 0 to a; = 7 r /2 ; 
y = 7r/2 from x =-- 7r/2 to x = 37r/2 ; y = 27r - a; from a; = Stt/ 2 to x = 27r, 



37r 2 ^ cos (2p -l)x \ ^ cos (iw - 2)a: 


and draw a graph of this series when x is not restricted to lie between 
0 and 27r. 


18. Prove that the series 




f' /(»)+/( 


2 


v) nirv , 
— cos -j- do 


2 . mrx f(v) -f(-v) . mrv , 


is ecpial to f(x) between the limits x= 1 and x= -1; and trace the 
curve represented by the series for values of x outside these limits. 

[Math. Trip., 1885.] 


19. Find by Fourier’s method a function of x which shall be equal 
to -f 1 from a; = 0 to a: = a, and equal to - 1 from a; = a to a; = 2a, and 
so on alternately. 


20. Two uniform plates of the same substance and thickness a are 
in contact. The outside surface of one is impervious to heat, and 
that of the other is kept at zero temperature. It can be shown that 
if one slips over the surface of the other with constant velocity v, the 
friction per unit of area being F, then at any time t the temperatures 
of the two plates are given by 




A, f (2n+l)Sr«C»e« . 

0i=J^\2a-x + '^At„^.^e co8(2«+ 1) 
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respectively, at a distance x from the impervious surface, where J, 
Ct c are certain constants. Show that, if when < = 0, ^ is zero every- 
where, the coefficients ^^n+i given by 

[Math. Trip. III., 1884.] 

21. Deduce from the result f e"'**co8 26xda;= or other- 

wise obtain the result 


^ 4. g -(* - a)* 4. e - (•r+«)* + g - (Jf “ 2a)* ^ - (»+2a)» 4. etc. 

h . *• o - ^ 




g. --i 2n-x - 

1 -H 2e " cos + 2e 
a 


iirz _ 

cos + 2c 

a 


6irx \ 

“ cos +...). 

a J 

[Math. Trip., 1887 ] 


22. Prove that the equation 

^2 J t 12 2 

24= -«os2(* + y)cos^(j:-.y) + ^^cos2(x + y)cos2(a:-y) 

13 3 

-^-2Cos^(x-hj^)cos'^(x- y )^ . 


represents a series of circles of radius ir, and trace them. 

[Math. Trip., 1885.] 


23. Show that if all effects of atmosphere be neglected, then the 
intensity of daylight at a given place at t o'clock true solar time at 
an equinox will be 


/ 


. 1 


irf 2/ 1 
12'''ir II .3 



O'®* 


2ir/ 1 3ir/ 



where I is the intensity at noon. Examine the values of the above 
expression when (i) f = 0, (ii) f = 6, (iii) 12. [Math. Trip., 1884.] 


24. Prove that if 


then will 


I ^ P^ 

•s/v4>{p)=y/2j^ f(x) sin px dx. 


[Math. Trip,, 1884.] 


25. Show that, if Ei(x)^ f ~ dz, then 

^ J -DO 3? 

~ I {e9» Ei { -qz)-€r 9^ Ei(qz)) sin pzdz 

9 Jo 

1 f*** w 

a=~J {ei9^Ei{-qx)-i- e-9*Ei(qz)] COB pzdx^ 


isi* 


[Math. Trip., 1884.] 
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26. Find two harmonic series, each of which shall be equal to 

hx/a from a; = 0 to a; ^ a, one containing only harmonic functions of 
the form sin 2*7ra;/a and the other those of the form cosiir®/a, where 
i is any integer. Trace the complete curve given by the harmonic 
series in each case. [Math. Trip., 1876.] 

27. Sum the series m cos 0 - cos Zd + cos 5^ - . . . ad ivf., 

m being <1, and prove that it always has the same sign as mcos 6, 

Trace the curve 

r = a(cos a cos cos 3a cos 3^ + ^ cos 5a cos 56 - . . .). 

[Math. Trip., 1878.] 

28. Express the doubly infinite series 

«4{ '' »m(wiS + n2) 

in the form of a singly infinite series of cosines of multiples of y. 

[S.H. Problbms, 1878.] 

Exhibit the result in the form 
X [{<#>('0 + ;ji>og2j.coshna: 

WjK - 1)”C0S?IW 

- log 2 + - j Slim n {x - u) log cos ^ awj ^ . 

29. Deduce Fourier’s formula 


2<t>(x)- [ f ifi(^)cosu($ - x)d^da 

’Tj - » J _W 

from the formula 

H(-^) = ] j%(^) + j S” T 


[Poisson. See Todhunter, /,C., Art. 332.] 


30. Examine the limiting form of the curve 


y = cos (v - «) . V 


when A:, being positive, tends to a zero limit. 


[Db Morgan, D.C., p. 629.] 


31. Prove the two formulae 


2 f* f* 

/(x) = — I cos XU du I /(f) cos wf dl ; 

^Jo Jo 

2 f” f* 

/(*)*- I 1 /(O sin uf dt, 

^Jo Jo 

and point out the distinction between the two expressions for /(a;). 

[St. John’s Coll., 1881.] 
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32. Show that for all values of x between ~ b and 6, 


2 f** f* 

F(x) ~ - a:) = - 1 sin xu du I F{y) sin xiy dy, 

jrJo J-ft 


[St. John’s Coi.l., 1881.] 


33. If a uniform horizontal bar, both of whose ends are fixed, be 
so displaced horizontally in the direction of its length that initially 
one half is uniformly extended and the other uniformly compressed, 
and then let go, prove that the displacement y of any particle x at 
any time t will be 


Sh/ 


, irat 


WTW '2/ + I ) . 


2/ being the length of the bar, the middle point being the origin ainl 
nl the displacement of the middle point. 

[The equation determining these vibrations may be assumc»l to 

be ^ suitable form of solution of this equation is 

y — 'ZOfn cos mx cos mat. 

Or more generally, for an equation of type ^ - y is 

of the form 


j 4 + Bx Ct -h + Krl -f Ft^ + '^L sin {n{at - a*) + «} 

+ 23/ sin {n {at + /) + /i} 

with certain conditions. (See Forsyth, D. Fqnafimis ) We are to 
have y^O for all values of / when x= ±1 \ and if / = 0, y = n{l ~ x) 
from X = 0 to a; = f, and y n (/ + ar) from x - I to x~ 0.] 


34. A stream of uniform depth and of uniform width 2a flows 
slowly through a bridge consisting of two equal arches resting on a 
rectangular pier of width 26, the bridge being so broad that under 
it the water moves uniformly with velocity U. Show that after the 
stream has passed through the bridge the velocity potential of the 
motion is 


, 2aU'^-y\ . twh tiry - 

c/xH s- sin - cos -e «, 

^ a TT^ a a 

the axis of x being in the forward direction of the stream and the 
origin at the middle point of the pier. [Math. Tan*., 1878.] 

• i* • ^<6 ^ , 

[The equation for <p is « 0, and we are to have 


U when X is infinite, ^ - U when 
dx a 'Ox 
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except from y—-htoy — hy where ^ ^ ^ — ^ when y—±a^ 

and a suitable solution of the equation is 

</. = ^o*+S^<c®s ^ J 

35. Show that j ^ ^ ^ ^ ^)y repre- 

sents tlie four sloping faces of a regular pyramid built upon a 
horizontal square base of side tt units, two sides coinciding with the 
axes of coordinates, the height of the pyramid being Tr/2 units. 

[Todhuntkr, 7.(7., p. 304.] 

36. A membrane is uniformly stretched upon a square frame to 
which it is attached along the edges. The centre is displaced slightly 
through a small distance k perpendicularly to the frame, the form 
being that of four planes pissing through the edges of the square 
and a common point above the centre. The side of the square is a. 
The constraint is then removed. The equation to determine the 

subse(|ucnt vibrations is ^ solution suitable 

for such a case as the above may be assumed to be 

. , . . . n7r(x-\-a) . r7r(y + a) 

W -^An, r cos yt Sill Sill , 

the origin being taken at the centre of the square and the axes 
parallel to its sides, t being the time measured from the instant of the 
removal of the constraint, and n and r being integers. Also it will be 
noted that x= ±a and y-±a will each give w = ^ for all values of t. 
Prove (i) 4a‘^y- -= + r% (ii) that n and r are odd, 

(iii) y/„,r = 0 if (iv) An,n = ^kjn^Tr\ 

and 


O/C » 

1 )***'" 


1 (->8+ l)ir(J + «) . (2t + l)»r(|8 + rt) 


cos (2i -f 1 ) - 


37. The fixed boundary of a membrane is a square, and the centie 
oi the membrane is displaced perpendicularly through a small space 
ifc, the membrane being made to take the form of two portions of 
intersecting circular cylinders. Taking the same general form of 
solution as before of the equation for the vibrations when the con- 
straints are suddenly de.stroyed, prove that n and r are odd integers, 


and that 


Vm (n 


mr . rw\ . 

,--sin 2 ). 


wv}‘ [Math. Trip. III.i 1886.] 
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38. Ohm’s Equation for the flux of electric current in a wire of 

section (o, conductivity L and electrostatic capacity per unit length 

.dF2Ud^F. f f 1 r • f f / f • A 

<?, IS -^ = giving the potential V in terms of t the time and 

X the distance of a point on the wire from a given origin on the wire. 

CliC 

Assuming as a solution of this equation y + 2Ae-P^ sin {qx + fi), 

where a is the constant potential for all values of t at the battery 
end of the wire and x is measured from the earth end, I being the 
length of the wire and Ay B arbitrary constants, show tliat 

and if when / — 0, F==0 for all values of x from 0 to /, show that 

2il'ii> w*»* 

Tr ax 2a cos rnr - — - * . nrrx 

F=- 7 -+ — V e ‘ sin-,-. 

/ JT ^ » I 



CHAPTER XXXVI. 


MEAN VALUES. 

164-0. We next exliibit the application of the principles of the 
Integral Calculus to the calculation of mean values. This sub- 
ject and that of Chances to be considered in the following chapter 
are wide, and the devices and artifices numerous. The general 
principles and theorems are however but few, and the problems 
arising depend for the most part directly upon the fundamental 
definitions. A considerable number of illustrative examples 
are appended to illustrate the more important modes of 
procedure in the application of the Calculus, and also in the 
evasion of the necessity in some cases for absolute integration. 
Many of these are fully worked out ; others are left for the 
reader to complete the details of the integration when it is 
not necessary to supply them ; for it is in the formation of 
the proper expressions to integrate and in the assignment 
of the correct limits that difficulties arise rather than in the 
subsequent mechanical process of evaluation. 

1641. Def. The (tgd- . H-an) defined as 

the Mean Value of the n quantities ag, ... fin, supposed all 
of the same kind, n being a finite number. 

This is the quantity known arithmetically as the arithmetic 

mean’' or average value. It may be written as -2(a), and 
denoted by 

1642. Combination of Means of Several Groups. 

If there be several groups of quantities of the same kind, 
viz. (aj, ag, ... a^), b^, ... b^), (c^, Cg, ... c,.), ... of respective 
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numbers j>, q, r, etc., and M(a\ M(h\ M(c\ ... the respective 
means of the groups, then the mean M of the whole set is 
j|/= W+20H - • pM(nHqM(l>)-\-riV(c)A-.., lpM(a) 

which is the same formula as that for the ordinate of the 
centroid of weights p, q, i\ ... placed at points whose ordinates 
are il/(u), M(r), etc. 

1643. Mean Values of Products two and two, etc. 

Let there be a group of n quantities of the same kind. 

Then 4. - 1 4. 

71“ 71^ 71 n 71 

Hence {M{,a)f = — M(a,u,). 

Similarly 

71^ 71^ ^ ?r^ n 7i n n 7t^ - 1)(« - 2)* 

We may note that when 7i is indefinitely large, th(‘ mean of the products 
of pairs ivS the square of tlio mean of all quantities ; and the mean of tlie 
products three at a time is the cube of the mean of them all. 

These rules determine the mean values of the products, two at a time 
and three at a time respectively in terms of the means of the original 
quantities, of their .squares and of their cubes. 

1 644. Extension of the Conception of a Mean. 

If the number of the quantities etc., he very large, 

and their sum very large, the fraction - tends to take the 

form 00 /oo . In thi.s case suppose the several quantities 
aj, a^y etc., to be the equidi.stunt ordinates of a continuous 
curve y—(j>(x) corre.sponding to absci.s.sae 

x—a, a-\-h, a+2/i, ... a \^{n—l)h b, say. 

Then the mean is 

— (a) -f (jp (a + /t) -f 0 {(I + 2/<) + . . . + 0 (<^ + '*^1 1 ^0 } > 

n 

which may be written as ^h(li{a + (r~ l)h}/^h, which 

1 

when n is indefinitely increased takes the form 

f (p{x)ilxl(h - a). 
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It is assumed here that the several quantities a,, ... a„ 

are sucli that no two consecutive ones differ by a finite 
difference when n is indefinitely great, but that the curve 
y:z=^(l,(x) is one in which there is a continuous change of 
the ordinates between the limits considered. Otherwise the 
integral expression would be meaningless. 

1645. Geometrical Meaning of the Mean Ordinate.” 

It follows that the value of the mean ordinate, taken for 
equidistant and indefinitely clo.se ordinates, is represented by 
the area bounded by the curve, the cc-axis and the terminal 
ordinates divided by the projection of the curve upon the aj-axis. 

That is the mean ordinate FN of a curve PiQi, between the 
initial and final ordinates ^^\Q\ «uch that the area 

P^N^MyQyPP^ is e(pial to that ot the rectangle FN^M^G, where 
FG is drawn through P parallel to the ®-axis (Fig. 476). So 
that as much of the area of this figure lies between PO 
and the curve as lies between PF and the curve. 



1646. The Case when the Quantities are Functions of Several 
Variables. Nature of the Distribution. 

If the quantities Uj, tig, ... be functions of several 
variables, first say of two, x and let us consider etj, a^y ••• to 
be the 2;-ordinates of a surface z — (p{Xy y). Let the plane 
x-y be imagined ruled by lines Sx apart parallel to the 
y axis, and by lines Sy apart parallel to the aj-axis. Let one 
ordinate 2 , viz. <l>{x, y), be erected at the corner x, y nearest 
the origin of the elementary rectangle Syy and let the same 
be done at each of the corners nearest the origin of the 
remaining net-work of elementary rectangles. Then we shall 
understand by the “ mean value ” of z the limit of the fraction 
whose numerator is the sum of all these ordinates and whose 
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denominator is their number, or, what is the same thing, 




i.e. the volume bounded by the x-y plane, 


the surface z^<p{x, y), and cylindrical surface bounding the 
portion of the surface considered, whose generators are parallel 
to the 2;-axis, divided by the projection of that portion upon 
the x-y plane. It will be observed that the number of these 


that is the area of the 


ordinates is measured by 
projection described. 

And if there be three independent variables, so that 
u=<li{x, 1 /, z)y we shall understand in the same way that by 

the “mean value” of u is m^Bx^i^^^udxdy dz j^^^dxdy dz, 
and the number of cases is measured by 


similarly if there be a greater number of independent variables. 
And as before it will be noted that it is assumed that no two 
contiguous quantities of the group considered differ by a finite 
difference when their number is infinitely great. That is 
to say, that unless some other distribution of tlie various 
quantities rtj, a^, etc., is expressly notificKl, the distribution 
in the case of two independent variables is that in which 
there is one ordinate to each of the elementary areas SxSy, 
which go to fill up the area on the x-y plane which may be 
bounded by the prescribed limits of the summation ; and that 
for three independent variables the region through wdnch 
the summation is to be effected is divided into equal volume 
elements SxSySz, and that this summation is t<3 Ix^. taken for 
one value of u, viz. 0(x, y, .z\ for each element of volume 
ix Sy 8z. 


1647. Other Systems of Variables. 

Of course the elements of area and of volume expressed in 
the Cartesian manner as SxSy^or as SxSySz respectively, may 
be replaced at will by the corresponding expressions rSOSr 
or Qin 6 SO Sil> Sr, if work in polar coordinates be indicated 
as more convenient for the problem under consideration, or 
by the corresponding elements for any otlier system of 
coordinates. 
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And if there be more independent variables than three, so 
that we fail to interpret the summation by geometry of two 
or of three dimensions, we shall still understand the mean of 
the function x^, x^, ... x„) to be 

III ••• ... dx„lj^ ... jdasidxjj... dx„, 

and the number of cases to be measured by 

dx^dx^ ... dxn 

when the limits have been properly ascribed .so as to effect 
the summations in the numerator and denominator for all 
values of the independent variables included in the compaas 
of the summation to which the “ mean value refers. 

1 G48. Nature of Various Distributions. 

It will be manifest that in the ca.se of a distribution of an 
infinite number of quantities such as the ordinates of a curve 
or of a surface, and who.se mean is required, and which have 
so far been taken as equally distributed along the a;-axis in 
the one ca.se or over the x-y plane in the other, if this equable 
distribution ceases to hold good it will be necessary to form a 
clear conception of the nature of the distribution which is to 
be adopted. It will make this 
matter obvious if we take a simple 
example. 

Consider the problem of finding 
the mean value of all focal radii 
vectores of an ellipse. Usually we 
should understand this to mean 
that if .d , C, D, ... be indefinitely 
close points on the circumference and S the focus from which 
the radii vectores are drawn, then the mean is to be taken 
for all the radii vectores such that the successive angles ASB^ 
BSC, CSD, etc., are all equal infinitesimal angles &Q, In which 
case, r being the radius vector for an angle 0, the mean value 



But it might be that the successive arcs AB, BG, CD , ... are 
to be taken as equal, or that the successive areas are all equal, 
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or tfiat the successive points Ay B, G, D, are defined by an 
equable distribution of the feet of their ordivates upon the 
X-axis, or other conceivable distributions may be adopted. 
'J"he mean values in these cases are respectively 


Jr ds j Jr . r- dd j Jr- dO, 



and the several results are obviously not the samc^ 


1649. Density ” of a Distribution. General Remarks. 

It will appear therefore that in each case the nature of the 
distribution, or, as it may be called, the “ Density,” must be 
carefully defined. Tliis is of primary importance. 

When the distribution is one in which tlie angles between 
the successive radii vectores are equal infinitesimal angles, as 
in the case cited, they may be described as equally distributed 
about the origin from which they are drawn. This is the 
usual case. 

In the same way, in three dimensions, when a distribution 
of radii vectores drawn from an origin to a surface is said to 
be ** equable,” we shall understand this to mean that a unit 
sphere having been drawn with centre at the origin, and its 
surface having been divided into equal elementary areas, one, 
or the same number of radii vectores, passes through each of 
these elementary areas. The mean value of r will then be 


JJr . sin 0 dO d^^JJsin 6 dO d^ or Jr dw / JdtD, where is the 


elementary solid angle subtended at the origin by each element 
of the surface. 

If the surface itself be divided into equal elen)entary areas 
SSy and the same number of radii vectores pass through each 
such element, the distribution may be called an “equable 

surface distribution,” and the mean value will be \rdsl\dS. 


If radii vectores be drawn from the origin to jxjints within 
the region bounded by a given surface, it is usually under- 
stood that they are drawn to equal elements of volume. 
The mean is then 


JJJf .f^sin ddOdtpdrjjjjr^smOdddipdT, 
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1650. Illustrative FIxamples. 

1. Fitid the meon distance of points on the circumference of the ellipse 
from a focus, the density of the distrihuiion being defined as one in which 
successive pairs of points subtend equal angles at the focus. 

Taking the equation as = l -f e cos we have, b being the seini- 
niinor axis, 


Mir) = L. 

jde 


jrde 2lJJ(]-heco8d)-'d(^ 




2. Find the mean inverse distance of points within an ellipse from the 
focus, the distribution being an equable areal one. 


IIIm Ijne^ f 

j frdffdr ^ 


Area Area 7 rab a ' 


a, b being the semi-axes. 

3. Find the mean distance of a point within an ellipse from a focus. 


Here M(r)^ 


j jr.rdddr 

J JrdHdr 


[Colleges a, 1886 and 1879.] 


b Ja ^Trah jo ( 1 -}- c cos gy 


9/3 1 fir 


2Z3 1 / 

3x-a6(i_g2)n’^ 22 ;“ 


P 2 + e* 


4. Find the mean distance of points within an ellipse from the centre. 

[COLLBCRS o, 1886.] 

Here, measuring 0 from the minor axis, 

I sin*^ cos^^ ^ jir/ X 4 4a^b^ ^ 

»•’ a* i* *" ^ ^ avrabk 3ir jo (a*cos*0+6*sin>fl^ 

“Si r ’ (Art. 391 (1)) 


X (Perimeter of Ellipse) (Art. 567). 

6. Find the mean of the distances from one of the foci of a prolate spheroid 
to points within the surface, [Wolstkn holme, Educ. 'Fimes.] 

Taking 1 -hecos ^ aa the generating ellipse, 

' Volume Vol. 4 7 o (l+eco8 6^)^ 4 
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6. A particU describes an eUipse aboiU a centre of force in the focus 8, 

Show that its mean distance from 8 with regard to time is a^l ^ p j 

If < be the time, then const.— for equal sectorial areas are 

described in equal times. 


frdt (r^dd Cr^dd , 

Hence lHr)J L 

jdt jr^dd ^ ^ 


(by Ex. 3). 


7. Find (he mean value of r~^ with regard to time under the same circum- 
stances, f 1 f 

kdt dO 


/> f 

-f- 

jdt I r-o 


27r 1 

2. Area ab’ 


8. Show that the mean distance of points within a square from one of the 
angular points is to a side of the square in the ratio {\/2 + fo^{\/2+ 1)} to 3. 

Take OAf OCf sides of the square OABC^ as (x»ordinHte axes. We may 
confine our attention to points within the triangle OAB without altering 
the result. Let a be a side of the square. OP=r. Then (Fig. 478) 


ri rtLaecS 

I r^dddr - 

ta« ^ faj^ 8ec>fl dfl =? { V2 + log (V2 + 1 )). 



Fig. 478. Fig. 479. 


9. Find the mean distance of a point within a rectangle from the centre, 

[Ox. II. P., 1885.] 

Taking 2a, 25, 2al as the sides and diagonal, and axes parallel to the 
sides through the centre (Fig. 479), 


j jr,rd6dr 
j jrdddr 


4 

3 . Area 


aUec^ddd+l 




1 a* 

"eJ 



d+b) , 1 bUd a . 

— l+6aU-6 + *“K 


<i+a\ 

~r-| 



d+a 

nr 
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This is also obviously the result for the mean distence of a point 
within a rectangle of sides a, b end diagonal d from one of the angular 
points. 

10. Find the mean distance of poirUa on a spherical surface from a fixed 
point O on the surface for an equable surface distribution of radii vectores. 

Here M{r)^ jrdS j jdS, where dS is an element of the surface, and 
with the notation indicated in Fig. 480, 

9 

M(r)^j^ 1^*" (f-^ade.a sin 2$ d<pl4ird^ = IGTraVl^Tra^ = 4a/3. 

11. Find the same mean for a distribution of radii vectores equably drawn 
in all directions from 0. 

1 r^ir 

Here 3f(r) = — — 2aco8 sin 

j diii ® ^ 



Fig. 480. Fig. 4«1. 


12. Triangles are drawn on a given base a, and with a given vertical angle 
a. Find the average area. [SanjAna, Educ. Times.] 

Let A be the vertex, BG the base = a, O the circunicentre, OA-R, 
making an angle 6 with a perpendicular to the base. Then R^aj^em a. 

The perpendicular from A upon BC = R (cos ff+coaaj^ and if the mean 
be for an equable distribution of positions of OA^ (Fig. 481), 

M(AABC)=iaRj’ '{eoB9+cma)d0j d0 


1 

2 ir-a 


^sin^-f ^ 


oosaj 



13. (a) A person is left a triangular piece of ground whose perimeter only 
is known ; show that he may fairly calculate that the area is to that of a circle 
whose radius is the known perimeter as 1 : 106, sides of all possible lengths 
being equally likely to occur, [Math. Tripos.] 
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(6) A straight line of length a is broken into three parts at random. If the 
three parts can he formed into a triangle, find its mean area. 

[St. John’s Coll., 1881.] 

(a) and (6) are the same problem. 

Let OA be the line, P, Q the random points of division, P being the 
nearer to O, OP^x^ OA=^a. Then 


O ^ 


p Q ^ A 

Fig. 482. 


The limits of integration are to be such that 
(i) sf + (^-x)<t(a-i/) ; (ii) (y-J?)+(a--y) < .r ; (iii) (« - y) + .r < - .r), 

i.e. ■r>^, and + So the limits are, for .r, 7/-^* to 

for y, I to a. Now putting a-y — h^ 


■Cs V(l -^)(1 -.V + ^)*<^=/V*(6 - u)rfu = ^’= -y)* 

Therefore writing y=| + ^i 


Also 


jjdxiy = j (a-y)dy = ^\ 


wa^ 1 


Af(A) = r77i — t 7 := of the area of a circle whose radius is a. 
105 105 


1651. The Mean Inverse Distance considered as a Potential 
Fanction. 

In problems on the mean value of tlie inverse distance 
between pairs of points, much labour of integration may 
often be avoided if it be recognised that such problems are in 
fact problems on the mutual potential of two gravitating 
systems of material particles. 

The potential at any point P of a system of gravitating 
particles of masses m^, etc., at distances r^, rg, etc., 

from P is defined as 2fn/f. 

The Mutual Potential of two gravitating systems of masses 
of two separate groups (m^ m{\ ...) and (m^, ...) 
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is defined as where represents the distance 

between and etc. 

But if the particles be particles of the same group^ the 
mutual potential is [See Routh, AUractions, p. 29.] 

1652. Theorems in Potential reauired for the Problems to be 
considered. 

In the case of a spherical shell of mass M, the potential at 
an external point at a distance r from the centre is ilf/r. But 
at an internal point it is M/a, where a is the radius. 

In the case of a solid sphere, the potential at an external 
point at a distance r from the centre is again M/r; at an in- 
ternal point — M being in each case the mass and 

ti 

p the uniform volume density. 

The potential of a thin rod AB at any point P is 

m log cot ^PAB cot \PBAy 
m iMjing the mass per unit length — mass/length. 

These integrals are all well known, and are useful in the 
present class of problem. Many other cases will >>e found in 
Routh’s Attractions. 

1 653. Suppose we are to find the mean of the inverse distarwe 
between two points P and Q, of which P lies on a spherical surface 
of centre C and radius a, and Q lies in any other region R which 
lies entirely without the shell. 

Let dS be an element of the spherical surface, dR an ele- 



Suppose the surface and volume densities to be unity, and 
letPO=/>. Then 
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If any portion of R lies within the shell, let and R^ 
be the masses of the portions lying respectively within and 
without the shell ; Q and Q' two points of the region R, the 
one outside, the other inside the shell. Then 


CCdS.dR f 

(dS.dR, , ff 

Jj PQ “J 

J PQ 'JJ 


dS.dR^ 

PQ' 


=S . potential of R^ at C+S . 



Fig. 484. 


Hence |potential of Ro at 

(See a Theorem due to Gauss ; Routh, Attractions, Art, 70.) 
If R lies entirely inside S, Ro^O, Ri==R and M 


1654. £xample.s. 

1. Find the mean inverse distance between a point P which lies on a 
spherical surface of radius a, and a point Q which lies on a circular disc of 
radius b, whose plane passes through the centre of the sphere, and the disc 
lying (i) entirely without the spherical surface, (ii) entirely within. 



(i) Let 0 be the centre of the sphere, p the distance between a pair of 
the points. Then we have 

potential of disc at 0. 
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If c = th6 distftncd between the centres, this msiy be expressed as 
J- hjb-c COB B )de 

Trb^Jo y/b^-2dccoaB-h^c^' [Math. Trip., 1884.] 

kJ-. 

(ii) If the disc lie entirely within the spherical shell, we have at once 



2. Find the mean inverse distance of two points P and Q, one rvithin a 
sphere of centre A and radius a, the other within a sphere of centre B and 
radius b, the centres being at a distance c apart (c > a + h). 



If Vy V' be the respective volumes, PQ=Pf 

..n\ /(potential of Fat 

^\p) Vr~ TT — 

^V'l potential of F' at 

1G55. A Usefhl Artifice; 


Q)dr J^dr 
TF" 

a_JL F'_l 

V' ' ab~7 


Let repreHent the mean value of any function of the 
distance between two points, one fixed on the boundary of any 
region, the other free to traverse the region. Let be the 
mean of the same function when each point may traverse the 
region. Then either of these quantities may be deduced from 
the other. 

Let A be the area, or V the volume of the region, according 
as it be of two or of three dimensions. 

Let R stand for ^4 or F as the case may be. Construct a 
parallel curve or surface by taking a length dn (a constant) 
upon each outward drawn normal, thus making an annulus 
or shell round the original region. (Fig. 487.) 

By this increase of the region i2, is increased by the 
cases in which one or other of the points lies in this shell, or 
by both lying in the shell. 
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The number of cases to be examined in finding is 
measured by 22* 

The sum of the cases is measured by Mg 22* 

The increase in tliis sum due to the increase of the normals 

from n to n-\-dn is ^{M^R^)dn. 

Again, the number of cases added by taking one end of the 
line on the shell and the other free to traverse the region it 
encloses, is measured by 22 . dn, where S is the perimeter 
(or the surface, as the case may be) of the region. The same 
is true if the second end lies in the shell and the first is free 
to traverse the l)ounded region, whilst if both ends lie on the 
shell the number of added cases is measured by (S dn)* 

Hence (M.,TP) dn=2M^ . R . Sdyi+M^iUdnf -, 

and as the second term on the right is a second-order infini- 
tesimal, we have in the limit when dn is indefinitely small, 

^(Af.>i2*)=2Afi/2/S, by which equation the value of either 

Ml or Mg can be deduced when the other has l)een found. 
This artifice is useful for circular areas or spherical regions, 
and may be used in other cases. 


O 


Fig. 487. Fig. 488. 




1656. Illustrative Examples. 

1. (i) Show that the mean distance of points unthin a circle from a fixed 
point in the circumference, viz. My, is 32af9ir, a being the radius. 

(ii) Show that the mean distance between any two points within the circle, 
viz, Mf, =128o/45ir. [St. John’s Coll., 1885.] 

Let O be the fixed point on the circumference and Ox the diameter 
through O. r, $ the coordinates of any point P. (Fig. 488.) 


(i) 


Mi^M(OP) 


jjr^dddr ^ jf (2a cos 2 | 

Jjrdddr ^ i l 


33a 
Smr ' 
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(ii) Again <i{{Trt*)W,) = 2.ira«.27roia.^=l?“,ra*rfo, 

uTT 9 

and Mt vaniaheB with a. 

7r‘Vjlfa = -^^7ra® and — 

4«> 457r 


2. (i) Jtind the metin distunce of u point on the suvfacB of a sphere of 
radius a from internal points, 

(ii) Find Ji/j, the mean distance between two points within a sphere of 
radius a. 


jjjr.>^HinedOd4,dr j 


Ga 


d TTa^yWa} = 2 . ^Tra^ . 47ra2 da , 


(ii) 

and ifa vaninhos with a ; 

/. (j7ra*^)W2 = and JM ’2 = Sf«' 


3. Mean distance of points within a sphere of radius a and centre C from 
a given external point 0 ; OG=c, 

Let 0(^Q' be a chord through an internal point F, whose coordinates are 
r, 6 with reference to 0 as origin, and let <#> be the azimuthal angle of the 
plane OCP. Then 



Let QQ'-2z ; then 

^2 = a* — c^sin* zdz^ — c^sin 0 cos Odd— — \ {OQ •\-OQ')c sin Od$y 


and the limits for z are from a to 0. 


4. Mean distance of points upon the surface of the sphere from a potni O 
without the sphere. 

The number of cases in which F can traverse the whole sphere is 

[ I ®*”| 

^^6 TJ* 
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The change effected in this hy increasing a to a+ da is 

^iira»(c + \ ^‘)rfa=4ra‘(e + | l’)da. 

The number of these introduced cases is to the first order iira^dat the 
new cases being those of the points on the shell. Hence the mean 

required 

5. Find the mean distance of aU points P within a sphere of raditis a and 
untre C from a fixed internal point 0; OC- c. 

Here M{OP) sinddO d<f> dr = [r*] sin 6 d6. 

Let QOii' be the chord through P, AO A' a diameter and BOB' the 

A A 

perpendicular chord. Let AOQ^B, A'OQ'=6'. We may replace [r^] sin 6 
by 0§*8in ^+0§'^sin $' and integrate with regard to ( = ^) from 0 to 

~ ; for having integrated for from 0 to 27r, all elements will be thus 
summed. Now OQ*+OQ'*=2(a*+<?*)~4c2Bin*ft and 

0§*+0§'*=(4(a*+c*)*-2(a*-c*)*}-16c»(a*+c»)8in*^+16c*8in« 6. 



Hence 


M(OP) = ^, I (2a* + 1 2a V + 2c*) - ^ c«(a» + c*) + 1 6c‘ . I = ® « + i 

When this becomes 6a/5. 


1 

20 a** 


6. Deduce from the last result the mean distance between two random points 
within a sphere. 

Taking C for pole and r,, <pt as the coordinates of 0, the sum of the 
cases with a given point 0 for an extremity is 




L 4 ^^2 a 20 a*J' 


Multiplying by r|* sin dBi d^i dr^ and integrating through the sphere, 

we have 


Moan vriue n>qiiir<>d - | ,a* . 2» . 2 . + i . 

^a otherwise in £x. 2. 


1 aT-|_36a 

20o» ’ 7 J 36 
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7. Find tfec mean distance of a given point 0 wilhin a sphere from points 
on the surface. 

The sum of the cases of distances of internal points from 0 being as in 
the last example, ir(«*+§c*a*~|*|C*) is increased by 7r(4a* + Jc*a)da by 
increasing the radius to a + da. The number of added cases is to the first 
order measured by 4ira*da. Therefore the mean of distances of points 
on the surface from the given internal point 0 is 


7r^4a* + ^ c*a^da j4ira*da—a + ^ ^ . 


8. Find the mean distance of points between the surfaces of two concentric 
spheres of radii a, from an external point P at a distance e from the 
centre 0. 



Talcing Q any point of the shell distant x from the centre, the mean 

value of Pg is (J4-S ~ , and the number of cases between the spheres of 
3 c 

radii x, z-^dx is 4^irx*dx. The sum of the cases for this thin shell is 


tliei’efore + ; 


M{PQ) 




for the shell of finite thickness, 

l:r*\ 

)ax 

be a,* 


f *4trjr*dx 

J «! 


1 a,»-t 


9. Find the mean distance of points within a sphere of radius a and 
centre 0 from points within an external concentric spherical shell of 
internal and external radii a^ and a*. (Fig. 492.) 

Ijet P and Q be two such points, Q lying within the shell, OQ—x. Foi 

a given position of Q, Jlf(Pg)=jr+i j. The number of cases is measured 
by ^iro*,nnd their sura by let Q traverse the shell. 

Let dV be an element of its volume. Then 

jl^a^dV 


M(P(i) 


j"* 4vx^dx 


3o,‘-V, 3 
’4 
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In the particular cases stated below, we have 
(i) a,=aj, Jf=a, + ? ^ ; (ii) a, = 0 ^= 0 , i 


(ill) a = 0, J/= 


4 ai^-\-aya2 + a2^ 


('iv) rtj =«2 *i*^d a~0, J/=«, ; 


(v) rtj— fi, Af= 


_ 3 (#/ + cfoXT^?* 4- r><r.r) . 


4 - era., 4- Oo** 


(vi) aj = a = 0, il/= 



Fig. 492. 


Fig. 493. 


10. Find the mean distance of a point P which lies between the surfaces of 
a spherical shell of inner and outer radii Ui and 02 from a point Qt which 
lies between the surfaces of a concentric spherical shell whose inner and outer 
radii are bi and 6 , (69 > 61 > a, > a,). (Fig. 493.) 

Let 0 be the centre, OQ=x. For a fixed position of (,>, 

^ 3 , 

and the number of such cases is measured by a,*^), and their 

[ I 5 _ ^ 5-1 

\ — ^^\^.F{z\ say. Hence when Q is 

free to travei'se the outer shell, we have 


Af(PQy- 


jATrx^F(x)dx ar^x 

j 4irz^dx X J7r(a/ - a^^) 

3 6/ -6/ 3 V-V 

°4 V- V^iO a, ’-a,* ■ V- V' 


Ji, V 5.va,’-a,^/ 


11. Mean distance of points Q unthin a sphere of radim a, from points P 
on the surface of a second of radius b external to the former, 

A and B being the respective centres and P a given point on the 
surface of the second sphere, the mean of distances from P of points 
1 

within the first =sr4---- ~ , where .,47^= r. 

0 r 
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Hence the Huni of the cases is measured by Hence we 

f~ira^(r + ^-^-)diS 

are to find for the second spliere ^ or/ 

j^TTU^dS 



Now Jr = X mean distance of points on the second sphere 
from = 47r/>*^r + ^ 

and J"— = potential of a shell of unit density at the point A = > 


A-rrh 


mean value required =• 


c) 


iirb* a * 


Atto* 


1 fc* la* 
‘’■*'3 c'^h c' 


12, Mpnn disUmc€ of two jtoints Q and P, one on each of two ephericdl 
surfaces of radii a and 6, each outside the other. 

A and B being tlie centres, r~A}\ the mean of the distances on the 



surface of the Hrst sphere from /'=r+? and the sum of the cases is 
measured by 4s-a«^r + \ Hence, we have to find for the second sphere 
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13. If each of the points in Case 12 he aUoujed to traverse the interior of its 

own sphere^ 






I: 


va*dV 


taken through the second sphere 




14 . Mean distance between points P and Q, P lying anywhere toithin a 
sphere of centre A and radius a, Q within a sphere of centre B and radius h, 
enclosed entirely by the first. 

Let AB^e^ BP=r. First fix P. Then 



(i) if Plie without the smaller sphere 

1 b* 

M{P(^) = r‘\-~ and the number of 
such cases is measured by jjwfc*; 

(ii) if /'lie within the smaller sphere 

= ^ the number of 

cases being, as before, measured by 

The sums of the cases are therefore 


and 


4 

a 


1 . 6 > 


/3. r* r* \ 
\4 ■^26"2()6V’ 


These are to be summed for all positions of P. In the second expression, 
P necessarily lies in the smaller sphere and in the first expression the 
integral through the shell is the difference of the integrals taken through 
the two spheres- 


The first therefore yields * 'f'^ / r”)’ element 

of volume, 

4 ^r4 ,/3a^lc* 1 2 , .-H 4 ,.r4 36 6» „ .,1 

VT + 2 a - §6 «• 5 • 3 - " >J - ■ 4 + 5 • J’ 


The second yields 

f .rr3"*‘(i* + £ ■ . 2 . JJ. 


Adding and dividing by |ira*x4^6*, the mean value required is 

4 '^2a 20a* 10a ” 10 “a^ 140 a*’ 

When c»0 and asx6 this reduces to }fa, the result Ex. 2. 
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16. Mean dietanu PQ. where PandQ lie, one within a sphere of centre A 
and rarffiM o, and the other wUhin a sphere of centre B and radius b, the 
spheres intersecting , where AB^c ( > a). 

Let BP=:r. Fix P. Then, (Fig. 497), 

(i) if P liee without the 6-8phere, the sum of the ctisoB is ine8i8ured hy 

(ii) if P lies (at P') within the 6-sphere, the sum of the cases is measured 




We have now to sum j the a-sphere, omitting the lens, 

and + 1 ^_^^)dFfor the lens, 

and after addition to divide by the measure of the whole number of 
compound cases, viz. |7ra*. J7r6*. 

Now the integration of any function <^(r) of the distance r of a point 
P' from an external point J?, can be conducted through the region enclosed 
by the lens as follows : 

Let F, F' lie the vertices of the lens (Fig. 498). Then if x be distance 
from F of the common plane section of the sphere of radius a and 
centre A with the sphere of centre B and radius r, we have 

r* + c*-«* a*-(r-c)*. 

^ “ 2c 


and if r increases to r+dr, the volume of the lens increases by 


firr- 


2c 


-dr, 


this being the volume of the added layer. 

Every point of this layer is at the same distance r from B. Hence t e 


integration of ^(r) through the lens is J<^(r)~{a*-(r~c)*}rdj with 
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limits c-a to 6; and for the rest of the a-sphere with limits from 6 
to c+ a. And we have 


Jr" d r=B ^ Jr"'*’ * {(a* - c^) + 2(r - r®) dr 

= - s («*-<;*)— -^ + 2c— -i:- ^ say. 

c I n + 2 7i + 3 71 + 41 


Hence 


The integrals [[aJ ^re interesting from another point 


of view, and reduce as follows : 



= ^(c+-a-6)2(2a+-/>-c), and is the* potential at B of the 
meniscus FCO taken as of uniform unit 
volume density. 


f/ol =|Y + ^ + 4(a2-of>+-62jj^ and is the volume 

of the double-convex lens. 


1657. Mean Square of Distance between Two Points. 

I.et P and P' be random points in the respective regions 
R and R, which may be one-, two- or three-dimensional. Let 

0, G' be the respective 
^ centroids of these regions 
\ for a uniform moas-d IS- 
C' \ tribution, and the line, 
) surface or volume den- 

^ sity, as the case may be, 

l>e taken as unity. Let 
ff and H' be the moments of inertia with regard to the respec- 
tive centroids, viz. 2m6'P* and Sm'GP * Then taking jR, R as 
the lengths, areas or volumes of the regions, as the case may be, 
Mip^)=GG'^^+HlR+HIR\ 



For M(p^)=r^^PF^dRdR'j^^dRdR', 

and ^PFHR^R’.PG'^+H'-, 

(I^grange's Tlieorem, Houth, A. St,, 1. 436.) 

^^PP'^dR’dR=j{R'. PG'*+H')dR= F{R . GG^+ H)+ H'. R ; 

also ^^dRdR=R.R, Mip^^GG^-^HjR+H'lR. 
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Pho Vftlu6s of H. [ind H are Icnown for many elementary 
cases. 

Cor. I. Centroids coincident, Cr6f'=0, M(p^)=HIR+H'IR', 

Cor. II. (i) Regions identical, M{p^):=2HIR. 

(ii) If the region be a plane lamina, 

H/R=ii(i. of radius of gyration=A;^ ; M{p^)=2k^. 

1658. Examples. 

1. For two ellipses, semi-axes (a, h) and (a', ?/), lying in the same plane, 

c the distance between the centres, + 

2. If /i and R be the same square of side Af{p’^) = a^JZ, 

3. If /t and /{' be the same sphere of radius a, within which each point 
may move, 3f{p^) — ^n^ir}. 

4. If H and /t' be the same sphere of radius or, on the surface of which 
each point may move, Af(p^) — 2aK 

5. If /* moves on the surface of a sphere, and R on a diametral plane, 

6. If P moves on the surface of a sphere, and P on a great circle, 

M{p^)^2a\ 

7. If /' and R move one on each of two straight lines of lengths 2o, 26, 
whose centres are a distance c apart, il/(p'‘*) = c*4’ («‘‘* + 6‘'*)/3. 

If the lines be identical, J/(p“) — 2aV3, 

with the same result if not identical, but with the same centre and of the 
same length. 


1659. If one of the two points be fixed, say R^ and P traverses a 
region /f, then taking /*' as origin 0. Then 

M(p‘) = lor‘dfll jd/i=00’‘+Hlli. 


1660. Examples. 


1. If 0 be the centre of a square of side 2a which P may traverse. 


i/(p*) = 2a2/3. 

2. If 0 be a point at distance c from the centre of a circle of radius a in 
any position which P may traverse, if(p*)=c*+rt*/2« 

3, If 0 be the centre of an ellipsoid of semi-axes a, 6, c, throughout 
which the free point may travel, if(p*)=(a®4'6*-f o*)/5. 

If 0 be the extremity of the a-axis, iV(p*)=a® + (a''*4'6*+c®)/5. 


4. If P lies on the circumference of a semicircle and R on the diameter, 
of length 2a, 
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Otherwise : — with the notation of Fig. 500, 


M((f) 


f f {a*-2axco8e+a^)dedx 

J±jI=1 ^ = 1 [ (2„3 + ?|-W= 


3 ’ 




5. If P lies on the circumference of a circle, and on one side of a given 
diameter AB and P* on the opposite semi-circumference, (7(j?' = 4a/ir ; 

... 

Otherwise If 0 be the centre, AOP^Q^ A0$=s<#>, (Fig. 501), 

I’ 4a* sin* -^d0d<l> I j’ ded<p = ~ j’ (’ {I- coa ($ + <(>}} ded<f, 

= e tc. = 2tf * (tt* + 4 )/ir“. 


1661 . Mean Power of Distance between two points P and Q. 

Examples. 

1. Let be a given straight line of length a ; P and ^ two random 
points upon AB^ P being the one more distant from A ; AQss^, 

f j [ jpd4r=2a’*/(» + l)(n + 2). 

«-f lyo ! h 


2. If P lies on the circumference of a circle, and Q be at a fixed point 
0 of the circumference, C the centre, (Fig. 502), 

m * 

ef a rf 9'**^ a** 

if(0/*")s=2/ 2a(f^/circumf. = - (2a)"( coB*6d6ss Xi; 

Jo IT Jo v 


where Ky 


(«-l)(»-3)...2 

ii(«-2)...3 


(71 odd) or 


71... 2 


TT 

2 


(ti even). 
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3, If P lie within the circle, and § be at 0, (Fig. 503), 


where 



Fig. 502. 



4. If P and Q both lie within a circle of radius a, M{PQ^) may be 
inferred from the last result. Let JIf be the result required. The 
number of cases is measured by ira^x rra^ and their sum is measured by 
If the radius be increased to a + da, the increase in the sum 

=^^-^{MTr^a*)dn. This increase is brought about by the addition of the 

cases in which P or Q or both lie on the annulus, and is 
on+t^n 

2 . 27ra da . Tra® — rar~ ^2 + ^rra da . 27ra da . if. , 

TT 


the first factor 2 being inserted because either P or Q may lie on the 
annulus, and the second term arises for the case in which both lie on the 
annulus, but is a second-order infinitesimal. 

Hence, if vanishing with o, no constant of integration is required, and 


^(if7r*o<)=-^— TTifa; 


if = 


2«+»a« K. 


n + 2 *’ "(nth2)(n-f4) tt ‘ 

[The result was given by the Rev. T, C. Simmons, Educ. Times^ 7943, 
p. 120, vol. xliii., a different proof being adopted.] 


5. If P lies on the surface of a sphere of radius a and Q is at a fixed 
point 0 of the surface, then, (n > 0), 

tr 

M (OP") = |f ^20 cos )»2>r (2a sin S cos 2a dff = 2 (2o)"/(n + 2). 


6. If P and Q are both free to move on the surface of the sphere and 

n> 1, M(P<y<)^ j j r^dSdslj j dad8= etc.=2(2a)"/(n+2). 

[This result might be inferred from Ex. 5.] 

7. If P lies within the sphere and 0 is at a fixed point O on the surface, 

M (OP^) « I2(2afl{n + 3) (» + 4). 
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8. If P lies within the sphere and Q be at the centre C, 

Jlf(OP»*) = 3a»»/(n + 3). [St John’s Coll., 1883.] 

9. If both P and Q lie within the sphere, proceed as in Ex. 4. 

Then Jlf(PC")-2"+». 32a«/(n4-3)(n + 4)(n+6). 

10. If one point lie within the sphere and the other lie at a fixed point 
0 without the sphei*e, let OQQ' be a chord through P, C the centre, 
COQ^O-i fhe radius, CO=c, OP=r, 

M(OP^) =///»•"• 6 de d<t> drjvol = ^—3 ~ j (Oe'"+> - 0(2"+*) sin 6 dd, 

and OQf OQ* are the roots of p^-2cp cos ^4'C*-a^ — 0. 

For the evaluation of this integral it is convenient to take QQ' as the 
variable when n is odd and 0 as the variable when n is even. There are 
two algebraical identities useful in such cases. Let = fj 


Then, by putting into Partial Fractions expanding both 

sides in inverse powers of .r, and equating coefficients of 



Fig. 504 Fig. 605. 


If m be odd, the indices of 8 are all even. Substituting for 8^ its value 
d=* + 4p and expanding each term, the series all terminate, and we obtain 

r « _ r« =(i'" - d”-i^ + (A) 

If m be even, 

(m - 2) t”-*p + . 

fw~2 ni-4 W“6 

=r(d* + 4p) ^ -(Wi-2)(d2 + 4p) * * p— ... ; 

whence, expanding as before, the series all terminate and, m even, 

r « + (m - 2) + . . . } (B) 

(i) Suppose, for instance, na:3, m=6. Let QQ*^Xy 

= j»x {x* + 4 px* + 3p*) ninSdO (from B). 
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Also 

s^2,-cof>e. ..•» = 4(a*-c*sm«0), p==c^-a\ -4c*sin ^ cos 0 d6l ; 

W b e iu*e s.f^medd^ -x d.r/2c, 

and jl/(Or»)^ - ’ /“ {.,-> + 4p.,*+3ph.->)dx=c^ + ^a^c + -^ 

^ * 5 35 Q 

(ii) Sup])o.se n:=4, m=7, 

J^(0/«)-4^-3 -f / (r.’ - r.’) sin 

.a 

.. am —*- 

= I ‘ + 7p>ia:) sin 0 dff. 

Let /y— I Put P=.r*'cofl^, xdx— — 4t;^sin 0 cos 6 dO, 

.0 

otr. =-(r+l).,-sin^-4pr,.--sine; .-. 

Using tliis mbu'tjoii foi niula, we may show that 

l, + ~pli+ Up‘lj+1p^li = ^^'^^ +-^-Q{^oyP+^{^a)'p\ 

ami finally J/(OP^) — c’ + Sa^c^^- 'i</A 


11. Find the fnean value of for all points on a spherical surface with 
centre at the origin ayid radius a, the distribution being for equal surface 
elements, 

1 I'JT 

M = - — r, I (a CO.S 6^)*” . 2Tra sin 0. a d6= - — 

' ' •Irrrt-jo ' 2?l+l 

3 /(,. 2 n+i) jj, evidently zero. For the values of for which x is 

negative, cancel the corresponding ones for which x is positive. 


12. Find the mean value of {h + my-^nzy^ taken over the same spherical 
surface. 

Changing the axes .so that lx-{-my + nz = 0 becomes the new y-z plane, 
fa; -p + ~ A \U^ ■+■ p- , and 

M[{lx + my-^ nzyv] =. (p + m* + n*) a*^/(2p + 1 ). 


13. Find over the same spherical surface. 

Let pi-q-\-r — k. 

Then f dS 

= coef. in (P4-w* + n»)*. j X'^dS 

= coef. in (P + m* + n*)*. 47ra**+V(2A; + l) 




k\ . 

p\q\r\ 2^1+1 * 
kl (2p)!(2g)!(2r)! 
(2*:)! p\q\r\ 


ttS<P+4+’) 

2p + 2j+2r+l' 
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14. Find M taken over the surface of an ellipsoid of superficial 

area A, semi-axes a, 6, c, where P is the central perpendicular on a tangent 
plane, the distribution being for equal elements of area. 


Then writing 


1 

3 


PdS=l^.Sd,r, 


1-1 

h~a' i~R' 


where do* is the corresponding surface element on the sphere ^ f* == 
we have as the mean value required 
1 abc f _ kl (2p)! (2g)! (2r)! 47r 

A * i23 • -«j 5 2ik+ 1 ^ 

where p+g+r =A;. (See Routh, Rig. Dyn., pp. 7 and 8.) 


1662. Mean Areas and Volumes. 

Examples. 

1 . Find the mean value of the areas of all triangles which can be found by 
taking at random three points on the circumference of a circle of radius R. 

A A 

Let 0 be the centre, ABC a specimen of the triangles ; AOB — 6, BOC^<f>. 



We may fix A. varies from 0 to 27r- 0, and d from 0 to 27r. Then 

/•2ir /‘2n—0 

I I {8in0-l-sin<^-sin(^ + <^)}d^d<^ 

3f(A^BC)=" ^etc.=3JfV27r. 

/, i 

2. Find the mean of the areas of all acute-angled triangles inscribable as 
in Ex. 1. 

Here ^ < tt, ^ < tt, 27r - ^ < tt. The limits are therefore ^*0 to ?r, 

<^= 7 r — ^ to TT, and the mean —ZR^jir. 

3. Find the mean area of all right-angled triangles inscribed as before. 
Take A as the right angle. Then <#>=7r and the mean ^2R*j7r, and 

there are the same number of cases with the same sums if B or C be the 
right angle. Hence the mean =2R*lv. 

4. Find the mean area of all obtuse-angled triangles inscribed as above. 
Let A be the obtuse angle. Here ^ < it, <J> > ir, 2ir - ^ tt. Then 

the limits for B are 0 and tt, and for tt and 27r - 6>, and the mean = 
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5, Find ths mccin area of all triangles forjned hy joining three random 
points on a sphere of radius a. [Math. Trip., 1883.] 

Let O be the centre. Consider first all the circular sections normal to 
a given direction OA. Let P be any point on this circle, PN a perpen- 
dicular on OA. AOP= X- Then the mean area of all triangles inscribed 
in this circle =3d^ain^ and the number of such triangles is measured 
by 27r2 (Ex. 1 ). Therefore the mean for all triangles perpendicular to the 

line OA for equal increments of x is J — ^ dx/7r = 3a^/47r, and the 

mean is obviously the same for all directions of OA, since the number of cases 
and the sum of the cases is the same for each direction of OA. (Fig. 507.) 
A distribution of different nature, e,g. for equal increments of x, would 
1 f 2NP^ 

give a different result, viz. -x — dx — a'^lTT. 

JiO/J ^ a 




6. Find the mean value of the volume of a tetrahedron whose angular points are 
four random points on a sphere of radius a. ( Fig. 508. ) [Math. Trip. , 1 883. ] 
Without affecting the problem, w'e may take a set of bases fixed in 
direction, say normal to a given radius OA. Let one of the bases be on 
the circular section through the ordinate PN. Then, as the vertex of the 
tetrahedron travels in a circular section parallel to the base and through 
a second ordinate P'N\ the volume remains constant. Therefore the 
mean volume of the tetrahedron, with vertices on the plane through PN' 
and bases on the plane through PN 

1 A A 

'2^' LetA(?P=x„ A0P' = X2^ 

The measure NN' of the perpendicular height of the tetrahedron changes 
sign as N' passes through N. To avoid negative signs for the volumes of 
tetrahedra with vertices on opposite sides of their respective bases, we 
separate the integration into two parts. The expression for the mean 
volume required is then 

‘I • ^|^“(c 08 X 2 -“SXl)‘*Xl<*X 

which, after integration, gives IGayyir^. 

The distribution here taken is for equal increments of Xi 8-*^^ Xa* 
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7. If P, Q, B be random points on the three sides BC, CA, AB of a 
trianghj find the mean values of the triangles AQR, BBP, GPQ, PQR, 



[R. Chartres, Educ. Times.] 

Let Xj, OTg ; Vii Vi ; ^2 respective 

parts into which the sides are divided at P, 
Q, R ; A the area of the triangle ABC^ 

M(AQS)=fJ‘J^ ^dy,dz, l\2dy,dz, = ^. 


1663. Miscellaneous Mean Values. 

Examples. 

1. The value of a diamond being proportional to the square of its weight, 
prove that, if a diamond be broken into three pieces, the mean value of the 
three pieces together is half the value of the whole diamond. [M. Trip., 1875.] 

Let X, y, z be the weights of the portions, W that of the whole. Then 
we have to find the mean value of where a; + y+2= Tf. Refer- 



,rea 


ring to Cartesian coordinates, x-\-y^-z~ W is the equation of a plane. 
dcr be an element of area of the intercepted triangle, the mean value is 

J (x^ + y^ + z^) da- J Jdo- = (mom. of in. with respect to the origin)/are 

= J (the sum of the moments of in. about the axe8)/area. 

Let 3A be the area of the triangle. Then, concentrating A at each 
mid- point (Routh, Rig. Dyn., Art. 35), 

Mean value=| • z[a{^)\a(^)\a jzA=l W^. 
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2. It is required to find the mean value of the inverse distances of points 
on a circle of radius a, from points on a fixed diameter AB. 

Let P be a point on the arc, Q a point on the diameter, 0 the centre. 

POB^e, POA^d^^rr-Q, p 1 b =</) i , PBA=.cI>„ PQ^p^ OQ^x. 
Then ^ = 2<^i, d = 2<p^. (Pig. 511.) 

doc 

Now j potential at P of a material line AB of unit line 

density = log cot Y cot (Art. 1652). 



3. 0 is a fixed point on the circumference of the base of a hemisphere 
with centre G. P and Q are random points on the surface ; find the meah value 
of the angle between the planes OOP, OCQ. (Fig. 512.) [Caids Coll., 1877.] 

Let AOA'O' be the base of the hemisphere, and B its vertex, C the 
centre, CA, CB^ GO being taken as the rectangular coordinate axes. Let 
</), and </>2 be the azimuthal angles of the two planes OCPy OCQ^ P being 
taken as the point on the plane with the greater azimuthal angle. Then 
if the distribution of the points P, Q be one for equal elements of area, 
the mean req\iired is 

f f f f ^isin ^2d^id0td<f>id<l>2 

Jo Jo J o Jo „ . s= etc. = tt/S. 

j j j j sin sin 
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4. Prove ihai if 2c he the distance between the foci of an ellipse of semi- 
axes a and h, the mean value of with respect to the 

area, is eg'»ial ^ being the focal radii of any point 

within the ellipse. (Fig. 513.) [7, 1890.] 

^2 j»2 0^2 q/i 

Taking + ^ ^ ^ ^ through the point, 

ri2 = (c-fa;)2+y2, r^^ = { c-xf+y\ = 4ca?, 

ri + r2=2>/c‘‘*+ A, r^-r^ — ^slc^-p, 
ca; = V(c* + A)(c*~/ui), cy-s/Xp, i(r, + r,)2-c* = A, X + p=:r^r^, 

nr, 

3(A,/ti) ic^xy' 


Mean required=//^/(X)///<tedy=5^ //^^J/(A), 
the integration being taken through the first quadrant, 


c«i 1 


/(A) dA dp 


=— r [' 

irab Jo Jo 

irabJo VAn/c^-H A -/ o (X-^p) y/ps/c^ — p 


4 A+/X VA/x \/(c2 + A)(c*~/x) 


Let (1 -cos ^ sin ^c?^. 


dO TT 

*0 (A+/i)\//ix Jo x + c^sin*- + 

2 



5. Through P, any point within an ellipse, a chord QPQ* is drawn parallel 
to a given semx’diameter p. Show that the mean value of <f)(QP . PQ') for 
all points within the ellipse is 

rr 

2 <f>(p^ cos^B) sin 0 cos 0 d0, j 

Draw a similar and similarly situated ellipse through P. (Fig. 514.) 
Tlien QP. PQ' retains the same value for all points on this ellipse, viz. 
OB^-OB'^=p^coa^0, where p= OB and sin 6 is the ratio OB' : OB. 
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If A and A' be the areas of the larger and smaller ellipses, 

A' = A sin * 0 and dA' =: 2 A Bin 0 cos 0 d0, 

j<l>(QP.PQ')dA' ^ 

M {<li{QP . PQ )} = —z = 2 f (p* cos* 0) sin 0 cos 0 d0. 

I dA' ‘'0 

6. Ellipses are drawn with the same major axis 2a and any eccen^ 
tricitiea; show that the mean length of their perimeters is 

[St. John’s, 1886.] 

Taking all eccentricities as equally likely, the mean perimeter is 
4a ^ 1 \/l -c*sin*Vrc?^£fgyj de. (Art. 567.) 

Now 

j^^]-e^Bin^\lrde — B\n\lrj s^cosec*^ - e* de 

= i sin V cosec* ^ - «*+ cosec* sin"' c sin 

= ^ (cos ^ ^ cosec \lr). 


Mean Perimeter 

ir IT 

= 2aJ (cos + ^ cosec = 2a 1^1 + J 

= 2a {l +2 - 1 -...)}, by Art. 1074, 

— ax 5*66386 


7. Show that the average mines of the lengths of the leastf mean and 

greatest sides of all possible triangles which can he formed with lines whose 
lengths lie between a and 2a are in the ratio 5:6:7. [Math. Trip.] 

If the sides be taken a+^, a+y, a + 2 , the ratio of their means is 

^ dzj dyj dx(x-i-a) : I dz j dyj dx(y+a): dx(z+a)* 

8. Eind the mean mine of xyz for points within the positive octant of the 

cWipwid a“'*x* + 6“’*y^4‘C“*^*~l. [Ox. II., 1890.] 

Use Dirichlet’s integral. Art. 962. M{jri/z) — abcJ87r. 

9. If a point be taken at random within a tetrahedron, then, of all 
parallelepipeds which can be described having the line joining the point 
to one of the angular points as diagonal and its edges parallel to the 
edges of the tetrahedron which meet at that point, the average volume is 
one twentieth that of the tetrahedron. 
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10. Show that for positive values of x, ?/, 2, with condition 

+ and r being > 1, 

the mean value of (xyzY~’^ for an equable distribution of area on the x-y 

which for r = 2 reduces to ^ahcjlbir. 

11. Find the mean value of {xyzY~^^ r > 0, where .r, y, z are areal 
coordinates for points within the triangle of reference. 

( ( 1 - .r - y Y~^ dx dy 

We require 

for positive values of .r, 2 (see Art. 975) =2{r(r)}®/r(3r). 

12. Show that if .r, y, 2, u are the tetrahedral coordinates of a point 
within the reference tetrahedron, A/(( a?//*?/, )*'-»}, (r > 0), = G{T {r)}*/T {4r). 

13. Show that if r > 0 and .rj, .r*, ... Xn be all positive and subject to 
the condition aii + iCa + . . . + x,, = 1, then 

... = r(n){r(r)}^/r(«r). 

14. Show that if tj, he all positive, the mean value of 

... for positive values of Xi, .1*2, ....r« subject to the 

condition ^.ry=l is r(/0h'(‘i)r(t2) ••• l^(‘«)/n^tr)* 

15. Show that the mean value of Ayz^- Bzx-\-Cxy for positive values of 
r, y, z subject to the condition x-\-yA-z= 1 is (^4 4- D-\-C). 

IG. Show that the mean value +y* 4-2* for positive values of .r, y, 2 
subject to the condition a7 4-y4-2 = l is J. 



17. Show that the mean value of (A, Z?, C, Z>, A*, y, zY h'*' positive 

values of .r, y, z subject to the areal condition .r-fy 4-2= 1 is 

KA+B + OA-DA-E-i-n 


18. Let there he n pohits upon the x-a.visy and let positive ordinates of 
increasing magnitude he erected at these pointSy their sum being 1. Find the 
mean length of the r^^ ordinate. [Laplace; Todiiunter, Hint.y p. 545.] 
Taking as ordinates y„ yi 4-^2, yi+y 24 *y 3 , ...yi + ... 4 -y„, then 
7 iy 1 4- (n - 1 )y 2 4- (n - 2)yz 4- . . . 4- y„ = ^. 

Putting nyi = .rj, - 1 )y 2 = .^ 2 » • • . i/n - , we have 4- .r* 4- . . . 4- .r„ = L 


We then require 




which 


ich gives 
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19. The density at any point of a triangular lamina varies as the 
product of the perpendiculars on the sides. Show that the mean density 
is 9/20 of the density at the centre of inertia of the triangle. 


1664. Certain Inequalities. 


If a, 6, c, ... be any positive quantities, n in number, and 
m, r, a, /^, ... positive integers and a-4-y8+...=m and m'^r, 
we have 


(i) 

' n 



(») 


(iii) 


2a* 2a^ 2aY 
n n ' n ' n 


^ 2a»* 2a^-^ . 

n n ' n ’ 

(Smith, Alg., Art. 348.) 


That is, the mean of the squares > the square of the mean ; 
the mean of the powers > the product of the means of 
the and (m— r)**'* powers; and so on. 


1665. H a, 6, c, ... be replaced by </>(%), <j>(aQ+h)y 0(ao+2A), ... , 
the values of a positive continuous single- valued function of x 
for equal infinitesimal increments of the variable, we have the 
mean value of the sciuare of the function > the square of the 
mean value of the function between the same limits, with other 
theorems of a similar nature. That is, 




I il){x)dx 

Jp 

\'dx 

- J p 


r- 

f* [0 (x)]’" clx f * [<P (x)]’- (fa: [* [<l> (x)]”'-’- dx 
Jp ±P_ ; etc. 


\‘dx 

Jp 


i: 


dx 


r 


dx 


1666. General Mean in Terms of Means restricted in Various 


Ways. 

Let there be two regions and f22 mutually exclusive. 
Let two random points P and Q be taken in the combined 
region, and let <p be some function of their positions, say for 
instance their distance apart, its square or its power. 
Several cases may occur: (i) Both may lie in fix; (ii) both 
may lie in f2a; (iii) and (iv) either may lie in 12i and the other 
in 122 . 
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Let Mi l, M 2 , 2 » Ml, 2 be the mean values of 0 respectively 
in case (i), case (ii), cases (iii) and (iv), and let M be the mean 
value of 0 when the positions of P and Q are unrestricted. 
The number of cases occurring are measured by the magnitudes 
of the regions, viz. Qi^ if both lie in Qi, Qg* if both lie in fla* 
Qi^a if ^ lies in and Q in ^22» and Qir22 if Q lies in and 
P in lig, and (Qi+fia)* ^f ^bey lie in either region, unspecified. 

Hence fiiWi i, 2 O 1 Q 2 M 1.2 and (f 2 i+fi 2 )^M are the 

sums of the several cases occurring. But the first three must 
make up the whole sum of the possible values of 0, i.e. 

1 -f“ 20if22Mi, 2“l~f22*M2 , 2 
((2i+fi2)‘^ • 


1667. Ex. If the two regions be mutually exclusive spheres of radii 
a and 6 and centres distance c apart, then for the mean distance 


^ 1.1 


3^ 

" '35 ’ 




366 
35 ’ 


3^1.2 = C + 


0^2 

be 


Hence the mean distance between P and Q wlien each may lie within 
either sphere or in different spheres is 




36 a’ + 6’ a*i» 2 o*i!.»(a* + i‘) 1 
35 + + (a‘ + 6>)* c' 


In the case where the spheres are equal and in contact, c = ia = ib and 


1668. In the same way, if there be three or more mutually 
exclusive regions I2i, Qg* 0 be a function of the 

positions of three points P, Q, R which lie in one or other of 
these regions, then (a) all may lie in any one of the regions, 
(6) two may lie in one region, and one in either of the other 
regions, or (c) one may lie in eacli region. 

Let Mg^Q.Q be the mean value of 0 when all lie in 12^, 
^o,s,o when all lie in when two lie in f2i and one 

in and so on ; and let M be the mean irrespective of 
where they lie. The respective numbers of cases are measured 
by 3f2i^f2g, etc., and (fii+fig+Qg)^, and the sums of 

these cases are respectively measured by 

0. etc-.and (Qi+Qj+fisW 
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and th© last, being the sum of all possible values of 0, is equal to 
the sum of all the several cases previously enumerated. Hence 

{Q,+Q,+QJ^ ' 

and so on if there be more than three mutually exclusive 
regions. 

1669. Regions not mutually exclusive. 

To go back to the case of two regions, suppose next that the 
regions and 0*2 have a common region Q. The whole region 
bounded is then 0. 




Fig. 515. 

Let Affij + Oj-o be the mean value of 0. when the random 
points P, Q lie anywhere in the whole region; the 

mean when both lie in ; the mean when both 

lie in fig— fl ; M the mean when one lies in and one in Qg* 

The respective numbers of cases are (fli+fl 2 ~'^)^> 

(Qg— 0)2 and 2 Qif 2 g— O^. foj. in allowing P and Q each to 
range over 0^ and fig respectively, or fig and flj respectively, 
the region fl is counted twice over. 

The sum of the values of 0 when one lies in fl^ and one in fig 

is (2Qiflg-fl"-)M. 

The sum when both lie in fli— fl is (Oi— 

The sum when both lie in fig— fl is (fl 2 “”f^)®^ 0 ,-' 0 » 

and the three make up the total sum (fli+fl 2 — 

. « (Q,-n)Wc,,.a+(n.-Omo.,o+(20A-0*)^ 



782 


CHAPTER XXXVI. 


1670. Similarly more complex cases may be examined. Also the 
present formulae admit of considerable reduction for special cases, 
e.g. when the regions are equal or w'heu one region is enclosed completely 
by the other. 


1671. The Geometric Mean. Clerk Maxwell. An Integral 
usefnl in Electromagnetic Problems. 

If be tlie mean value of the logarithm of the distance 

between points P and Q, one in each of the areas A and B 
lying in the same plane, then obviously 

log P.4ij=J|log PQ . dA dB I j 

the integrations being conducted for all elements of area in A , 
and for all elements of area in B. 


The integration IK 


r dxdy dx dy\ over two such areas 


occurs in the determination of the electromagnetic action 
between two parallel straight currents flowing in conductors 
of given sections. (Clerk Maxwell, E. and M,, ii., p. 294). 


Clearly A.B . log JJlog PQ . dA dB. 

If C be a third area in the same plane, in which P or Q 
could lie, (A +P)ClogP(^.|./?)c- represents on some scale the sum 
of the logarithms of the distances of points in C, from points 
in the composite area A-\-B, whilst ilClogP^r rt‘presents on 
the same scale the sum of those cases of the aforesaid group 
which refer to lines joining points in A with points in C; and 
similarly with PClog Hence 

(.4+P)(71og R(a-yb)c^AG log R^a-^BG log Rnc- 


And this rule may be extended. Thus, if there be a fourth 
area D in the same plane, 


(A-\-B-\-C)D log R(a ^b+c)d={A-\~B)D log P(^ + 70 j? + CP log Rco 
=AD log Rai)-{~ BB log Rbd~{'GI) log Ren J 

and so on. 

Thus, if P be found for pairs of parts of a composite figure 
the rule will give P for the whole figure. 

Also Ay By'G, ... are not necessarily different figures. 
Maxwell states the results for a number of cases. He calls 
the line P thus determined the Geometric mean of all the 
distances between such pairs of points. 
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1672. Cases of Maxwell’s Geometric Mean. 

I. To find R for a point C, and a finite straight line AS. (Fig. 516.') 
Let CO be drawn at right angles to the direction of AB. 

P a point on AB, OA=a = .ri, OB=b = j:^, OC:=p, CP=r 

AB-l = h-a. CA=ri^CB=r^. ’ 

Then nog/f= [ log >J f dx = [.r log p^-x+p tan-i-1 ' ; 

p^a 

^ (log /f + 1 ) = OB log OB - OA log CA + OGx circ. meas. of A CBy 
i.e. (•»'*”. ^i)(log /f + l) = .r,logr 2 -Tilogri+p . r^r^. 

In the case when C lies on AB produced, p = 0, and 

log /f + 1 = {.rj log Xi - xt log Xy)l{Xi - Xi). 




A P rt-ar 

Fig. 517. 


1673. 11. Let ABGD he a rectanghf AB=a, AD=h. Let P and Q he 
points respectively upon AB and CD. PO the perpendicular upon CD. 
AP=^x. (Fig. 517.) 

For a given point P let /fj refer to the value of R for the fixed point P, 
a (log R^ + \)^OD log PD + OC log PC A- h CPD 

= .V log 4- 6- -I- (a - .r) log v^(a - .rp A-h^A-h ^tan“* ^ + tan“^ ~b~} 

Integrating with regard to .v from 0 to a, 

^^(log yf 4- 1 ) 

. [:!+^ log ^ J _ [(.-*;+? ,„g 1- 

4- 6 tan“* | - 6 log 4- 6^ J - 6 j^(a ~ x) tan“* - 6 log \/(a ~ .r)^ 4- 

t.e. a2(log /f 4- ?) = (a^ “ h^) log D + h^ log hAr^ah tan~^ 

where D is the diagonal. 

1674. III. If P lies upon AB and Q upon AD, and Ri as before refers 
to the result for a fixed point P^ 

6(log /f 1 4- 1 ) = 6 log \/ar*4-6‘-*4-.r tan”* ~ ; and integrating from 0 to a, 
ah{\og i24-l) = i>|^:rlogN/ar*4-6^-.r4-6 tan”* | 4- ^ g— ta*^"”' ~ + ^ > 

.-. a6(log/24-f)=a61ogZ>+|- tan”*^+|- tan”* 
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1675. IV, If Q lies on the circumference of a circle of radhis a, and centre 
Oy and P he any point in its plane distant e from the centrcy 



fir 

2ralog/?=2l Iog\/«2 — 2acco« ^4-c^. ad6 
Jo 

= 27raloga, (c<a) ; or 27ralogc, (c>a). 

Therefore /2=the greater of the two a or c ; and the mean of logr 
is accordingly 

log a, (c<a)f or logr, (c>a). 


1676. V. If P travels on the circumference of a second circle of radius h 
entirely without the formery the distance of the centres being dy and if log It 
stand for the mean value of log PQy 



2irh , 2ira log R = 2wa . 2 j log PO . h d$' 

= 27ra.2|^ logN/6^--26<f cos ^ + 

= 27ra . 2ir6 log c? ; R^d» 
Similarly if one circle be entirely within the other. 
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1677. VI. If Q lies upon a circular annulus, centre 0, external 
and internal radii a^ and and P be at a point distant c from O, and 

logR^M(logPQ), QO = r, QOP^e, 

7r(V-01og/ir=2£^ log n/c*-* - 2cr cos d-^^r^.rdOdr 

rrlogr. r dr, (c<r), 

= TT log c . (tti* - a./) if 0 > «, , 


or 
i e. 


■ [r“ log »• - >og Oi - Oj* log it CKOj, 

if C>«j, log/^ = log<;; (a) 

's ^ in -a.,‘^lo"a5 1 

if C<a 2 , log/f = -! V a-r 2 ^- -S KP) 



Fig. 620. 


If rt, >r>a 2 , and P itself lies ii|)on the annulus, 

TT - ^ 2 ^) R— / Stt log c.rdr+ r 2ir log r.rdr ; 

J aj Jc 

1 1 n I . log a. - c^ log C 1 - 6-2 , . 

whence log « = iog,+ (y) 

Since /^ = <: when P is without the annulus, the mean value of log/^^, 
where P lies upon any region entirely without the annulus is the mean 
value of log PC). And if P lies upon any region entirely within the 
annulus, tlie expression for R, in that case not containing c, is independent 
of the shape or position of the region. 

We may deduce the result (y) from (a) and (p) by Art. 1671* Let A 
and B be the regions of the annulus respectively outside and inside a 
concentric circle through Q, Then if G be an elementary small area 
in which P lies, 

( J 4*^) log RiA+B)c= ^ log RAc-^Blog Rbc ; 

log 

giving the same result as before. 
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1678. VII. If P be not at a fixed point within the annulus^ hut may 
travel anywhere within tV, 

= JlogV>*?~2r,r2 cos (^^1 - 62 ) + dd^ dryfidB^dr^^ 

where rj, By and r^, B 2 ace the polar coordinates of P and Q. 

The limits for B\ are B^ to Bz + ^rr ; for B 21 0 to tt, and double the result ; 

for rg from ufj to and to <?j ; for rj, from to Uj. 

The first integration gives 

2(7rlogrj)rjr2rfri<:fr2rf02 2(7r logr2)r,r2^^i<^C2rf6l2» 
according as or r2 is the greater. 

The second merely multiplies the result by 27r. 

The third gives 

f^i /*«i 

/ Cjf 2 log fi dr j dr^ + 47r* / rjf, log r , dr^ dr^ 

Joi Jri 

= 2jr‘[a,* log«, . r, -a,‘r, logr, - i(a.*r, - r,»)]dr,. 

The final integration gives, after dividing by ir*(6ri* ~ at,®)*, 

log R = log ff I ~ ^ ^ log ^ 4- a I’esult stated by Maxwell. 

V"l ”■“* / “2 -~n% ) 

For the mean of the logarithms for pairs of points within any circular 
areCf put a^^O; then log jB=loga,-~i, that is or jR is a little 

more than 3a/4. 

Other results of similar character are stated by Maxwell with a 
reference to Trans. R.S., Edinb., 1871-2. 

1679. Other cases of mean values will be considered in the next 
chapter, which are more intimately connected with the general Theory of 
Probability. 


PROBLEMS. 


1. If the sides of a rectangle may have any values between a and 

h, prove that the mean area =={a + h)^/i. [r, p j 

2. Find the average area of a random sector whoso vertex is taken 
at a given point on a given circle. 


3. ABCD is a square. Show that the average distance of J from 
points on BC for an equable distribution of radii vectores about A is 


4AB 

TT 

it is 


, AC^AB 
AC AB, 


; but for an equable distribution of 

AC+AB 
AB ' 


points on BC 


4. A rod of length a is broken into two parts at random. Show 
that the mean value of the sum of the squares of the parts = 2a®/3. 

[Ox. II., 1886.J 
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5. A rod of length a is broken into two parts at random. Show 
that the mean value of the rectangle contained by the parts is a^/G. 

6. The sum of two positive numbers is given = N. Show that the 
mean value of the product of the power of the one and the 
power of the other is plql NP+<i/(p-hq+ \)\, p and q being positive 
integers. 

7. Find the mean value of the (i) squares, (ii) cubes of all radii 
vectores of a cardioidc for an equable angular distribution of radii 
vcctores about the pole. 

8. Given the base and the radius of the circumcircle of a triangle, 

determine its mean area, stating clearly what assumptions you make 
as to equal probability. [St. John’s, 1884.] 

9. Show that the average of the squares of the distances of all 

points within a given circle from a point on the circumference is 
three times that of the squares of all points within the circle from 
the centre. [Colleges, 1878.] 

10. Find the mean value of the s(juares of the distances of all 
points within a rectangle (i) from the centre of the rectangle, (ii) 
from any point in the plane of the rectangle, (iii) from any point not 
in the plane of the rectangle. 

11. Find the mean value of the focal radii vectores of a cardioide 
(i) for an equable angular distribution of radii, (ii) for an equable 
arcual distribution. 

12. If a solid be formed by the revolution of a cardioide about its 
axis, find the mean value of the focal distances of points on the 
surface of the solid (i) for an equable surface distribution, (ii) for an 
equable solid angle distribution. 

1 3. Find the mean value of the squares of the distances between 
any two points within a given (i) triangle, (ii) square, (iii) sphere, 
(iv) cube. 

14. (i) Find the mean of the inverse distances of points within an 
ellipse from a focus for an equable areal distribution. 

(ii) Find the mean of the inverse distances of points within a 
prolate spheroid from a focus for an equable volume distribution. 

15. Show that the moan distance of points within a sphere of 
radius a from points of the surface of a shell of double the radius of 
the sphere is 2 la/ 10, and that the mean distance of points on the 
surface of the sphere from points on the shell is 13a/6. 
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1 6. Show that the mean distance of all points within a sphere of 
radius a from a point midway between the centre and the surface 
is 27da/320. 

17. Show that the mean distance of a point on the external 
surface of a spherical shell of thickness T from points in the material 

of the shell is f ^ where E is the external 

radius. 

18. Show that the mean distance between points P and Qy of 
which P lies within a sphere of radius E and Q lies between this 
sphere and a concentric sphere of double the radius, is 3^.K/140. 

19. There are two concentric spherical shells, the bounding 
surfaces of which are 1 inch, 2 inches, 3 inches, and 4 inches. Show 
that the average distance of points in the material of the first from 
points in the material of the second is 3f|^^ inches. 

20. Two equal spherical surfaces are in contact. Show that the 
mean distance of points on the one surface from points on the other 
= 7/3 of the radius of either. 

Show further that if the points may lie anywhere within their 
respective spheres, their mean distance is 11/5 of the radius of either ; 
but that if one of the points lies within one of the spheres and the 
other point on the surface of the other sphere, their mean distance 
is 34/15 of the radius. 

21. If Mn be the mean of the power of the distance between 

two points on the area bounded by a circle of diameter unity, show 
that ^M„{n + 2){n + 3)/(n + 4) (n + 6). 

22. If M„ be the mean of the w*** power of the distance between 
two points on the surface of a sphere of unit diameter, show that 

J4+1 = + 2)/(« + 3). 

23. If ilf„ be the mean of the n*** power of the distance between 
two points within a sphere of diameter unity, show that 

^n+l == + 3) + 6)/(^^ + 5) (n + 7) 

24. A point 0 is taken outside a sphere with centre C and radius 
a. CO ~ 2a. Show that the mean of the cubes of the distances of 0 
from points within the sphere =»731a*/70, and that the mean of the 
fourth powers « 171a^/7. 

25. Show that the mean value of over the surface of a sphere 
of radius a is a^ybOOd. 
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26. Show th&t tho ni68>n vailuo of for positivo valuos 

of X, y, z, subject to the condition a-2a;2 4. 5-2^2 ^ ^2^2 1 for ^n 

equable distribution of areas on the x-y plane, is 

where /), r are all greater than unity. 

27. On a straight line of unit length two random points are taken. 
Show that the mean of the square of the distance between them is 
1/6 of a unit of area. 

28. Circles are inscribed in the triangles formed by joining points 
on an ellipse of semi-axes «, h and eccentricity e to the foci. Show 
that the mean value of the areas of the circles for equal increments 
of a focal vectorial angle is 

7ra2(l - e)2(a/6 - 1 ). [Math. Trip., 1892.] 

29. Show that the mean value of the product of the three per- 

pendiculars from any point within a triangle upon the sides is 
jPiP2i^8/60, where j?!, perpendiculars from the angular 

points upon the opposite sides. 

30. Show that the mean value of the product of the four per- 
pendiculars from any point within a tetrahedron upon the faces is 

where jp^y P 21 P 31 Pa perpendiculars from the 

several quoins upon the opposite faces. 

31. Five points, Ay By (7, />, PJ, are taken upon a straight line AEy 
to which perpendiculars are drawn through these points of increasing 
magnitude. The sum of these five perpendiculars is 10 inches. 
Show that the mean length of the middle perpendicular is 47/30 of 
an inch. 

32. Show that the mean distance of all points within a given 

regular polygon of side 2a from the centre ^ ^ ^ where 

11 and r are the radii of the circumscribed and inscribed circles. 

33. Show that the rectangle contained between the average value 
of the radius of curvature at points equally distributed along a curve 
and the corresponding arc is double the area contained between the 

curve, the evolute and the normals at the extremities of the arc. 

* [$y 1883.] 
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34 . Prove that the mean value of the radius of curvature at points 

equally distributed along the cardioide r = a(l +cos^) is air/3, while 
the density distribution of the corresponding points along the pedal 
with respect to the pole varies at any point as the curvature at the 
corresponding point of the cardioide. [5, 1883.] 

35. Prove that the square of the mean value of any function of a 

variable between any limits of the variable is less than the mean 
value of the square of that function between the same limits of the 
variable. [St. John’s, 1883.] 

36. Find the mean value of the squares of the distances from a 
focus of all points within an ellipse whose eccentricity is ^/3/2. 

[d, 1881.] 

37. The circumference of the auxiliary circle of an ellipse, whose 

axes are ACA' — ‘lay BCB' =^2by is divided at Q^y ... into a large 
number of equal arcs. At Pj, the point on the ellipse whose 
eccentric angle is ACQ^y a circle is described so as to touch the 
ellipse at Pj and to have its centre on the major axis. Show that 
the mean area of all such ciicles is 7rh'^(a- -^h’^)i2aK [a, 1881.] 

38. At any point P of a catenary whose parameter is c, the ordinate 
PA" and the normal BG are drawn to meet the directrix at N and G 
respectively. Prove that the mean values of the area of the triangle 
NFG for points proceeding by equal increments of (i) abscissa, (ii) 
ordinate, (iii) arc, up to a point whose coordinatc.s are {Xy y), are 
respectively 

(i) (y® - c^)IQx ; (ii) (^c sinh ~ j ^\{y -c)\ (iii) {y^ - c^)/8«. 

39. Find the mean of the inverse distances of two random points, 
one on the surface of a sphere, the other on a circular area exterior 
to the sphere and whose plane is at right angles to the line of 
centres. 

40 . Prove that the mean of the inverse distance between points 
on the surface of a sphere and points on a straight rod of length 1, 
external to the sphere, which is bisected at right angles by a per- 

pendicular upon it from the centre of the sphere, is ^ log tan — 

where a is the angle at the centre of the sphere subtended by the rod. 

41 . Prove that the mean inverse distance between points on the 
surface of a sphere of radius a and points on a concentric ring of 
radius b is if 5>a or if 6<a. 
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42. Prove that the mean value of x for all points within the 
positive octant of the surface (a;/a)^ + {yjb)^ {zjc)^ = 1 is 21a/128. 

43. On a given finite arc n points are drawn dividing it into equal 
small lengths, and n other points are taken, parallels to the normals 
at which divide the angle between the extreme normals into equal 
small angles. Prove that when n is indefinitely increased the mean 
of the radii of curvature at the former n points is greater than the 
mean of the radii of curvature at the latter n points, the curvature 
being supposed finite at every point of the arc. [St. John’s, 1889.] 

44. If logit be the mean value of the logarithm of the distance 
between two points P and Q which lie on a line AB ol length a, 

show that — [Clerk Maxwell, El. and Mag.^ II., p. 296.] 
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CHANCE. 

1680. Def. If an event can happen in a ways and fail in 
b ways, and all these ways are equally likely to occur, the 
probability of the happening is aj{a+h) and of the failure to 
happen is 6/(a+6). 

These measures are essentially numerical positive proper 
fractions. Certainty is denoted by unity. A mean value is 
essentially a quantity of the same kind as those of which the 
mean is taken. So long as a and h are finite, the theory of 
probability does not call for any mode of treatment other 
than the processes of ordinary arithmetic and algebra. If, 
however, a problem incurs the existence of an infinite number 
of ways in which an event could happen and an infinite 
number of ways in which it could fail to happen, all these 
being equally likely, the calculation of a, h and a -|-6 may call 
for the processes of the Integral Calculus, or at least the 
fundamental conceptions of the Calculus, to effect the neces- 
sary summations, though sometimes in such cases the actual 
labour of integration may be avoided by geometiical or other 
considerations. 

1681. Take, for instance, the case of a material particle 
thrown down upon a region of area A, and which. is equally 
likely to fall at any point of the area ; and let us explain this 
phrase. Imagine the area A to be divided up into an infinite 
number of infinitesimally small elements of equal area, and 
suppose that an infinite number of trials is made. We shall 
also suppose that, after these trials, the particle has fallen as 
many times upon any one element as upon any other. Then 
if a be any region of finite area enclosed completely within 

m 
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the contour of il, a and A contain numbers of the infinitesimal 
elements of area proportional to and measured by their own 
areas. Hence the numbers of particles which have fallen respec- 
tively upon a and upon A are measured by the respective areas 
of a and A, and the chance that a particle which falls upon A 

also falls upon a is ~ and that it does not so fall is I ——. 

r ^ ^ 

The chance that of two hazard throws of a particle upon A 
both fall upon J does and the second 


does not, the chance is 2(1 That the first does not 

and the second does is (l“^)^ J and that neither does is 
\ \ A/ A 

V ^3/ \ ^a)* these is unity. And so on if 

there be more than two throws. 

It will appear that in such cases, unless the areas be known 
or obtainable by some elementary means, either the Integral 
Calculus or some equivalent graphical method will be neces- 
sary for their evaluation. Taking any pair of rectangular axes 
in the plane of the region A , the chance that the throw upon 
A results in the particle falling upon a may be expressed as 

(taken over a)l^^dxdy (taken over A). 


1682. We note that the chance that a particle should fall 
upon the perimeter of the contour of a is infinitesimal in com- 
parison with the chance that it should fall upon the area of a. 

1683. We indicate by a few examples how the Integral 
Calculus is to be applied in some cases, and how the actual 
integration may be evaded in others. 


1. Oi4 s2a is the axis of a cardioide. C is the mid-point of OA. What 
is the chance that a random point P taken within the cardioide is further from 


C than C is from O ? 

Drawing a circle with centre C and 
radius CO, P must lie without the circle 
but within the cardioide. The area of 
the cardioide 

■* 2 . a*(l + cos 6^)* d$ *= Jwa*. 

Therefore the chance required is 
(f ira* - ira*)/ Jira* ■* J. 
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2. Given thatp, q are any positive quantities of which neither is >4 ; what 
is the probability that when real values are assigned to them at random, the 
roots of the quadratic x*—px+q = 0 shall be real ? 

If real, 4^'. Construct the parabola r2=4X. The point (4, 4) lies 
upon it. We may then interpret the condition geometrically. A random 
point H is selected upon a square ONPQ, whose side is 4. The above 
parabola is drawn with axes ON, OQ. The values of p and q are denoted 
by the abscissa and ordinate of H. When H lies without the parabola 
p^>Aq, Therefore the chance that p'^-^Aq is measured by the ratio of 
the area OPQ to that of the square ; that is, 1/3. (Fig. 522.) 


A' 



O N ^ B' P C' 

Fig. 522. Fig. 623. 


3. A rod, three feet long, is broken at random into three parts. What is 
the chance that we may be able to form a triangle with them ? 

(i) If .r, y, z be the parts, x'+y-^z^\, the unit being a yard. We are 
to have y + z>x, z + x>y, x-^y>z. Interpreting y, z as areal co- 



ordinates, theny-\-z==x, etc., 
are the joins of the mid- 
points of the sides of the tri- 
angle of reference. I n order 
that all the inequalities may 
be satisfied, the representa- 
tive point X, y, z must lie 
within the triangle formed 
by them (unshaded, Fig. 
523), which is one quarter of 
the whole triangle. Hence 
the chance is i;. 

(ii) We might also regard 
X, y, z as the rectangular 
coordinates of a representa- 
tive point. Taking 1 foot as 
unit, = 3 ; and this 


is the equation of a plane making intercepts 3, 3, 3 upon the coordinate 


axes. If A, B, C be the intercepted triangle ; P,Q,R the mid-points of 
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its sides, y + = etc., are the respective planes OQR^ etc., and of all the 
unrestricted positions upon the triangle which the representative point 
y, z may occupy those for which etc., lie within the triangle 

PQR. Therefore, as before, the chance = J. 

(iii) Again, without evasion of iiitegration, we may proceed thus : 

O P Q A 

Fig. 525. 

Let OA ( = tt) be the rod, P and Q the random fractures, P being that 
which is nearer to O ; OP—x^ OQ=y ; y>x. 

Then, since 

.r + (^-.r)>(a-y), {y -oc)-^{a-y)> x, and (a -.?/) + . r > (y-.r), 

we have Jr < ^ > o’ Hence the chance required is 

Z Z ' z 

dyjll 

(iv) Or still again, with the above inequalities, construct a square 
OABC of side o, OA^ OC being the x and y axes. Let P^Q,R, S (Fig. 526) 
be the mid-points of the sides, T that of the square. The representative 
point must be in some position on the triangle OBC as y >.r, and both are 

a a Q> 

positive and neither of them >«. The conditions 3J<2’ ^^2’ 

restrict it further to the triangle TRS^ which is obviously ^ of OBC. 
Hence the chance required is 

It will be noted that the integration process is merely the evaluation 
by that method of the areas of the triangles TRS^ OBC. 



Fig. 52G. Fig. 527. 


An ellipse has its centre at a random point C of a semicircle 
and two vertices at A, B the extremities of the diameter. .4JS = c. Fi (i) 
the mean area for different positions of C ; (ii) the chance that its area s 
be less than that of the circle. (Fig. 527.) 

(i) Let 0 be the centre of the circle ; BOG^ 6^, AC=ri^ BC—r^. 
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Area of ellipse = 7 rrirg= - 5 - sin 


Tur 

Mean area = -^ 


J sin $d 6 
1 ^' 


(ii) When area of ellipse = area of circle, rjr 3 = Jc®, and ^ = 30*. 

Hence, from 0=30° to 0= 150°, we have area of ellipse > area of circle. 
Therefore the chance that the area of the ellipse is less than that of the 

circle =:2 x,^o = k- 


5. 1/ a quantity of homogeneous fluid contained in a vessel be thoroughly 
shaken up and allowed to come to rest ayain^ prove that the chance that no 
particle of the fluid now occupies its original position is 1/e. 

[Whitworth’s Problem.] 

Let there be n particles a, y, ... occupying specific positions : 

N the number of ways of arranging them in those positions=n(w), 
say, =»!, 

N{A) the number of ways of arranging them with a in its original 
place, 

N{a) the number of ways of arranging them with a out of its 
original place, 

N{aB) the number of ways of arranging them with in and a out 
of their original places, and so on. 

Thus iV’=lI(n); W(A) = n(?i~ 1) ; iV^(a) = II («)- 11(71- 1). 

Hence .Ar(oJ5)=n(n- l)“n( 7 i- 2 ) ; 

i\r(a6) = iV(a) — iV(ai?)=n(7i)-2n(n-l)-4-II(7i-2) ; 
writing n- 1 for n, .Ar(a 6 C) = n(7i- 1) — 211 (71-2) 4-11(71 -3) ; 
subtracting, iV^(a 6 c) = 11 ( 71 ) -311(71- 1)4-311(71 -2) -11(71 -3), 
and so on. 

Thus .V(a 6 c...^)=n( 7 i)- 7 in( 7 i- 1 ) 4 -—^^'^ 11(71-2)... ton 4-1 terms 

1 • ^ 

=n(n){i-i+i-l+...+(-iri}. 

Hence the chance that all the particles are misplaced 


aV(a, 5, 




1 

e ’ 


[See the Problem of letters and n directed envelopes,” Smith, 
Algebra^ p. 293.] 

In this case, although the number of cases is infinite, the problem does 
not call for the assistance of the Integral Calculus. 
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6. Find the chance that a random triangle inscribed in a circle is (i) acute 
angled^ (ii) obtuse angled. 

(i) Let ABC (Fig. 528) be the triangle; 0 the centre of the circle. 
Let the angles AOB^ AOC^ measured in opposite directions from Od, be 
called 6 and 

Then A =(27r — 0 — <f>)f2y B^<f>l2y C= 6(2 , and if ABC be acute angled, 

0 <ny < TTy rr. 

The chance for an acute-angled case is therefore 

rr dodify rodo , 

Jo Jtr- e _ Jo 1 

/■2tr /2ir-fl ~ ^2tr ”4’ 

lo Jo (2n-d)dd 

(ii) The probability that A is obtuse is 

The probability that one of the three J5 or C is obtuse = J. 

The probability that the triangle is right angled is of course 
infinitesimal. 




(iii) l-ict us examine this problem in an elementary way. Three points 
being taken at random on the circumference of a circky what is the chance 
that they lie on the same semicircle ? 

Let the arcs BCy CA, AB be o", y, z ; and take the circumference as 
unity. Then The triangle will be obtuse angled in any of 

the three cases y -f 2 < Xy z-\-x < y, x+y < z. 

Interpreting x, y, z as areal coordinates of a point referred to a reference 
triangle A*B'C*y we may proceed as in 3 (i), and if P, Qy B be the mid- 
points of the sides, the chance required will be the same as the chance 
that an arbitrary point of the triangle A'B'C' shall fall upon one of the 
three equal triangles A'QB, B'BP, C'PQ (shaded in Fig. 529), f.c. }, and 
the chance the triangle ABC is acute angled is 

(iv) A curious fallacy lies in the following argument. One pair of points, 
say A, By must lie on a semicircle terminated at A. The chance that C 
lies on this semicircle is J ; therefore the chance that all three lie on the 
same semicircle is 
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This is incorrect : where lies the fallacy ? (Rev. T. C. Simmons, Educ, 
Times). Let the student obtain the correct result by this line of 
argument. 

7. Ttoo points P, Q are taken at random within a circle whose centre is C. 
Prove that the odds are 3 to 1 against the triangle CPQ being acute angled. 

[St. John’s Coll., 1883.] 

Let a be the radius ; P, (r, </>), the position of one of the points, 
lict a diameter ACB and a chord PPE be drawn perpendicularly to 
CP. Then (Fig. 530) 

/•% 1 ^ • 1 . • area of a semicircle AFB 1 


(i) The chance that PCQ is obtuse is 


area of circle 


(ii) The chance that CPQ is obtu.se is the compound chance that P 
should lie on the particidar element rd<f>dr, aiid that if so, Q lies on the 

smaller segment cut off by the chord, x There- 

A 

fore the whole chance that wljerever P lies, CPQ is obtuse is, with the 
notation indicated in the figure, 


j'tt>=2ir r dtp dr },a“2$ - 20 . , 


'cr = aconO) =etc — 


(iii) Similarly the chance that CQP is (dituse — J. And the.se are 
mutually exclusive events. Therefore the chance that one of the three 
is obtuse is J + J= |. Therefore the chance that the triangle is acute 
angled is J, and the odds against this are 3 to 1. 




Fig. 5,m 


Fig. .531. 


1684. We have seen that when a region Q entirely encloses 
a second region «, the chances that a random point taken 
within Q should or should not lie witliin w are respectively 

^ and 1 — ^. If w random points be taken within Q, the 
chance that r specified points lie within to, but the rest do 




; and if the several points be denoted 
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as Af B, 0, , the chance that some unspecified r of them lie 

within o), whilst the rest do not, is times as great, that is 

£;^\n-r 

— ^ j . And the chance that at least r unspecified 

points of the whole number lie within o) is 




+ ...+^ 0 , 



Now suppose that the region itself is variable with the 
different trials, and let the regions which it represents in the 
several trials be denoted by cog, w,, ... tOm* and let there be 
a very large number m of such trials, and that any of these 
(o’s may be equally likely to be selected for any particular 
trial of the taking of a random point P within the region Q. 
The chance that at any particular trial any specified one 

value of o), say Wp, is selected is ~ > and therefore that r specified 

points of the whole group should fall within wp, and the rest 
not within it, we have the compound chance 


m 



Hence in all the m trials the chance that r specified points 
lie within the particular <0 selected for each trial, and that the 
rest do not, is 





And if the r points be not specific points of the group 
A, B, Cy which are to fall within the selected cw’s, the result 


will be the mean value of 
two results are 


M{u>p^{Q-Wp)»-^}in^ or ^CrM 
according as the random points falling within the particular 
ft)*s are to be specified or unspecified members of the group of 
random points Ay B, C, , 

It is convenient to picture the two cases as those of n sand 
grains thrown at random upon the region Q, the grains being 
coloured differently in the first case, uncoloured and in- 
distinguishable in the second. 
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1686. Taking, for instance, the case of a rod AB of length a ; this is 
the region 12. Take two points at random upon it. This marks a 
random region to, viz. PQ, within 12. Now take n other random points 
on AB^ say differently coloured sand grains thrown at hazard upon the 
line. The chance that a specified group of r of these lies between P 
and Qy and the rest do not, —M{PQ^{a-PQ)^-^)la^ ; and if the group be 
unspecified, the chance will be = "C'yAf{PC’'(a-PC)"-»‘]/a". 

Let P be the random point which is the nearer to A \ AP=x^ 


Then M{PQ^(a- PQ)^~^)= i^-xy{a-y-^xY~^dijdx^ dydx 
a*ii [^puttingy-x=a2,^:=^, ^-^=aj 

2a»J^-(l -^)"-r.irfj=2a"r(r+l)r(K-r+2)/r(«+3) = 2o»^-^^^^^^. g-J,-. 

Therefore the chance required for r specified points, and r only, to 
2(w — r+l^ 1 

lie between P and Q is 7--- - 77 • -77 , and if the r points be 

(?i + 2)(w + l) ' 

unspecified =^-^52^^. 


1686. This result is obtainable directly. For the total number of 
points to be chosen on A B ia n + 2. The number of permutations of these 
is (n + 2) ! Let us fix positions for two of these, X and J’', on the array, 
say the and w*\ TTien there are »! permutations of the remaining 
points. Hence the chance that two particular points X and Y shall be 


2 • Tt ^ 

the and rnP of the array = t may stand in either 

order, either as first and (r+2)* second and (r+sy*', third and 
(r+4)‘^, ... (n-r+iy^ and (a + 2)“', i,e. in w-r+l ways, events equally 
likely to occur, and therefore the total chance that these two points shall 

find r unspecified other points between them is 


1687. For instance, if there be eight indistinguishable points taken at 
hazard on ilP after P, Q have been selected at random^ the chance that 
three unspecified ones should lie between P and Q and five on the rest of 


2 6 2 

the line AB is 777-^1= rr, and the chance for three specified ones to lie 
10 • 9 Id 


between P and Q and the others on the rest of the line is 


A 1 1^J_ 

15 ■ ^3 15 ' 66 420* 


1688. Random Pointa. 

It is necessary to examine carefully what is meant when it 
is stated that points are taken at random within a given 
region. 



RANDOM POINTS. 


801 


(i) Wlien a point P is said to be taken at random upon a 
line AB oi length a, it is understood that AB is divided into 
an infinite number of equal elements, and that each element 
has the same chance of finding itself the recipient of the point 

A P Q R B 

Fig. 532. 

P. Thus, measuring a length x along AB from A, the chance 
of the random point P falling between x and x-{-dx is dxja. 

If a random selection of several points P, Q, R be made upon 
the line, the chances they will severally fall between the respec- 
tive distances x and x+dx, y and y+dy^ z and z-{-dz from A 
are dxfa^ dyja and dzja, and the compound chance that all 

three chances should concur is — • — • — , dxy dy, dz denoting 

(t 0/ (t 

increments of equal length. 

But if, after a choice of P and Q has been made at random, 
Ji is then selected at random between P and Q, the respective 
chances are dx/a, dyja, dzKy’-x) ; for now the possible region 
for the selection of a position for R has been restricted. The 
compound chance that all three things should happen is 
dx dy dz 
a a y—x' 

If a rod be broken simultaneously at two points at random, 
the chance that one fracture lies at a distance between x and 
x+dx from d, and that the other lies between the distances 

y and y A" dy from d, is But if the rod be first broken 

at P and then the portion AP be again broken at Q, the 
chance that these fractures should respectively lie at distanc^ 
from A between x and x+dx and between y and y+dy is 
d^ dy 
a X ’ 

(ii) When a point P is said to be taken at random on a 
given area A or within a volume F, then, if R be the whole 
region in question, and if P be divided up into an infinite 
number of equal infinitesimally small regions &Ry SR\ SR\ ...» 
it is understood that each element has the same chance of 
finding itself the recipient of the point P, and the chance 
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that specified points P, P\ P", ... should occupy the respective 

elements SR, SR , SR , is • - -„ 

K K li 

1689. To return to the case of a distribution of possible 
positions on a line AB (=«). If, after a random selection of 
one point P on ilP, a selection of Q be made at hazard upon 

A Q P B 

Fig. 533. 

AP, it is evident that, since the number of possible positions 
for Q on i4P is smaller than the number of possible positions 
for P in the whole line AB, the chance of any one element of 
AP distant between y and y+dy from A being the recipient 
of Q is greater than that of the element between x and x+dx 
being the recipient of P. The circumstance of the random 
choice of Q being made subsequently to the random choice of 
P, upon a limited range, has increased the chance of the dy 
element, but all equal elements between A and P have the 
same chance, the compound chance being, as before stated, 
dx dy 
a X * 

1690. We have, then, for the total chance that AQ shall 
not be less than a certain length c (<a), 


1] 

'^dx dy 1 
c a X J 

^dx , . ^ (t 

— • (.T— c) a-c—cioiie- 
cax ^ ^ c 

f} 

’^dxdy j 

Q a X J 

^dx a 

X 

\ax 


1691. Thus for a rod four feet long and AQ to exceed one 

foot, the chance =(3— log4)/4= 4034 

1692. It will be observed from Art. 1690 that for the com- 
pound event the chance of the element between x and x+dx 
being the recipient of the random point P, and also being such 
that the subsequent random choice of Q will give a result for 

dx X c dx 

which is no longer — but , and therefore the 

a X a 

density of the possible positions of P on the line is not the 
same at various positions, but varies as 1 — , i.e. in a hyper- 
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bolic manner. This “ density ” of distribution may be repre- 
sented graphically as in Fig. 534, and shows that the 
condensation of points P in an element dXy which can bring 
about a value AQ greater than c, increases from zero at a;=c, 
and continues its increase as P approaches B, tending in a 
hyperbolic manner to an asymptote parallel to the a?- axis. 

Taking ^ as the equation of this graph, fjdx is & 

measure of the number of cases in which P lies in the element 
dx. That is, this number is proportional to the ordinate of the 
graph. And the total number of cases is measured on the 
same scale by the area between the x-axis, the curve and 
the ordinate at x=a. This area up to any definite ordinate is 



If we take an ordinate which bisects the whole area, viz. 
x=x^, we have c— clog “^^=1 A ^a—c— clog ; and 

this ordinate divides the whole line AB into two portions such 
that there are as many favourable cases for the event desired 
in defect of AP[=x^ as there are in excess. On these grounds 
the value x=Xo is said to give the most probable case to secure 
the event. 

In the case a = 4 feet, c = 1 foot, a:© - 1 - log .a?o = J (3 - log 4) = 0‘8068. 

- log ar© = 1 8068, and by trial, or graphically, a?© = 2 8563 nearly . 

That is, in order that the portion AQ should exceed one-fourth of the 
rod, the most likely position for the first fracture to have been made is 
a little less than three-fourths of the length of the rod from A, 

We shall call such a graph, indicating the density or con- 
densation of points P in an element which are such that the 



804 


CHAPTER XXXVII. 


event may be brought to pass, the “ Condensation or “ Den- 
sity ” graph. VVe shall return to it later. It is also sometimes 
called the “Curve of Frequency.” (See Williamson, Int. Cak.y 
p. 369, ed. 8.) 

In all previous cases the density or condensation has been 
uniform. It will now appear that many cases will arise when 
this is not so. 

The mean value of the ordinates of the graph from x—cio 
x=a is given by 



for which the abscissa is ^ = . 

log a— log c 

In the numerical case cited, viz. a=:4, c=l, :r = 3/loge4 = 2164... . 


1693. Illustrative Examples. 

1. From a rod of given length a piece is cut off. From the remainder 
another piece is cut off. Show that the chance that the second piece is less 
than the first is log^ 2. 

Let OA ( =a) be the rod ; P and Q the fractures ; 0P=Xy OQ-j/. Then 
y> x,y-x <x,y < a. 

O P O A 

Fig. 536. 

So that if a; < «/2, y < ^x ; but if x > a/2, y cannot range as far as 2aj, 
and the inequality y < 2 j; is necessarily satisfied and replaced by y < a, i.e. 
when X ranges from 0 to Ja, y ranges from x to 2x ; 
when X ranges from Ja to a, y ranges from x to a. 

The chance of /i lying between x and x + dx is d.r/a, and the chance 
of Q lying between y and y+dy is dyl(a-x). 

Thus the chance required = -^^ 4 - f f ^ — •^=etc.=log«2. 

' Jq Jx a a-x Ja Jx a a — x 

2. (i) Find the average distance between two points P and Q, where P is 
taken at random on a line AB of length a and Q is taken at random on A P. 

[Math. Trip., 1883.] 

Let AP—x, i4§=y, x -^y. 

A Q p B 

Fig. 536. 


Then 


if(OP\ - - 

Jo Jo a X 


: etc. = ^ • 
4 
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(ii) Find the average distance between the two points P and Q when 
P and Q are taken at random on AB. [Math. Trip., 1883. 

Here Q may be on either side of P, and x—y changes sign as Q passes P 


JI/(poaitive value of QP) = 


a a Jo Jz ' a a 
f® r^dx dy 
Jo Jo a, a 


= etc. = 3 . 


3. Two lines are taken at random^ each of length < a. Prove that the 
chance that^ together with a line of length \ay they can form the thrw sides of 
a triangle is [St. John’s, 18S3 ] 

(i) If a:, y, \a be the sides, we have 

X < a, y'<ay x-^y>\ay y + x+la>y. 

Take x, y as Cartesian coordinates of a point. Construct a square 
OADC oi side a, with OA^ OC as coordinate axes. Let 7?, S be the 
raid-points of the sides (Fig. 537). Then, of all points within the square, 
any point within the shaded area PSBRQ will satisfy the conditions of 
the problem. Hence the chance required is 

(ii) Or we may proceed directly thus : The chance that x lies between 
X and x4-dx, and that y lies between y and y + dy^ is dxdyf{p. 

If X < - , ^ ranges from ^ - .x to -f x ; if x > - , y ranges from x - ~ to a. 


Therefore the chance required = T f f ( ^^ = etc. = ^ 

kh_, a‘ » a* 8 


It will be noted that this is the exact process of integrating dxdyla^ 
over the shaded area. 




4. Three lines are chosen at random^ each of length < a. Prove that the 
chance that they can form a triangle is 

If y, z be the lengths, we must have x < a, etc. ; > x, etc. 

Consider x, y, z the rectangular coordinates of a point. Of all points 
within a cube of edge a, three of whose edges coincide with the axes of 
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coordinates, those which give the result sought must be included between 
the three planes x-\-y^z^ i.e. half the whole cube. 

Hence the chance is 

6. A rod of length a ti broken at random into two ftarts^ and one of the 
two parte ie taken at random and again broken at random. Show that for 
the two parte thue obtained the chance that neithei’ ie leee than Ja ie J. 

[Ox. II. P., 1886.] 

Let OQ be the part first broken off (Fig. 639), P the second fracture ; 
OP^Xy PQ==yy QA=iZy X’\-y+z==a. Unless x+y>2aj2 there is no chance 
that X and y shall be each > a/3. Therefore the larger portion must be 

o ^ P .r Q *0^ A 



selected. Regard .r, y, z as the rectangular coordinates of a point. This 
must lie on a plane ABC making equal intercepts a on the coordinate 
axes. The planes x=al3y ys=a/ii, «=0 isolate on the triangle A'B'C% a 
triangle PQR whose area is J that of the triangle A'B^C, In order that 
the specified condition must be satisfied, the representative point x, y, z 
must lie within the triangle PQR. The chance is therefore 
6. If three pointe P, §, R be taken at random on a etraight line OA ( = a), 

what ie the chance that, if n>^, OP^ + PQ^-\-QJP-\-RA^ shall be ^ 

Let OP^Xy PQ=yy QR = z. Then RA ^a-x-y-z, and we are to have 
w + 1 

+ ^ whilst x, y, z are positive and their 

sum < a. 

Take an orthogonal transformation in which 

x-ky^'Z—ZjZ and + + 

where JT, Y, Z are new variables. Then 

X^+Y^+Z^+(a-Z,l3f>^a\ i.e. X»+ r»+4(^Z-^J:^~. 
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The whole range of the values of X, F, Z is comprised within a 
spheroid of semi-axes al4*Jn, which lies entirely within the 

tetrahedron :p=! 0, y = 0, 4 ?+y+ 2 !=a, provided n be large enough. 

The centre of the spheroid is at the point given by 
i.e, (a/4, a/4, aj^). The minor axis lies along The perpendicular 

from the centre on the plane :c+y+^=a is and the minor semi>axis 

being ajAjn^ we must have n> 3 in order that the spheroid shall not cut 
the face x-k-y-^-z^a. The same limitation will secure that the spheroid 
shall not cut any of the other faces of the tetrahedron, and must therefore 
be completely contained by the tetrahedron. With this limitation we 
therefore have 

. , Vol. Spheroid ir 

CJhance requ.red= y^, XetrahedroD ^i^- 

7. If n random points P, Q, R he taken upon a line OAt what is the 

chance that the sum of the squares of the (« -4- 1 ) parts shall not exceed ^ the 
square of the whole line ? 

1 1 1 1 i ; 

o P a R A 

Fig. 540. 


Let »!, x^y ... x^ya-x^-x^- -x^y be the lengths of the successive 
parts. W e are to have a?!* + + . . • 4- (a — ~ . • . - *»)* ^ a^Jn. 

Take an orthogonal transformation in which a;j+a :2 + ...+a;n?=>/wX„, 

and let X,, Xg, ... X„ be the new variables. Then = 
condition becomes 

Xi^+Xa^^ ... + X„2+(a--N/;iXn)2 > a^fn. 
i.e. Xj* + Xj* +...+(« + 1) {X„ - aV»/(w + 1)}* aVw(n + 1 ) 

or Xj + Xa-H ...-4-Xn-i + Xn a*ln{n-\- 1)» 

where X„ — a\//i/(n + l)= X„7>/w + l» 

With the new variables the signs of Xj, Xg, ... may be either positive 
or negative. 

The chance required is X/D, where X= J j j dX^dX ^ . . . dX„.i — » 

for all values of X„ Xj, ... X^-i, X„', for which 

Al + X 2 +... + X®-i + X;®>a»/w(^^ + l) (see note in the next article) ; 

and J>= f f...[dxidx 2 ...dxn for positive values of ajj, a? 2 , ... for which 




By Dirichlet’s theorem X= 



2", the last 


factor 2* occurring because at each integration the result is to he doubled 
to take into account the negative signs of the respective variables ; 
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1 

VjTTirQ+i) 


and 


D 


g" {r(i)r . 

1 " r(?i+i)' 


the chance required = 




1694. Note. 

Consider the equations 

^+*2+ ... +a;«+.i = a®/3>, aJi +X 2 + ... +^m+i = g ( + 


Multiplying the second by 2a/?i and subtracting, 


and therefoi e when one of the a;’s is zero, say Xn+i, 

and if ;? > w, this would be negative, and therefore impossible to be 
satisfied by any real values of x,, ... .r„. If ;> = 7i, the unique real 
solution would be x, = Xj= ... =x„ = rt/M, where = 0 ; and similarly if 
any of the other x’.h were zero. We may suppose x„^i as an abbreviation 
for a -Xj -x.^ — ... -x„, and Xj, Xo, ... a?n as generalised coordinate.s. 

(i) If n = 2, Xj* + Xa* + x,* = a 2 / 2 , where Xg = a - x^ - Xi, is a conic, and can 
only meet the lines Xi = 0, X2 = 0, X3=0 at 

Xj = 0 , X2 = a/ 2 , X3 = «/2 ; x, = g/ 2 , x.2 = 0 , X3 = a /2 ; x, =a/ 2 , x.2 = g/ 2 , X3 = 0 ; 
t.e. it is the ellipse which touches the lines *1 = 0, = *^3 — «^t the 

mid-point.s of the sides of the triangle formed. The centre is at 


.rj = .r 2 = x, = «/ 3 , 


and the ellipse is the maximum ellipse inscribable in the triangle. In 
homogeneous coordinates .rj, .vgy .Vg we may write it as 

2 (.ri* + -I- ) = (.r 1 + *2 + .Vg )* or Vx, + + x^Xg = 0. 


(ii) If n = 3, x,‘-* + x,2 + 4- x^*^ = «”/3, where x^ = a - x, - x^ - X3 , is a 
spheroid inscribed in the tetrahedron x, = 0, *t = 0, *3 = 0, *4 = 0, touching 
the faces at their several centroids. 

In homogeneous coordinates x,, Xj, X3, X4, 

3 (Xj 4- *2^ 4” Xg^ 4" ^4^ ~ (^1 "1“ "1* ^3 "b *^4)^* 

The centre is at x^ = Xg = X3 = x^ = rf/4, and the spheroid lies entirely 
within the tetrahedron. 

(iii) In the general case, 

» + *2 + • • • + ® n + 1) - (*l + “^2 + • ■ • + *n H )" = ® 

may be arranged as 

r-f»+l M+l 

(n~l)x,*~2xi(r,4-X3+...+.r„4.i)4- 2 2 (^^3 “ 

r=8 4 

+ - + (^n-»«+l)*=0. 
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Hence if w > 1, cannot be negative unless a?,+a; 3 +...+a?nfi 
negative, which is impossible, since afi+(a?| + ..»+ 37 ^ 4 . 1 ) = a, ^hich is 
positive. And the same follows for each of the variables. That is, 
using language in analogy with the geometrical interpretations of (i) 
and (ii), the n-dimensional “spheroid” a7i+a|+...4-a:S+i = aYw, in which 
entirely within the n-dimensional “region” 
defined by a;i = 0 , ...ar„^i = 0 , and touches each of the “faces,” viz., 

say, arj = 0 at (O, -, ... -\ i.e, at its “centroid,” and has its “centre” at 

a({n -f 1 ), . . . a/( 1 ), i.e. the “ centroid ” of the region, and may be written 


(■"■ - 1 J + + •••+(*»«- ; 


’ 71 ( 71 + 1 )* 

It will be seen, therefore, that in the integration of the preceding article 
it is proper to take the limits for .Xj, JTj, ... for all values of the variables 
for which Xi^+ ... + aV^i(7i + 1) ; for negative values of these vari- 

ables cannot imply any but positive values of the original variables 
a?! , ajg , . . . . 


1695. General Illustrations. 

1. If a rod be divided into p pieces at random, prove that the chance that 
none of the, pieces shall he less than I/th'^o/ the whole, where m>p, is 
(I - p / my-K [Math. Trip., 1875.] 

n pieces p-^n pieces 

A .r /-.r B 

Fig. 541. 


Let X be the distance of the n^^ point of division from one end, and let 
the length of the rod be taken as unity. Then, as each piece is to be 
> l /7«, we must have 

X > njm and 1 - a: > (p - n)lm, i.e. 1 - (p - 7i)/m > x> njm. 
Hence each point of division, P„, has a favourable range from x^njm to 
1 ~p(m-\-nlm, and the length of this range is (I -pfm) of the whole. 
And since there are p-1 points of division, the required chance is 
(I -pjmy-^. 

2. To examine the same problem by means of the Integral Calculus. 


O X, X, X, X4 A 

Fig. 542. 

If Xj, Xjj, ... be the several points of division of the rod OA ( = a) at 
respective distances x^, x,^, etc., from 0, we have Xr>ralm and <Xr+i - aim 
from 7 *=I to r=p-l, and Xp = a = l. And the required chance is N/D, 
where ra-" 

^=/ -4 L 

^ m m 

and D is the same when 771 = 00 . 

Hence performing the integrations, A^/D = (l -plm)**^\ as before. 
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3. A rod XY (s=a) is broken <U hazard into three portions. If these three 
parts can form the sides of a triangle, what is the chance it is acute angled ? 


X P Q Y 

Fig. 643. 

In Art. 1683, Ex. 3 (iv), it has been seen that the chance the parts form 
a triangle is 

Let P, Q be the fractures, XP = x, XQ y > .r. As in the article cited, 
we must have 

X < aj2. y < x+a/2, y > a/2. 

To be acute angled, we must also have 

(a-y)*4-^ > + (;/ -jr)* > (a -y)*, 

y(y-“ia? — a) + a*/2>0, y(:ir-a) + a*/2>0, (or — a)(j7-y + a) + a*/2>0. 

All values of x and y from or— 0 to ^=y, and y=s0 to y = a, are equally 
likely. Refer to rectangular axes Ox, Oy, as before, with the same 
description of figure. 

The region bounded by the hyperbolae y(y-x~a)+a2/2 = 0, etc., in- 
cludes the only positions in which the representative point {x, y) can He to 
ensure that the triangle formed by the portions of the rod shall be acute 



angled. These hyperbolae, which we designate ns L, M, N respectively, 
pass through R and H, H and I, I and R, and touch each other at these 
points. The three segments bounded by L, M, N and their respective 
chords are 







for =|a«-^log2; 

for N. 
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Therefore the area of the curviiineal triangle RHI 

= |--3{|a*-ia»log2)=(flog2-l)a2. 

Therefore the chance that the three segments of the rod form an acute- 
angled triangle =(8 log2- l)a‘>/Ja»=3 log2-2. 

^e chance that any specific angle is obtuse 

(I ^ ^ 

The chance that the triangle is obtuse angled = J(3 — 4 log 2). 

The chance that the triangle is right angled is of course infinitesimally 
small. 

4. P» Qt R are random pointSy one on each of three equal lines XjTj, 
^^ 2 ^ 2 * -^ 3^3 ( = “)• What is the chance that the poftiims X^Q/X^R 
may form an acute-angled triangle ? 



In Art. 1693, 4, the chance the parts form a triangle has been seen to 
be If J?, ?/, z be respectively X^P, X^Q and X^R, we have the additional 
conditions y^-\-z^ > z^ + a^> > z^. Referring to rectangular 

axes, as before, the surfaces of the right cones — etc., separate 

the favourable positions of the representative point from the unfavourable 
ones. These cones touch in pairs along their common generators, which 
lie in the coordinate planes. The volume of the part of the cube in- 
cluded between them 


1 wa* /, ir\ - 

Hence the chance required = -^=’2146... . 
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5 . Two points P and Q art taken at hazard upon a line AB (^a),P being 
the nearer to A, What is the chance that the sum of the products of the 
segment two and two together exceeds one fourth of the square of the line ? 

Let AP—x^ AQ—y^y>x. Then x ranges from 0 to y and y from 0 to a. 
The limiting case is x{y -x)-V{y-x){a-y)-V{a-y)xta.^, 

Referring to rectangular coordinates Ox^ Oy^ the representative point x, y 
may lie anywhere within the half OBC of a square OABC of side a, 
whose sides OA^ OB are along the axes Oxy Oy ; and the favourable cases 

are indicated by points lying within the ellipse ay + ^ = 0, 


A X P Q fl-y B 



which touches the sides of the triangle OBC at their mid-points, and is 
the maximum inscribed ellipse. 

By projection its area is to that of the triangle OBC in the ratio of 
that of a circle inscribed in an equilateral triangle to that of the 
equilateral, i.e. tt/Sv^S. The chance required is therefore ir/3>/3. 

6. A rod of length a is broken at random into three parts. What is the 
chance thai the square on the mean segment shall be less than the rectangle 
contained by the other two ? 

Let Xy yy z he the lengths of the segments. Suppose y the mean 
segment. Then 

x>y>zorx<y<z] jr-f-y 4-2 = a; y^<zx. 

Refer to rectangular axes Oxy Oy, Oz, Let OA -OB- OC- a (Fig. 547). 
Then ;r 4 *^+ 2 = a is the plane ABC, Let D, Ey F, be the mid-points of 
the sides, G the point (a/3, a/3, a/3). The equations of the planes COF 
and AOD are respectively y — x and y = z. 

The inequalities y <x and y < z for points on the plane ABC limit the 
region to the triangle AOF, 
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The cone ?/2 = 2 .r has OA and OG for generators, the coordinate planes 
x — 0 and 2 = 0 being tangential, and it passes through cutting the 
plane ABC in an arc APGQG. For points of the triangle AGB on the 
concave side of the arc we have y* < z.v. This further limits the range 



Fig. .547. 


of the representative point .r, y, z to the segment A PGA. Therefore, for 
the case x > y > < z.Vy the chance required = Area APOA/Areix ABC. 

Now, since 2jcz—{a-y)^-x^-z\ we have along the intersection of 
the cone and the plane ABGj x^+y^-\-z^A-2ay = d^ ; so that it is possible to 
pass a sphere through the arc APQCf which is therefore circular, as may 
be seen geometrically, the centre being at the point K where AK drawn 
parallel to FO meets BE produced. The radius of this circle =a\/2/3; 

and Area AP6A = = j- (2^ - 3^3). 


Hence for this case the chance is 




2irN/3-9 

27 


There are six such cases, viz. 


x>y>z\ 

x<y<z} 


with y* < zx ; 


y>z>x\ 
y <z<.Tf 


with 2 * < afy ; 


2>*>yA 

z<x<y) 


with »* < yz. 


Therefore the total chance = 5 ^ (2W3 ~ 9)= J(2ir\/3 ~9) = *418399... . 

If a specific segment of the line, say the middle one, is to satisfy the 
same conditions, we then have the hvo cases x>y > z, x<y <Zj with 
y* < zXf and the chance is ^(2W3~9), t.e. one-third of tlie total chance 
considered above. 
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7. A rectangular parallelepiped is constructed tvith a given diagonal, and 
edges of any possible lengths are equally likely. Whal is the chance that a 
triangle could he constructed toilh its sides equal to those edges of the 
parallelepiped which meet in a point ? 

Let x,y,zhe the edges, a the diagonal. ; yi-z> x, 

z + x >y, x+y > z. Referring the problem to a set of rectangular axes, 
the planes 2 =*, etc., form a spherical triangle PQB on a sphere of 
radius a. The points P, Q, It are the mid-points of the sides of the 
quadrantal triangle ABO formed on the sphere 3c*+y*-hz*=sa* by the 
coordinate planes. The sides of the triangle PQB are each tt/S, and 



cos P = cos Q = cos P = J . The spherical excess = 3 co 8 “* J - tt. The area of 
the triangle PQB = a* (3 cos^^ J - tt). The area of the triangle ABC = 1 rraK 
The “favourable” region for x, y, z consists of the three spherical 
triangles, AQB, BRP, CPQ, the sum of whose areas 

= _ a*(3 C 08 -> I - »•)= 3a»(| - cos"* 3a* sin-* 1 . 

6 1 

Hence the required chance = ~ sin"** 5 . 

tr t> 

8. A rod AB, {=a) is broken at hazard at two points P, Q, What is the 

chance that PQ shall be such that PQ* 4 : - (^P* + QB*) ? 

n 

Let APsxx, PQ—z, QB=y, X’\‘y’^z:=a, and we are to have ns* < **-f*^* 
Refer, as before, to rectangular axes Ox, Oy, Oz, Then, of all points in 
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the plane a;+y+ 2 =a (Fig. 549)^ those which lie within the right 
circular cone **+y*=n 2 * are “favourable.” The projection of the 
line of intersection A'B' upon the z-plane is i.c. 

A X p z Q y B 



Fig. 549. 


a conic with focus at 0, directrix a;+y=a, eccentricity s/2n. Turning 
the axes round so that ON, the perpendicular upon x+y=<i, is the new 
iT-axis, the conic becomes r*=n(a-Xv/2)*, i.c. in polars 

a\/n/r=l+>/^co8<^. 

The area of the portion of this conic between the radii OA , OB (Fig. 549), 
in the case when < J , is 




de 


: etc. 


“ 2 „\t L”** + \'n) 1 +^/« -1 


(l+N/2nco9fl)* (l-2n)* 

And the chance required /i— s"-. 

2» r ,/'l+2v'n 1\ r vl-2i »1 

= Area OA'iT/Area 


( 1-2 


e 


If n=i, the conic A’ff" ie a parabola, viz. o/rv'2=2coa‘2 


In thie caee, Area OA»/r=|’ j%ec*|rf0=etc.=^(4s/2-6X 

and the chance required=(4>^-5)/3=’2I896j./>. 

If n> I, the conic rP' ia hyperbolic, and the chance require! .a 
i-Jn+l \ 



-cosh" 
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9. The eqtuUion ie written down at random with real 

coefficienta* Find the chance that it represents a hyperbola, 

[Ox. II. P., 1887.] 

The condition is k^>ah. Consider the portion of the volume of the 
cone z^—xy enclosed by the planes ic, y= «= ±c. Let PMN 



(Fig. 550) be a parabolic section by a plane parallel to the y-z plane 
bounded by the planes «=0. The volume, to x^c^ 

= r^MN,IfPdOy^ic\ 

Jo 

The volume enclosed within the cube, 4?= ±c, y = ±c, z= ±c, is 8 . J . ; 

and the volume of the cube =8<r\ 

The representative point of a, b. A, via. or, y, z must lie outside the cone 
but inside the cube, however large c may be. 

Hence the chance required = 1 - J == J. 

10. Six points are taken at hazard on the circumference of a circle. 
What is the chance that no two consecutive selected points are separated by 
more than a quadrant ? 

It will not affect the problem if we regard one of the points, viz. to 
be at a particular point of the circle. Let AC^ BD be perpendicular 
diameters. Let the other five selected points be Px,J\,P3, and Q at 
arcual distances x^^ ^3, x^ and x respectively from A measured counter* 
clockwise. One of these five roust be in each quadrant, and not more 
than two in any one quadrant. Let P|, P,, P^ be the points which 
lie in the first, second, third and fourth quadrants, and Q the one whose 
quadrant is unassigned. It will be sufficient to consider the two cases, (1) 
when Q lies in the first quadrant, (2) when Q lies in the second quadrant, 
for the number of cases when two lie in the fourth or third quadrants 
are the same as if two lie in the first or second respectively. Also when 
Q lies in the first or the second quadrant, we shall suppose that point of 
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the two which is nearer to A to be designated as Q. Let the length of a 
quadi'antal arc =«. Then the two cases to consider are 

(1) and a<j7<.i;2<2a (Figs. 551, 552). 



dx. 


/•n pt ra+xi r 

^‘=.1 H H 

1‘n ra+Xi ^ ^+*3 

dxJ dx dxJ dx^ da:., 

Jo .'a Jx J2a J'ia 

f*n fXi rxa fxt f*, 

/)=jo dx^j^ dz^j^ dz^ l^ dxi j^ dx. 

The values of these integrals are readily shown to be iV^j = 4aV5J » 

JV2 = 9a*/*'’- ; D = (4ayi5l, 

Hence the chance required = 

11. Three random points L, M, N are taken vnthin a circle of centre 0 
and radius a. Find the chance that the circumcircle of LMN lies wholly 
within the original circle. [R.P.] 

Let F be the centre and .r the radius 
of the circumcircle, and OP—r. Take an 
arbitrary and indefinitely small strip of 
breadth h round the circumcircle. Its 
area = 2vxk to the first order. The chance 
that three random points should fall upon 


it 


=r 


\ ffa* / ’ 


which we may write 



Integrating with regard to x 
from x=0 to x-a^r^ which varies the 
size of this circle from radius zero to such 
a size that it will just not cut the original 

circle, we have where is an arbitrary elementary area at our 


Fig. 553. 
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choice. We are now to sum up all such results as the above for various 
positions of P within the original circle. Replace by rdSdr^ and 
integrate over the large circle. 

The required chance = ^ jo ~ rfr = — - . 

12. // w + l particles P, Q, i?, 8,,.. be thrown down at hazard upon a 
straight line OA ( =a) each has the same chance of finding itself the (r+ 1)** 
in order reckoned from O towards A, Also, since some one of them must 
occupy the (r + ly* position, that chance is l/(n + 1 ). Examine this otherwise. 

P 

6 A 

Fig. 554. 

The composite chance that P falls at a distance from 0 lying between 
X and x+dx, and that r unspecified particles lie between 0 and P, and the 

( x\^ /a ~ x\^ — ^ dx 

- I ( I — , and therefore the chance 

a) \ a ) a* 

that P occupies the (r-fl)‘^ place irrespective of where it lies upon 

OA = "(7r J x^(a - xy*~^dxla”-^' = etc. = l/(n + 1). 

13. Two points P and Q are selected at random within the volume of a right 
circular cone, and circular sections are drawn through them. What is ike 
chance that ike volume of the slice exceeds 1/8 of ike cone ? 

Take the vertex as the origin and the axis as A'-axis, x and y the 
abscissae of the points and y>x. The chance that a random point has an 
abscissa lying between x and X'^dx is proportional to the volume of a slice 
of thickness dx, the abscissa of one of its faces being x, i.e. to ^dx. 
Also if a be the length of the axis, 4: Ja®. The chance may 

then be written either as 



Fig. 555. and each gives a result 49/64. 

The condensation curves (Art. 1692) for P-points and for Q-points, 
indicating the density of clustering on the jr-axis of the ends of their 
abscissae, are 

(i) and (ii) 
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Each touches the f-axis at the origin ; (i) crosses the ^-azis at | ?/7, and 
has a maximum ordinate at x *70473... ; (ii) crosses the 

^-axis at has a minimum ordinate at ^=a and rj increases and is 
positive from - to a. In Fig. 656 a is taken equal 2 units. 

We are only concerned with the part of (i) from 0 to and of (ii) 
from - to a. 

Both densities increase from | to a 



The first decreases and the second increases for the rest of the range. 

If we require the chance that under the stated circumstances the point 
P possesses an abscissa lying between certain limits, say pa and aa, where 
0<P<a<ly that chance is 

jT 

It will be found that the chances that x lies between ’Ga and •7a, or 
between *7a and ‘8a, are respectively *151257 and 151255, and are almost 
exactly the same. This is in the immediate neighbourhood of max. 
condensation. 

The point at which the condensation of the a?- values reaches its maxi- 
mum is a ox -70473. 

If ya be the “most probable value” of ar, i.e. such that it is an even 
chance whether x exceeds or falls short of ya, it is given by 

S/7 • / f~ 

r»a-r»)=i-«. y=-iVi-7i- 

The ordinate at this point bisects the portion of the area in the first 
quadrant of the condensation curve for P-points. 
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1696. Inverse Probability. 

Questions involving the probability of causes as deduced 
from observed events are called questions on “inverse” pro- 
bability. Supposing Pj, Pg, ... Pn, the probabilities of the 
existence of the several causes of an event known to have 
happened, and that these causes are mutually exclusive, and 
that these are the only causes through which the event could 
have happened; and further, supposing that Pi, P 2 > ••• Vn 
the respective probabilities that when the cause exists the event 
will follow, then it is known that in any case when the 
event has been observed to happen, the probability of its 

having done so from the cause is PrPrl'^ PrPr (Smith, 

Alg., p. 521). This result is stated by Laplace [Mem. sur la 
prob. des causes par les evenemens, Mem. ... par divers savans, 
T. vi., 1774]. 

If Qr be the probability of the compound happening of 
the Z*' cause followed by the event, Qr=PrPr* the above 

expression may be written Qrj'^ Qr* 


1697. Let the probability of the happening of a certain event Ay 
which we may call the cause of a second event By be x, which varies 
from 0 to Let the happening of B depend upon the happening 
of A in such a manner that the compound probability of B*s 
happening is <f>(x). It is observed that B happens. What is 
the chance that x lies between two assigned limits /3 and a ? 

Let OC denote unit length on the a?-axis, and let the graph 
of y = (l>{x) be drawn (Fig. 557). The ordinates represent the 
probability of B happening corresponding to the abscissa 
which represents that of A. 

Let OC be divided into n equal elements of length h,rih — \. 
The points of division are at distances from O, 0/n, 1/n, 
2/n, etc., and the probability of the existence of the cause is 



i.e. io(^(roc)/£>«goc). 


Hence the probability of the abscissa lying between x and 
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x-\‘dx is <li(x)dxj^ <p[x)dx\ and therefore the chance that the 
abscissa lies between /? and « is | (f>(x)dxj^ <ji{x)dx. 



This chance is therefore measured by the ratio of the area 
bounded by the curve and the of-axis comprised between the 
ordinates a;=/3 and x^a to that comprised between a;=0 
and cc=l. 


1698, In the same way, if the secondary event B be de- 
pendent upon two (or more) primary events i4j, whose 
probabilities are represented by ajj, x^, whilst that of tlie 
dependent secondary event is %), the chance that the 

probabilities of these primary events respectively lie between 
and Oj, /Sg ^ 2 » where 0<^i<Cai<l and 0</32<a2<l, is 

with corresponding expressions if there be more than two 
variables. 


1699. Recurring to Ex. 12, Art. 1695, we have seen that if 
a point X be taken at random on a line OA = a, and then 
m+w other points be taken at random on the same line, the 
chance that m unspecified points of the group lie between 
0 and X and the remainder between X and A is 


a fact obvious from another consideration as pointy out. 
We may use this problem to illustrate the result obtained m 
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Art. 1697. The fact that X lies at a distance x from 0 may 
be regarded as a primary event or cause from which the 
nature of the secondary event, viz. the particular allocation 
of the m+n unspecified points, arises; and the chance of the 
happening of the secondary event is a function of the variable 
X which defines the cause. 

X ^ a-x 

o X A 

Fig. 558. 

The total number of ways in which it can happen that 
whilst X lies between an unassigned x and X'i-dXj an un- 
specified m of the m+n random points lie on OX and the 
remainder on XA for all values of x from 0 to a is measured by 

and the number of ways the same thing can happen when 
X lies between an assigned x and x+dx is measured by 

Therefore, when the compound event happens, the chance 
that X lies between x and x+dx is the ratio of the second of 

these expressions to the first, i.e. x”^(a—xy*dxj ^ x^{a -x^dx. 

And the chance that when the compound event happens, X 
will lie between x=fi and x=a, (0<^<a<a) is 

I x”*(a—x)^dxj^^x”^(a—x)^dx, 

1700. Next suppose that a new group of random 

points is taken upon the line OA. What is the chance that an 
unspecified p of these points also lie between 0 and X and 
the remainder between X and A ? 

The total number of such cases when X falls between 
X and x-\-dx will be 

and the total number of cases for all positions of X, in which 
m unspecified points of the m+w lie on OX, whilst the other 
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n lie on XA, whilst the p-hq points are distributed any- 
where on the line, is 

Therefore the compound chance that (i) X lies between x 
and x-\-dx\ (ii) m unspecified members of the first group fall 
on OX and the other n on XA ; (iii) that p unspecified members 
of the second group fall on OX and the other q on XA, is 

ap^q ^ 

J x^{a—xYdx 

Hence the whole probability that this compound event 
happens when X lies anywhere on OA is 

_ {p+q)\ (w+y)!(w+g)! (m+w+1)! 

{\”^{a-xrdx (»«+«+P+3+l)! »«!»*! 

Jo 

1701. The above problem forms a landmark in the History 
of Probability. It is associated with the names of many 
investigators, Bayes, Condorcet, Trembley, Laplace and others. 
(See Todhunter’s History, pages 295, 383, 399, 414, 467, etc.) 

It is often enunciated in a different way. 

An urn is supposed to contain an infinite number of white 
tickets and an infinite number of black tickets, and no others, 
and that is all that is supposed to be known as to the tickets. 
These tickets correspond to possible situations of a point to 
the left of X or to the right of X in the foregoing problem. 
Then m-\-n tickets having been drawn from the urn, m are 
found to be white and the remainder black. What is the pro- 
bability that a further drawing of p+q tickets will result in 
p being white and q black ? 

j' a:’“+^'(l— *)’*+«(& 

Laplace gives the required result as » 


f x^{l—xy^dx 

Jo 


which, without the factor {p-^-qYlp^-qU supposes the tickets to 
have been drawn in a specific order. Todhunter quotes the 
following remark of Laplace : “ La solution de ce problfeme 
donne une mdthode directe pour determiner la probabilite des 
dvbnemens futurs d’aprfes ceux qui sont ddja arrives. 
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1702 . Next suppose that on the line OA ( =a) several random 
points Xi, , Xn^i be taken at distances X2, ... , 

6 x; XT* Xn_, A 

Fig. 659. 

from O, in this order, and let P 1 +P 2 + ••• other random 
points be taken upon OA. Then the compound chance that 
(i) X^ lies between x^ and x^+dx^, X^ between Xjj and x^-k-dx^, 
etc. ; (ii) specified points fall on on X^X^, on 

^ 2 .^ 3 , etc., is 

\a J \ a / “\ a / a a a 

Hence, for unspecified groups of p^ points between O and X^ , 
P 2 between X^ and X^y etc., whilst Xg,... Xn_i lie at any 
points of OAy in this order, the chance is 

(Pi+P2+...4-Pn)- p p"-‘ p”-* p* 

Pi!p2!...p„! JoJo Jo ** \ a / *" 

X ( ^ ^Xn-2 ^^2 dXi 

\ a J a a a a * 

which at once reduces to l/(Ep+l){2p+2) ... (2p+n— 1). And 
this is an obvious result. For of the Px-f p 2 +.-.+Pn+^~l 
points of division, the chance of the n— 1 points standing in 
the specified order in the (pi-j- 1)*’^ (Pi+P 2 + 2 )*^‘^, etc., positions 
is clearly 

(Pi+?2+ ■ • • +Pn) 1 /(Pi-f 1?2+ . . . + w~ 1) ! 

==l/(2p + l)(2p+2) ... (Sp+w— 1). 

If now another group of + points be chosen at 

random on OAy the chance that unspecified ones shall lie 
in the same segment as the p^ points, ^2 the same segment 
as the P 2 , and so on, will be 

1 (gl“fg2 + -»+gn )l 
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the limits for Xi being 0 to ajj; for 0 to 3Cj, etc. ; for jtn-i, 
0 to a, which we may evaluate as before. 


1703. Ex. From a hag containing an infinite number of tickets, each of 
which is known to he black or white, ten are drawn at random, and found to 
he four white, six black. What is the chance that a further draw of two 
tickets gives one white, one black ? 

Here w=4, n = 6, 2 )= 1 , g = l,a=l, and the chance required 


= x*(l —x)*ci.v= 


2r(6)r(8) 

r(i4) 


r(12) 35 

r(5)r(7)“78‘ 


What would be the chance that a draw of one ticket only should yield a 
white one^ and that a subsequent draw should yield a black one ? 

The chance for a white one at the next draw 


= x\\ -xydx j j^x\l-xydx = ^. 

The chance for a black to follow = x^(l -xydxj^ x^(l-xydx=^. 


The chance for the two draws to result in this order ; 


5 7 35 


« ^2 j3 

The chance that .r, which represents the proportion of the number of 
white tickets to the whole number of tickets in the bag, should be more 

than 4 of the whole is J .r*(l -xydxj 281/2‘®. 


1704. Buffon’s Problem. Parallel Rulings. 

An infinite plane is rtded by an infinite system of equidistant 
parallel lines, whose distances apart =2a. A thin rod of length 
2i ( < 2o) is thrown at random upon the plane. What is the chance 
thcU the rod will cut one of the parallels ? 

Take as y-axis that one of the parallels to which the centre 
C of the rod falls nearest, and the x-axis perpendicular to the 
set. The problem is unaffected if we suppose the centre of 
the rod to fall upon the x-axis, for the proportion of the 
number of cases in which the rod cuts one of the rulings to 
the whole number of possible cases is not altered thereby. 

Let 0 be the origin, 0C=x, Let the figure represent the 
case in which one end of the rod lies upon the y-axis, the 
angle between the rod and CO being Then »=Zcos^. 
Then for a given position of C, the chance of a cut 



2 

= -COS- 
TT 


X 

V 


and the chance that C lies between x and x+dx on a line of 
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length a is ete/a, and when C falls between x~l and 
there is no chance of a cut. Hence the whole chance required is 

2 Xj 21 . , 21 double the length of the rod 

/' '^raJo ^ ^ ^ Tra circ. of a circle of radius a 



This is a particular case of a remarkable general result to 
be seen later. It is another landmark in the history of the 
subject. It was given by the naturalist Buffon in his Essai 
d' Arithm^tique Morale, 1777. Also see Laplace, Thiorie de 
Prob,, p. 359 (Todhunter, History), 

1705. Bectangolar Balings. 

Suppose a second system of parallel lines drawn at right 
angles to the former set, whose distances apart =26 (> 2l\ 
thus mapping out the infinite plane into a net-work of equal 
parallelograms. Consider that rectangle formed by a con- 
secutive pair of each family of rulings which finds itself the 
recipient of the centre of the rod. Suppose the rod to have 
come to rest, making an angle <p with the side of length 2a. 
If we join the centres of the extreme positions of the rod 
at this inclination, an inner rectangle is formed of sides 
2a— 2Jcos (p, 26— 2Z sin 0, and no rod at this inclination, whose 
centre falls within this rectangle, can cut a side of the mesh, 
whilst those whose centres fall without it do so. 'leaking axes 
coincident with two sides of the rectangle, the angular position 
of the rod may range from being parallel to the x-axis to 
being perpendicular to it. The chance that the inclination 
lies between <p and <p+d(p is proportional to dp, and we are 
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to 


evaluate the ratio of 



for the favourable cases 


to the same integral for the whole number of cases. The inte 
gration for x and for y has been effected geometrically above. 
The chance required is therefore 


n IT 

{2a. 26— (2a— 2Zcos 0)(26— 2Zsin 0)} iabdtp 


21 I 

= -^J (a sin ^-f-^cos 0— Zsin ^ cos 0)d0=— ^(2a+26— Z). 

Buffon s result 2Z/7ra follows at once by making 6 infinite. 
Putting a =6, the result is Z(4a— Z^-Tra^ for square meshes. 




1706. Suppose a square of diagonal 2Z to be thrown upon the above 
rectangular mesh- work, I being less than either a or 6, and let the 
inclination of a diagonal to the side of length 2h be 

To avoid a cut, the centre of the square must lie within an inner 
rectangle of area 4(a — Zcoa </»)(6 — Zcos^). The range for is from 0 

to and the result =2^^{4(a + 6)N/2- (ir + 2)i}. 


If a circular lamina of radius r (< a or 6) be thrown at hazard in the 
same way, the chance of a cut is obviously 

2 g. 26 -( 2 a- 2 r)( 26 - 2 r) r(a + 6-r) 

2a. 26 a6 

circumf. of circle of rad, r 
And when 6 becomes «> this becomes circumf. of circle of raaTS' 
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This class of problem leads us to enquire as to the chance of a hazard 
throw of a lamina of any shape cutting one of a system of equidistant 
parallels drawn upon a plane. This we proceed to consider. 

1707. Random Lines. 

Let an infinite plane be ruled by parallel lines at distances 
apart —2a, Let n equal short lines of lengths Ss, whether in 
rigid connection or not is immaterial, be thrown down at 
hazard upon the plane so ruled. Then each one has an equal 
chance of finding itself crossing one of the rulings. If p be 
that chance, the chance that some one of them crosses a ruling 
—np. 

Suppose that the n elementary lines Ss are the infinitesimal 
elements of the perimeter of some oval of perimeter s. Then 
n n being infinitely great. The chance of the perimeter 

of the curve cutting one of the rulings is therefore 5, that is 

X5, where X is the limit of p/Ss when Ss is infinitesimally 
small. Next consider the case of a circle of radius a. If 
this be thrown at hazard upon the plane, it is a certainty 
that it must cut one of the rulings, and only one. Hence 
X2'7ra=l. This determines X. 

Thus the chance of a curve of perimeter s, whose greatest 
breadth does not exceed 2a, cutting a ruling is s/27ra. Curves 
therefore of the same perimeter, and whose greatest breadths 
do not exceed 2a, have equal chances of cutting a ruling. 

1708. Examples. 

1. If a circle of radius 6 (< a) be thrown down at hazard upon the 
plane, the chance of crossing a ruling = 2ir6/27ra — fe/a. 

2. If the contour be a square of side b (< a^2), the chance is ^bfira. 

3. If the “ curve ” thrown down be a straight line of length ( < 2a), 
it may be considered as an ellipse of minor axis zero and perimeter 4l, 
and the chance is (Art. 1704). 

4. For a semicircle of radius b (< a), the chance is ( 7 r + 2)6/2Tra. 

1709. Let 0 be a point fixed to the contour thrown down, 
and OA a fixed axis on it. 

Let 0 fall at a distance p from one of the rulings, RS, and 
let OA make an angle \[r with the perpendicular p. Let this 
contour be thrown down at random upon the ruled plane a 
very large number of times, and let the trace of the rulings 
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Fig. 663. 


be marked at each throw upon the plane of the contour. 
Now it is immaterial whether we regard the contour as 
thrown down at hazard upon the 
ruled plane, or the ruled plane 
thrown at hazard upon the plane 
containing the contour. Take the 
latter case. Let a doubly infinite 
number of lines be drawn upon the 
plane of the contour according to 
the following plan : 

(a) Let the lines be drawn parallel 
to a standard line 

p==xco8^+2/8in xfr, 
which we may call the line (p, t/r), 
at equal distances apart, such that 
n of them are contained between the lines (p, yfr) and 

(p-]rSp, y}/). 

{b) Let us suppose drawn for each value of p, etc., 

the infinite family of lines yfr-\-2Syfr, etc., there 

being m lines with the same value of p between (p, and 
viz. those for which p makes with OA angles 

We shall define any line chosen at random from this 
double set for e(|ual gradations of p and of >/r as a “ random 
line.” 

The actual number of lines from (p, yfr) to (p+^p, 
is mn, and we obtain in this way the same system of lines as 
those obtained by the tracings of the rulings upon the plane 
of the contour after the contour plane is thrown down at 
hazard upon the ruled plane. 

Taking the case of a circle of radius a and centre 0, the 
number of such lines crossing it is 

mnj* J dp d\Jr=mn ,2Tra^X, say. 

Hence the number from (p, \lr) to p+^p, viz. mn 6p Syfr, 
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Now, if 0 be a point within any closed convex contour, 


IJ df perimeter. 


Hence the number of lines crossing such a closed convex 
contour =2^ ^ perimeter, Le, 


No. of lines crossing any closed convex con tour _ peri m. of curve 
No. of lines crossing a circle of radius a perim. of circle 
The length of the perimeter therefore measures the number 
of lines crossing the contour. 

This is the same result as that of Art. 1707, from a different 
point of view. 


1710. If there be any re-entrant portion of the contour, 
the perimeter must be regarded as the length of a stretched 
elastic band which encircles it ; that is, the re-entrant portions 
must be excluded by double tangents. Otherwise some of 
the random chords will be counted more than once by the 
above rule. 


1711. Examples. 

1. If a closed convex contour^ of perimeter IS completely encloses a 
second closed convex contour of perimeter the number of chords of 
the outer which cut the inner is XJ3/27ra. And the total number of chords 
of the outer is X2/2ra. Therefore the chance of a chord of the outer 
cutting the inner also is SI'S. 

If the outer be a circle of radius and the inner a square of side 6, 
the chance is ^bjirB. 

2. If the inner degenerates into a straight line of length 2^, and the 
outer be a circle of radius JB, the chance is 4f/27ri?~2^/7ri?. 

3. The chance that a random chord of a circle cuts a given diameter 
is 2/ir. 

1712. We may then speak of S or as “ the number 

of lines ” which cross any convex contour throughout which 
the integration is conducted, whenever a comparison is to be 
instituted between the number of lines which cut one convex 
contour with the number which cut another. 


1713. Various Cases. 

In the case of a straight line of length c, which is the limit 
of an ellipse of zero minor axis and perimeter 2c, the number 
of random lines cutting it is then measured by 2c. 
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1714. In the case of an arc of length s bounded by a chord 
of length c, there being no re-entrant portion, the number of 
random chords crossing the contour is measured by 5 +c. 
But the number which cross c is 2c. 

Hence the number which cross s ttuice and do not cut c is 
s—c. 


c c 

Fig. 564. Fig. 5C5. 

1716. In the case of the contour bounded by an arc s and a 
pair of tangents of lengths x and y, let c be the length of the 
chord ; then, if s be concave at each point to the foot of the 
perpendicular upon the chord, 

the number of random lines which cut x and y, but not 
c, is x-\-y—c ; 

the number which cut s, but not c, is s—c. 

Therefore the number which cut x and y, but not s, is 
ac-f-y-s. 

1716. In the case of two arcs 5^, Sg chord c, each arc 
being convex at every point to the foot of the perpendicular 
upon the chord, as in Fig. 566 ; let c^, 
be the chords of the arcs 5^, respec- 
tively. 

Then the number of chords cutting 
Cj, Cg, but not c, =Ci+C 2 — c. These 
necessarily all cut^^ and each once 
only. 

The number of those which cut twice, but not c^, 

These also cut once and c once. 

The number of those which cut ^2 twice, but not c^, 

These also cut once and c once. 

Hence the number which cut both Sj and 

=={Ci+C2-c)+{s^-c^)+{s^-c^)==s^+s^-c. 

1717. In the case where the region considered is bounded 

by three arcs Sj, lying within the chordal triangle 

^ 2 , Cg, and each concave at all points to the foot of the 
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ordinate from the point to the chord of the arc (Fig. 567), 
the number of chords cutting but not Cj, These 

necessarily cut and S 3 , c.^ and C 3 . 

The number of chords cutting one or other of the three arcs 
twice, and therefore cutting all three arcs, 

= («i ~ Cl ) + (^2 — C2) + (f i - C3). 

The number which cut Sg and s^—s.^+s.^—c^. 

Therefore the number which cut and S 3 , but not Sj, 

= («2 + S3-Ci)-(5i-Ci)==S2 4-S,~5i. 

Therefore the number which cut any two of the arcs, but 
not the third, is 

(Sg -f S3 — Si) -f (Sg -f- ‘^1 — 5.2) -f (Sj -h Sjj — S3) = S^ + S.) + S3 ■ 




1718. Consider the case of a region bounded by sucli a com- 
bination of arcs and lines as exhibited in Fig. 568, where t is 
a chord or a double tangent; Sj, Sg any arcs convex at each 
point throughout their lengths to the foot of the ordinate to t ; 
Zj, Zg straight lines tangential to Sj and Sg, and or an arc concave 
at each point to the foot of the ordinate drawn upon its own 
chord, which lies within the region considered, and either 
touching Zj and U or meeting them and lying between Z^ and Zg 
produced. 

The number of lines crossing this contour, but which do not 
cut Z, with the exception of such as meet Sj-f-Zi or Sg-j-Zg twice 
and incidentally meet Z, is 

{®,+l^+o-+J2+ai!-(«-yi-2/s)}-(a:,+yi-Si)-(!e*+y8-«2), 
where the meanings of the various letters are indicated in the 
figure. For the first bracket includes those which cuta 5 j+Zj, 
but not I or x^+l^y and not ^g+Zg, the number of 
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which cases is subtracted in the second and third brackets. 
The expression reduces to 

1719. In the case of two non-intersecting non-re-entrant 
ovals A and B, of perimeters external to each other, 

let the lengths of the several arcs and tangents be as indicated 
in Fig. 569. Let /3c and /3„ be the stretched lengths of the 
crossed and uncrossed elastic belts surrounding the ovals. 
Random chords crossing both ovals must either 

(i) cross the region and except for those which 

cross SiH-aij or o-j -\-x^ twice, not cross ; or 

(ii) cross the region and except for those which 

cross 53 + 2/1 or o' 3 + 2/2 twice, not cross Pg- 



Their number is therefore 

Pi)+(53+yi+2/2+o'3'“^2)==^c— ^u> 

i.e. the difference of the crossed and uncrossed belts. Hence 
the probabilities that a random chord of A crosses P, or that 
a random chord of B crosses A, are respectively (/8c 
and (iSc— ^«)/P b- 

1720. If the ovals touch externally ^c=-P^+^a* 

1721. If the ovals intersect, indicate the several arcs and 

tangents as in Fig. 570. 

The chords which cut both may be classified as 

(i) those crossing and o-i, but which, with the exception 
of those cutting twice or 0*1 twice, do not cut P^ ; 

(ii) those crossing 5^ and but which, with the exception 
of those cutting twice or org twice, do not cut P^ ; 

(iii) those which cut the region bounded by Sg and o-g. 
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Their number is therefore 

(«! -f 0*1 -- Ti ) + (^8 + *^ 3 )+ (^2 + ^ 2 ) = » 

i,e. the sum of the perimeters less by the belt. 




1722. If one oval B lie entirely within the other one A, 
every random chord of 5 is a chord of A. The number of 
chords which cut both is therefore 

1723. If a third non-re-entrant oval X lie partly between A 
and B and be cut by the uncrossed belt, but not by the crossed 
belt, as shown in P'ig. 572, we shall consider how many random 
lines can be drawn cutting all three contours, it being under- 
stood that the ovals are so situated that for all chords cutting 
all three the X-segment is intermediate between the other two. 



Indicating the lengths of the several arcs and tangents as in 
Fig. 672, all such random lines as are chords of all these regions 
must be chords of the region e, must not 

cross T, with the exception of those which cross s^+ti twice or 
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0 - 1+ ^2 twice, with an incidental crossing of T, By Art. 1718 
their number is J the amount by which 

the uncrossed belt has been lengthened by X having been 
pushed into position from outside the belt. 

1724. If in the last case the oval X has been pushed com- 
pletely within the region bounded by the uncrossed belt, but 
still not so as to cut the crossed one, denote the various lengths 
of arcs and lines as in Fig. 573. 



Fig. 673. 


Then the number of random lines which cut all three ovals 
is a— where 

(i) a is the number which cut the contour (Si^sCi^^ctiC), but 
do not cut c, with the exception of those which cut or 
<ri +<4 twice, =Si+t^+€^+t^+(r^-ci 

(ii) 13 is the number which cut (<i— y, c), but do not 

cut c, c; 

(iii) y is the number 
which cut {x, y, Cg), but not 
^2, =a?4-y-Ca; 

(iv) 6 is the number which cut ca twice, but not Cj, = 62 — 02 . 

The total, after rearranging, is 

(Si + t^ + €i + €^+€2 + €^+€i + t^+G-i)—(ti + €^+€i + €^+ti)t 

which is the difference of the increases of length of the un- 
crossed belt caused by its being made to pass round the contour 
of X in opposite directions (Fig. 674). 


Fig. 574. 
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1725. In a similar manner it is easy to examine other 
special cases. The last two results are due to Sylvester [Edac. 
Times], who refers for simpler cases to Czuber’s Geometrische 
Wahrscheinlichkeiten, 

1726. Ez. Three pennies of diameters d are soldered together in mutual 
contact at their edges. 

This figure is throvm upon a table ruled with parallel lines at equal 
distances (2a) apart (a > d). What is the chance of 2, 4 or 6 intersections ? 

[Biddle’s Problem.] 

Let the discs be labelled A, B, C. 

Let the number of chorda which cut 

(i) A alone, (ii) A and B, but not C, and (lii) all three 
be respectively .p, y, 32. Then 

3j7 + 3y + 32 = length of surrounding belt = (7r4-3)rf, 

32=3 X lengthening of an uncrossed belt round A and B 
by pushing C into position 

y= (crossed belt round A, 5- uncrossed belt) -32 
= (tt - 2)d - (it “ 3)d=d. 

Hence x=y^d^ z—(7r- 3)d/3. 

Therefore the chances required are respectively 

3d/2Tra, 3d/27ra, (tt — 3)(i/27ra. 




1727. Grofton’s Theorem. 

In any centric convex contour of area A, let AB be a diarneter 
and 0 the centroid of the area of either semi-oval. Let P be 
the perimeter of the path of G as AB rotates; then the mean 
radial distance of any point within the contov/r from the 
centre 0 is \P. 

If y be the coordinates of G referred to OB as a;-axis, 
W the weight of the half oval, AB==2r, and if we place two 
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small weights w and —w at distances \OB and ^OA from 0, 
the new coordinates of Q will be 

a+di=r|>ri+w.?r+(-w)^-|r)| ^r; 

y+dy=-{Wy+0)jW=.y. 

Hence dy—0. 


The centroid has therefore been moved parallel to AB. The 
effect upon 0 is the same as the above, if AB rotate through 
a small infinitesimal angle dxfr to a contiguous position A'0B\ 
and then w is the weight of the sector =^r^dyjr, and 


Jo 


and dx is an element of the arc of the (?-path =ds. Hence the 

4 

intrinsic equation of the (j-path is radius 

of curvature = ^ ^ea^of o^ (Chord)® 


Again M{r) 


\\r(rdylrdr) ^ ^ .2, , 


Prof. Crof ton’s proof of this result [Proc.Lond.Math. Soc., viii.] 
runs on different lines, but he indicates the above as a method 
of procedure. 


1728. Useful Results for a Convex Contour of Area A and 
Perimeter L, 

Let G be the length of a chord, coordinates (p, with 
regard to an origin 0 within the oval, 0 the centroid of the 
oval, 00 (=c) the initial line from which \jr is measured, 0^ 
a line parallel to the chord, p the perpendicular from 0 upon 
Gi ; Pi and P 2 the perpendiculars upon the tangents parallel to 
the chord. Then we have, taking limits from — to pj, 

(i) ^Gdp^A \ (ii) |p(7cZp=x4p; (hi) jp® C(ip==^p^+-4A;», 
where Ak^ is the moment of inertia about a parallel through 0, 
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Hence integrating (i) and (ii) with regard to \fr from 0 to tt, 
which takes in all random chords, 


(i) ^^Cdpd\lr=^^Ad\fr=^TrA \ whence 


J/(Chord)=^ 


Area of contour 
Perimeter ' 


IJd/) dxfr 

(ii) ^^'pC dp d\lr~^Apd\lr=Ac^&\n\lrd\jr=^2Ac, and in this 

integration it is to be noted that p changes 
sign as 0 passes through the origin. 




If the oval be centric and the origin be taken at the centre, 
we shall integrate for p from 0 to pi, the perpendicular upon 
the tangent parallel to 0, and for yfr from 0 to 27r. Then 


(i) dpdyfr—\A =Airy as before ; 

(ii) where p is the perpendicular from 


the centroid of the half area upon a line through 0 
parallel to the chord (p, \//) = ^A . Perim. of ff-path. 


Thus M(A0AB)=: 


^^^pCdpdy^t 


-lA, 


Perim. of 6?- path 
Perim. of oval 


1729. Mean Power of the Distance between two Random 
Points within an Oval. 

This mean may be expressed as an integral in terms of a 
chord. Let X,Yhe the random points, and ^ the inclination 
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of Z 7 to a given direction. Let G be the length of the 
chord AB through Z, Y ; ON (—p) the perpendicular from 
an origin 0 within the oval to AB ; A'^A=r, XB=^--r\XY —p. 
Keep X fixed at first. Then the sum of all the values of p” 
which are contained between AXB and a chord A'XB', making 
an angle d\lr with the former, each multiplied by an element 
of area, is 

r' C^' />m+2 I «'n+2 , 

J ^ d\ff, 


and integrating this for all positions of 
X lying between the parallel chords 
(p, \/r) and (p+djy, ^), we have 

p;.n+2_^^/n+2 

J -;r+2“ 

dp dr being the element of area in which 
X lies. And r varies from zero to G and 
r—G—r. We therefore obtain 


[ r"+8 ]* '-[r'”+^]t, 

(n-|-2)('>i.+3) 


d\f/^dp~ 




(H+2)('n+3j 


d\j/‘dp. 



The final stage of the integration is to sum this expression 
for all elements dpdyfr within the contour and then to divide 
by the number of cases, which is measured by A^. 




1730. In the case, where n= — 1, we have 




This may be interpreted as an expression for the mean value 
of the mutual potential of a pair of unit particles at random 
points within the contour. 


The case n=0 gives 
The case n=l gives 


A^=\^^G^dpdy}r. 


The case n=2 gives M(p^) 
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But since Af(p®) = 2jfc^ where h is the radius of gyration 
about the centroid, 

We obtain tlius the mean values of various powers of C for 
cases in which the mean values of the corresponding powers 
of p have been otherwise found. 

Thus, for instance, 


M(C3)= 


^^C^dpdyJjr 


d\jr 


3^2^^ (Area)g 
L Perimeter’ 


M(C»)= 


||c'=rf3»rf>/r 


d\fA 


20 . Area . (Moment of In. about centroid) 
Perimeter 


1731. Other Besults due to Orofton. 

Let p be the distance between any two random points X, Y 
within a given convex contour of area A and perimeter L. 
Then the probability that any random line drawn across the 
contour also crosses a particular position XY of the line 
joining the random points is 2p/L. 

If n be the number of cases of a random line XY, the chance 
that any particular one is selected is 1/n, Therefore the 
chance that a particular one is selected and cut by the random 
chord is 2p/nL; and the chance that a random chord cuts a 
random line ZF is the sum of the values of 2p/nL for all the 
cases of a pair of random points (Fig. 580), 

Again, suppose the random chord to divide A into two 
parts 2 and 2'. The chance that X lies in 2 and Y in 2', or 
X in 2' and Y in 2=2227-4* for any particular position of 
the chord. If m be the number of random chords, the chance 
of selection of any particular one is 1/m, and the chance that 
a particular chord should be selected for which X and Y lie 
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1 222 ' 

on opposite sides is ^ ; and the chance that a random 

chord should cut a random XY, 






JJdp d\jr 




Hence, by equating the two values of the chance, we have 

ejjss'dprfA/r. 

Moreover we have two expressions for M(p), viz. 

and ijjss'dpdv. 

(Crofton, Proc, Lond, Math. Soc,, viii.). This furnishes an 
interesting illustration of a difficult geometrical result arrived 
at by a consideration of mean values and chances. 





1732. A and L being respectively the area and periineter of a 
given co^ivex contmir which encloses a second contour of area B, it 
is required to find the chance that a pair of random chords PQ, 
P'Q' of the former should intersect within the latter. (Fig. 581.) 

Take an origin 0 within the smaller contour, and let the 
random chords be denoted by the p-yff^ system. Let a par- 
ticular position of PQ intersect B, and suppose G the length 
of the chord intercepted upon it by B. The number of 
random lines cutting G is measured by 20. The number of 
random chords of A is measured by L. Therefore the chance 
that one of these cuts 0 is 20/i. 
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The chance that the particular chord C is one o£ the lines 
whose p and ^ lie between p and >/r, p+dp and is 

dpd\lf j^^dpdyff^dpdylrjL, the integration being taken for 

the -4 -contour. 

Therefore the chance that whilst the chord PQ lies between 
these limits it is met by a second random chord at a 
point witlnn B is 2 C dpdyjrJL^ and the total chance of the 
intersection of two random cliords of A lying within B is 

pjjcdpdx/r for all values of p, x/r which can give chords 

intersecting B. Therefore 

the required chance =27r5/L2=27r . Area of 5/(Perim. of 4)^ 

1733. The above result is independent of the area of A or 
the perimeter of J5, and except that it involves B and L it is 
independent of the shape and relative position of the ovals. 

When the inner curve coincides witli the outer, B=A, and 
the result becomes 27r . Area/(Perimetery^. 


1734. Next take a very small convex contour of area dar 
external to A, Let a random chord of A cut the perimeter of 
this small contour at P and Q, and let PQ=\, which is a 
small quantity of, say, the first order. The chance that 
the p and yfr of this chord should lie between (p, x/r) and 


(p-fdp, x/r+cZx/r) is dpdx/r^JJdpdx/r, 


the integration being for 


the contour A, i.e. dpdyJ/IL. 

Let 0i and 62 be the angles which the tangents from P to 
the oval make with any specific position of PQ (Fig. 582). 
Then regarding the chord PQ as itself a narrow oval whose 
greatest breadth is an infinitesimal of the second order, the 
chance that a random chord of A cuts this line PQ is, by 
Art. 1719, (Crossed Belt —Uncrossed Belt)/Z, i,e. in the limit 
(2\— X cos 01“ X cos 6^1 L, Hence the chance that the chord of 
A should be selected to lie between (p, x/r) and(p-f dp, x^-f dx/r), 
and then cut by a second random chord of A within the small 


contour, is 


^ (vers 0, -f vers 0,). 
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Now X being an infinitesimal of the first order, 6^ and 6^ 
may be regarded as constant throughout d<r for a given 

direction of PQ, and the integration Jx dp gives the area dar 

when taken for the small area. This integration therefore 
gives do- dx//- (vers vers dgV/A We next integrate with 

regard to \/r, and vers vers 0.^=2— cos (co— d 2 )~cos Ogi where 
ft) is the angle subtended by A at the elementary area da-. 



Fig 582. 


Fig. 583. 


The possible directions of the chord cutting PQ will vary 
between the directions of the common non-crossing tangents 
to A and do-, and one of these tangents may be taken as the 
fixed direction from which yjr is measured. We therefore 
have d\//==dd 2 , and we have to integrate from ^=0 to >/f=ft). 
This gives 

^ I [2— cos (ft)— x/r) — cos x/r] dx/r = ^ (ft)— sin ft)). 

We may now integrate this through any finite convex oval 
of area B external to A. Thus the chance that two random 

chords of A intersect within B is ^^^((t)—Binw)d(r. 

1735. If B be taken as the whole of space external to A, 
the chance of the random chords intersecting outside A must 

. . - 2TrA 

be 1— the chance of intersecting within A, t.e. i— jz * 

Hence We obtain the remarkable theorem that 
2|(ft)— sin oc)d(r=L^^2irAt 
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where the integration is taken over the whole plane external 
to A. This theorem is also due to Crofton. It is quoted by 
Bertrand, Cah. Int., p. 491. It is another curious example 
(see Art. 1731) of a geometrical fact brought to light by 
consideration of chances. 

1736. D’Alembert's Mortality Curve. (See Todhunter, History, 

p. 268.) 

Definitions. Mean Duration of Life. For a person of age x 
years, the mean duration of life beyond x years is the sum 
of the lengths of the lives lived by a large number of persons 
beyond that age, divided by the number of persons. 

Probable Duration of Life. For a person of age x years, the 
probable duration of life beyond x years is such a period 
that it is an even chance whether the life of the individual 
exceeds or falls short of it. 

1737. Let \fr{x) denote the number of persons still living 
X years after their births. Then the graph of y^\f^{x) is 
known as the curve of mortality. 

Let c years be the supreme limit of life, Le. the greatest age 
to which any person can attain. Then \/r(c) — 0. 

By the definition, 

Mean duration for a person aged a years =[ ^(x)dx/>/r(a), 

Ja 

Probable duration for a person aged a years - h years, 
where = 



Fig. 584. 

In Fig. 584, OC=c is the limit of longevity, 0A=^a years. 
The ordinate AR represents the number of persons alive at 
age a years, AP the probable duration of life beyond the 



DURATION OF LIFE. 


845 


age a for persons now of age a, the ordinate at P being 
half that at AM measures the mean duration for persons 
of age a years, and is such that AR , AM= 8 iresi, RAPCQR* 

1738. A Different View. 

The usual method of estimating the mean and probable 
duration of life for a person aged a years is somewhat 
different from that explained above, but will be shown to be 
in agreement with it. 

Let dx be the number of persons who die between the 
ages of X and x-{-dx. Then, since ^(x)=the number of persons 
living at age x, \lr(x+dx) is the number living at age x+dx. 
Hence to the first order, <p{x)dx=\l^(x)—\lr{x+dx) = — \lr'(x)dx 
and (l>(x) = —\l^'(x). Suppose a person to die at the age of x 
years, where 05 > a. The length of life for this person beyond 
a years =05— a, and the average value of this is 

I (x—a)(l>{x)dxj^ (l>(x)dx. 

This then is the mean duration for persons of age a years. 
The probable duration is b years where 

<f>{x)dic—^\(x)dx, i.e. 

1739. Agreement. 

The agreement of these estimates with those of D’Alembert 
will be clear. 

For (i) I' ^(x)dx=-^" y}^'(x)dx=^(a)-^{c)=^(a) 
and J (x— o) — I (x— o) i/^'(x)dx 

= -[(x-o) +f* ^(a!)<te= JV(») ^ ; 

I' (x— a)^(x)(fa:y^| <j>{x)dx=^ \Jf(x)Axl\fr(a). 

(ii) Again, since f <f){x)dx~i[ 0 (05) das, we have 
Ja 

j i/r'(a:) (l!x=i| \lr'{x)dx : 
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1740. Chance of Survival. 

For a person of present age a, the chance of death between 

the ages p and q(p<q) is and — 

and the chance of survival to at least the age of q is 
^((/)/Vr(a). 

The probability of death between the ages of x and x-\-dx 
for a person of age a is 

\/4x)-\f,(x+dx)_ 

Ma) - - 

The probability of death for a person of age x years, 
between the ages of x and x+dx, i.e. of almost immediate 
death, is — dxl\jr {x) ~—<l log \lr (x). 

1741. Expectation of Life. 

Defining the Expectation of Life at a definite age of a 
years as the average or mean duration of life after that age, the 
following results were calculated by Neison (Vital Statistics, 
p. 8) from the tables of the Registrar General. (See Boole, 
Finite Differences, p. 45.) 


Age [ 10 

20 1 

80 

40 

50 

60 

VO 1 

1 SO 

90 


Expectation j 47*7564 

40*6910 1 

34*0990 

27*4760 

20*8463 

14*5854 

9*2176 

1 5*2160 

2*8930 



A (Expectation) <-7'0«54 -6*5920 -6 (i230 -6*6297 -6*2609 -5*3678 - 4*0016 - 2*3230, 
AS (Expectation) *4734 —*0310 -*0067 *3688 *8931 1*3662 1*6786, 

etc. 


The expectations for intervening ages may be very closely 
obtained by the ordinary interpolation methods, e,g. 






1.2.3 


But probably no purely algebraical law expressed as a 
series in powers of the age, on which supposition interpolation 
formulae are based, would be adequate to express the true law 
of expectation for all ages ; particularly near the extremities 
of the table, for ages of very young children or for persons of 
very advanced years. The graph of this expectation is shown 
in Fig. 585. 
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In the decades of the first diflferences from 20 to 60, it will be 
noted that there is but small change. Hence in the graph of 
the expectation the fall in the value of the expectation 
between these ages is roughly uniform, and this portion of 



0 10 20 30 40 50 60 70 80 90 100 


Axis of age 
Fig. 585. 

the graph is very approximately straight. From the age of 
60 onwards the curvature shows a definite bending away from 
the axis of age, the curve becoming more definitely convex 
at each point to the foot of the ordinate. This is the curve 

that is 

1742. Remarks on the Mortality C.urve. 

It has been remarked by Todhunter {Hist, of Prob., p. 269) 
that the “ mean duration ” beyond a represents the abscissa 
of the “ centre of gravity of a certain area,” namely of that 
area which is bounded by the curve the as-axis and 

its ordinate for age a, the abscissa in question being measured 
from a;=a. The “ probable duration ” beyond a is represented 
by the abscissa, also measured from x—a, of the ordinate 
which bisects that area. ' It would appear from tables that the 
“mortality curve” is not either always concave or 

always convex to the foot of the ordinate upon the sc-axis, and 
also that the probable duration is not always greater than the 
mean duration. (See Todhunter’s remarks on Buffon’s tables 
and on d’Alembert’s views, History of Prob., p. 285.) 
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1743. Let us take a supposititious law that the probability of a person 
of present age x' years dying before he is aged x-^dx is kx^dx, where A 
and n are certain constants. 

Let "^(x) denote the number of pei'sons alive x years after their birth, 
the number who die between x and x-\-dx. Then <P(x)— - ^'(r). 

CD ( 2?^ dx 

And — is the probability that a person aged x will die between 

— 

X x-\-dx. Hence (or) =- Aa.*’‘, i.e. yff{x) = Ae *^+1, 

where ^ is a constant and \p{0) — A. 


Hence the mean duration of life from birth 


'^fo 


^n+1 

e ^ dx. 


When X is large, the integrand becomes extremely small, and its value 
is insensible. Hence we may, without sensible error, take c, the superior 
limit of age, to be oo . Put 


Ax»»+i 


- =£ ; 


dx 


~ 1 


n + \ 

Mean duration at birth 


W+l\n+i n+i~ 

r) ■ 




1 /w+l^n+i 


dz. 


1 Z A \n+i r 

'aU+iJ Jo 


• n+i~' 
z e- 




The Probable duration of life at birth is h years, where e =4, 
i,e, 6"+^ = log, 2, t.e. 6 = | log, 


For a person of age a years, the probability of death within the next 
r years 

Xa"+" Xfa+r)"-*-* 

_ \"+l 

= 1-C 


_Xa^ XCa+r)”-*-^ 

g n+1 n+1 




_Art2^ 

e 

If r be small in comparison with a, this becomes approximately 


X - ( 1 - -1 , where K = Aa”+h 

a I 2 aj’ 
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PROBLEMS. 


1. A cardioide is drawn upon a plane and a point P is taken at 
random within the contour ; show that the chance that it is nearer to 
the vertex than to the cusp is 


TT 


^a + ^COS^a^, 


where cos a = 2 sin 


TT 

To' 


2. Given that p and q are any two positive quantities, of which q 
cannot exceed 9 and p cannot exceed 6, show that it is a 2 : 1 chance 
that the roots of the quadratic - px + q — ^ are imaginary. 


3. Three positive quantities are chosen at random, except that 
their sum is known. Show that the chance that the sum of any 
two is greater than of the third is 1 - 3/(7^+ 1)2, provided 


4. There are n letters and n directed envelopes. The letters are 
placed at random, one in each envelope. Show that the chance that 
r specified letters go wrong and s specified letters go right is 

[{n-s)\-r(n-s- 1)1 + - 2)! - ... + ( - l)^(7i-5-'r)!l/?i!, 

where + s. 


5. A circle of radius r lies entirely within an ellipse of semi-axes 
a and b ; m + n random points are taken within the ellipse. What is 
the chance that m of them lie within the circle and the rest do not 1 


6. Let two points P and Q be taken at hazard in a lino AB in 
either order, and let three other points be now taken at hazard upon 
the line.. What is the chance that (i) all three should lie between 
P and Qj (ii) one should lie between P and Q and the others not so, 
(iii) two specified ones should fall between P and Q and the other 
not so 1 

7. A point P is chosen at random upon a line AB, and then a 
random point Q is taken upon AP. Show that the chance that AQ 
is less than 1/n^ of A B is log ^en, (n>l). 

8. Four random points are taken upon a straight line. Show that 
the chance that the sum of the squares of the five parts should not 
exceed the square on half the line is 3:r2/100>/5. 

9. A rod is divided into five pieces at random. Show that the 
chance that none of them is less than 1/10 of the whole is 1/16. 

10. A rod AB is broken into three pieces AP, PQ, QB at random. 

Show that the chance that the sum of the squares oi A P_ and QB 
shall be less than the square of 5PQ is ~ ® 3/^/2). 
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11. A random point X is taken upon a line AB, Six other 
random points are then taken on AB. What is the chance that two 
of these will lie on AX and four on XB% 

12. From an urn containing an infinite number of balls, all of 
which are known to be either red or white, a group of seven is 
drawn out at random, and four are found to be red and three white. 
What is the chance that a second draw of seven shall also produce 
four red and three white ? 

13. A square ticket of side a is thrown at hazard upon a large 
table ruled into squares of side 2a. Show that the chance that the 
ticket will cross a ruling is about 0*86. 

14. A circle of radius a is thrown at hazard upon a table ruled in 
squares of side 3a. Show that the chance of crossing a ruling is 5/9. 

15. A large table is ruled with parallel lines two inches apart A 
one-inch equilateral triangle is thrown at hazard upon the table. 
Show that the chance it cuts a ruling is 3/27r. 

16. A letter L, with thin arms 3 inches long and at right angles 
to each other, is thrown at hazard upon a large table ruled with 
parallels 4 inches apart. Show that the chance of crossing a ruling 
is 3(2 V2)/47r. 

1 7. A cardioide of axis 2a inches is thrown at hazard upon a large 
table ruled with parallel lines at a distance 4a inches apart. Show 
that the chance it cuts a ruling is 9\/3/87r. 

18. Show that the mean value of the cubes of all random chords 
of a circle = ^ x area of circle x radius. 

1 9. Show that the mean value of the cubes of all random chords 
which meet an equilateral triangle of side a is 3a®/ 16. 

20. Show that the mean value of the lengths of all random lines 
terminated by the sides of a square of side a is 7ra/4. 

21. A circle of radius h lies entirely within a circle of radius a. 
Show that the chance that a pair of chords of the latter intersect 
within the former is 

22. Show that the chance that a pair of random chords of the 
director circle of an ellipse of semi-axes a and h should not intersect 
within the ellipse is I -abl2(a^ + b^). 

23. Evaluate the integral J(a> - sin a*) do- for all elements of area 
do* which lie outside a given circle of radius a, u* being the angle 
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between the tangents from the element to the circle. Explain 
the connection of this integral with the theory of chances. 

24. Find the chance that if two points be taken at random within 
a circle of radius a the distance between them will be <c where c<2a. 

[St. John’s, 1885.] 

25. Two men, A and are walking at rates equally likely to be 

anything from 0 to a miles an hour and from 0 to 6 miles an hour 
respectively. They walk in the same direction along a straight road 
for a time c/(a - 6) hours, where c miles is the initial distance between 
them. What is the probability that who starts behind i?, will 
overtake him ? [Trinity, 1889.] 

26. Suppose there are n sugar sticks each of length 2rt, each broken 
at random into two pieces. A child is promised the biggest of the 
2?i pieces. What is the value of his expectation 1 

[W. A. Whitworth, E. 7\, 13736.] 

Show that the expectation of the piece of r*** largest size is 
{(r+ l)w+ l}/2r(n+ 1) of a whole stick. 

27. If there be an infinite number of balls in an urn, each ball 
being known to be of one of n different colours, and if +P 2 + • • • +Pn 
balls have been drawn and found to be of one colour, pg 
another colour, etc., what is the chance that a further drawing of 

+ ^2 + ?8 yield gj of the first colour, of the second, 

etc. ? [Zbrr, E . T., 11924.] 

28. Two points are taken at random within a circle of radius r, and 

a chord is drawn at random. Find the chance that the chord passes 
between the points. [Colleges /3, 1888.] 

29. An equilateral triangle lies entirely within a regular hexagon 
whose sides are equal to those of the triangle. A random chord is 
drawn to cut the hexagon. Show that it is an even chance that it 
also cuts the triangle. 

30. In a circle of radius a the mean of the inverse distance between 
two random points within the circle is 1 G/Sira. 

[Crofton, Land , M . S , Proe., viii., p. 309.] 

31. If the probability of a person of age x years dying before he 

is aged x-hdz be Xxdx, show that the average length of life from 
birth is (See a problem by Stanham, E. T, , 1 30 2 1 . ) Also 

show that the probable duration of life is N/(21og2)/A, which is 
rather less than the average duration. 
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32. Prove that J (^ - sin 6 cos 0) sin 0 cos OdO-^- • 

Two points are taken at random within a circle. Find the chance 
that their distance apart is less than the radius of the circle. 

[Ox. I. P., 1916.] 

33. Show that the mean of the cubes of all lines PQ, which are 
random chords drawn across the contour, are (i) for a square of side 
a, 3a^/4: ; (ii) for a circle of radius a, 37ra^l2 ; (iii) for a semicircle of 
radius a, 3Tr^a^l4:(7r + 2). 

34. Show that the mean of the fifth powers of all lines PQ^ which 
are random chords drawn across the contour, are (i) for a square of 
side a, 5a®/6 ; (ii) for an equilateral triangle of side a and area A, 
5aA2/9 ; (iii) for a circle of radius a, 

35. If two pennies of diameter d be soldered together by their 
edges so as to be in firm contact in a plane, and be thrown upon a 
plane ruled with equidistant parallel lines whose distiince apart is 
a {a>2d)y show that the chance of both pennies being cut by a ruling 
is (tt - 2)dlwa, 

36. If a straight line be divided at random into four parts, prove 
that the chance that one of the parts shall be greater than half the 
line is 1 /2. Show also that the chance that three times the sum of the 
squares on the parts is less than the square on the whole line is 
rN/3/18. 

37. If a straight line be divided at random into five parts, show 
that the chance that four times the sum of the squares of the parts 
is less than the square on the whole line is 37r2>/5/500. 

[WOLSTKNHOLMK, E.T.y 2753.] 

38. If random values between ia® be assigned to H and between 

db (2a® + p^) to G in the cubic ^ 4- 3Hx + * 0, show that the chance 

of three real roots = ~ 

39. Obtain the mean value of a:® + ^ ^2 subject to the condition 

x + y + « = 0, and that a*, y, z each lie between - c and + c. 

[Laplacb; Todhunteb, i/iV., p. 411.] 
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ERRORS OR UNCERTAINTIES OF OBSERVATIONS. 

1744. Suppose a large number of observations to be made 
to ascertain the measurement of some physical element. To 
fix the ideas take one of the simplest kind, the distance 
between two marked points A and B on a straight rod. 
Suppose the distance AB to be roughly known to be 10 feet 
long, but that its true value T is unknown to the observers, 
of whom there are many, but known to some other person. 
And suppose that as great accuracy as possible is required. 
Out of a large number of observations by careful observers, 
it is clear that there will be none of them which differ very 
much from the true value T. The more care is taken, and 
the more accurate the means of measurement at disposal, 
the closer will the estimates be together. And it is a matter 
of experience that slight over estimates are as likely as 
under estimates, and occur with equal frequency. Absolute 
“mistakes” of counting feet or inches, or of registration of 
units, or of the use of the instruments we are not considering. 
In fact we eliminate from this explanation any errors which 
are of the class of careless “ blunders.” 

It will be found by the person who knows the true value 
Tf that very few of the estimates differ from T by as much 
as I an inch either way; fewer still by f of an inch, still 
fewer by a whole inch, whilst errors of 4 or 5 inches would 
not occur in the tabulated results of the observations at all. 
And if the number of observations which give an error be> 
tween x and x+dx be represented graphically, it will be 
found that the graph takes the form of a curve symmetrical 

853 
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about the y-axis, having a maxiraum ordinate at the origin, 
falling rapidly to the a5-axis, the ordinate speedily becoming 
insensibly small (see Fig. 586). 



Fig. 586. 

1745. It follows, therefore, that for the existence of an 
error of magnitude lying between x and x-{-dx, there will be 
a far greater probability when x is small than when x is 
large; i.e. a far greater number of errors of observation will 
fall between x and x-\~dx for small values of x than for larger 
ones. Let <f^(x)dx be that number. We wish to examine the 
nature of this function <l>{x). And about it we know that 

(i) it decreases very rapidly as x increases ; 

(ii) it must be such as to become insensibly small within a 

short range of values of x ; 

(iii) it must be an even function of x, as errors of excess or 

defect are equally numerous within corresponding 
limits ; 

(iv) it must contain some constant or constants depending 

upon the goodness of the observation, the training 
and competence of the observer, the accuracy of the 
instruments used, and the circumstances under which 
the observation is made ; 

(v) the number of observations must be I <^(x)dx, and 

J -00 

supposing N he this number, the chance that the 
error of any particular observation lies between 
X and x+dx^(l)(x)dxlN=\lr{x)dXf say. 

1746. Laplace’s Investigation. 

Starting with the hypothesis that an error in an observation 
is due to no one single cause, but is the aggregate of the 
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cumulative effects of a large number of causes, each pro- 
ducing its own separate effect, and that these effects are 
extremely small, and as likely to be positive as negative, 
Laplace has shown by a very laborious and difficult investi- 
gation that the chance that the error lies in magnitude 

between x and x+dx, viz. \}r{x)dx, is yj ^ for some value 

of CO which depends upon the goodness of the observation. 
Tlie argument is of such length that we must refer the reader 
to Laplace’s original work (ThSorie Analytique des ProbabilitSs). 
We therefore assume the law as our fundamental hypothesis 
in what follows. A good idea of the principal steps in the 
process, which avoids the obscurity of the original work of 
Laplace, will be found in Airy's Theory of Errors of Observation, 
pages 7 to 15. Todhunter’s History of Probability y Arts. 1001 
onwards, may be consulted, also a paper by Leslie Ellis (Trans, 
Camb, Phil. Soc., viii.), and a paper by Merriman (Trans, Conn, 
Acad,, iv.). 

1747. The Freauency Law. 

The law is termed the law of “Facility” or 

“ Frequency " of Errors. It will be noticed at once that this 
is a probable law, for it answers all the requirements laid 
down in Art. 1745. It has a maximum at x~0, it is an even 
function of x, it contains an arbitrary constant co, it diminishes 
with great rapidity as x increases, and speedily becomes of 
insensible magnitude, and 

J <(>(x)dx^N^ 

1748. Weight and Modulus. 

The constant w is called the weight of the observation. It 
is sometimes replaced by Then c or ^ is called the 
modulus. The weight ce measures the care, skill and precision 

of the observer, the goodness of his instruments and the 
excellence of the conditions under which the observation is 
made. 
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1749. The ordinary method of estimating the value of a 
physical element of which a number of presumably equally good 
measurements have been made is to take the arithmetical 
mean of the result. As a matter of experience this gives good 
results, and therefore this mean is frequently adopted as giving 
the best estimate available, and regarded as the most likely 
value. If we might assume this, the above law of Facility of 
Errors easily follows. 

Let T be the true value of the measured quantity, T being 
unknown. Let ••• z^he n independent results of obser- 
vation ; ^(x) the law of Facility. 

Then z^—T, z<^—T,,.,z^—T are the actual errors, some 
positive, some negative, and the d 'priori probability of the 
coexistence of these errors is proportional to the product 


P^<l>(z,-T)<p{z^-T) ... 

Then, by the principles of inverse probability, the probability 

that the true value lies between T and T+dT is PdT j 

the limits being such that the integration is conducted over 
all values of T which it is capable of assuming. That is, 
after the observations were made, the probability that T is 
the true value is also proportional to the product P, and 
therefore this expression is to be made a maximum by 
variation of T. Taking logarithms and differentiating, we 

he^ve ^<l>'(Zr-T)l<p{z,-T)=0, 

Now, if we take for T the arithmetic mean of the observa- 

n 

tions, this equation is to hold when nT—^z^.. To find the 

form of 0 which will satisfy these requirements, take the case 
. . . =Zn=z^—nT. Then 

nr=Zi+(n~l)22==2i+(w— l)( 2 ^i—nT)=nZi— w(n~l)T, 
i.e. Zi-T=(n-1)T, z^-T=^(Zi-z^)+{z^-T)=-T, 
Zg-r=-T, etc.; 


■■ 0(2i-2’) 


+(n-l) 




(w—1) T0(n— 1 )t (~t)0(— t)* 
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which is independent of n; and this is to be true for all 
positive integral values of n. 

This will be satisfied if ^ be such that - = const. = 0 ; 

^ u <p(u) 

, C-- 

whence and <l>{u)^Ae 

And since 0 (%) is to decrease as u increases, C must be 
2 -- 

negative. Let 0=-—^. Then «*. Again, if N be 

the total number of observations, 

(li{u)du=\ Ae ^'du^Acs/ir; .*. A^^NJcJirt 

CO J QO 

N 

t.c. ^(x)=_e «•, 

CVtt 

which establishes the law of facility under the hypothesis 
specified as to the Arithmetic mean. 

This remark is made by Dr. Glaisher in the solutions of 
the Senate H, Problems for 1878, pages 167, 168, where there 
will also be found a concise account of the allied subject of the 
principle of "‘Least Squares.” [See also Todhunter, HisL^ 
Art. 1014.] 


1750. Mean of the Errors, Mean of the Squares, Error of Mean 
Square, Probable Errors. 

The following facts will now appear : 

( 1 ) The mean of all the positive errors 


j*oo 

I X — 7 = e ^dx 
Jo Cv TT 

- 


1 


r 1 

Jo Cx/tt 




y/w •Jrruy 


( 2 ) The mean of all the negative errors with their signs 
changed is also 

WTT VirCD 

c 1 

(3) The mean of all the errors taken positively is -^=- 7 ==. 

' \fw y/irto 
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(4) The mean of the squares of all the errors 


j: 

n 


1 -- 
x^—=^e ^'dx 

’ CVTT 

1 ^ 

— =e ^dx 
"Cn/tt 


2 


1 

2co 


(5) The “ Error of Mean Square,” t.e. the square root of the 
mean of the squares of the errors, =-^=--L=. This is the 

^ n/2 

abscissa of the point of inflexion on the Probability Curve 

X* 


2/=e c. 

(6) The “ Probable Error,” which is such that the number 
of positive errors which are greater than itself is equal to the 
number which are less, is given by the value of p, where 

X» T 


±,e-^dx-ir -L-i 
Jo 2 J 0 


4 


z 

Let x=C 2 ;. Then e“"**rf2J=0*25. 
vttJo 

Tables have been calculated for the values of this integral 
for various values of the upper limit [Kramp’s Refractions; 
Encyc, Metropol.^ “Theory of Probabilities”], and interpola- 
tion from them gives ^=: *476948 Hence the “Probable 

Error ” = *476948... c or •476948.../>/w. 


1751. Kramp’s Table is given by Airy (Th. of Errors y p. 22), 
also by De Morgan (Diff. Calc., p. 657). We reproduce Airy’s 
abstract of this table for convenience for other purposes. 


1 P 

Integral tabulated, I J 


X 

I 

X 

"V #1 V 

/ 

X 

I 

X 

/ 

0*0 

0*000000 

1*0 

0*421350 

2*0 

0*497661 

3*0 

0*499988 

0*1 

0*066232 

1*1 

0*440103 

2*1 

0*498510 



0*2 

0*111351 

1*2 

0*455157 

2*2 

0*499068 



0-3 

0*164313 

1*3 

0*467004 

2*3 

0*499428 



0*4 

0*214196 

1*4 

0*476143 

2*4 

0*499665 



0*5 

0*260250 

1*5 

0*483053 

2*5 

0*499796 



0*6 

0*301928 

1*6 

0*488174 

2*6 

0*499881 



0*7 

0*338901 

1*7 

0*491895 

2*7 

0*499932 



0*8 

0*371051 

1*8 

0*494545 

2*8 

0*499962 



0*9 

0*398454 

1*9 

0*496395 

2*9 

0*499979 

GO 

0*600000 
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1752. Relative Magnitude of Probable Error, Mean Error, 
Error of Mean Square, Modulus. 

To sum up, we have 

Probable Error *47 6948 . . . /n/w ; 

Mean Error=l/\/^=‘564189.../N/ft); 

Error of Mean Square =1 /n/^ ==*7071 07... /n/w ; 
Modu]us=l/\/w; 

in each case varying inversely as the square root of the 
weight, i,e. directly as the modulus ; and obviously, when any 
one of these is found the rest may be deduced. They are 
arranged in ascending order of magnitude. 

Taking the a;«axis as the axis of magnitude of errors and 
the y-axis as the axis of frequency. Fig. 5S7 will exhibit to 
the eye the relative magnitude of these errors and the fall in 
frequency. The figure is that given by Airy (/oc. cU, sup.). 
The abscissa is the ratio of the magnitude of an error to the 
modulus. The points P, M in the figure indicate respectively 
the abscissae for Probable and Mean Error. 



1753. Several Observations. Resultant Weight. 

Su'ppoae there to he a result h dependent upon two observations 
and ttg of weights wi, respectively , say b=<p(ai, a^). To 

find the weight of the result. 

Let acj, *2 be the actual errors and z the consequent error 
in h ; all being small quantities of the first order, then to that 

order say. 


inlv. 
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The chance of the co-existence of errors in and 
respectively between and Xi+dx^ for the one and and 
x^+dx^ for the other is 






Therefore writing - = — — and 4=— <6a„ the 

chance of an error in b lying between z and z+dz is 

TT J^ao L0a, J 


001 J-« 


TT J-ao L 0 a, J 

that is, T" f ^ 

“ W ® A/ <0^0,, 

The law of facility for the compound result 0(aj^, ag) is 
therefore of precisely the same form as that for each of the 
original observations, but the weight of the combined result 

is 0 ,, given by And exactly in the 

same way if b depends upon several observations ap ag* ••• 
of weights 0 ) 1 , 0 ) 2 , •••Wn respectively, we have a resultant 

weight 0 ) for the cumulative measure given by -=^ — (^) • 

It follows that, writing P.E. for Probable Error, 


[RE. in 0(ap a^, ...)P=(P.E. in +(P.E. in +.. 

and the same law of combination holds for Mean Error (M.E.) 
or Error of Mean Square (E.M.S.). 


1754. For example, if we require the weight of the Arith- 
metic Mean of n observations of equal weights o)p 

» 1111 

6=^ay./n and -=— 2 - 5 = — , t.e. o>=»a),. 

^ (a wi nr muy 

That is the weight of the combination is n times the weight 

of any of the original observations, and 

the Probable Error in 5=(P.E. in any of the a*s)/\/n, etc. 
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Similarly the weight of a resultant pa^+qa2+ra^+ ••• is 


given by 


1=p!+2!+!1+.. 

a> 0)2 0)2 0)3 


and if o)2=o)2=o)3= ... , 


1 


0)1 


1755 . If observations be taken upon a single physical 
element, and the weights and probable errors of the several 
observations (aj, be respectively (o)i, 0)2, (03, •••) and 

(ei, 62, 63, ...), whilst o) and e are those of a resultant formed 
according to the law which is the usual form 

adopted, where (Pi^ P2t Ps* •••) are certain constant multipliers, 
called ** combination weights,” to be so determined as to give 
a minimum probable error in that resultant, we have 



and differentiating with regard to Pi, P2, P3, ••• » 

. . . = I^Pr> 

ie. Plhl=^P2l<^2 = PJ<^S^-- > 

i.e. the combination weights are to be proportional to the 
theoretical weights. Moreover, it follows that 

,1.1. _ . . j- 

“2 ^ — ft)i + ft)2 + W3+ ••• » 

€ ^2 ^3 

and the theoretical weight of the result is equal to the sum of 
the theoretical weights of the several collateral measures (see 
Airy, Tk Err,, p. 56 ). 

1756 . To estimate the actual value of the weight of a 
series of observations upon a single physical element, we have 

seen that ^=mean of squares of the errors. 

If then the actual errors of each observation were known, 
we should have a rule to determine o). But the exact measure- 
ment of the quantity upon which the observations are made 
is rarely known. Let T be its true value, A2f*A„ the 
observed values. Then A^—T, A^—T, etc., are the cxtuql errors, 

and But T being unknown, we have to 

approximate. Let us adopt the arithmetical mean of the 
observations as the value of T, and write 
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is known as the “ apparent value,” but is not necessarily the 
true one. This gives as an approximation 

1 1 ** 1 / " 

t.e. as an approximcUion we have 

_ /Mean of squaresN /Square of mean\ 

~ \ of observations / \of observations/’ 

1757. Determination of the '' Error of Mean Square/’ '' Probable 
Error,” etc., of a Measurement of an Element from the Apparent 
Errors. 

Since the true value of the measured element is rarely or 
never known, we have to devise a method of obtaining the Error 
of Mean Square, etc., by some way other than as being l/s/2u}, 
which would require a knowledge of u). Let 
be the actual results of n independent observations on the 
single physical element in question, Oj, a^, a,,... the actual 
errors, T the true value ; then .4j = r+ai, 

Let M and m be the arithmetic means of the 4 s and of 
the a*s. Then 

ar-m = Ar-T~'^{Ar-T)=Ar-li:Ar=Ar-M. 

The difference ar~fny viz. the difference between the actual 
error and the mean of the actual eiTors, is called the “ Apparent 
Error.” And the sum of the squares of the Apparent Errors 

”2 («r— ^ (Zor)^. 

Therefore, if Q=:2(/4r— we have Q=Xar^—~ (Sa,.)^ 

rh 

Now let € be the error of mean square of each measure. 

Then (Art. 1750, 5) i-e. 

1 

Again, the square of 2a,.=sq. of error in 2-4,. 

— (Error of mean square in 2-4^)^ 

n 

=2 (Error of mean square in ArY 
(Art. 1753); 

.*. sum of squares of Apparent Errors=W€*~inf*=(n—l)e*. 
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Hence ® being known, this determines e. 

Since the Error of mean square=l/s/2a), we have 
ft)-(n~l)/2Q. 


Also Mean Error = 


\/ TTCO 


4 


2 Q : 

^ n—l 


n u ui 0*476948 

Probable Error= -j = — =0 476948 

Vft) 


Vn-i 


1758. Again, since the Error of mean square of the mean 
of n independent measures of a physical quantity 

=^-X Error of mean square of any one measure (Art. 1754) 


1 




€~ 





we also have 


Mean Error 
of the mean 
Probable Error 
of the mean 


Q 

f ^/7^n(n-ly 

I =0-476948... 


2Q 

n{n— 1)‘ 


1759. Case of a System of Physical Elements. 

Suppose next that it is required to discover the values of 
a certain set of physical elements i/, f , . . . , and that observa- 
tions upon certain connected groups of them have been taken 
giving results of the form 

*?• •)> etc-. 

the forms of 0^, (p^y etc., being known, and all the constants 
involved being known from theoretical or other considerations, 
whilst iVg, ... are the results of observation, and therefore 
subject to small errors. 

Theoretically, if the number (w) of observations be the 
same as the number (/m.) of elements to be found, there will be a 
dehnite number of sets of solutions of these equations depend- 
ing upon the degrees of the several functions. If, however, 
the number of observations exceed the number of elements, 
it will not in general be possible to satisfy all the equations 
by the same values of i;, etc., and it becomes important to 
examine a method of finding their most probable values under 
the circumstances. 
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1760. Reduction of the Equations to Linear Form. 

The observed quantities etc., will not differ largely 

from those which would give true values to etc., and if we 
solve jUL of these equations we shall obtain close approximations 
to the values of etc., or in some cases such close approxi- 

mations ma}" be otherwise available. Let these approximate 
values be a, jS, y, etc., and x, y, z, etc., the small residuals of 
the true values of i;, f, etc., so that ^=^a+x, etc., 

and these residuals being small their second and higher powers 
and products may be rejected, and each equation of form 
...)== may be regarded as reduced after expansion 
of y8+2/> •••) by Taylor’s theorem to the type 

a,x+h,y+c,z+..,^nu 

such equations being m in number. Now being itself the 
result of the subtraction of ^(a, y, ...) and various second 
and higher order small quantities from Ni depends upon the 
observations, and is a small quantity subject to error, whilst 
a<, c<, ... are supposed known from theoretical or other 

considerations. 

1761. The Equations of Condition. 

We therefore have m linear equations connecting fx un- 
knowns X, 2/, z^ etc., fj. being <[w. Let a typical equation 
be ...—n<=0, where i=l, 2, 3, ... m. We need 

not for the moment consider x, t/, z, ... to be small. 

These m equations are not in general capable of being satisRed 
by the same values of x, y, z, ... , but we have to obtain the 
most probable values of x, y, z, ... from them ; that is, as good 
an approximation as we can under the circumstances. 

These equations are called the “ Equations of Condition.” 

1762. Standardisation of the Equations. 

As to the several results of observation, Wj, ng, Hj, ..., let 
us suppose that they are each the result of several separate 
and independent observations; e.g, taking the typical case n^, 
suppose it to have been formed as the arithmetic mean of 
Wi observations upon the value of a<x+tiy+..., and suppose 
all these a>i observations to be equally good observations. 
Then the weight of this observation is proportional to 
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Therefore, unless the number of observations in forming 
ni, ^2, ng, ... has been the same and the individual observa- 
tions equally good, some of the Equations of Condition will 
have greater importance than others. 

If Hi be found by observations, each with the same pro- 
bable error e, the probable error in n< is e/v/o),, and the probable 
error in . Jwi is e. 

Hence, if we multiply the Equations of Condition by 
\/(02, s/cog, etc., we get another group in which the pro- 
bable errors of the right-hand sides are each e. 

We shall suppose our m Equations of Condition to have 
been already subjected to this preparation, and therefore 
suppose that the quantities n2, Wg, ... which occur are sub- 
ject to the same probable error e. 

1763 . Principle of Least Squares. 

••• be the most probable values of x, y, z, ... 
respectively, then, by the nature of the case, 

+ &iyo + + • • • - 

is a small quantity of the nature of an error. Call it 
Then the probability of the occurrence of the error v, being 

the probability of the co-existence of errors 

’ TT 

V., v„ is and as these errors have 

1 > TT 

occurred through taking Xq, ^q, 2^0’ ^ ^be true values 

of », y, z, ... , etc., the probability that sCq, yo» ^be true 

values is 11 ^ ^ j* | ..•! * * dVi, in 

which the denominator is a definite constant ; and, supposing 
the Conditional Equations to have been prepared as described 
in the preceding article, the cu's occurring are all equal. 

But in any case we have to determine a;o> ^o» ^bat 

this probability shall be as great as possible ; and this will be 

achieved by making 2 a minimum; or, if the cos are 

equal, a minimum. The method of procedure is therefore 

called the method of “ Least Squares.” 
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1764. The Normal” Equations. 

Tlie primary condition for a minimum is 

m 

^(e(V,(atdxn+b(dyo+ ...)=0, 

I 

and therefore, on equating to zero the coefficients of dx^, ..., 
we have m linear equations to determine a;©, y®, Zq, ... , viz 
2 a), 6 jVi= 0 , 2 a)AV<= 0 , etc.; 

or in the case when the equations have been prepared before- 
hand, so that the weights are equal, 

2 a<Vf= 0 , 26<v<=(), 2 CjV,= 0 , etc., i.e . ; 

2 a*.x,+ 2 a 6 ..vo+ 2 ac. 2 o+...= 2 an,'|^^j^^ 

26a.x.+ 26^y, +26c.0,+ ... = 26«.l “Normal” 

Sm . a:o+2c6 . y, +2c* • ?o+ ••• - 2c», ( Equations. 

etc., j * 

The very compact notation [afe], [aaj, etc., is often used for 
2 a 6 , Sa^, etc,, but we adopt the sigma notation as a little 
easier to write. 

These equations determine the values of x®, etc., so as to 
give the most probable values of a?, y, etc., to satisfy the 
original group of Conditional Equations in which the n's are 
subject to small errors. 

1765. Before proceeding further, let us examine the m 
prepared equations of type 6 < 2 / +c<z + ...=71, from another 
point of view. 

Multiply the several equations by ^> 1 , Pa, •••> Pm and add; 
then by ••• and add ; then by r^, ... and add ; 

and so on ; viz. by fx groups of multipliers, m in each group. 
We obtain /x equations, 

®2o,2J,+y26,Pi+z2:c<pj+ ... =I,niPi, 

xZa^, +3/26^, 4- + ...=: 
xZatTi + ylb^i +zZctrt + . . . = 2 ^^, 

etc. 

Again multiply these by A„ Xg* •••» and add, and choose 
the X's so as to remove the terms y, z, ..., i.e, 

X ^b^p ^ + X ^ + . . . = 0, 

Xi 2 )c^jp^+Xa 2 c^j +X32c<7*^+ ... = 0 , 

etc. 
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Then x -- ^ XaS^i^r^ -\- ... ^rCJCj 

Ai2(Z-iP<+X22c*-<g'^-|-X3Sftt'rf4~ ••• 

where ki=\iPi+\^i‘{-\^ri + ; whilst ^hJc^=0, 2c<fci=0, etc., 
and the new constant multipliers /cj, /cg, ... replace the 
p*s, ^’s, r’s, etc., and X*s. 

Let ct) be the weight of each of the observations “Wi, tig, ... 
by supposition prepared to be of equal weight, and let w*, wy, 
ft) 2 , ... be the weights of the deduced values oix,y,z, .... 


Then 


1 _ 1 

ft)* ('Sldikif ft)* 


Art. 1753. 



And if € be the error of mean square, or the probable error 
in each of the n’s, and e*, cy, €z, ... the resulting error of mean 
square, or the probable error in the deduced values of a;, y, 2 ;, ... , 


we therefore have 


** -(SaA)* 


and we have to make this 


error of mean square, or this probable error, as small as 


possible with the conditions 26</c<=0, 2c</c<=0, etc. 


1766. To do this we have the /c's at our disposal. Their 
number is m and their connecting equations number /a— 1, 
which is < 771. It will be observed that the expression e* 
contains only the ratios of the A;*s, and when their ratios to any 
particular standard k have been fixed e* becomes determinate. 
We shall therefore in no way alter the value of e* by the 
addition of some one additional linear equation amongst 
the A;’s. For convenience we take that relation as 2aiii=l, 
which will give cc=2n<A;<. We then have to make a 

minimum with the /x conditions 'Zajc^ — l, 26i/c<=0, SCiA;<=0, etc. 
We obtain at once ^k^dki—0, 2a<(fA;<=0, 26<(iA;^=0, etc., and by 
Lagrange’s method of undetermined multipliers 

whence 2A;t*=A2aA=i4. 

Also A2a*+52a6+ C2ac+ ... =2ai/Ci== 1, 

A26a+B26* +C26c+...=26A =0, 

A2cci~|- J52c6 “|- (72c* •4“ . . . 2c</c< =0, 

etc., 
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whence A = 


Ib^ Zbc, ... 
2c* . . . 


2 a* 2a6, 2ac ... 
26a, 26*, 26c ... 
'Zca^'Lcb,^^ ... 


and is known, 


and A — Therefore cx^ejA) and A is 

essentially positive, being the sum of a number of squares of 
real quantities. The weight of the deduced value for x is 

^ <*>*= 2 * 


1767. The symmetry of the work shows that the same 
process will give us a minimum error of mean square, or a 
minimum probable error also for y or for z, etc., and that the 
weight of y so deduced may be found by solving equations of 
the same form as those in group (8), but with the 1 now 
replaced by 0 in the first equation and the 0 by 1 in the 
second ; and so on for the weights of z, etc. 

1768. Again it will be noticed that if we choose our 
preliminary multipliers, viz. the p’s, gs, r’s, etc., as the 
coefficients of the original prepared conditional equations, viz. 

we have /Ci=Xia<+A2^i+^3<^<~f*-*» 

and for this choice 

2 /<J<*== 2 (Aiaf-f-X 26 j-{“ ...)/ct=Ai 2 at/Cf-hX 226 ^^,-f- =\i=A. 

That is, substituting for the p’s, g's, rs, ... in equations of 
group (1), the equations which will give a value of x with 
the least error of mean square, or least probable error for x 
are the “normal” equations arrived at in Art. l764%otherwise, 
and the symmetry shows that the values of y, z, etc., will 
also be determined by the same equations with the least error. 
But as these equations are the same as those arrived at by 
making 2(atic+6<p +...—'»<)* a minimum by variation of 
fic, p, 2?, . . . , this is a convenient way of reproducing the equations 
for these unknowns. And the result is the same as that 
arrived at in Art. 1764, the weights of the several observations 
having been made equal by preparation of the conditional 
equations. 

1769. If the conditional equations are left unprepared, we 
arrive at the proper equations for the values of x, p, z, etc., by 
making 2a»4(a<a;+6,p + ...— T^i)* a minimum. 
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1770. Reality of JA. 

The determinants occurring in Art. 1766 are essentially 
positive. For such a determinant as 


2a* 

Eah, 

EaCy ... 

occurs in squaring 

tti, 

0-2, . 


Hha, 

26*. 

26<;, ... 

the rectangular array 

K 

hy,. 


'Eca, 

Ecb, 

2c*, ... 



C2, . 

.. 


in which the number of rows (jj) is less than the number of 
columns (m), and is therefore expressible as the sum of the 
squares of all possible determinants which can be formed from 
the array by taking yu columns (Burnside & Panton, Th. of Eq., 
p. 260). Such a determinant is therefore essentially positive. 


1771. To complete the theory we must examine how the 
quantity € is to be found from the details before us ; that is, 
we are to do for the case of measurements upon a system of 
physical elements what was done in Art. 1757 for the measure- 
ment of a single element. We have used e indifferently in 
Art. 1765, etc., for either the error of mean square, the probable 
error or the mean error. We shall now define the letter as 
standing definitely for the “ error of mean square ” in the 
measure of an observation. Let be the residual error in 
a,^+6<y+... — n<, when the values jCq, 2o> ••• obtained from 
the “ normal ” equations have been substituted for a, y, z, ... . 


- replaces 

that of Art. 1757. 

Let the true values of x, y, z, ... be 2 :q+^z, 

etc., and let 


(^i{^o-^Sx)+hi(y^+Sy) + ... — n^=^i (t=l to ^=m). 


Multiply by a< and add the system. Then 


2a*. Xq -h2a6 . y^ -bSoc . Zq + . . . — San 
+2a*. -f-2a6.^y-hSac.^z+... =San; 

2a*. ^35 +2a6. Jy-fSoc. Jz-f ••• —Saw. 




Similarly 26a. ^aj-f26*. Jy +26c. ^z+ ... 

2ca. Sx 4-2c 6. ^y +2c*. ^z -f ... 


-26n, 

=2cw, etc., J 


which, as in Arts. 1765, 1766, give 
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1772. Equations of typea<a5o+6iyo+ •••^^<=^<(^==1 toi=m), 
multiplied by and added, give since 

2av=0, S6v=0, 2ci;=0, etc. 

And equations of type ai{xQ+Sx)+hi(yQ-\-6y) + give 

in the same way 2w<Vi= -“Sn<v<. 

Hence . 


1773. Equations a<a;o+fe<Vo+^<^o+ multiplied by 
Ui and added, give 

. ajo + YhiUi . j/o + • • • ~ 2n4W<= 2ViW< = . 

Equations a<(a;o+^a;)+6<(yo+%) + ...— n<==w,, multiplied by 
Ui and added, give 

+ 2a<Wf + IhiUi .&y+.., 2wi*. 

Hence . ^x+26<m< . +2c<w<. (Sz+ ••• • 

And, since is the sum of the squares of the true errors of 
the observations, 2ui^=m€^. 

Now, in the terms 2aiWf.^a;4-26<w, .^y+ ... , we must neces- 
sarily approximate. 

Take for them their mean values. Then 


Ja;=(ait/i+a,«2+«3^3 +— )(Mi+^2^2+^3W3+*--) » 


whose mean value is that of aJcT;u^+aJc 2 U^+aJc 2 U ^+ ; for, 
remembering that the errors may have either 

sign, all products involving errors with unequal suffixes will 
disappear in taking the mean. And the mean values of 
u^, u^, ... are each e*. 

Hence . Sx will be replaced by 'Zajci . e^, that is e^. 

Similarly 26iW< . Sy^ . ^ 2 , ... will be replaced by e*. 

Therefore 2v<*+yu€*, fx being the number of unknowns 


X, y, 2, ... . 

Hence 



1774. If there be but one unknown, i.e. when the observa- 
tions are made upon a single physical element, we have 


(Art. 1757.) 
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1775. Effect of Exact Co-existent Relations. 

If, in addition to the m conditional equations of type 


there be p (</x) exa/Ct equations of type 

a^+ — 

iliese latter equations may be regarded as determining p of the 
unknowns in terms of the other /x— p. Upon substitution of 
these in the conditional equations, we have a system of m 
conditional equations amongst fx—p unknowns. Hence the 
error of mean square e will in this case be given by 




where v. 


is, as before, a<Xo-f o-i^d 


the summation is from i=l to i=m. 

If /X be large, or if there be several exact equations, a 
different process is usually employed to reduce the labour of the 
elimination. (For this see Chauvenet, Astron., p. 552, Vol. 11.) 


1776. Finally, if e*., Cy, ... be the errors of mean square 
hi Xq, ijq, Zq, ... , and if X, YyZ,,,. be the respective weights 

of aJo, yo, 2o» ••• > then values of 

Xy F, Z, ... are to be determined as follows (Art. 1766) : 

ForX: Sa*- i +2a6 • p+Soc • ^ + ... = 1, '' 

26a +26*- y,+26c- + ...=0, 

Sca-^ +2c6- p+2c®- ^, + ...== 0 , 
etc. ; 


Sa*. 

^T,+2a6- y +2oc-^ + - 

.=0. 


■j^+ 26 *- y+ 26 c‘^+.. 

.=1, 

Sea . 

^+2c6- y+2c*- ^,+ .. 

.=0. 


etc.. 



the accented unknowns of each group not being required; 
and such equations may obviously be written down from the 
normal equations. 
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Hence we obtain Xy ie. the value of ^ (Art. 1766), etc. 

Moreover, in cases where the values of a;®, ••• ai’e 

expressed in terms of letters and not numerically, their 
weights may be obtained more readily, as in Art. 1763, by 
differentiation. 

This completes the details of the process to obtain the 
Mean Square error for each element, and the Probable and 
Mean errors may be at once deduced. 


1777. Order of Procedure. 


To sum up, the order of procedure is as follows : 

I. Given the m conditional equations amongst m unknowns 
(m>/i) of type a<a;+ 6 ,y+Ci 2 + ... — 11 ^= 0 , let each have been 
prepared by multiplication by the square root of its weight, 
viz. n/co^. 

II. From these prepared equations, or by differentiating 

2(a,a5+%-l-...— 

deduce the normal equations and find a;^, ?/(,, ••• • 

HI. Form 2 (a^a;© -f- + . . . — 

IV. Find e, the error of Mean Square of an observation 
from e= 

V m— /X 

V. Then to find e*, ey, €z, etc., in the normal equations 
replace 2 an, 26w, Zcw, ... by 1 , 0 , 0 , etc., and solve for say 

a;— then replace 2 an, 26», Sew, ... by 0 , 1 , 0 , ... , etc., and 
^ 1 

solve for y, say and so on; then A, Y, Z, ...are the 

several weights of Xq, y^, errors of Mean 


Square are 




These values may also be obtained by Art. 1753 without 
the trouble of solving the normal equations when the results 
of the observations are given in letters instead of numerical 
quantities. 


VI. Having found e, €*, cy, e*, ...» we may then deduce the 
Probable Error or the Mean Error by Art. 1752. 
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1778. For further information, the reader may consult the appendix 
to Vol. II. of Chaiivenet’a Sph, and Practical Astronomy, 

For those interested in the Bibliography of the subject, reference may 
be made to 

Legendre, Nouvelles Mithodes pour la determination des orhites des Cometea, 
1806. 

Gauss, Theoria Motus Corporum Coelestium, 1809. 

Disquisitio de Elementis EUipt. Palladis, 1811, etc. 

Bertrand, Mithode des moindres carries^ 1856. 

Encke, Ueber der Meih. d. Klein. Quad., Berlin (Astr. Year Book, 1834, etc. ). 

Laplace, Thkorie analytique des Probabilitis. 

Poisson, Sur la probabiliU des resultats moyens des observations (Con- 
nuisance des Temps, 1827). 

Bessel, Astron. Nach. (357, 358, 399). 

Hansen, Do. (192, 292, etc.). 

Peirce, Astron. Journal (Camb. Mass., Vol. II.). 

Liagre, Calc, des Prob., Brussels, 1862. 

And other references have been made to the works of Airy, Glaisher and 
Merriman in the course of this chapter. 

1779. Illustrative Examples. 

1. Suppose 0 a central staiion on a plain, and A, B, C, D four distant 
points. Let the angles AOB, BOG, GOD, DO A he respectively estimated 
by p, q, r, s, equally good measurements to he a, y, 8 ; and suppose that 
after aU due care has been taken a4-^4-y + 5 falls a little short of 360°, 
say by k'*. It is required to find the corrections to he applied to the several 
observations. 

Suppose the true values of the several angles to be a + o:", 

Then .v-{-y-\-z-\-w—k is an exact equation. The equations of condition 
are .v = 0, j/ — 0, z — 0, .r 4- 1 / -f 2 - I: = 0, which cannot be satisfied simul- 
taneously. Making px--hqtr-\-rz^ + s{j:-{-y-{-z — ky^ & luininunn, we have 
px~qy~rz— -s (x + y 4 - 2 ~ k) ~ A, say. These are the Normal Equations. 



which give the probable values of x, y, z, w. 


2. Let p observations of the zenith distance of a circumpolar star he made 
at the upper culmination, and q at the lower. It is required to find the co- 
latitude of the place. [Airy, p. 42, Errors of Observation.^ 

Let a and b be the means of the two sets of observations. Then — a 
and z^^h are the estimated zenith distances at the two culminations. 
And we are to find the probable error in \{a-^b), which would be the 
true co-latitude if the means of the observations were accurate. 
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Let (i> be the weight of any of the original observations, all supposed 
of equal value ; a>' the weight of Then 

V_^ 1 I ^ I _ 1 p+y 

<o' 4 p<i> 4t qta Atii pq ' 

Hence if c and €' be the probable errors of an observation and of the 
deduced co-latitude, — ^ with the same formula connecting 

the errors of mean square and the mean errors. 

3. Consider a rod^ whose accurate weight is h grammes, to be broken into 
three random pieces of unknoum weights x, y, z grammes ; y and z are weighed 
together I times ; z and x, m times ; x and y, n times, and the means of the 
three sets of weighings are a, b and c grammes, and all the weighings are 
eqtuiUy good Observations so far as is known. It is required to find the most 
probable weights of the several parts and the probable error in each. 

[Math. Trip., 1876.] 

Here a:+y+«=A, (1) ; + (2); 2 -fx=A, (3); j:-|-y=c, (4). 

Ek| nation (1) is exact. The others are subject to error. Let to he the 
‘‘weight” of any one observation. The “weights” of the means are Iw, 
m<i), Tuo. The equations (2), (3), (4) may be written A-a;~a==0, 
A — y — 6=0, A — 2— c = 0, and we are to make 
l(A~a;--a)*+m(A-y~6)*-f n(A~«-c)* 

~a minimum with condition x+y+z—A. 

Thus, l(h — x^a)dx-\- 4-=0,dar+ - 4 - =0, whence J(A-x-o)=. .. = ...:= A, 
i*.e. 3A-(a;-|-y-|-2)-a~6-c=AQ + ~+i^ t.c. 2A-a-6-c= aQ 4- 4-^ 

<.e. y=etc.. *=etc. 


If (u* be the “ weight” of this expression for x, 

2_1_/3^\2 1 /d.vV 1 /3a: 

tn^x ioiyda) <om\36/ ^ cd 


1 m -f- 71 
(i> 7nn-^n/-\-l7n 


Now A being known exactly, 24-a-6-c is a known error, and it is 
the only known error, and if 12 be the “weight” of this expression 

^ = (8A-«-6-o)* (Art. 1750). The 
latter equation is the approximative one for 12. Hence 

1 2lmn IS, 1 22mn(w4-») /«, . v, 

_ = j (24 - a ~ 6 - c)*, — = . x 5(24 - a - 6 - c)*. 

<0 «in+n/+twi' <i>, (mn + nt-f 2wi)*' ' 

The probable error for x, viz. p, is such that 

and P=^ -. 

U p=.476»...x^^^>(2A-«-6-c). 


Suppose in the same example that 4 were not known, but that the 
several observations are (a|, a ^, ... at), (A^, 6,, ... 6^), (ci, Ct , ... cj. 
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We then have I equations of type y+z-a^^O, m of type 2 4- ^-6^=0, 
n of type j74-y-c,. = 0. 

Then y, 2 are to be found from making 

I m n 

2(y + 2 - 4- 2(2! 4- a; - 6^)2 4- 2(^ +y “ a minimum ; 


•3^o» yo» 2! being the values 
which give the minimum. 


from which (w 4- n)a?o 4- wy® 4- wi2o = 2^r + 2c,. , 

n I 

+ (w 4- Oyo + = 2c,. 4- 2ar > 

I tit 

WW?o4-/yo4-(^4-m)2o= 2flfr+26„ 

We then have as an approximation 

I 2 (y© + ^0 - a^f 4- 2 (-2o 4- .a 0 - 4- 2 {x^ 4- y© - 

2u) ^4-w4-w 

4. Bt C, D are four points in order on a straight line ; ABy BC, CD, 
AC, BD, AD are mectsured respectively a, /?, y, 8, «, f times with mean 
respective measurements a, b, c, d, e, /. Find the most probable value of AB ; 
and i/a = )8 = y = 5 — € = f, find its probable error. (Math. Trip., 1878.] 

Let AB=x, BC—y, CD^z ; then we are to find a minimum for 
a(a? - a)2 4- ^(y - 6)* 4- 7 (^ - c)* 4 - 4- y - d)2 4- c (y 4- « - + f 4-y 4- « -/)* 

The conditions are : 

a(j;-a) + 8(x+y-<J) + ((.r+y + j-/) = 0, \ deteriuine 

/3(y-6)4-5(4:4-y-d)4-«(y4*S“C)4-f(.r4-y4-2-/) = 0, \ ^ ^ ^ 
y{z-c) + €{y + z-e) + ((x+y-hz-f)~0, J ’ * ’ 

In the case fi=etc., these become 

3.r 4- 2y 4- 2 = a 4- d 4-/, 2x 4- 4y 4- 22 = 6 4- d 4- c 4-/, .t 4- 2y 4- 32 = c 4- c 4-/ ; 
whence 

.a’ = i(2a-64-d-e4-/) ; y = i(-a4-26-C4-d4-c); 2 = J( -6 + 2c-d4-c4-/), 
i.e. a:-~a— ^{-2a — b + d-e-\-f), x-^y-d — l{a + b-c-2d+f), 

9/ ~ h = - a - 2b - c d + e), y4-2-c=|( -«4-i»4'C-2e4-/), 

2-c = J(-6-2c-d4-€4-/), .r4-y + 2-/=l(«4-c4-d4-f-2/), 

and the sum of the squares of these six expressions is, say K. 

We also have 


i = ^(4 + l + l + l + l)^ 

<i>2 Id (u 


■- =i(I + 4+l + l + l)^, 

a>„ 16 '(Jj 


i = i(l+4 + l + l + l)i, 

<©,16 (© 

I.e. a>x»2(©, (©y~2<©, (©2 = 2(© by (Art. 1753), or they may be derived 
as in Art. 1776. 

N.. l.Vft.VI(A»..77.,; ■. i..i.J.!V5 

<0 ^6 — 3 ^3 ' <©, <©y(©, 2^0 

whence the Mean Errors, Mean Sqiiai'e Errors and Probable Errors of 
X, y, 2 may be at once written down. 

[See Sol. S.ff. Prob., Glaisher, 1878, p. 166.] 
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PROBLEMS. 

1. In a plane triangle the angles A, By C are respectively 
measured m, n and p times, and the means of these measurements 
are respectively a, p and 7, and a + /? + y = ?r + €. The separate 
measurements are equally good. Show that if a + Xy p-\-ijy he 
the true values of the angles, the probable values of x, y, z are 

-wn€/S, where 5 = wp + ww. 

2. In the plane triangle ABCy the side & is to be determined in 
terms of a from the measured values of B and C. Find the actual 
error in the determination of b in terms of the actual errors of 
measurement of B and Cy and the probable error of b in terms of the 
probable error of any measurement supposed to be the same for 
the measurement of any angle. Show that of all the directions 
in which the side b can be drawn, that gives the probable error 
of the determination of its length a minimum for which the 
angle C satisfies the equation 

ab (2a2 + 3^/2) ( 1 + cos^ C) - (a^ + 7a^b^ + 2b*) cos C. 

[Math. Tkipos.] 

3. At Pine Mount, a station in the U. S. Coast Survey, the angles 
subtended by four surrounding stations Ay By (7, J) were observed 
as follows : 

ABy weight 3, 65" IV 52"-500 ; CDy weight 3, 87" 2' 24"*703 ; 

BCy weight 3, 66" 24' 15"-553 ; DA, weight 1, 141" 21' 21"-757. 

The five points are in one plane. It is required to estimate the 
corrected values of these angles. The result is that the several 
results in the seconds should be 53"*4145, 16" '4675, 25"'6175, 
24"'5005, the degrees and minutes being unaltered. 

[Chauvenkt, Aatron.y II., p. 551.] 

4. Taking the equations 

a; - y + 25f - 3 = 0, 4a5 + y + 4^ - 21 = 0, 

3a;4'2y- 5ar- 5 = 0, -«+ 3y + 3^? - 14 = 0, 

show that (1) the probable values of x, y, z are 2*470, 3*551, 1*916 
respectively ; 

(2) the weights of jc, y, z are 24*597, 13*648, 53*927 ; 

(3) the error of mean square of an observation, i.e. of 

the numbers 3, 6, 21, 14, is 0*284 ; 

(4) the errors of mean square of x, y, z are 0*057, 

0 077, 0*039 ; 
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(5) the probable errors of an observation and of x, y, z 
are respectively 0*192, 0 038, 0*052, 0*026. 

[Gauss, MoUia ; Chauvbnet, II., p. 521.] 

5. In finding the latitude of a place by observation of two 
meridian altitudes of a circumpolar star, p observations are made 
at the upper transit, q at the lower. Taking the probable error of 
each observation at the upper transit as Cj, and at the lower as 
and all astronomical and instrumental corrections to have been 
applied, show that the probable error in the determination of the 
latitude is 

6. If the altitudes of the upper and lower transits of several 
circumpolar stars be observed and //j, i/g, //a, ... be the harmonic 
means of the numbers of observations at the upper and lower transits 
for the several stars, and all observations be equally trustworthy, 
with a common probable error supposing all astronomical and 
instrumental corrections to have been applied, show that the probable 



7. At three stations /\ Q, R on the same meridian, the zenith 
distances of 7q stars are observed at each of the stations P,QfR ; 
ng at P and Q; a.t Q and R ; a.t R and P. It is required to 
determine the amplitude of the portion PQ of the meridian. Show 
that there are four independent modes of determining that arc ; and 
on the supposition that the probable error of each observation is 
the same and =<, show how to determine the combination weights 


of the four measures. If tIj =* 71.2 = Wg = = w, show that the square 

4 

of the probable error in the result = ^ ~ • 


8. State the criterion for the selection of the combination weights 
of n independent measures of a magnitude. Determine the probable 
error of the result in terms of the probable errors of the n measures. 

In the observation of the zenith distances of stars for the amplitude 
of a meridian divided into four sections by three stations intermediate 
between the extreme stations, a stars are observed at the first, 
second, third only ; h at the second, third, fourth ; c at the third, 
fourth, fifth; and the probable error of every observation is €. 
Show that there are only three independent modes of measuring 
the whole arc, and obtain equations for determining the combination 
weights of the three measures. In the case where a — prove 
that the square of the probable error of the result is I0€^l3a, 

[Math. Trip.] 
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9. If a, hf c, ... be the actual errors in n measures of a physical 
element, the apparent error of each measure is defined as the 
difference of each measure from the mean. 

Let Q be the sum of the squares of the apparent errors. Then 
prove that (i) the Probable error of a measure, (ii) the Mean error 
of a measure, (iii) the Probable error of the Mean and (iv) the Mean 
error of the Mean are respectively 

0-674506 0-797885 

>n-I vn -1 

0-674506 J-7-^, 0-797885 a/ , ^ 

\n(n-l) \n(n-I) 

10 . If we have any number of sets of n observations of the value 
of a physical element, all of which are h priori supposed to be equally 
good, and if the difference between any observation and the mean 
of the set of n observations to which it belongs be called the 
apparent error of that observation, then, assuming the usual law 
of frequency of errors, prove that the mean of the squares of the 

1 

apparent errors = — ^ m*, where is the mean value of the square 
of an actual error of observation. [Smith’s Prizes.] 

11 . A rod of known length I is broken into four portions. The 
lengths a;, y, z, w of these portions are measured respectively p, q, r, 5 
times under the same circumstances and with the same care. The 
means of these several measurements are a, /3, y, 8. Show that the 

probable length of x is a + *6745^ — r ^ g )* 

12 . The angles of a geodetic triangle of known spherical excess 
are measured, and the probable errors of the several measurements 
are Cj, c^, €3 respectively. It is found that the sum of the three 
measurements needs a correction of Show that if a", j3'\ y* be 
the corrections to be applied to the angles, 

* 7 As* = ^/(^i* + * 2 * + V)- 
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THEOREMS OF STOKES AND GREEN. 

INTRODUCTION TO HARMONIC ANALYSIS. 

1780. It is proposed to give in this chapter several theorems 
of the Integral Calculus which are of especial service in the 
higher branches of Physical Analysis. 

1781. Stokes’ Theorem. 

Let X, Y, Z be the comjx)nents referred to rectangular axes 
Ox, Oy, Oz of any vector quantity Z7. Then the line integral 
of til is vector taken along a given path on any given surface 
from a fixed point A to another fixed point B is 

Let us deform this path into an adjacent arbitrary path 
from .4 to R on the surface. 

Then +, dX==^^dx++, and 

ax 

=J (SX dx-\- -\-)-\-[X Sx-\- — J^((iX5a3++) 

=1 {(iZd*— (iX&)+ + } 

(^^-^^y&zdx-8xdz) 
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But if P, Q be adjacent points (x, y, z\ (x+dx, y+dy^ z+dz) 
on the path APQB, and P\ Q' the points to which they are 
deformed, having coordinates (sr+ia?, etc.), and to the first 
order {x-\-dX’\-Sx, etc.), these four points are to that order the 
comers of a parallelogram the area of whose projection upon 
the plane of y-z is Sy dz—Sz dy. 



Let dS be the area of the element PQQ'P ' ; m, the 
direction cosines of the normal to the surface at x, y, z. Then 
to the second order 

Sy dz—Sz dy=ldS, Sz dx— Sxdz=m dS, Sx dy-- Sydx===n dS. 

Therefore the variation in the line integral along APQB by 
deformation into APQB is 



the integration being for all the elements of S which lie 
between the two paths. 

If we enlarge the strip by taking a new variation of the 
path APQB to an adjacent path AP'Q'B^ the extra increase 
is the same integral taken over the area between the second 
and third paths; and this process may be followed by 
other deformations to any extent so long as X, Y, Z and 
their differential coefficients remain single-valued, finite and 
continuous in the deformation (Fig. 589). 

If then A and B be any two points upon a contour AGBD 
drawn upon the surface within which contour X, Y, Z and 
their differential coefficients are at all points single-valued, 
finite and continuous, the difference of the line integral along 
AGB and that along ADB is measured by the surface integral 



dS, taken over the whole surface bounded 


by the contour. Also the line integral from A to B along 
ADB^-- the line integral along BDA (Fig. 690). 
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Hence the line integral round the whole contour is equal to 
the surface integral whole 

area bounded by the contour. 




Now let R be some vector quantity whose components 
2^, 2i;, 2f are such that 

dz* dx^ dy' 

then we have 

taken over the bounded surface. 

But 2{l^ + mri+n^) is the component of the vector R along 
the normal = R cos e, say, where e is the angle between the 
normal to the surface and the direction of R; and if e' be 
the angle between the vector U and the tangent to the contour 

X ■j-+Y-^+Z-j-=U cose. 
ds ds as 

Hence |JiRcos€dS=Ji7 cose^ds, a result due to Stokes and 

of the highest importance in Higher Physics. [See Lamb, 
Hydrodyn., Art. 33.] 

It is remarkable that the surface integral is independent of 
the form of the surface, and depends only upon the line 
integral round the bounding edge, so that it is the same for all 
diaphragms with a given edge ; provided that in the deforma- 
tion from any one diaphragm to any other no point in space is 
passed for which A', F, Z or any of their first order differential 
coefficients cease to be single- valued, finite and continuous. 
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1782. Green's Theorem.* Lord Kelvin’s Extension. 

Lei and Fg he any two functions of x, y, 2, the coordinates of 
a point Py and a any quantity ^ constant for Green's Theorem, or 
any function of the variables for Lord Kdvin's extension, and 
suppose aU three functions and their differential coeffunents to be 
single-valued, finite and continuous throughout a finite and con- 
tinuous region bounded by a given surface S. Let volume integra- 
tion he conducted throughout the volume so bounded^ and surface 
integration over its surface. Let V^F be an abbreviation for 



' s 3 F> 



\ , 3 / . 3 F\ 

dx^ 

-dx/ 



)+32r ■^) 


Let dn be an element of the outward drawn normal at any point of 
the bounding surface S. The theorem to be established is 



dx dx 3y 3y dz dz ) ^ 


Consider the term 
parts gives 

Construct an elementary rectangular prism parallel to the 
a;-axis on base dydz in the y-z plane, and let it intercept upon 
the surface S elementary areas dS^, dS^, dS^, ...» at which the 
direction cosines of the normals are (X^, Mi» i'i)» M2» ^2)* ••• » 

the suffix 1 relating to the element furthest from the y-z plane 
and the others being in order of approach to that plane. Then 

dy dz^ -\-\^dS^^= — Xgd/Sg— ”f" A3diSj= ... . 

Now the limits in the first integral those 

which correspond to the elements in which the elementary 
prism cuts the surface 8 , ».e. from the end of any intercepted 

* Math. Papers of the late George Green, Edited by Dr. Ferrere, 


§ 


,*?Zj ^dxdydz. 


dx dx 


Integration by 
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portion of the prism nearest the y-z plane to the end furthest 

from that plane. Let the values of at the several 

ox 

points be denoted by the corresponding suffixes to the square 
brackets. 

Then taken for the whole prism 

that is simply, when we integrate for the whole surface, 
summing the results for all such prisms 



Treating the remaining terms in the same way, and noting 

that X - — = ;r-» we have upon addition the theorem 
035 oy oz on 

stated- 9* 9* 3* . 

Green’s Theorem, for which a=l and = “ 
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1783. Various Deductions. 

1. It follows that 


2. If Vi and P, both satisfy Laplace’s Equation V*F=0, we have 


//'■■I- 


rf,S 


*-//''• 




dS. 


3. If Fj = constant, dS=JJJv^Vid.t'dydz. This is known as 

the Divergence Theorem (see Webster, Fled, and Mag.^ p. 66). 

4. If Ft= constant and Fi be a function of :r, ?/, z, viz. F, satisfying 

Laplace’s Equation, J J^-^dS=0, It follows that F does not under 

such circumstances admit of a true maximum or minimum value for all 
directions of displacement at any point of space for which it remains 
finite and continuous and satisfies Laplace’s Equation. For if at any 
point such a inaxiniuni or minimum could exist, F would be decreasing 

d V 

or increasing in all directions from that point, and therefore ^ would 
maintain the same sign at all points of a small sphere with that point 
for centre, and j dS could not vanish for that surface. The same 

thing ia obvious also from Laplace’s Equation directly ; for one condition 
for a maximum or a minimum is that F„, 1^^, F„ must have the same 
sign, and therefore their sum could not be zero. 

6. If Vp and F^ be two homogeneous algebraic functions of x, z of 
respective degrees p and q, each satisfying Laplace’s equation for the 
region between a pair of spherical surfaces of radii a and 6, whose centres 
are at the origin ; then if Vp and Vg be written respectively as 7'^Yp and 
r^Yg, so that Yp and Yg are functions of angular coordinates only, then 

f f Yp Yg sin Od$d<l>- 0, provided 
p4^q &ndp-\-qi= - 1 . 

the Integra- 

tion being conducted over the two surfaces. 

Writing dS—a*dta or for the respec- 
tive elements of the outer and the inner 
surface, dta being an elementary solid angle, 
we get 

j (f^Ypqr^i-^ Yg - i^Ygpt^^ 
and {q - ftr+a+i) j YpYgdo)-0, 
and therefore, provided pi^q and p-^q - 1, ypTysin 0d0d<j>ssO, 
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or writing /x = co8^, J ^ YpY^dfxd<f>=:0 ; that is JVpVgdS = 0, where 


the integration is taken over the surface of any sphere with centre at the 
origin. 

The theorem is due to Laplace. The proof is Lord Kelvin’s [Thomson 
and Tait, JYat, Phil 1879, p. 180]. 

Note that in the proof of this general result the taking of an inner 
surface r=6 avoids the continuation of the volume integration over the 
immediate region of the origin at which such a solution of Laplace’s 
Equation as V =r“^ would become infinite, and Green’s Theorem on which 
this result is based would be inapplicable. 

6. Many other deductions will be found in works dealing with attrac> 
tions, electricity and magnetism, etc. 

The region bounded by the surface S is regarded as “singly connected,” 
or capable of being made so by suitable diaphragms ; so that any of the 
infinite number of paths from any point A to any second point B within 
the region are deformable into each other without crossing the boundaries 
of the surface.* 


1784. Unique Character of Solutions of Laplace's Equation. 

If a solution of Laplace's Equation has been found which 
is such as to assume a definite assigned value at each point 
of a given closed surface S hounding a given region, that 
solution is unique for all points within the region ; and if 
it is such as to vanish at oo it is also unique for all points 
outside the region. 

For, if two functions Vi and could each satisfy the stated 
conditions at points within the surf ace, their ditterence W would 
vanish at all points of the surface. But Green s Theorem gives 

Hence must vanish at every point of the 

^ ^ oz 

region, and therefore W must be a constant throughout the 
region, vanishing at the surface, and therefore at all other 
internal points. Hence Vi and F, must be identical. 

Similarly for points outside the surface with the condition 
as to vanishing at infinity. 

Hence solutions of Laplace’s Equation are unique and 
determinate for any finite region when their values are 
known over its surface 'supposed closed. 

* For the effect of Cyolosis, see Clerk Maxwell, E. and M., I., page 109. 



886 


CHAPTER XXXIX. 


We note also that if — were given at each point of the 
surface, we should equally have ^ dS^O, for ^ = 0. 


HARMONIC ANALYSIS. 

1785. Def. Any homogeneous function of x, y, z which 
satisfies the equation = 0 is called a Spherical Solid Harmonic. 

Denoting by r®, we have 

(D.C., p. 137). 

This vanishes when m=0, or —1, (except where r— 0). 
Hence a constant is a spherical solid harmonic of degree zero, 
and r“^ is a spherical solid harmonic of degree — 1. 

Laplace’s equation is unaffected by writing x—Xq^ y-^Vo* 
z— Z q for Xy y, z respectively. 

Hence {{a?— iCo)^+(y— yo)*+(2— is also a solution, 
except at y®, Zq), where it becomes infinite. 

If Fn be any homogeneous function of degree n satisfying 
V*F=0, then is also a solution (D.C., p. 137). Its 

degree is —n— 1. Therefore to any spherical solid harmonic 
of degree n corresponds another, viz. F„/r®**+^ of degree — n— 1. 

1786. Specimens of Spherical Solid Harmonics. 

Lord Kelvin (Thomson and Tait, Nat. Phil.y pp. 172-176) gives a long 
list of particular solutions of V*F=0. We select a few typical cases, 


which may readily be 

verified. 



Degree zero, 

1 »■+« A ^ty rx 


Degree - 1, 


1 , r-f z X 


Degrees 1 and - 2, 




Ax-^-By-^Czy 





Degrees 2 and 3, Ayz+Bix-k-Cxy^ yzjr*. 


1787. If F„ be a spherical solid harmonic of degree n, and 
we write F’„=r“F„, as in Art. 1783 (5), F„ is a function of the 
direction of the point x^y^zdA viewed from the origin, and if 
we take r as a constant, is called a Spherical Snrfoce 
Harmonic ” or a “ Laplace’s Function.” 



HARMONIC ANALYSIS. 887 


1788. Number of Arbitrary Oonstants in tbe General Spherical 
Harmonic of degree n. 

The number of coefficients in the general rational integral 
algebraic expression of degree n in three variables is the 
number of homogeneous products of degree n in x, y, z, viz. 
i(n+2)(Ti+l). 

When operated upon by V* we have a homogeneous function 
of degree n— 2 containing Jn(w--l) coefficients, each of which 
is to vanish, which furnishes this number of relations amongst 
the original coefficients. Hence the number of independent 
arbitrary constants in or is 

J('n+2)(7i + l)— l)=2n+l. 

Such a series as ^ ^*+ where a 

is given, will therefore contain 1+3+5+.. .+(2n+l), i.c. 
(n+l)*, arbitrary constants, and in the case where 
as for the potential of a magnetic body, the number is less 
than this by unity, viz. n(n+2). 


1 7 89. Oonstruction of New Harmonics. 

Since V2F=0 is a linear differential equation, when any 

00+6+c 

solution Vi has been found, it is obvious that 

another solution. So that if 7^ be a spherical solid harmonic 
of degree i, we have another of degree i— a— 5— c. 


( 9 3 3 \ 

I ^\Vi will also be a solution; or 
3aj oy oz/ 


further still, if {l^ m^, ^i), (Z^, m,, n ^), ... beany number of sets 

of direction cosines of arbitrar}^ linear elements dh^, 

11 3 |3, 3, 3 4. 1.U 333 

so that _ +7^ _ . etc., then ^ ^ ^ F 

is also a solution of Laplace’s Equation, and is a spherical 
solid harmonic of degree i— j. 


1790. Poles and Axes. Clerk Maxwell (E. and Af., p. 162) 
Consider a spherical surface of centre 0 and radius r, 
referred to three rectangular axes Ox, Oy, Oz. Let 
be fixed points on the surface, and P any other point upon 
the surface. Let the direction cosines of OA,, OAj, ... be 
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(^ 1 , mj, TOj), (i^, n^) and x, y, z the coordinates of P. 

A A 

Let X^^cos A^OP, /u^=coFiA/)Aj, Let dh^, be linear 

elements in the directions OA^, Then the lines 

OA^y OA^, ... are called “ axes A A^y ... are called “ poles ” ; 


and the operation 


0/3^ 0,0 


is called differ- 


entiation “ with regard to the axis OA^.” 

Let Pi be a perpendicular from 0 upon a plane through P 
perpendicular to 0A( ; then we 

have 


dr , 0r , 


, dr , dr y X , y , z Pi x 

“rTi +Wl, -s = 0 — |-W< ==A^, 

oki dr dy oz r r r r ’ 

x+ +'j = lJj + mimj+n(nj= Iti,= = 

d\j_ 'd(pj\_l pj ^ m,-k(Kt_d\, 

^.-’dhXrrr->^^~7^^- r " 34 / 


dpt 

’dhj' 


1791. Consider the effect of the operations 


'3/ii’ 




d/ig 0/lj ’ 


performed successively upon the function Let us write 


for the sum of all possible products consisting of 
i—28 As with different suffixes and 8 julh with double suffixes, 
each suffix 1, 2, 3, ... i occurring once and once only in each 
product. 

0 0 0 1 

Also let us write F_t-i for (—iF^rr ••• • -> also 

dhidhi^i dti^ r 

— Then F_i_i, are spherical solid 

harmonics of respective degrees — (i-f- 1) and i. We then have 

y_ 

r ‘ r’ 


0r__^ 

‘ -2- *9/^^ - - ’ 


u, 


^=F>3=( 




£? 

r» 


K^ = (-l)* 


3 3 3 1 

3/i, 3A, 34, r 


= etc. = 


lL^(X,A,A,-i2Xy),etc. 
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1 7 92. The (General Form is 


,<+i |X|X2...X, 2i— 1^^ ^ 


+ 


(2i-l)(2i-3) 


2 X<-V"- 


....} 


to or ^ terms, according as i is odd or even, 
2 2 


Yr- 


.3^(2i: 

i! 


1) 


|x,x,_ 


"*'(2i-l)(2i-3) 


179.*^. This form may be established by induction (Clerk 
Maxwell, E. and M., I, p. 161). To do so it is desirable to 
substitute for each X the corresponding p/r. For differentia- 
tion of f and the p's is simpler than that of the X’s in 

performing the operation — P — ♦ 

ohi^i 


1794. When all the axes coincide the X’s are all equal, and 
the /jls are each unity. 

y 

If we write V * i^i!-rrr when the axes are different, and 

z 

^ when they are coincident, we have 


.^_l.3...(2i~l)f ,, i(i-l) w o.t(^-l)( ^-2)(^'-3) w-4 \ 

i! jA -2^~Y)A ■^2.4(2e-l)(2^-3)'' -J* 


1795. In the latter case, when the i axes coincide, Z, is a 
function of one variable only, viz. the angle which the vector 
to sc, 2 /, z makes with the fixed axis. When this angle is 
fixed, the value of Z< is fixed, and the equation Z,= const, 
gives a family of circles on the surface of the sphere, the 
planes of these circles being at right angles to the axis of 
the harmonic. The harmonic is now called a “ zonal harmonic. 


1796. In the former case Yj is a function of the i cosines 
Xif Xg, ... X< which are variables, and of the ^ cosines 

^i 2 » Mi 8» Ai 28 >‘.» which are constants. As there are in this 
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case i arbitrary axes, and each requires three direction cosines 
/, m, n to fix it, between which there is an identical relation 
Yi will involve arbitrary constants. Also 
since the expression for may be multiplied by any arbitrary 
constant M, and the function Vi^ilMYiV* still satisfies 
Laplace's Equation, this value of contains 1 arbitrary 
constants inclusive of ilf, and is the most general form of a 
spherical harmonic of degree i (see Art. 1788). 

1707. The Zonal Surface Harmonic Z^ will contain three 
arbitrary constants, viz. two which fix the direction of its 
axis, and M, After the fixation of the axis, say to coincide 
with the z-axis, the only constant left is M, and if we choose 
M=l, Zi becomes a definite numerical quantity. 

If the axis OA of this zonal harmonic be in the direction 
(00 > 0o)» given by its co-latitude and azimuthal angle, and 
if OP be drawn in the direction (0, 0), then 

X=cos 0 cos 00+ sin 0 sin 0o cos (^ ~ 0o). 

If the axis be the z-axis, then 0o=O and X=cos0. 

In the former case there are two independent variables 
0, 0, and the Zonal Spherical Surface Harmonic is known as 
a Laplace’s Coefficient. 

In the latter case there is but one independent variable, viz. 
0, and the pole of the harmonic is the pole of the sphere 
which is the positive extremity of the z-axis. 

1798. Li:gendre’s Coefficients. 

If we expand the function (1 — 2pA+A2)'*^ in powers of A, 
taken as < 1, as 

(1 — 2pA+P) ... + P„A"+ ... , 

irrespective of what p may stand for, then or Pnip) is 
called Legendre’s Coefficient of order n. 

If (r, 0, <p), (fo, 00, 0o) be the coordinates of points P, A 
and X the cosine of the angle AOP, 0 being the origin, the 

inverse of the distance AP is (r®-~2rr0X+ro*)'’^ and may be 
written as ^ — 2X ~ + or ~ ^1 — 2X ~ H- , according 
as fo is > Accordingly, we have 
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1 _ 
AP 


^(<?o+<?,^+e2^^2+-+<3«^+-)forr<ro, 
-((?o+6i ^+^2 ^+-" + 0n^^+ --) for r> rg, 


where the Q*a are Legendre s Coefficients for the case when 
p is < 1 and is a certain cosine. And for all values of rjr one 
or other of these expansions holds good. 


Also being an inverse distance is a Spherical Harmonic, 


and that series of the two above which is convergent is a 
spherical harmonic, and satisfies Laplaces Equation; and as 
it does so for all consistent values of r©, each term will do so ; 
so that one or other of the sets 


(Qo,QxT,QA...), 


^ 

•••; 


forms a series of spherical solid harmonics. Moreover, by 
Art. 1785, if one set be spherical harmonics, so also are the 
other set. Therefore they are all spherical harmonics; and 
Qn is a spherical surface harmonic of the zonal species. 

It follows therefore that a Legendre’s Coefficient for 
which is a cosine is a Zonal Surface Harmonic. We shall 
see later that it satisfies Laplace’s Equation whatever p may be. 


1799. The function 


= {**+ + (j — cf}- 4 


satisfies Laplace’s Equation. 

Let and write as /(z). 

Then 




^ ?i! ® dz«^"" 

Again, writing2=Xr,i2~*=('»’^—2Xcr-|-c^)"^ and takingr>«-c. 




Hence 


r"+i ?i! 9a" n! 9a" r" 


The harmonic Q„ ia therefore identified with one of thoae 


obtained in Arts. 1791 to 1794. 
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1800. Preliminary Remarks on Legendre’s Coefficient PnipY 
The definition being 

(1 — + = ••• +Pn^”4' ••• 

it follows that, whatever y may be, 

P^(l)=:Coef. A" in (1— 7t)“' = l, 

P„(~l)=coef. in (l+A)-^==(— 1)^ 

P„(0)=coef. A" in (l+A*)-i=0 or '4 

according as n is odd or even. 

If the signs of both p and h be changed, (I — 22>A+A^)"^ is 
unaltered. Therefore 

Po{p)+Pi{p)f^ + ->-+Pn{p)h''+,..—PQ(—p)—P i(-“P)A+ ... 

+ (-l)^P^(-p)h^+,... 

Hence 

n(-p)==Po(P);Pi(-p)=~-Pi(P). etc., F,(-p)^(^})np^(p), 


1801. Power Series for Legendre’s Coefficient Pnip)- 
To obtain an expression for P„ as a power series in terms 
of p, we proceed directly by Expansion of (1 — 2pA+A2)~i, viz. 

-1 +i'‘(2p-4) + 


2. 4. ..(-in) 


h”(2p — h)” + .... 


Picking out the coefficient of h”, we have 


1.3...(2n- 


nl 




n{n—l) 

2(2«.-l) 


kW— 2 


7i(ti^l)(n~2)(n^3) 
2.4(2n~l)(2n-3) ^ 



which is in agreement with- the second series of Art. 1794. 

Pfiip) therefore a rational integral algebraic function 
of p of degree n. The highest index is n. Pn is an odd or 
an even function of p, according as n is odd or even ; and 
P„(— p)=(— l)”Pn(j»), as already seen. 
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1802. Rodrigues’ Form. 

Applying Lagrange’s Theorem [D.C., p. 454], 


(l-2i>A+ATi = l + ^^ + - 


Hence 

^«(P)=2S^! Rodrigues (B) 


1803. Rodrigues* form satisfies the differential equation 

For writing 2 — (p*— 1)", and denoting by suffixes of z 
differentiations with regard to we have 2i(p*— l)=2np2 ; 
and differentiating this n + l times by Leibnitz’ Theorem, 

l)+2p2;„^.i-7i(?i+ 1)2„, 

i.e. ^[(jj*-l)3„+,]='»(w+l)2n. 

] 804. Expansion in Terms of Tangents of Half Angles. 

Using Rodrigues’ form and putting p + l=tt, p-l = v, 

Q B 

and putting p= cos i^ = 2co8*^, r= - 28 in* 2 , we have 

7*. = cos*" I [ 1 - "C,* tvi* f + "C,* ten< I - "Cj* ten'l + . . . I ; (D) 


1805. Expansion in a Series of Powers of tan B. 

Regarding (p*~l)" as a function of p* and applying the rule of 
Diff. Calc,, Art. 106, 

; (E) 

and writing cos B, we have a form homogeneous in cos B and sin B, 

Pn =5 cos" B - cos"~* B sin* B 

co8-‘08in*e- (F) 

2* . 4* 
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1806. These forms may also be derived by writing 

(1 -2i)A+A‘)-* = {(1 -yA)*+ A»(l -p’)}"*, 
expanding and picking out the coefficient of 4". 

[Todhunter, F. of Laplace^ p. 12.] 

1807. Expansion in Powers of cos 

Since (p* - l)**=(p + 1 - 2)"(p+ 1)“ 

= ( - 1 )"[2"(p + 1 )" - + 1 + 1 )"+* - . . . , 

we have by Rodrigues’ form, and putting p = cos 0, 

P, = ( - 1 )« [l _ »+>C, "C, cos* I + "+*c, -Cj cos* I -"+’^5 -C’j cos* I H ) 

1808. Expansion in Terms of Cosines of Multiples of 0. 

Taking 2/) = ^ + |^ = 2cos 6^, we have, writing 

(l-- 2 )~^ as Aq+ AiZ-\- A 2 Z^ + 

K=(l-2pA + A*)-‘ = (l-A0~*(l-ArM"‘ 

= ( Aq 4- A^ht + . . . A + ...)(i40 + Aiht~~^ + . . . -f An/i^l~*'' f • - •)» 
and the coefficient of A" is obviously 
AoAnir + 1-^) + A^An-i(t”-* + r»+*)+ ... 

= 2[AoAnCoaw^ + ^iA«-_iC08(7i-2)6^ + ... A«+iC 08 6> or i-dn*J 

2 ~2 2 

as n is odd or even ; 

(271-3) , 

!^^^cos(n-2)0 

oo8(n — 4)tf + ...] (I) 

1809. Limiting Values of the P's. 

The binomial coefficients in the above form of are all 
positive, and therefore cannot exceed in numerical value 
that for which each of the cosines is replaced by unity. And 
in this case the expression for P^=2{A^An-\-A^An^y^-\-,,.)=coQ{, 
of p" in (1— i.e. in (1 — p)-^ ic. 1, t.c. the value 
of each of the P's cannot lie outside the limits +1 and —1. 
The convergency of the series l+Pi/t-fPa^t^-f ••• follows at 

once by comparison with l+A+/t*+... = A< 1. 

1810. Expressions in Terms of Definite Integrals. [Laplace, 
Mic, Ca., XL] 

Supposing a positive and > b, both being real, we have 


Pn = 2|i 


.3...(2n- 


2. 4 ... 2n 


1 ) ^ 1 
— cos no + s 


1 .3... 


2 2.4. 


1.3 1.3...(2w-5) 
"2.4 ■ 2.4...(2»-4) 
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and writing a=l — Ap, where j) is positive and 

> 1, and h negative to ensure a being positive, and both 
a and b real, we have 

■ ^ ^ r . 

\J\ — 2ph-^h^ Jo 1— A(/)— Vp*— 1 cosx) ' 

and expanding each side in powers of A and equating co- 
efficients, Pn('p) — ~ f (p — sl'p^— 1 cos x)"^X* 

'ttJo 

1811. Upon expansion of (p— \/p“— 1 cos x)" integra- 
tion from 0 to TT, all terms arising from odd powers of cos x 
disappear, and we are left with a rational integral algebraic 
function of p of degree n, which is identical with P„(p), (which 
is known to be a rational integral algebraic function of p of 
degree w), for all positive values of p greater than unity, i.e. for 
more than n values. Therefore the identity with P„(p) must 
hold for all values of p, though it was convenient in the last 
article to take p positive and >1. It will be seen that the 
expanded form is identical with the expansion (E) of Art. 1805. 

Also, since the terms with odd powers of cos x contribute 
nothing, we have also 

jPn(p) = -f (p + Jp^'-icOBx)''dx- 

1812. Writing p=cosh a, we have 

1 f’’’ 

P„ (cosh a) = - I (cosh a =F sinh a cos x)” 

Jo 

and we may transform these further by putting 
_ cosh g cos u ±. sinh g 
^ ”” cosh a db cos u sinh a 

to the forms 

1 f"" 

P„ (cosh (i) — - I (cosh a ± sinh a cos du. 

'^Jo 

1813. Various Forms of Laplace’s Equation. 

Before proceeding further it is convenient to collect to- 
gether for reference the more useful forms which Laplace*s 
Equation V*^F=0 takes when transformed to other systems 
of coordinates than the Cartesian, and the modifications it 
undergoes under various circumstances, 
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By direct transformation to spherical polars (r, 6, <f>) (D.C,, 
p. 469), 


^^=^+-^+—=0 becomes 




T,nr-^^ I 2 1 3*F cot0 3F co8ec*0 3*F_ 

^ “ 9r>‘'^r 3r W'^ r“ '30“ 

If Fn==r”y^, Yn being a function of d and 0 only, we have 

V^Fn-r"-^* [||”+cot 0 ^+cosec*0 1^+« («+ 1) y„] =0, 

and any solution of this is a Spherical Surface Harmonic or 
Laplace’s Function. See Art. 1787. 

Writing /ul for cos 6, this equation becomes 

0 


dfA 




Laplace’s Coefficients, which are Zonal Harmonics and are 
ca^es of Laplace’s Functions, satisfy this equation. When tp is 
absent, Vn is a homogeneous function of the degree sym- 
metrical about the ;?-axis; ¥„ is a function of 6 alone, =Pn> 
and the equation becomes, when p is written for jul, 

Legendre’s Coefficients satisfy this equation, and are the 
cases of Laplace's Functions for which (j> is absent, and 
p=/uL— cos 6, 

Other forms of V*F=0 are 


|(r»sm0 



sin0 


3F\ 3 

30/’^3^\8in0 3<^y 


=- 0 , 



(Fr) + 






_0*F 


:0. 


1814. Method of Obtaining these Equations from Hydrodynamical 
Considerations. 

The readiest way to reproduce any particular form of the differential 
equation is not by direct transformation, but by formation of the appro- 
priate hydrodynamic “ Equation of Continuity,” expressing the physical 
fact that in the case of any fluid motion, no creation of matter is going on 
in any element, any increase or decrease of mass in that element being 
due to what enters the element from outside or which leaves it, 
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For a homogeneous fluid in motion with velocity potential F, this 
condition may be written in the notation of Art. 789 as 



and by expressing this for Cartesians, for Cylindricals, for Sphericabpolafs, 
etc., the several forms cited are at once obtained. 

1815. Reverting to the power series, 

(I — 2^cosy“j-A^) ^ =Rq-\- ‘ 
which defines a case of Legendre’s Coefficients in which 
cos7=cos0cosdQ+sindsind^)COs(0 — <^q) (Art. 1797); 
it appears that R^ being a zonal harmonic, and a function of $ 
and 0, is a solution of the equation 

-^+cot d -i^+cosec^d + w(n+l)i2,,=0, 

or, what is the same thing, if we write /x, for cosO and 
cosOq, so that cosy=)u/XQ+\/l — ft‘Vl — yMo*cos(0 — 0o)» 

1816. The General Solution in the Case when 0 is absent. 

If the ^;-axi8 be taken coincident with the axis of the 

harmonic, cos y=M=cos 0=p, and the Laplacian 

equation reduces to 

<‘> 

It will be noted that we usually use p instead of /a in this case. 

The zonal harmonic Pn is a solution of this equation. To 
obtain the general solution put Rn=Pn^> S'lid we obtain 

in which the first bracket disappears. We therefore get 

dhi /du 2p 2 dPn • ^ ^ 

WV'dp^l^¥~PnW’ dp~Pn\l-P^y 

B being a constant. 



898 


CHAPTER XXXIX. 


The general solution of equation (1) is therefore of the form 

Rn=^P«+BQ„, where ^ 

Legendre’s Function “ of the seqond kind.” 

If, then, we limit our solutions of equation (1) to such 
functions of p as give a rational integral algebraic form, 
we take the arbitrary constant B to be zero, and therefore the 
most general solution of (1) of this form is Rn=APn. 


1817. Since Pn is a particular form of the Spherical Surface 
Harmonic for which we have obtained the general result 

[ [ when taken over the surface of the 

Jo Jo 

sphere, we have 

j ^^^PmPn<ipd<l,=0, and /. | P„P„dp=-0, 


1818. Particular Oases of expressed in Terms of p, and 
Positive Integral Powers of ^ in Terms of P’s. 

The general result being 


1 . 3 . ..( 271 - 1 ) 
1 . 2 ... 71 



I w (7t-l)(w-2)(n-3) 
2(2n-l)^ 2.4(2n-l)(2n-3) ^ 


we have the particular cases 

i'o=i; Pi=p\ Pt=ip‘-i; P3=lf^-lP< 


■'*■'2.4?^ 


2.4^ ^2.4’ 


n ’-9 . 
^‘= 2 - 4 ?^ 


- 5.7 . 3.5 


etc. 


Reversing these results, we have 

l=:Po; = + P^-^iP,HPi> 

P*=i?«I'4+^P,+jtPo; etc. 


1819. The general character of these latter results will be 
obvious, viz. p^ will consist of a series of Legendre’s cofficients 
beginning with P^, falling in order two at a time, with certain 
numerical coefficients ; i,e, its form is 

and we shall consider in due course the law of formation of 
the successive 4's. 
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We note at once that, since each of the P’s becomes unity 
when p=l, we have 
Again, if m<C.n, 

j . . .)P„ d!p=0. 


1820. If f{p) be any rational integral algebraical function 
of p of lower dimensions than n, then, in the same way, 

j J'{p)Pndp = 0. 

1821. The same result may be deduced from Rodrigues* form of P„. 

For /(P) i*„ (ip = 2^, /^j/( P) ^ (P* - 1 )“<*? 

+( - ir-v'-'^p). (p‘- =0. 

for after the differentiations are performed (p* ~ 1) is a factor of the whole. 

It follows that j f(p)P^d8=0 when the integration is taken over the 
surface of the unit sphere. 


1822. The theorem j (m<n), may be used to obtain the 

several functions Pj, Pj, P3, ... without using the general formula. 

Ex. 1. To find Pj, assume P^=Ap^-{-Bp. Then A+B^l. 

2A 2B P 

Multiply by p and integrate j then “ j pPz^V^^- 

rr P 1 J n 5l>3-3p 

Hence and g" - 

Ex. 2. To find P4. Assume P4=ilp*+ Pp*+* O'. Then A + P-l-C'=l. 
Multiply by 1 and by p* and integrate. 






. 3Cp--3»-+3 


Or we might use a determinant to eliminate A, P, C, 

These processes, however, speedily grow laborious by virtue of the 
number of equations to be solved or the oi’der of the determinants to be 
evaluated. It is therefore desirable to follow another method, as we now 
show. 
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1823. Lemma. 

If it be desired to solve a system of equations of form 


_r — I* — I" “jL — !■•••= 0, 


^ . y I g . 
a-f + c-^/S 


a^y b-\-y c+y 

one less in number than the number of unknowns, with 

^ , y , g 

a-f A‘^6+A‘^c + A“^*'""A’ 

and further to calculate such an expression as 

for the values of y, 2 , ... found from the above equations without 
actually calculating .r, y, 2 , ... themselves, we may proceed as follows. 
For convenience take the case of three letters t, y, z. 

Then c^~$ vanish when 0=a or f3 and to become ^ 

when 0==k. Such requirements are obviously satished by 

a; y z _ 1 (a+X)(6+ A)(c-f X) {0^a)(d-P) 

a+^ 6+6>“^c+^ X(a + W+Wc + ^) *(X-a)(X-j3)’ 
which is an obvious identity, for it is a quadratic relation in and 
satisfied by three values of $. The value of x can be found by 
multiplying by a 4-^, and putting - a, viz. 

_ 1 (a + X)(6 + XXc4*X) (a + a)(a + /?) 

"'“X (6-o)(c-a) 

and similarly for y and z. When X is indefinitely large, the last of the 
given equations takes the form a:+y4-z= 1, in which case 

( a+tt)(a + ff) z-etc • 

(6-o)(c-o)’ *-etc., 

and generally we have 

-£- 4 .J' + * + _ (g-a)(g-/3)(g-y)... 

(a + ^)(6 + 6»)(c+e)(d+e^)...’ 

there being one more factor in the denominator than in the numerator, 
no X occurring. 

1824. Ex. 1. Calculate Assume i^4=.4p*+Hp® + C5p. 

Then 4+f+f=0. ^+1+^=0, ^+B+C=1. 

Take a=4, )^?=2, a = 5, 6 = 3, c=l in the Lemma. 

Tlirn . <«+“)(“ + ^)-9-7. n_ 7.6 . ^5.3. 

„ 9.7 . „ 7.6 . 6.3 


and 
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Ex. 2. Calculate j 

2i4 2J5 2(7 

The result is clearly '13 + Y[ + ^ without calculating B or (7, 

we have, putting 6 >= 8 , 

„(8-4)(8-2)^ 2.4.6 16 

13.11.9 9.11.13 429* 

1825. We have seen that f if m <in. But if 

m 4: 'ih we can readily calculate the value as in the above 
example. 

But first note that if m and n are one of them odd and the 
other even, the result is still zero. For writing 

as no two suffixes in any of the products of the P's can be 
equal. 

But if m and n be both even or both odd, and m<n, the 
result does not vanish. In this case, writing 

multiplying by p*, where 71— 4', 71—6, etc., and 

integrating from —1 to 1, we have a set of equations of 

the type — - + y -- ■ — — =-+,—7-^^ — s + --.=0, one less in 

k+n+\ — \ k+n—Z 

number than the coefficients to be found. Also 


.4+P+(7+... = l, 


rl 2 A 

Hence the problem of evaluating this integral (m ^ n) is 
that considered above. 


and 


a=7i— 1, /8=n~-3, y=7i~5..., 

a==7i, 6=71—2, c=7i — 4..., 

0=w+l ; 
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and 


(m+l—n — n~3) ... to or ~ factors 

^ p^P,dp^2 — — ^ ^ 

(7)i-f l-hTj^m+l+n— 2) ... to — or factors 


— 2 “■ ^—1 (or 

~ (7)i+Ti + l)(m+n— 1) ... m+2 (or m+1) * 

1826. If 7>i=7i, we have f p‘^P^dp=2'^^^{m\fl{2m-\-\)\, 

1827. Again 

i.e. ^(P,2+p,Vt*+P,Vt‘+...)<ip=2(l+-g+|' + ...), 
Hence 

|_^/>o«dp=2; |^^Pj*dp=f, etc., 

Remembering that the area of an elementary belt on the 
unit sphere may be written as d<r=^2TrBindd6=--2irdp, 
we have for the whole sphere 


1828. Professor J. C. Adams has shown that m may calculate the value 

/ ! p 

-^dp, where /2= Vl - 2p/i + A*, hy means of Hodriguei expression 

^ . . /** 2 

for Pn, and thence we may establish the mtegrals / P„*P„dp=0 or 5 r 

- • 1 SSW- "t" I 

accoratng as niTn or m=n. 

Integrating by parts, we have at once, writing X for (p*- 1)" for short, 


-( - 1)-1 . 3 . 6 ... (8 n- X^,=( - 1)«. 1 . 3 . 6 ... (2n+l)A-P, say. 


Then 


dU 

lk‘ 


fy-iy 


p--h 

/p«+» 


dp. 


Take a sphere of radius unity, OA the radius, 0 H»h< 1, H lying 
upon OA, Draw an elementary double cone with vertex H intercepting 
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superficial elements o?cr, d& at 7* and Let A II P— AOP—d^ QOA 0 , 

HP=li, Thendo'//i*=Ar7/r2; p=cose=A + /^ cos-f ; 

sin ^/JB=sin ^/1 , dp = — sin 6^ d6^, do" = sin 6 d$d<f>f 
if) being the azimuthal angle of the plane AOP ; 

/. sin OdeiR^^sin O' dfflR\ t-e. dpi R^ = dp'IR'^ ; 

•• dh-).i i2*" ^ ^ ^ ^ ^R* 

and for opposite elements at P and Q, sin*“V^ and ^ have the same values, 

but cos has an opposite sign ; hence corresponding elements of the 
integrand cancel when the integration is effected for the whole sphere, 

i.e. ^ = 0, and therefore U is independent of k 
dh 



Hence to evaluate U we may take ^=0, and therefore JR—l. 

Then ( - 1 )*(2n + 1 )£/ = "in’" <* ( - ® 

= 2 si n**+* 61 = 2-+« n!/1.3.5...(2n + l); 


It follows that + + - + 

P„P.(Ip=0, and P.*<il>=^^l, as seen before. 

JR dR 

1829. If wl»ere P‘=] -2j>A + A*, - 3 *-=^" 


whence 


p and 


24(p - A) « 1 - A* - JR*, and we have 
din P fnPn P'' jPw ^ 

SA 2A 2A 
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according as p is +1 or —1, and therefore — 2 ; and 

dP 

further, since cannot contain a Legendrian function of as 

high order as P^ the second integral vanishes. Hence in all 

1 1 

P^-^dp—2. Hence 

2A,.J(2n- 1 ) = 2A,J(2n- 5 ) = 2A^J(2n-d) = . . . = 2 , 

and we have 

IP 

^"=(2«-l)P„_i+(2n-5)P._3+(2n-9)P„.,+ ...+3Pi (or P,) 

according as n is even or odd. 

1835. Similarly we may write 
dip 

= Bn-iP n-i + Bn-J* n-4 + B„^iP = "2Bf ./\ , say , 

and multiplying by for r = w-2, n-4, n-6, ..., and integrating from 
p = -1 top = l and using accents for differentiations, 

and as r<n the final integral vanishes 
Also, since (1 + = P- 

-”(” + ») Pn rn n - n -/> ii - /n(n+I) r(f + 1)\ 


and therefoi-e = {- 




P P 

and n and r being both odd or both even, — 2__r is an odd function of p, 

[ P P ”1^ 2r 4" 1 

— J =2, Therefore B^ - — ^ (n - r)(n + r + 1 ) and 

^ = 1 . (2n - 1 ) (2n - 3) P„_j + 2 (2» - 3)(2n - 7) + 3 (2n - 6) (2» - 1 1 ) P,_e + . . . , 

and in the same way higher order differential coefficients may be expressed. 
1836. Obviously 

L'dp ■ + + : 

and, if m+n be odd, no suffixes can be the same in the two brackets, and 
the integral vanishes. But if m+n be even, suppose t»>n. Then the 
terms which do not vanish are 

(2m-l)‘j'^P‘„.idp+{2m-5)‘j ^Pl_,dp+... 

= 2[(2w- l) + (2m-5)4-(2w-9) + ...-f 1 (or 3)] asm is odd or even ; 

and there being or ~ terms in the two cases, their sum is in either 

case m(m+l), i,e.J m(m-f I) as m + n is odd or even, 

m being the smaller of the two, m and n. 
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1837. We might also proceed directly thus (m < n), 

and Mince n is greater than the degree of any power of jt in the 

terminal integral vanishes. 

Again, (1 — + 1) = and therefore if ^?=±1 

,_ w(m+3) ^ 

2 ® * 


Now 


7 * P 


is an even or an odd function of p according as m + n is 


odd or even, and therefore 


therefore j 
and n 4:m. 


dP^dP, 




or 2 as m + n is odd or even ; 


dj) dp 


^ dp- 0 or m{m+l) according as m + n is odd or even 


1838. Differential Equation satisfied by Legendre’s Functions. 
Starting again from the definition of Legendre’s Coefficients, 

viz. F--(l — = it is easy to see that they 

satisfy a form of Laplace’s equation, without reference to the 
fact that when ^ is a cosine these coefficients are Zonal 
Harmonics. 

For F^(l — = l and 2 log F+log (1 — 2p/t+/t^)=0, 
whence 


Again, 

ip = -2/<pV»+3A*(l-p*) V\ 

ih ID =■ - 3A*) r » + s/i* (2> - hf F®, 

and adding, +|(/,»^)=0, (2) 

by virtue of F® ( 1 — 2ph + h^) = 1. 

Substituting F=2Pn^i", and equating to zero the coefficient 
of 



or (l-__p2j^.^^w_2jp^^4-n(7i + l)P«===0 (Art. 1813) (4) 
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according as is +1 or —1, and therefore [Pt>A]-i= 2 ; and 
dP 

further, since cannot contain a Legendrian function of as 

high order as the second integral vanishes. Hence in all 

1 1 

P^-^dp=% Hence 

2^.i/(2n~-l)=2^.3/(2n-5)==2^,.5^^^^ 
and we have 

f/P 

^~={2n-l)P„.i+(2n-5)P„.3+{2n-9)P,.,+...+3P, (or P,) 

according as n is even or odd. 

1835. Siniilarlj’ we may write 

= say, 

and multiplying by P^ for r = »-2, n — 4, n-6, ..., and integrating from 
p=-ltop = l and using accents for differentiations, 

and as f < n the final integt*al vanishes. 

Also, since (1 “i>*)Pn"'“2p/V+^(^ + ^)Pn = 9, we have, when ;)= ±1, 


-a-... ‘ 

P P 

and n and r being both odd or both even, — is an odd function of p, 

[ P P “1^ 2r 4 1 

J =2. Therefore ^ (n - r)(n + r + 1 ) and 

^ = l.(2n-l)(2n-3)P^2+2(2n-3)(2»-7)i’„_4+3(2n-6)(2»-ll)P.^+..., 
and in the same way higher order differential coefficients may be expressed. 

1836. Obviously 

fjdp • + ! 

and, if m+n be odd, no suffixes can be the same in the two brackets, and 
the integral vanishes. But if m+n be even, suppose m>n. Then the 
terms which do not vanish are 

(2m- 1)«£ dp+{2m-5)‘j'^Il_,dp+ ... 

= 2[(2m- l) + (2m~ 6) + (2m- 9) + ... + 1 (or 3)] asm is odd or even; 

and there being ^ terms in the two cases, their sum is in either 

case m(m+l), i.e.j m(m4-l) as m+n is odd or even, 

m being the smaller of the two, m and n. 
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1837. We might also proceed directly thus (m < n), 

and Mince n is greater than the degree of any power of p in the 
terminal integral vanishes. 

Again, (1 -I?*) /^^^-2p/^^'4-m(w4- 1)P^ = 0, and therefore if p-±\ 


P 


Now 


P P 


is an even or an odd function of p according as m + n is 


r/^ P 

odd or even, and therefore =0 or 2 as m + n is odd 

dp dp 

and n <m. 


/ I 

dn = ^ w(m + 1) according as m + n is odd or even 


1838. Differential Equation satisfied by Legendre’s Functions. 

Starting again from the definition of Legendre’s Coefficients, 

viz. F— (l — 2j9/i+/<2) it is easy to see that they 

satisfy a form of Laplace’s equation, without reference to the 
fact that when ^ is a cosine these coefficients are Zonal 
Harmonics. 

For V^(l — 22 )h+h^) = \ and 2 log F+log (1— 2p/t+/i^)=0, 
whence 

Again, 

andadding, |{(l-p*)|Zj (2) 

by virtue of F* ( 1 — 2ph +h^) = 1. 

Substituting V-='2PJi^y and equating to zero the coefficient 
of 

^"}+«(»+l)P„=0 (3) 

or (l-^J*)‘^;-2J>^+n(n+l)P„=0 (Art. 1813) (4) 
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1839. Differentiating s times, we have 

+ {n(« + l)-«(« + l)}^”=0, (5) 

which is known as Ivory’s Equation. 

If we then take as the expansion of P„ in powers of p, 

it follows that 
Moreover, 

{i-M2p-fe)}-^= . .. hH2p-hr+ . . . 

shows that i4n=l • ^ (2ri--l), also that An+i, -4^+2, 

are all zero, for the coefficient of contains no power 
of p above p^; and this coefficient containing the powers 
^«^^n -2 pn~4^ it is clear that A^-i, 4^_3, -4n-6» 
all zero. 

Also, as i4,= — we have 

. 1.3...(2n-l) 

and we have the series of Art. 1801 (A). 


1840. It appears that 


=1.3.5... {2n—l), and that all 


higher differential coefficients of vanish. 

If n be even, =2m, the lowest order term of is an 
arithmetical constant, viz. what is got by putting p^O, i.e. 


the coefficient of in (l+/i*)'’^ viz. (—1)”* — | . 

If 71 be odd, =2m+l, the lowest order term of P„ contains p. 


viz. {-ly 


^ 3.5...(2m+l) 
‘^,.4. .,2m ^ 
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1841. Various Theorems. 


Since -^J-*=(2n+l)P„+(2n-3)P„_,4(2n-7)P„_4+... , 
we have 

^^-^-<2n+l)P„ and P„,,-P„_,= (2n+l)jV„dp 
and since +«(«+l)P»=0, 

we have 

D I> _ 2w-f"l /_2 

1842. Since 

F=(l-2j3A+liVi=SP„A» and i^^=(39-A)y*. 

we have (1 — 2^A+A^)2(n+l)P„+i^”=(/)— A)2P„A”; 

whence (n + l)P„+i~2;>nP„+(n-l)Pn.i=2?Pn-Pn-i» 

t.e. (n + l)P„^i- (2n + l);?Pn + nPn-i=0, 

which forms a difference equation connecting any three 

successive Legendrian Coefficients. 

1843. Again 

lg=A7. t.e. (l-2Aj,+A*)2fe"-*^=2A"P„; 

•• dp dp 

and subtracting the result ^^"^~^^^=(2n+l)Pn, 


we have 


dP „ dP p 


1844. Since ^=AF» and = we have 

op on 

(f-l)^-il-ph)^=^--Pp{l-2ph+h*)=-Vp-, 
. . , ,,3F OF 0 

5. (;>*- 1)2A» ^=2nP,A»-"-p2nP„_xA"-V 
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equating coefficients of Ti”-'*-, (p®— 1)— 


Pn-VPn-l=- 


n dp ’ 


• (p*-l)^=(« + l)(P„+,-pP„). 

w+1 dp~ w+I 

We therefore have the two results, 

^n-pp„-i=^p;-,.l 


pPn-Pn-1 


.P*-l P' 


1845. We now have P„^i—pP„=~^ F„ 

=«j^P„rfp [since ^(r3p^")+„(„+l)P„=o] 

"■■”(£“1) Pndp^'^^Pndp+C, 

where C is a certain constant, viz. the value of Pn^i when 
^=0. To find 0, 

p _ 1 1 

n+l-2n+r(^^l)| ^pn+1 “2"+l(n-fr)l 

d»*+i 

X 2 ^ [;>2n 4 2 _ n+l(7^2n n4 J )r n+l(7^p2n-2r+2 ^ ] 

If w be even, each term left after (n + 1) differentiations con- 
tains p, and therefore in this case C vanishes. If n be odd, 
there is a term not containing p after the differentiations, viz. 
w -f - 1 

when r=“^. Hence when ^?=0, we have in this case 

n+l 

^ 1 , , ,S. (-1)* (M + 1)! 

^“ 2 »+»(»+l)!^ 2 "+t 


• •• Pn*i-pP«=‘»’^Pndp+C, where 0=0 or ^ 2"+* ' /n+1 ^ 
according as w is even or odd. \ 2 / 



LEGENDRE’S COEFFICIENTS. 


911 


We also have by differentiation (and writins n— 1 for »), 

1846. Since (n+l)P„^.i— (2n+l)^P„+nP„_j=0, we have 

(n-l-l)F„+.-(2n+l)pF,+nF„_,=(2n+l)P„=P„+.-P;.,. 

nF,+, - (2n + 1 )pF, + (w + 1 ) , = 0, 

a difference equation for the first differential coeflScients of 
the P’s. 

1847. Difierentiating again, 

nF;+,-(2n + l)pF;+(«+l)F'., = (2« + l)F.=P;;+.-P;..; 
whence (n - 1 ) F;+, - (2n + \)pK + (n + 2) P;. , = 0. 

Similarly (n - 2) F;+, - (2n + 1 )j>F'^ + (w + 3) F;. , = 0, 

and so on, forming a series of difference equations for the 
higher differential coefficients 

1848. Since = ...(1), and ...(2), (Arts. 

1843 and 1845), we have, by squaring and subtracting, 

(p« - IKP,*- 7^-i) (3) 

Writing n*/^-(p*-l)/’^*={7„, we have 

U, - t;._, = {«« - (n - 1)«) = (2n - 1 ; 

••• 1/.-1 - f7»-2= = (2 j« - 3)/^_8, etc., 

and- = =\=K 

Hence nV';-(/)«-l)/»'„’' = /1+3i'f+.5l1+... + (2«-l)/^-, (4) 

1849. Again differentiating (1) and (2) r times, and again squaring 
and subtracting, 

ip'- 1) {(Fr+‘’f - =(« -r)*(p,T-(«+r)*(p!ri.f, 

or writing F.=(«-r)*(n’-'f-(p*-l)(Fr‘T, 

F.- y»_, = {(n+r)*- (n-1 - r)‘}(P;L,)”=(2n- l)(2r+l)(FrL,)“, 
and if n—r, F,=0 ; if n = r+l, F,+i = (2r+l)*(Pir’)’ ; 

whence ^^=(2a- l)(/>ir!.,)*+(2«-3)(F,ris)*+... + (2r+ iKP,”)", 
or completing the series with zero terms and reversing the order, 
Vnl(ir+ 1) = (Po’'')®+3(Pr')’‘+5(/^*’'*)‘ + .. . + (2n - l)(Pl.li)’‘. 

1850. Illustrative Example. 

To find a series 8 which will assume a constant value A at aU poirUs on 
the surf 04^ of the unit sphere in the northern hemisphere, and a constant value 
B at all points of the surface in the southern hemisphere. 

Suppose the series to be 8^C^'\'CyPi’¥C^^’\rCJP ^-¥,.- . 
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Then A from j)s=0 to |) = 1, j8f=jB from j)= - 1 to j?=0. Therefore 
multiplying by P„, 

C.P.»4p = BP,dp + AP,dp ; and P,dp = ( - 1)” j'^ P, dp ; 

^ C,= M +( - 1 W/; P.dp= I {(1 <*P 


. ^+(-i)«p r ,dP.-]' 

n(n + l) L'* ^’dpX 
A + B fdP„\ . . 

n(» + l)Vrfp 4 =o ’ , 


A B f(iPf\ t\ 't \ / o*\ 

= -7 rx(-T^) =0, if n be even ( = 2t) 

»(»+i)Up4=» \,,a+o, 

= Tir ax • if n be odd ( = 2» + l) ; 

(2» + l)(2» + 2) 2.4...2» ' ' 


Ca=0, (*’>0) ; <7] 


,-m c -( ,v(4<+3)3-r> -(2‘'-l) 
•>0). -T-i7rr(2i+2)’ 

if»=0, C,=i(^+B)j^dp=-^^; 


(A-B). 


ifn = l, C, = l(A-B)J^'pdp = }(A-B). 
Hence the series required is 

2 r"vi.2 2' 3.4 ''2.4 5.6 * 


1851. In case the distribution be symmetrical about some other axis 
than Ozf the zonal harmonica may be expressed in terms of harmonics 
with Oz for axis. 

1852. For instance, if we require an expression in terms of Harmonics 

with Oz for axis, where the value of 
^ the function is A over the whole hemu 

y sphere with OA for axis and nearer 

/ ^ to A, and is B over the hemisphere 

/ remote from A, then we have 

OY x. just found an expression for such 

/ N. a function in terms of Zonal Har- 

/ \ monies with axis OA, viz. '2CnPn> 

/ ^ — 7”" ~/A If P be any point on the spheri- 

cal surface, and we put rOA-a, 
yT zOP^O, POA = 6\ AzP^<l>y we 

X. have, from the spherical triangle 

O cos ^' = cos a cos ^ + sin a sin ^ cos <^, 

Fig. 594. jjnd P„(co8 $') becomes a spherical 

Surface Harmonic Qn expressed in terms of 6, <^, and the value of the 
function sought will be 

2 2 \l.2 2 3.4 2.4 6.6 i 


! ^ m _3 7^ 3j no. Y 

2 \l.2 2 3.4 2.4 6.6 i 
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1853. List of Working Formulae for Legendre’s Coefficients. 
(Differentiations with regard to p are denoted by accents.) 

1. + + (l-p*)P„'-2pP,' + n(»+l)F.=0; 

dP 

-jgjP + cot ^ ^ + w(n + PP„ = 0 ; p = fi- cos $. 

1 d''* 

2. Rodrigues’ Formula ; F„ = ^ 

3 p _ 1-3..5...(2«-1) / n(n-l) 

re! IF 2(2»-1)^ 

n(n-I)(» -2)(n-3) \ 

2.4{2n-l)(2»-3) ^ ) 

4. Fo = l, F,=!P, Fj = :4p*-i, P3 = Sj»’-|j5, 


o .5.7 . -3.5 , 1.3 „ 7.9 . „6.7 , 3.5 


5. = 


nl 




6. l = Fo, P = Pi , P’=iFo + S^2, P ^ = 'iPi + iPz , 

P* = iP» + iP, + n"gPi, P‘ = ?F. + JF. + AF., etc. 

^n = ^f (F±VF'^eo8x)»<ix = ^ ( (pTN'i>*^coax)"+‘- 

S. f p„P„dp = 0 if m=hn, j_P^^V = ^^:;r\- 


0. P„' = (2»-l)F„_, + (2ii-5)P._, + (2»-9)F._, + ... to P, or 3Pj. 

10- P.;«-P:-, = (2» + 1)P«- 11- = 

12. (n+l)P„*,-(2n+l)pP„ + reP„_, = 0. 

13. nP^^, - (2n + 1 )pP: + (» + 1 )P.;_, = 0. 

14. j)P„'-P„'.,=nP„, P«'-j)P^_,=nP,_i. 

15. p„-pp,._,=f!^p; „ pp„_p^,=p!^p„'. 


16. P„ +1 ~ pPn = n j P„ dp + C. C = 0, if n be even, and 
.'0 


_(-l) * (n + l): 


2»+r 


W¥)^ 


^ if n be odd. 


17. 1 + 3/\ + 5P, + 7 Ps + . . . = 0 for all values of p except p == 1, and then 
is X . See Art. 1867. 
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1854. The Roots of Pn=0. 


Between any two real roots of a rational algebraic equation 
at least one real root of f\x)~0 roust lie ; and if the 
roots of the equation f(x)=^i) are all real, the roots of /\x)=0 
are all real, and separated by the roots of /(x)— 0, and lie 
between the extreme roots of f(x)=0. The roots of f\x)—0 
are therefore all real and lie between the extreme roots of 
^'(aj)==0, and therefore between the extreme roots of f(x)=^0 ; 
and similarly for all the derived functions. 


(In 

Hence the roots of Pn=0, i.(*. of 1)”=9, lie 

between +1 and —1, for the roots of 1)" are all real, and 
either +1 or —1. 

Also no two roots of Pn=0 can be equal. For if they 
dP 

could, Pn=0 and would have a common root. But 


and 

for all positive integral values of s. So that if Pn=^0 and 

dPn A U <PPn d^Pn i. ll U 4- iU* • 

-^^=0, we have i > "dp^ But this is 

(Jn p 

contrary to the result .3.5... (27i — 1) (Art. 1840). 

Hence the roots of Pn—^ are all different and lie between 
+ 1 and ~1. 

It is obvious from the forms of Pn shown in Art. 1818, that 
when n is odd one of the roots is zero. Also, that in any 
case as the powers of p are either all odd or all even, all the 
other roots occur in pairs, one positive and one negative, of 
each magnitude. 


1855. The Curves r=aPo» r=aP,, etc., are readily 

traced. 

(1) r=aPo=a 1® a circle, centre at the origin and radius a (Fig. 696). 

(2) r^aPi = aco8 0 is a circle of radius ~ touching the y>axis at the 
origin (Fig. 596). 



GRAPHS OP LEGENDRE’S COEFFICIENTS. 


915 


(3) ^ has max. rad. vect. r = a, r = |, where 0 = 0 or 

TT, and 0 = (2n + l)^, and touches the lines 0= dbco8“*3"^ (Fig, 697). 



0 = 0 and dbcos"*6~^» and touches 0= ±cos”V3/S s-®*! \ 



( 5 ) 


„ 35co8*0-3Ocos20+3 , 

r = aP* -a-- ^ has 


max. rad. vect. a, where 0 = 0 ; 


y if 0 = co8“'^?, etc., and touches 0 = co8' 
and so on for those of higher orders (Fig. 599). 


5, 


^{4 


15±2n/30^ 
35 /’ 



•Fig. 699. 
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1856. We maj now note the effect of a small harmonic when super- 
posed upon the graph of a curve otherwise circular by tracing curves of 
the type r = a(H-€Pn)j where c is a small positive fraction. We merely 
have to add with their proper signs the radii of the curves traced, multi- 
plied by €, to those of the circle. 

(1) r=a(l-i-€Po) nieans that the radius of the circle is slightly but 
uniformly increased (Fig. 600). 



Fig. 600. Fig. 601. 


(2) r = a(l-l-€Pi). Here the new locus shows the substitution of a 
Lima^on locus for the circle. The Lima 9 on lies partly inside and partly 
outside the circle (Fig. 601). 

(.3) r=a(l-l-€Pa). This change substitutes an oval for the circle, which 
is thereby extended at the poles, and contracted at the ends of the 
perpendicular axis (Fig. 602). 



Fig. 602. Fig. 603. 

(4) rs:a(l + €Ps). Here the circle is extended in three places, and 
contracted in three other places (Fig. 603). 
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(5) r = a(l + €P 4 ). Here the circle is extended in four places and 
contracted in four others, and so 
on ( Fig. 604). 

If we revolve these curves about 
the axis, the corresponding shapes 
of the solids of form r = a(l + €/^,) 
can be readily imagined; r — a re- 
presenting a spliere, and c small 
and positive. The shape is that of 
a sphere slightly swollen out at , 
the pole, and surrounded by belts f 
alternately lower than and higher \ 
than the normal level of the 
spherical surface, and when n is 
even the equatorial plane is a plane 
of synnnetiy. 

If the i*adius of the sphere be 
affected by other harmonics, e.g. 
r = a(l + the locus can 

be similai ly constructed by superposition, i.e, the addition of the separate 
effects to the radius of the sphere. 

1857. A Remarkable Discontinuity. 

The expression l“|-3Pji4-5/'2+^^3+*** + is 

discontinuous. It vanishes for all values of 'p except />=!, 
when it becomes infinite. 

00 

For (1 — = and differentiating, 

u 

(p—h){l — 2ph-\-h^y^=^ 

1 

Multiplying the second by 2h, and adding to the first, 

( 1 - - iph + /t*)' ■ =. 2 (2u + 

oo 

and putting /6=1, ^^ (2n + l)P„=0 

for all values of p except when p = l, i,e, at the pole of the 
sphere, and there the expression becomes infinite, being the 

limit when 1 of ■ 

(1-A)2 

Similarly putting — 1, 

l-3P,+5P,-7P3-f...+(2n + l)(-l)«Pn + ...=0 
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except when ^= — 1, i.e. at the opposite pole, and there it 
becomes infinite. 


We also have I | 



JoJa ^ (l-2ftcg89+&*)' " L (1- 


{i — 2h cosd + /t2)^ij 


1858. Physical Meaning. 

The potentials produced at points within or without a spherical surface 
of area 8 and radius by a layer of matter on the surface of surface 

density (27 i + 1)jP„/ 5 are respectively 
Pnr"/?*5+* and For both 

these expressions satisfy Laplace’s 
Equation ; the second vanislies at co 
and Green’s surface condition is 
satisfied, viz. that the difference of 
attractions on two points on the 
same normal, one just outside and 
one just inside, is to be 4rr x surface 
density. And such a solution is 
unique. 

Take a particle of mass unity 
situated at the pole C of the sphere 
with centre the origin 0 and radius 
Tq. The potential produced at any 
point P distant r from 0 in colatitude cos-^p is 

(r„>-2pr„r + r>)'* = i2/>,(^) or as r < or > ro, ...(I) 

and we have seen that an internal potential Pn^^ and an external 
potential Pn^i produced by a distribution of surface density 
which varies as (2n + 1 ) P« . 

00 

Hence the potentials (I) are produced by a distribution 2(2n + 1)P«. 

0 

But the distribution producing a given potential inside and outside is 
unique, and we have seen that a concentration into a point at the pole C 

00 

does produce it. Therefore the distribution X(2n + l)Pn must represent 

0 

a concentration of matter into a single point at the pole C, and must 
therefore vanish at all points of the sphere except at the pole, where it 
must become infinite. 
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This theorem is of great service in obtaining expressions for the 
potential in the case of discontinuous distributions of matter. 

1869. Let P be a point at which there is no attracting 
matter, 0 the origin, Q the position of an attracting elemeiit 
of mass m; OP=r, OQ=^r\ PQ=R, Suppose the attracting 
body to be a homogeneous solid of revolution whose axis is 
taken as the 2 :-axis. Then the potential at P is expressible 

TJX * CO jp 

in the form F==S^=2).4„P,jr“4-2Pn-^, where An. Bn are 

constants ; the first summation ZAnPnV^ referring to that for 
all those particles for which r < r', and the second for those 
for which r > and this is a unique solution. Now supposing 
that the potential is known for these two parts in convergent 
series for each such portion at each point on the axis, where 
P„=-l, then the values of An and Bn are known for all values of 
n. Tlierefore, assuming that the potential at any point on the 

axis is expressible as its value at any point 

' ^ ' ( B \ 

off the axis may be at once written as l.yAnr^+^jPn- 
1860. Consider tbe expression 
0 

where P,(A), Pn{p) are Zonal Harmonics 
and A, /x the cosines of the colatitudes of 
two points. 

Take the case of a circular wire of 
infinitesimal section. Take as origin 
the centre of a sphere of radius of 
which the wire forms a small circle, 
and let the Z'Hxis be the normal to the 
plane of the wire. Let M be the mass 
of the wire considered of uniform line- 
density. 

The potential of the wire at a point (0^ 0, z) on the z-axis is 
if (ro* ~ 2Ar(yZ 4-z*) “ where cos“*A is the angular radius of the small circle, 

t.e. — or — as z < or > and therefore 

^‘0 0 \ro/ 2 0 V2/ 

at a point Q in colatitude cos“‘/* and distant r from 0, the potential is 

atft, where r<ro; and ~ at$„ 

^0 0 \ro/ r 0 \r / 

where r > r^. 
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Now (2w+l)P„(A) is the law of distribution of surface density giving 
a potential x iV” within and x without the sphere. Hence 

eo 

a surface density Z(27t + l)/«(A.)/«(fi) will give the same potentials as 
0 

it has been seen that the distribution of a uniform line density 
along a circular wire gives, and is unique. Therefore the expression 

2(2n+l)/\,(A)i-*n(p) must be zero at all points of the spherical surface 
0 

except for such points as lie along the small circle of angular radius cos”^ X, 
where the surface density is infinite but the line density finite. That is, 
the expression is zero except where A = p,, where it is infinite. 

The theorem is similar to one occurring in Poisson’s discussion of 
Fourier’s Theorem, Chapter XXXV. 

1861. Practical Method of Expression of a Rational Integral 
Algebraic Function of x^y^zm Terms of Harmonics on Unit Sphere. 

Let H^^Ax'^+x^-'^{By+Cz)-\-x'^~^{Dy^+Eyz-\-Fz^)+... be 
the general homogeneous expression of degree n, which con- 
tains ^(w4-l)(n+2) coefficients. Subtract and add 

which contains |(n—l)n coefficients A\ B\ C\ ... to be found. 
Apply the operator to Hn—{x^+y^+z^)Hn^2y viz. 

We then obtain, after this operation, by equating to zero each 
resulting coefficient, |(n— l)n equations to determine the 
\{n—\)n quantities A\ B\ C\ etc., and 

becomes a spherical harmonic of degree n. Next apply the 
same mode of procedure to so on. We have then 

expressed in the form 

r»r„+r*(r»-*r„_,)+r«(r"-«y„_4)+... 
or »-"(y»4-r„-»+y„-4+"); 

and if we take our sphere as r— 1, we have 

i^n-2+^n->4+“*» 
a series of surface harmonics. 

If the rational integral algebraic function considered consist 
of groups of terms of different degrees, the same rule will 
apply to the terms of each group. 

As a preliminary to such procedure, all terms which are 
obviously already solid harmonics should be laid aside, to be 
restored when the process is completed, amongst the other 
harmonics of their own degrees. 
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1862. Ex. Express 

<f> = + a^z + biX* + + 6^* + b^^z + 6j*a? + + cxkjz 

as a series in the form r»r, + r*yj + ryj+ 7^. 

We only need consider the terms b^x^ + + 6,s*, 

t.fi. (6i - A) jf* + ( 6, - X ).y* + (^>* - X)2* + X (x^ + y* + z*), 

and V*[(^i “ X)ar* + {b^ - X)^ + (6, - X)2*] = 2 (fej + 1!), + 6, - 3X) = 0 

if X-J(^h-6, + M; 


I . ~ ^3 « 263 ~ />3 — , Hb^ — b^ — 2>3 j 

<#> = c.t^« + L“^3 •'* ~ 3 — ^ “3^ — ^ 


+ b^z + b^zx + b^y\ 


which on the surface r = 1 is of form 73 + 7, + 71+70* 


1 863. If the function be not already expressed in Cartesians, 
it is usually best to express it so first. 

Ex. Express sin^ ^8in*2</> in terms of Surface Harmonics. 

sin^ ^8in2 2<^=:4(8in ^cos<^)2(ain ^sin <^)^ = 4j:y (r = l), 
and proceeding as before, 

= 4 + 8y* - W) + ^ • ! 

and putting a: = 8in ^co8<^, y = sin^sin(^, 2 = cos0, and r = l, we have a 
result of the required form 74+ 7^+ 7®. 


1864. Change of Axis of a Legendre's Coefficient. 


If P„ be Legendre’s coefficient of order w, we have the series 
of solid harmonics 


Pf=z-, 


2z^-x^-y\ 

2 2 ~ 2 ’ 


p 5p*-3;) o 5«s-32r* 2z^-%zx^-Zzy ^ . 

^ r— 2 — 2 .etc. 

Writing ZJC+mY+nZ for 0 , where and 

x^+y^+z^=X^+Y^+Z^=IP, these solid harmonics become, 

when referred to new axes OX, OY, OZ, IX+mY +nZ ; 

S{lX+mY+nZf-(X^ + Y^+Z^) b(lX++f-SIP{lX++) , 
~ ^ , __ , etc., 

X Y Z 

and the axis of this set of harmonics is -y-=— =-. viz. OA 

(rig,eo7). ‘ ” 

If we transform to polars so that this line is given by 
Z=sin0'cos0', w=8in0'8in0', n=co8 0', and JC=fi8m0cos^, 
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y ==/? sin Osin 0, Z=i2cos0, the axis OA of the new set of 
harmonics is inclined to the new Z-axis at an angle 0' and 
the azimuthal angle is and the expression 

^ IS cos 0 cos 0 + sm 0 sm 0 cos (0-“ 0 ), 

and is still a cosine, viz. the cosine of the angle between the 
original axis OA and the direction OP of the point X, Y, Z. 

If then we take r s 72 = 1, and if, instead of p, we write 
cos 0 cos 0' +sin 0 sin 0' cos (0 — 0'), 
we get a more general form of Harmonic than the Legendre s 
Coefficients. There are now two independent variables 0 and 0, 
6' and 0' being regarded as known. 

The Harmonics in their new’ form are known as Laplace’s 
Coefficients and denoted by Y^, Yg, Yg — Thus for Legendre’s 
Coefficients the z-axis OA is taken as the axis of the system, and 
AOP^Q. In Laplace’s Coefficients the axis of the system is 
the line Q\ <f>\ and the direction of P is 0, 0. 



The curves for which AOP is constant are a set of parallels 
about the axis of the coefficient in either case, viz. cos 0= const, 
for a Legendre’s Coefficient, and 

cos0cos0'-f sin 0 sin 0' cos 0 — 0'= const, for a Laplace’s Coeff. 
Both sets are Zonal Surface Harmonics. When multiplied by 
r*”, i.e, OP^y they are Zonal Solid Harmonics. If we furtheir 
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transform coordinates so that Z becomes the distance from 
any other fixed plane through 0, the Solid Zonal Harmonic 
remains a Solid Zonal Harmonic and the Surface Zonal 
Harmonic remains a Surface Zonal Harmonic. 

18G5. Tesseral and Sectorial Harmonics. 

Take the case of an unreal plane Z=z-\-a{x-\ ly)^ I— 7)1 — at ^ 
71=1, so that 

Then, if F(z) is a Solid Spherical Harmonic, so also is 
F{z+a{x-]rty)}, i.e, 

F(z)+"^(x+,y)F'(z) + f^x+.y)^F'\z)+...+'^[x+.yYF^‘\z) + 

also satisfies Laplace’s Equation V^F=0 for all values of a, 
and the equation being linear each term of this expansion will 
also do so, and will itself be a Solid Spherical Harmonic ; and 
taking either sign for /, we have new forms of Solid Spherical 
Harmonics (x±tyYF^’^\z). Also their sum and difference are 
also Solid Spherical Harmonics. Therefore transforming 
to polars with r=-l, a;=sin0cos0, y=sin0sin0, 2 ;=co 80 , 
sin* d cos (cos 0) and sin* d sin (cos 0), or, what is 

the same thing, (1 —p^)^ cos stp and (1 — sin are 

new forms of Spherical Surface Harmonic functions of 9, 

1866. These new Harmonics are called Tesseral Harmonics 
of degree n and order s. When s=7?, 

Jap Jnp 

’‘^l .3.5... (271-1), a constant, 
op* ap” 

n n 

Rejecting the constant, (1— p*)^ cos7i0 and (1— p*)^ 8in7i^ are 
called Sectorial Harmonics of degree r?. 

It has been seen that in the case of a Zonal Harmonic its 
vanishing gives an equation of degree n in p with all its roots 
real, and the spherical surface is mapped out into a series of 
belts or zones by circular sections at right angles to the axis 
of the Harmonic, the angular radii of wdiich sections are 
determined by the roots of this equation. 

In a Sectorial Harmonic the roots p*=l give the poles in 
which the axis of the Harmonics cuts the sphere. But in 
addition we have, by the vanishing of such an Harmonic, 
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cosn0=O or sin7i0=O, as the case may be, which indicate 

roots '?i0=2X7r+^ or Xtt; i.e. a set of great circle sections 

through the axis of the system of Harmonics, which therefore 
map out the surface of the sphere by meridians. 

In the case of a Tesseral Harmonic the vanishing of 


(I 


2 . 4 cos , drPn 

—v Y • 

^ ' sin ^ dp. 


would give in addition to (i) the poles, 

d-Pn 


(ii) the meridians (in number s), the solutions of ~^=0, 

This is an equation of degree n—s in p determining 7i— s 
small circles whose planes are at right angles to the axis of 
the system. 

The surface is now mapped out by these meridians and 
small circles into a set of tile-shaped elements or tesserae. 
Thus to any Zonal Harmonic correspond new Harmonics, 
Tesseral and Sectorial, which are all species of Laplace’s 
Functions. 


1867. The moat general homogeneoua function which is 
rational with respect to x=^8ind coa 0, y—sin 6 sin 0, z —cos 6, 
and of the n*^ degree, for which r is put — 1, and which satisfies 
the equation 


0/M 




%8 


sin A;0) sin* d 


^Pn 


where is the Legendrian coefficient of the order. 

For considering the expression ^4* cos A:0-f Pit sin 
Aft cos k</> could not be a rational integral algebraic function of 
sin 0 sin 0, sin 6 cos cos 6 unless ^4* itself contains a factor 
sin* 0, 

Put Qscos k<p sin* 0 . vscos k<f> . n, say. Then the differential 
equation becomes ( I — + jn (n + 1 ) — J 

k 

and waiting u—(l — fjL^Yv, we have 

(l-i«*)|j-2/u(fc+l)|^+{ti(Ti+l)-fc(&+l)}v=0, 
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which is Ivory’s Equation of Art. 1839, where 

But as we require the integral function of ^ which will 
satisfy the general equation, we take 5=0. Hence 


Q=A cos sin* 6 


^Pn 

dfi^ 


satishes the equation. And in the same way, starting with 
Q=:sin/c0sin* 0. v, we should have arrived at a solution 


3*P 

Q = 5sin A;0sin*0 ; and these solutions hold for all posi- 
tive integral values of k. Hence the most general solution 
of the kind required, viz. homogeneous (with r—1) and a 
rational integral algebraic function of sin 6 cos </>, sin 0 sin ^ , 
cos 0, is that stated above, viz. 


Q = -f- 2 cos Jc<l> + 6* sin k^) sin* 0 > 

where /a=cos 0, and contains 2n+l arbitrary constants. It 
is clearly useless to continue the summation for values of 
/c > n, for the last factor would vanish for such terms. 

It thus appears directly from this form of the I^placian 
Equation how the Tesseral and Sectorial Harmonics arise. 


1868. To expand any Function of /a and 0, say jP(^, 0), in a 
Series of Laplace’s Functions. 

We have seen when p is any quantity between ±1, that 
with the definition (\ — 2ph+K^y^^l+Pih+PJi^+,.,y we 
have l-f-3Pi-f 5P,-b...-f (2n-f-l)Pfi + =i> except where j9=l, 
when the sum becomes oo . Let p stand for the cosine of 
the angle between the direction /u, </> and a fixed direction 
/jl\ (t>\ so that p =/x/x' + Vl “ mVI — m'*cos (0—0'), and consider 

the integral j'J(l +3Pi-|-5Pa+...)P(/4, </>)dpd^. 

If we integrate over any closed region S on the sphere, which 
is not cut by the direction 0', this result is evidently zero. 
If the integration extends over the whole surface of the sphere, 
the direction /i', <f/ must be included; but no part of the 
integration contributes anything to the result except that 
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included in a very small contour about the direction iul\ <f>\ and 
in this direction F(/ul, <p) becomes F(iul\ 0'). Hence the value 


of this double integral is 


F(iul\ ^')|J(14-3Pi+5P2+- -)^M<^0» 


taken over the infinitesimally small area within the small 



contour just enclosing But as l+SPi + fiPg-}- ... 

vanishes at all other points of the sphere, this is equal to 

Fim'. .^')|j(l+3Pj+5P,+ ...)rfyu'^^. 

taken over the whole sphere, =47rP(/tit', by Art. 1857 ; 

P(m', ^')=^]|](2n+l)||P(M. <l>)Pndfid^. 

When the integrations are effected each term is a function 
of ju', if>\ which enter through the P functions alone, and each 
term will satisfy Laplace’s Equation and be a Laplace’s 
Function. 

This proof is due to O’Brien. 

When P(^, <!>) is itself a Laplace’s Function, say we have 

4^r„'= (2f +1) jj r„p, d^, 

where represents the value of y„ along the axis of the 
functions, when /u=/x'and ^==0'; and every term vanishes 
except that for which r=n, whence 
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1869. The Value of the above Integral may be readily deduced by 
Physical Considerations. 

Take a layer of matter of surface density ar—Yn on the surface of the 
sphere (radius a). The potential at any internal point G at distiiiice r from 
the centre and R from the element dS^ 

r = j= { r ..W, 

J R J (a^-2arco&e-^r^P ^ « >' 

U. V, = f Y,P„-^dS. 

Similarly, at an external point, / 

.-.e. K^frj\^ds. 1 

But, by Green’s Theorem, \ 

at any point A of the surface. ^*8* 

J y«P*<i5 = 47ry„', and dS^a^dw^ where dta is the elementary 
solid angle subtended by dS at the centre. 



fy«/^nda,= 


1870. Lemma. 


If lisp + l, vsp-l and we may show, by applying Leibnitz’ 

Theorem and comparing the r’** non-vanishing terms on each side, that 
M VD'*+*M"v”/(n + s) ! = - «)! ; i.e. that if « s (p* - 1 ), 

z^D^+»z^/{n +«)!=«* - «)! . 

Hence j' dp 

= / ' i’D"+*2» . dp . { - ^1; 

J-i ^ (»-«)! 

“ / , ■D"'*'**" ■ dp, and integrating by parts, 
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1871. Integral of Product of Two Harmonics over Unit Sphere. 

If Yny he two Spherical Harmonics each of degree n, viz. 


-^ 0 ^ 0 + 2 sin s<p) Kg 


and 


^ (^s + ^^5 sin s^) Kg , 

1 

where Kg^(l-‘p^yP^*^ (Art. 1867), we have, upon integrating 
the product with regard to <ft from 0 t© 2'7r, 

2Tr^^,/iro*+ TT (A,a,+BJb,)K,\ 

and integrating this with regard top from —I to 1, we have 

by the Lemma | | YnZ^dpdtp 

27r 


= 2x^oai 
27r 


*“®2n+ 1 ^ („_«)! • 2nT 1 


2n+ 




-y(n-.9)! 

In the case when the harmonics are of different orders, 

viz. n and m, fi r^ir 

J YnZ^dpd^^O, by Art. 1783. 

If the harmonics be identical, i.e. Z^^Y^y we have 

1872. If any function of m» 0» »ay V^F(ijl, 0), be expanded 
in a series of Laplace’s Functions as F= Yq-{- yi+ Fg-f Fg-h ... , 
which is true upon the surface of the sphere r=a, then at 
points within the sphere we shall have 

i',-y.+i'4+i'.5+ .... 

and at points without 

F.= Fo~+F,^'+F.J + .... 

For each term is a spherical harmonic satisfying Laplace's 
Equation and satisfying the conditions at the surface, and the 
latter vanishes at oo ; and there is but one value of F which 
does so. 

Thus, when F is given all over the sphere, we can write 
down its value at any internal or any external point. 
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1873. Differentiation of the Zonal Harmonics 
Z Z 

<^n — ^ n* i "-n — • 

With cylindrical cooi-dinates (^, <p, z), 

r=s/z^+p\ iJL=zcoBd=zlsf^+p\ 

dr__ z -g dp_ ns/l -iii^ 

dz v/iHV dz r ’ dp dp r 


Then 


1= ^ g . 

02 r 3ju’ 



AV 

r dpJ' 


•. ^s{MnP„+(l-^»)^^"}r«->=«r"-iP„.,=nZ,_i.(Art. 1844), 

'dZ' 

Therefore, whether i be positive or negative, a 

oz 

rule analogous to the differentiation of a power. It follows that 


^<=i(i-l)Z<_ 2 , ... ^‘=»(t-l)...(»-r+l)Z._,. 


55 

dp 

3Z-n 

dp 


Again, by Arts. 1843, 1845, 
dP„ 


’f=-Jl-p.H”-^(nP„-p ^’!)= -Vl -/f 


-n-l dPn-l 


dp ’ 




...(B) 


1874. Change of Origin of Zonal 
Harmonics to a New Origin O' on the 
same Axis Oz. 

Let n be a positive integer. 
Taking 0 as the origin and Oz as 
the axis of the Zonal Harmonics, 
Zf^ is a function of p and z alone, 
~/(p» 2 :). Then taking O' at the 
point (0, 0, ~a), the new ordinate z' 
of any point P, whose coordinates 
are x, y, z with regard to axes with 
origin 0, is when referred to parallel 
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axes with origin O', z+a, and the corresponding Zonal Har- 
monic Zn is denoted by /(/>, z'), z+a)\ and this being 

of degree n in 0 , we have 

Zn =/+«^+ 2 ! 

the accent denoting the Zonal Harmonic of degree n with 

reference to the new origin. That is, 

3 Z a*3»Z a-3»Z„ 

Z„=Z„+a-^+^, + 

=Z„+naZ„_i+^^^^a*Z„_2+ . . . + «a»-‘Zi+a". 
Similarly, if the Zonal Harmonic be of negative order, 
Z_„ and r>a, we have a series in ascending powers ^ but 
extending to 00 . For, as before, Z.^.is of form F(p, z\ 

Z.n=F(p, 2'+a)=.F+a-^+^ ^ + ... 

But in cases where r, being measured from the first origin, 
is < a, this expansion is inadmissible. We then have 

Z 1 1 = {x* -f- 2 /* + ( 2 +«)*}’ ^ ==(<»*+ 2ar cos 0 + r*)~ ^ 

Differentiating with regard to z, i.e. with regard to 2+0 on 
the left side, 

3Z:. 1 /,, 2Z. ,3Z, 4 Z 3 . \ 

32 a*\ ® a a* a* ‘^"V’ 

».e. 1 . Z:,=\( 1 . Zo-2 ^+3 4 ^»+ . . 

* a*\ ® a ‘ a* a* / 

Differentiating again, 

1.2Z:,=i(l.2Zo-2.3^+3.4^*-...). etc., 

and thus, by continued diflferentiations, we arrive at 

_ 1 ft nZ,^n(n4-l)Z, n(n+l)(n+2) Z, , 1 

a»i 1.2 a* 1.2.3 
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PROBLEMS. 

1. Show that A^-\-Bf'\-Gs^-^{x^-^y^ + z‘^){Ax^By+Cz) is a 
spherical harmonic, and that the corresponding surface harmonic on 
unit sphere is 

( A cos^ + Bsins sin® 0 + Ceos® 6 - ^{A cos + ^sin <^) sin ^ - f C'cos 6. 

2. If OA, OBy OC be three perpendicular axes cutting a unit 
sphere with centre 0 at A, B, (7, and if P be any other point on the 
surface, show that cos PA cos PB cos PC is a surface harmonic. 

3. ABC is a fixed quadrantal triangle on unit sphere, and a 
point P moves on the surface, so that 

F = a cos® PA + h cos® PB + c cos® PC 4- 2/co8 PB cos PC 

+ 2^ cos PC cos PA + 2h cos PA cos PB 
is a surface harmonic. Show that the cone V —0 has three perpen- 
dicular generators. 

4. If / « be Legendre’s coefficient of order n, show that 

PiP„(5P,-3)rfi) = 0, 

unless n = 3, in which case the value is 6/7. 

5. Show that 

J‘ {Pjl + Pin/3 + P,V5 + . . . + P„V2»+1 f dp = 2 (n+\). 

6. Show that J p*Pn^P — ^t except in the eases 

7. Show that J* f'Pndp — Q, except in the cases 

J_ ^Pi dp=\, = A I 

8. Show that the area of one of the larger loops of the curve 
r =aP, is ^ ^5v/2 + 11 cos-^ . 

9. Show that if c be very small, the area of the nearly circular 

figure r«a(l is approximately ira®(l + Jc). 

10. Show that if e be very small, the volume of the nearly 
spherical surface r = a(l +CP 2 ) is very approximately |^ira®(l +|€®) 
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1 1. Show that if = 1 - 2ax 4* a^, 2px 4- 

and deduce the values of 

^ PmPndp, m + n, and 

12. Show that 

sin 3^ 1 , 8 ^ sin4d 4 y, 16 sin 5^ 1 . ® d . ^^8 p 

wHT~ 3‘^3^2; ihiT" sinT^^S'^? 2+ 35“^4- 


13. Give the rational integral function of the second degree of the 
three quantities* sin A, cos X sin 0^ cos A cos 6^ and put the terms of 
the second order under the form 

Cj sin^ A 4- (cg sin^ 0 + c^ sin 0 cos 0 + c^ cos® 0) cos® A 

4- (Cj cos 0 + Cf. sin 0) sin A cos A, 

and show that, with the addition of an arbitrary quantity Cq, it 
becomes a Laplace’s function if 3c^= - (^^ + 024-^3). 

[Smith’s PnifE, 1876.] 

14. For points a;, y, z which lie on the sphere a;2 4- ?/® + ^2= 1, 
express Q as a series of surface harmonics, where 

0 = a; 4- 2y 4 - 3^^ 4 - 4a;2 4 * 5y® 4 - 6;5* 4 - 7yz + 8zx 4 - 9a;y 4 - lOa:^ 4- l\xyz. 


1 5. Express sin* ^ in a series of Legendre’s coefficients as 

Why cannot sin®^ be expanded in a finite series of spherical 
harmonics 1 [Math. Trip., 1873.] 

1 d^( u.^ — 1 1” r 

16. If ^ , prove that if \Pndfi be taken to 

vanish when /x= 1, 

Show how by the help of these formulae the numerical values of 
^21 ^8>. ••• ^n» and those of their differential coefficients, may be 
conveniently found for any given value of /x. 

[Prof. Adams, S.P.', 1873.] 

17. Prove that 


log ^ 1 + cosec = i^o + i A + i A + J-Ps + • • • • 


[Coll. Ex.] 
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18. Obtain a solution of the differential equation 

i ■‘i^n)+n(n+l) sin xP„ = 0 

in the form of a series of cosines of multiples of x, 

[Math. Trip. II., 1888.] 

1 QQ 

19. Show that if - (1 - 2aa; + a®) ^ = 1 + ^ Q„o", then will 

0 

(n + 2) j - (2n + 1: + 1 ) a: + (n + fc - 1 ) <3, = 0. 

[E. J. Routh, Proc. L,M.S., xxvi. 

20. Prove that if 

Fs(l - 2ax+ a®)"*= 1 + K^a + + ... + K„a” + ... , 

(ii, 

(iii) (1 - 2 ®) K^" - 4z AV +n(n + 3)K„ = 0; 

(i v) (h + 1 ) K„^.i - (2m + 3)xK„ + (n + 2) K„_i = 0 ; 

(V) = (2m + 1 ) A'„_i + (2 m - 3)A-„_3 + (2m - 7 ) + ... 

(vi) (2 m + 3)|a'„ dx - AT^i - K„_i + const. ; 

(vii) = 3A + 7P, + . . . + (4 m - 1 )1>^, , 

= 1 + SPj + 9P« + . . . + (4n + 1 )P*,. 

(viii) f K„K„dx = 0 or (m+1)(m + 2), 

according as »» + n is odd, or even and m < m ; 

21. If F= (1 - 2ap + o®) ® = 1 + 2(?„o", show that 

d\”*„ 


1 .3...(2m-l)(di>) 

2m +1 


22. If r= (1 - 2aj» + a®) 2 = 1 + ^Qna”, prove that 

(f) ^ (ii) 


23. Show that the roots of 

a;n ” ^»-» . w(n-l) n(n - 1) (n - 2)(n - 3) 

12n(2n-l) 1.2 2n(2w- l)(2w- 2)(2n~ 3) 

are all real and unequal, and lie between 1 and - 1. 


0 
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24. Prove that one solution of Legendre’s Equation 

where w is a positive integer, is a polynomial of the degree, and 
determine it. 


25. Prove that a like statement is true of the equation 

(1 -a;2)y2 + <M;yi + w(n- 1 

unless 1 + a - n be one of a series of numbers w - 2, n - 4, w - 6, . .. 
which terminate in 1 or 0, according as n is odd or even, and in that 
case a polynomial of degree 1 + a - n is a solution. 

[Math. Trip. II., 1918.] 

26. Pn(/*) being the coefficient of in (1 - 2fJLh-^h'^y^ and m, n 

unequal, show that J is zero unless m and n 

differ from one another by 2, and that when m = w + 2, its value is 
2(w+l)(n + 2)/(2n+l)(2»+3)(2n + 5). [Math. Trip. II., 1916.] 

If m =: n, show that the value is 


2(4n3 + 6n2~ l)/(2n~ l)(2w.+ l)2(2w + 3). 

27. Prove that 

(«) = 0 (n + vi); 

(ii) *2) {?„'(*)}»<&! =2n(»+l)/( 271+1). 

[Math. Trip. II., 1914.] 

28. Prove that - Pn-i = (2w 1 )|^ P „ dp = (2w + 1 )|^ Pn^P- 

29. Prove that 

I ir n.3 

P„(cos 6)dd = 0 or TT | — j ^ > 

(ii) I cos SPn{coB 6)d0^O or { 2 4 (w — f)} ^ ^ 

30. Show that 


(i) (1 = +5(l)V, + 9(^)V,+ 13g-^^)V.+ ...} ; 


(«) 

(iii) 




[Use formula of Art. 1813.] 

[Orblle, Jour, LVI. ; Todhuntbr, Functioun, p. 115.] 
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P2_P2 P2__P2 P2 P2 P2 P2 

31. Show that p% , ^V^ 2 . A - 4V o, are 

M ’"'^0 M -^8 “^2 M ^^8 

respectively equal to (p 2 ~i)/i 2 ^ (p2~l)/22, (p^-iys*, (p2-l)/4*, 

and that Pg^A* A = A* whenp = ^ or 1 . 

32. Prove that 

Po* + 3Pi* + SPa* + . . . + (2n + 1)P^2 ^ (n + 1)2P„* - (p* - 1)P^'* 

[Math. Trip., 1888.] 

33. Prove that 

Po'* + 3Pi'a + 5Pa'*+...+(2n + l)P^'2=i{(ii + 2)»P;*-(p*-l)P„"*}. 

[Math. Trip., 1888.] 

JU±1 

34. If (1 - 2aa; + a*) 2=1 + Z^a + + ... + + . . , f being 

a positive integer, show that, accents denoting differentiations with 
regard to 


(i) I ^tH^n if m + n be odd ; 


(ii) ( I - x^)Z^^ - 2{l + \)xZ^ + n(w + 2/ + 1) « 0 ; 

(iii) { 2(n + /) - 1 } Vi + {2(^ + 0 - 5} + {2(n + 0 - + • . 

35. If (1 - 2ax + 2 „a»», show that 

n=0 

(ii) (1 -X*) (2in+ + n(n+2m)F„ ^=0 ; 

36. Show that, if A;>0 and Pa be the Legendrian coefficient of 
order X, 


-j m and n being different 

(ii) 1 giH-ip £— -^\ xPP^dx A positive integers, and p 

Jo p + » + 3Jo any positive quantity. 

(ni) + » + [Math. Tb». II., 1889.] 


xPP^dx;] 


i) [ xPP.^.dx = ^ 

Jo * l> + n + 3jo " V [Math. Twi 
37. Prove that P,(8eo tf) = |;|^sec"tf (1 + sin cos x)"<^X' 


[Math. Tb». II., 1889.] 
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38. If denote Legendre*s coefficient of degree n, show that 

I /a (1 - is zero unless m n be unity, and determine 

its value in these cases. [Math. Trip., 1896.] 

39. Prove that 


{x + ooa<l»Jx -l)"-2«n !<&«(* ■^2"-‘^,(n + m)! rfx"+" 


and deduce the formulae 
1 




{n-m)\dx^-^^ (w + w)! ' 

(m) I •(*) “;[„(* + cos w®* - 1 [Math. Trip. , 1887.] 

40. Denoting by P,(/.<) the Legendrian coefficient of order », 
prove that if m ■< n, 


f‘ (n-lMn+l){n + 2) 

J_i diJ dM* 24 

if ffi+n be even, but zero if m + n be odd 


{3»n(m+ 1)- n(n+ l) + 6}, 
[Math. Trip., 1897.] 


( d 

sinh*a;^^j cosech*" 


equal to 


- ])»‘2’»a!coth”a;|l +^-^^^^^^sech2a:+ 

and that either expression satisfies the differential equation 

dh 

= +'^)V- ^ jggy j 


42. Prove that 


3^n(COSe) = 


9 fk 

cos n<l> COS'- 


. ih 

cos 7K^ Hin ^ 


v2 Jo vcos <l> - cos 6 J^ n/cosI? - cos fp * 

except when n = 0, when the right side =ir>/2P0(cos 0). 

[Dirichlet; Todhunter, Functions of Laplace^ p. 36.] 

43. Show that if the usual polar variables <j!> be replaced by 
0 0 

X, y defined by cot ^ . c‘4 = x, tan ^ = ~ y, the surface harmonic of 
order n satisfies the equation -f 1 j V^O. 

If V be any solution of this equation, verify that 


^V ZV 'dV dV .ZV ,dV 
dx dy* ^'dx^^dy* ^ dx^^ dy 


are also solutions. 


[Math. Trip. II.. 1889.] 



HARMONIC ANALYSIS. 


937 


44. is the solid Zonal Harmonic of positive order n, having 
the axis of z for its axis and the origin of coordinates for its 
origin ; is the solid Zonal Harmonic of positive order m, having 
the same axis, and a point distant a from the origin for its origin ; 
prove that 

= + + ... +na’-^X^ + a« 


The corresponding Zonal Harmonic of negative order being 
denoted by prove that for points included within any sphere 
whose radius is less than a, and whose centre is the new origin, 

1 r (n^l)\ X, (n^2)\X, (n + 3)! X, I 

" O' 3!w! 

Obtain the expression for for points outside any sphere 
whose radius is greater than a, and whose centre is the new 
origin in the form 






71 1 


2Wi! 


f n+2 


.(” + 3)! 

3!»! ■*^»+3+- ••• 

[Math. Trip., 1886.] 


45. Prove that the series 


is equal to - ft for all values of ft from - 1 to 0, and to ft for all 
values of ft from 0 to 1. Apply this formula to calculate the 
potential of a hemispherical shell whose surface density varies as 
the density from a diametral plane at an external or internal point. 

[Math Trip., 1878,] 

46. Show that the surface 


n 15?., 1.3 9P^ 1.3.5 13^6 1 

’""[2 ■^2 1.4 2.4 3. 6"^ a. 4. 6 5.8 

consists of two equal spheres which touch each other at the origin. 

[Math. Trip., 1884.] 

47. If a; = sn a; -h ^3 sn^a: + sn^a; sn^x + . . . , show that 

(2« + = A" + - *)* 

(”± 2)(»L+.1E”)( " _-J) fen-«(l _Jfe)4 + etc. 


“■Jo 


[Math. Trip. III., 1886.] 
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48. Prove that if — and — then Ui being the 

solid Zonal Harmonic of degree t, and Pi the corresponding Legendre’s 
coefficient, ^2 

and gp [P.-i - i (* - 1 ) Pi], 

where accents denote differentiations with regard to the cosine 
of the co-latitude, giving 

49. If p-x^^-y^ and Vi be the solid Zonal Harmonic of degree i, 

show that 1 TT j/ 

1 ^Vi^^ ^ ^ Vi~2 

^•2i4-l 'op^ ^2i-“8 * 

where r* = x^ + y'^ + [Math. Tbip. ,1890.] 

50. Show that 


/imp 

(n-m+lf-Lsa 


d^P. 




(*‘ + "0 [S.P., 1875.] 


51. Find the number of independent solutions of the equations 

w** + Wyj/ + «« = 0, xux 4- yuy + zuz = nw, and prove that if u be a solution, 
tt(a; 2 -f.y 2 ^ 2 . 2 j-l< 2 n-i) Satisfy the first equation. 

Prove that if 

a + )8<u + =/(x 4- yw 4- and .^4 4-Pw+ C'w* — <^(a 4 - /9<«>4-7w*), 

where w is one of the primitive cube roots of unity, then a - 
P - y, y - ay A - By P-0, C - A will all be spherical harmonics. 

[Math. Trip., 1876.] 

52. Prove that the function which has the value 4 * 1 on the 

Northern hemisphere and - 1 on the Southern is given in Zonal 
Harmonics by the series where 



Hence find a function which has the values A By A - B on 
(i) the Northern and Southern, (ii) the Eastern and Western, (iii) 
any two corresponding hemispheres, respectively, the axis of the 
Earth being permanently the axis of the harmonics. 

[Math. Trii-., 1884.] 

53. The polar equation of a nearly spherical surface is r«a + 5Pfi» 
where P^ is a zonal harmonic of the n** degree, and ^ is a small 
quantity whose powers above the second may be neglected. Show 
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that the area of the surface exceeds the area of a sphere of radius a 
by 27rb^(n^ + n + 2)/(2a + 1). [Math. Trip., 1878.] 

54. In the nearly spherical surface r^a + bP^^ where is a 
zonal harmonic and b is small, prove that at any point the excess of 
the measure of curvature above l/a^ is to a first approximation 

-g [Math. Trip. III., 1886 .] 

55. Show that the Legendre’s function of the second kind 
(Art. 1821) may he expressed in the form 

2n- 5 


0„ = /’«tanh 


1 

p-{-Tir 


■3(n- 






5(w-2) 

and that the general solution of John Ivory’s Equation, 

I {(* --?*)*$ = 0- 

d^z 

is given by ^ further that may be expressed 

as = (1 a form corresponding to that of 

Rodrigues for P^, C being a constant. 

56. Find the integral of the square of a tesseral harmonic over 
the surface of the unit sphere. 

If the general expression for a tesseral harmonic be of the form 

m 

^(1 - where the coefficient of the highest power of 

ft in is unity, prove that 


v(»«) 
^ 11 + 1 




n® - 
4w^ - 


I ^n-i • 


[Math. Trip.] 
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SUPPLEMENTARY NOTES. 

Note A. Definition of Integration. Riemann. 

1875. The definition of the integral f <j>(x)dx, given in 

Art. 11, for the case where is single- valued, tiiiite and 
continuous for the range a-^h, is an analytical expression of 
Newton’s Second Lemma. It is pointed out in Art. 13 that 
the several subintervals ... of the range a-6 need 

not be taken as equal so long as it is understood that the greatest 
of them is ultimately taken as indefinitely small ; and Cauchy 
adopted this modification as the basis of his investigations 
(see Art. 1266). But in dividing the range a-b into an 
infinite number of subdivisions, 

— < 5 . 2 ^ 052 —^ 1 , ... b — Xn-jy 

the definition has still kept to the idea that each of these 
intervals is to be multiplied by the value of (j>{x) at the 
beginning or at the end of the interval, that the sum of such 
products is to be formed, and then, if such sum has an 
existent limit and converges to a definite quantity, that limit 

is defined as J <p(x) dx. And it has been seen in Chapter V. 

how Cauchy proposed to exclude from the definition any 
element or elements in which <p{x) becomes infinite or 
discontinuous. 

For the class of functions met with in elementary analysis 
and with which this treatise has been mainly concerned, this 
treatment will suffice, and has been adopted as offering an 
adequate scope for the beginner, with fewest difficulties in 
the initial conception of the processes to be followed. 

940 
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Bufc ii is evident that the multipliers of the several sub- 
divisions need not have been taken as the values of 0 (a;)at 
either end of the interval, but might equally well have been 
taken as any of its values intermediate between the greatest 
and least values which ^(x) is capable of assuming in each 
interval. 

1876. Starting with this idea, Riemann in a memoir (Ueher 
die Darstellbariceit einer Function durch eine Trigonome- 
trische Reihe) has given a definition of integration which does 
not require that the function considered shall be continuous 
in the interval a-^h. Let a and h be two finite quantities 
between which a real variable x. ranges. Let <f>{x) be a func- 
tion of X which remains finite, but not necessarily continuous 
in the interval. Take d a definite given small positive 
(piantity, which is called the Norm, of any mode of division 
of the interval a -6 into sub-elements or segments Si, S 2 , ••• Sn, 
VIZ. Xj d, ^ 2 ^ » each of these elements 
being not greater than the norm d of that mode of division. 
Then evidently there is an infinite number of modes of division 
corresponding to any particular norm d, and each of these is 
also a possible mode of division for any greater norm. Let 
fi, € 2 , ...fn be positive proper fractions, and let S stand for 

n 

25,./(Xr-i+er^r)- Then, if S converges to a definite limit 

1 

whatever mode of division be chosen and whatever the frac- 
tions € 1 , 62 , ...€n niay be when the norm d is made to diminish 

indefinitely, this limit is represented by [ /(x) dx, and the 

function is said to admit of integration for the range a -> 6 . 
(See Prof. H. J. S. Smith, Proc, Lond, Math, Soc,, vi., p. 140.) 

1877. A formal proof of the convergence of the series S 
under certain conditions is given by Riemann, and amended by 
Prof. Smith in one or two particulars in which Riemann’s 
demonstration is wanting in formal accuracy. The values of 
0 (x), corresponding to the values of x for any segment, are 
called the ordinates ” of the segment. The difference between 
the greatest and least ordinates of a segment is termed the 
“ordinate difference” or the ‘‘oscillation” of ^(x) for that 
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segment. Let D^, Dg, ... Dn be the oscillations in the several 
segments. Then the greatest and least values of 8 for any 
particular mode of division are respective!}^ attained by taking 
the greatest and least ordinates of the several segments, and 

n 

the difference of these sums, viz. 0, is given by 

1 

But for any definite norm d the greatest and least values of 8 
do not in general result from the same mode of subdivision. 
Therefore the difference 0 between the greatest and least 
values of 8 for all modes of division corresponding to a given 
norm d will in general be greater than 0, which is the 
difference for a particular mode of division. And to be sure 
of the convergency of 8 it will be necessary to show that 0 
in any case diminishes without limit when d diminishes 
without limit. 

1878. Professor Smith enunciates Riemanns Theorem as 
follows : 

Let cr be any given quantity, lurwever small. Then, if in every 
division of norm d the sum of the segments for which the oscilla- 
tions surpass <r diminishes without limit when d diminishes without 
limit, the function admits of integration, and conversely. 

Let 0(d) and L(d) be the greatest and least values of 8 
corresponding to a given norm d, not necessarily arising from 
the same system of subdivisions for that norm. 

Then taking any two norms d^ and d, (dj > dj), since every 
mode of division for norm dg is one for norm d^, we have 
G(di) < 0(d^) and L(di) > L(d,). Moreover, for every norm d, 
another norm ds can always be found which is less than dj, 
such that Cr(di)>G(d 2 ) and L(df)<iL(d^, unless the max. 
and min. ordinates of the several segments are the same 
throughout the interval, however small the segments may l>e 
taken, in which cas^ 0(d) and L(d) are respectively a) 
and h^(b—a), where A, and A, are the greatest and least 
ordinates common to all the segments. And therefore, except 
in this case, a series of norms d^, d^, d,, ... of decreasing 
magnitude can be found so that 0(df), 0(d^), ©(dj), ... forms 
a decreasing series, and L(di), L(d^, L(d^) ... an increasing one. 

And 0(d^^ L(d^, except in the case where the function 
can be represented by a series of segments of lines parallel to 
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the a?-axis, when we may have G(d^—L{d^, For if the two 
systems of division which respectively furnish 0(d^ and L(d^ 
be superimposed, then to find the value of 0{d) for the new 
system of division, each resulting segment wdll have to be 
multiplied either by the same ordinate which multiplied it 
before or by a still greater one from a neighbouring segment ; 
and to find the value of L{d) for the new system, each segment 
must be multiplied either by the same ordinate which 
multiplied it before or by a still smaller ordinate from a 
neighbouring segment. So that the least value of S obtain- 
able by taking the greatest ordinate for each segment in any 
mode of division whatever is not less than the greatest value 
of S obtainable in any division whatever by taking the least 
ordinate of each segment. 

If then, for any given norm d, L'{d) be the least value of S 
for the mode of division which yields 6r(d), and G\d) be the 
greatest value of S for the mode of division which yields L(d), 
G{d)>G'(d)\ G'(d)>L'(d) and L(d)<L'(d); 
G(d)~L(d)^[G(d)-LXd)]-j-[G\d)-L(d)]--[G\d)~L\d^^ 
>[G(d)-L\d)]+[G\d)--L{d)l 

But if be the sum of the segments which in the division 
{G(d), L'{d)} have oscillations > cr, 8, the sum of the segments 
which in the division {G'(d), L(d)} have oscillations > <r, and 
0 be the greatest oscillation for any division of norm d, which 
is by supposition finite ; then 

Cr(d)—i'(d)= contribution from 

-(-contribution from (h—a—Si) 

^ 8jf2“|-cr(b ft 

and G\d)—L(d) > ; 

.*. adding, G(d)—L{d) > ( 8 i+ 82 )(f^"“ 0 ')+ 2 <T( 6 — ft), 
and therefore, as <r is as small as we please and d can be taken 
so small that Si+s* is as small as we please, G{d)—L(d), that 
is 0, diminishes without limit as d diminishes without limit 
and f[x) admits of integration for the range ft to 6. 

1879. Conversely, if /(x) admits of integration in the in- 
terval ft to 6, iS converges to a definite limit, and @ diminishes 
indefinitely as d is made indefinitely small, and therefore also 
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each of the differences 6 must do the same. But if s be the 
sum of the segments in which the oscillations exceed <r in any 
mode of division, we have as > 6. And liowever small or may 
have been taken, we can, by taking d small enough, make O/cr 
less than any assignable quantity, however small. Hence if 
S converges to a definite limit, 8 must also diminish without 
limit as d is indefinitely decreased.* 

1880. Prof. Smith {loc. cit) points out also that Riemann’s 
criterion of integrability is applicable in the case of any 
multiple integral extended over a finite region. 

1881. It is incidentally assumed that the interval a~b is 

one which extends from a given value of x, viz. x=a, to a 
greater one, x—h, and the interval a-h has been divided into 
subsections Xi—a, x^—x^.x^—x^, etc. If we reverse the order 
of the array of points a, ajj, ... 6, the only difference 

in the argument will be that the sign of each of the partial 
products formed in constructing the maximum and minimum 
values of S has been changed ; the new sums formed for the 
reversed order do not differ in absolute value from the values 
before considered, but are of opposite sign. It therefore 
follow, that 

1882. Moreover, if we add to the array several other 

points of division ®=Ci,x=C 2 , ... the maximum and 

minimum values of S have not been respectively increased 
and decreased, for the norm of the mode of division with the 
additional points in the array cannot have been increased 
by their introduction. But the sums corresponding to the 
maximum and minimum values of S for the several intervals 
a to Cj, Cl to Cj, etc., are respectively 

4: and ^*f{x)dx, etc., 

and modes of division of these intervals can be found for 
which their maxima and minima differ from these respective 
quantities by less than any assignable quantities, however 
small. Also the aggregate of any of these modes of division 

* Ptoc, Lend. MeUh, Soc., vi., p. 148. 
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of these partial intervals forms a mode of division of the 

whole interval a-b. Hence i f{x)dx must be equal to 

Jo 

the sum of the integrals 1 'f(x)dx, 1 *f(x)dx, 1 f(x)dx. 

Jc„_l 

1883. In the same way other general propositions such as 
those of Chapter IX. may be reconsidered for Riemann’s 
generalised definition. 


Note B. Conveugence of an Integral. 

1884. An infinite integral is one in which either of the 
limits is +00 or — oo , or in which the integration extends from 
— 00 to + 00 . In what follows we shall assume that a is a 
positive quantity, i.e. a>0, and that/(x) is a finite function 
of X for all values of x from a given value x=a to another 
value x~b which is greater than a, and that f{x) is integrable 
in this range. 

The integral f(z) dz is defined as the limit, supposing such 
limit to exist, when x becomes infinitely large, of the integral 
/ = ! f{z)dz. If such limit be finite the integral is said to 

converge to that limit. If there be no finite limit to the 
increase in the value of / as a; tends to + oo , then, according as 
I tends to ± 00 , the integral is said to diverge to ± oo . 
Integrals in which the integrand changes sign periodically in 
the march of x from a to oo , such as 

sinxdx or J x^^\n{bx-\-c)dXy 

are said to oscillate, and such oscillations may be either finite 
or infinite by virtue of the growth of the multiplier of the 
factor of the integrand which causes the changes of sign 
during the inarch of x, 

1885. If f{x) be a function which changes sign during the 


march of the integral 
convergent when i: 


f{z)dz is said to be absolutely 


dz is convergent. But such an 

integral may be convergent even when not absolutely 
convergent. 
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The integral J* f(z) dz is defined as the sum of the integrals 

J f(^)dz and J* f{z)dz, where c is a finite constant, and is 

said to be convergent when each of these integrals is conver> 
gent. Moreover, this definition is independent of the particular 
value of c. For, let c and c' be two values of x on the range 
of its values, c'>c. 

Then ^ f(z)de=--^ f(z\dz+^J{z)dz (x<c) 

and r f{z) d 2 = r f(z) <i 2 + f* f(z) dz (x> c’). 

Je‘ Jc' Je 

r r® f* 

f(z)dz and J f(z)dz are finite, J f(z)dz and 
J ^^re both convergent or both divergent as a:-> — oo and 

J J* both convergent or both divergent 

asx-^oo. 

Therefore, supposing J f(z)dz and J f{z)dz to be both 
convergent integrals, we have 

r /(») dz+r f(z) rf 2 =r f(z) dz+r f(z) dz, 

J-co J— « Jc 

which establishes the independence of the definition with 
respect to the particular value of c used. 


1886. If fi{x), fi{x) be two positive finite functions of x, 
both integrable for the range a to 6, 6>a>0, and such that 
for all values of x for that range, then, when b 

becomes infinitely large, J* ft(z)dz is convergent if | f\(z)dz 

be convergent. And if /,(x) 4: f^(x) for all values of x from 

a to 6 , then, when h becomes infinitely large, I ft(z)dz is 

roo Ja 

divergent if j fi{z) dz be divergent. 


In many cases comparison with a known convergent or 
divergent integral will suffice to determine the convergency 
or divergency of an integral. 
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e<»dz 

tor example, if a 5^0, J ^ convergent or divergent 

according as n is > or > 1. 

r dx rdx , . 

. ^ convergent, whilst 


Hence 




and is divergent (b^a). 


1887. If then an index n can be assigned which is > 1, and 
for which x^f(x) is finite for all values of x from x=a to 
x= 00 , where a > 0, it will follow that | x^f(x) | does not exceed 
some finite positive limit X, and therefore that 




Le, 


> 


X 1 
n~l 


and is therefore convergent. Hence in such case J f(z)dz is 
absolutely convergent. “ 

But if an index n can be assigned which is > 1, and for 
which x^f(x) is never less than some finite positive limit X 
(excluding zero) for all values of x from a to oo , (a > 0), or if 
it becomes infinitely large when x increases indefinitely, it 
will follow that 




and therefore in either case becomes positively infinite, and 
the integral diverges to +oo . 

And if an index n can be assigned which is > 1 for which 
is negative, and its numerical value is never less than 
some finite limit X (excluding zero) for all values of x from 

a to , (a > 0), it will follow that J f(x)dx diverges to — oo . 


It appears therefore that under the conditions specified as 
to the integrability of /(x), and as to its remaining finite for 
the range of integration, a to oo, where a>l, if n can 
be assigned > 1, such that a finite limit of a?“/(») exists when 


X becomes infinitely great, then J f{z)dz is convergent; and 

if n can be assigned > 1, such that x^f{x) does not become zero 
when X is increased indefinitely, but whether it approaches 
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a finite limit or becomes either positively or negatively infinite, 
the integral I f(z)dz is divergent. 

Ja 

r ,.2 

~rr-~\ J -^2 ~ / “4 _r 4 

+ Cl ** Ja 1 Cl 

respectively convergent and divergent, for the indices 2 and 1 can be 
assigned for these respective cases for which 

= l and = 

and is finite in each case. 

1888. Again the integral / is convergent, a being positive and 

> 0. For by Art. 340, ** 


J = Bin OciO+^J^ »in Oci^t a<^<h, 

= ^ (cos a — cos ^ (^ciB ^ — cos />), 

2 2 

which for any values of «, b cannot be greater than + and, when h 

increases without limit, cannot be >-. Similarly f is con- 

^ a 

vergent. 

Also these integrals taken from 0 to a are obviously both finite. 
Hence the integrals from 0 to oo are finite. Their values have been 
found in Arts. 994, 1048. 

1889. For other teats for Convergency, the reader may 
refer to Prof. Carslaw’s Fourier's Series, page.s 98-121, 


Note C. Standard Forms. 

1890. In such standard integrals as those of Arts. 44, 71, 
etc., viz. f , etc., which it is usual to crive simply 

35 35 

as 8in~^ sinh“^ etc., it is to be noted tliat the left-hand 
a a 

members are even functions of a, whilst the right-hand members 
are odd functions of a. To be strictly accurate, such results 

35 35 

should be written as sin~^ , — sinh"”^] — t, etc., where lal is the 

l»L M _ ' ' _ 

positive numerical value of s/a*, and where the inverse function 
is understood to have its principal value. Similarly 


dz 




=log 


!+\/z* 
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For in such cases the integral does not change its sign with a. 
And for exactness there must be a corresponding understand- 
ing as to all deduced results. In the same way in any other 
of the integrals discussed, and in which a constant is to be 
found with an even index in the integrand, and with an odd 
one in the result of integration a corresponding modification 

is to be understood; e.g. in the integral [ ^ 

Art. 1044, the result of which is usually written as 

6 ® 6 

but which is itself manifestly unaltered by a change of sign 
of a or of 6, the value should strictly be written as 

log 1“ 

1^1 ^ 161 

And similarly in any like case. 


Note J). Rational Fractional Forms. 

Heumite’s Process. 

1891. In the integration of rational algebraic fractional 
forms, viz. f(z)j(p(z) (Chap. V.), where /and 0 are ]»olynomia]s, 
rational as regards 2 , it lias been assumed that the factorisation 
of <j){z) could be effected. This depends upon the possibility 
of solving <p{z)=i). 

It is a well-known fact, established by Abel and Wantzel, 
that it is impossible to solve algebraically the general equation 
of degree higher than the fourth. Hermite has given a 
solution of the quintic by aid of Elliptic Integrals (Burnside 
and Panton, Th. Eq., p. 435). In consequence, the integration 
of such algebraic fractional forms as involve an unfactorisable 
denominator of the fifth or higher degree can only be 
completely performed for special forms of the numerator. 
But in any case, as wo know that the equation 0(a;)=O does 
possess as many roots as indicated by its degree, although 
there may be no means of discovering them, we are entitled 
to assert that the integral of f{x)/</>(x) does in every case 
consist of two portions, the one a rational algebraic function, 
and the other the sum of a set of simple logarithms with 
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constant coefficients in which such pairs of terms as involve 
complementary imaginary roots may combine to form real 
terms by aid of the inverse symbols tan“' or tanh“^. 

1892. It has been shown by Herraite that the algebraic 
portion of such integrals can be always found, whether <}>{x) be 
factorisable or not, and in cases where no logarithmic portion is 
present, or if the residual numerator happens to be a constant 
multiple of the whole integration can be effected. But 
in the general case no means of discovery of the Logarithmic 
portion is available for the reason stated. 

An examination of the ordinary process for obtaining the 
H.c.F. of two polynomials in a?, A and B, will disclose the fact 
that each of the successive “ remainders ” is of the form \A -f- /jlB, 
where X and /x are themselves polynomial expressions, and that 
when A and B are prime to each other the final remainder 
which is then merely numerical is also of the same form. 
It follows therefore that it is always possible in such case 
to find two polynomials X and fi such that \A+fiB is 
independent of x, and therefore also to find two polynomials 
X' and f/ such that \'A+iulB=C, where C is any given third 
polynomial in x. Moreover, supposing the degrees of A and B 
in a; to be respectively the and and that of (7 to be 
not more than p+ 9 — 1 , we may note that it may be assumed 
that the degrees of X' and fii do not exceed the and 

respectively. For if we take their degrees to be 
greater than g — 1 and p — l, we could by division write 
X'==X"B+X"', where X", X'", m", m'" are other 

polynomials such that the degrees of X'", jjl'" do not respectively 
exceed q—l andp— 1 , and thus {\"+fA')AB+X'"A+pL'"B=Ci 
and by equating coefficients of terms of higher degree than 
the highest in C, i.e. of the (p+q + lf\ etc., degrees, 

it will appear that must vanish identically. 

1893. In the discussion of the integration of f{x)li/k{x), 
where is unfactorisable, we may assume 

( 1 ) That ^(x) contains no repeated factor; otherwise the 
H.C.F. process upon ^{x) and i^'{z) would disclose that factor. 

(2) That f{x) is of lower degree than <p{x), by Art. 140, and 
that in this case the result is purely logarithmic. 
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(3) But if <l>{x) be itself the square of an irreducible poly- 
nomial u, and f(x) of lower degree than u, we may find 
polynomials X and /a such that 

and supposing u of degree ^ is of degree p— 1, so that 

X and /A are of respective degrees 1 and p— 2, so that 

/A +^— is of lower degree than u, and therefore the unintegrated 
cLx dx 

portion is entirely logarithmic, but vanishing M+ vanishes. 

(4) If <f>(x) be the power of an irreducible polynomial u, 
we may find X and /a such that /{«)— X^-|-/tAU’‘“\ and then 

rd\ 

^dx-\-{-dx=^ ^ + f-dx, 

}<p(x) }u^ dx Ju r—l r— W Jw 

in which the index of the u in the integrand has been lowered 
by unity ; and by repetitions of this process we may obtain a 
result in W’hich the only unintegrated part is of the form 


(5) If 0(x) be the product of positive integral powers of 
such irreducible factors, say ^(a;)=U 4 ‘Uj|^,^ the separate 
prime factors u^, u, ... may be discovered by the usual process 
employed in finding the H.c.F. for ^(x) and its differential 
coefficients, and thus, supposing a < j8 <y ...» if we determine 
X and /A so that Xittg^,>...-f-/aUj*=/(«), we can write /(a?)/^ (a;) 

in the form -^-1 — ^ — , and repetitions of the process will 

separate out the fraction into the form 

^(x) Uj* V V 

to each of which portions we can apply the foregoing rules. 

Hence in all cases the algebraic portion of 
discovered. 


can be 
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xi rp • * i. r /*2 + a: + 5x* + 2x* + 6a:* , 

Ex. To integrate /=j 

Here I = J-- ~ ^ ifa, and finding X, /a such that 

A(1 + 5x*) + ft(l + x + a:®) H 5 + 4x, we may take A of degree 4, /x of degiee 3^ 
(a® + OxX + o,x* + 08 a:* + 04 X*) (1 + 5a:*) 

+ {bo + hiX + 6,3:* + h^){l + X + X*) s 5 + 4x, 
giving Oi= - 1 , 60 = 5 and the rest zero, whence 

— X (1 + 5x*) + 5(l+x-hx*) = 5 + 4x, 


and I- /*(l+^ + ^)(-3 + 5a:*)-x(l+5x*) + 5(l+x + x«)^^ 
” J (1+x + x*)* * 


1 +5x* 


_ f 5x* + 2 j f 
~Jl+x + x* " i (1+ X + X*)* 
_ f 5x* + 2 ^ f 

~Ji + x + x^^'^l+x + x^~Ji 


dx 

dx 


-f- X + 




The same process will be helpful even in simple cases. 

E,g. (i) -^ = J ^ ‘ ^ siting (oq 4- a,x) 2x 4- ho{x^ 4- 1 ) ^ 1 , we have 

08 = 0 , 0 | = — ^, 60^1 » 

<“> '■/ p y^Vi 

(ao4*o,x)(l 4'.r4-x3)4-(^o4-^iX4-6jjX’-*)(l 4’3.r2)= - l4-2ar\ 
we have ai = 6o — ^2 = 0 , ao=-l, 6, = 1; 

7= r ~(a^4-x 4-l)4-x(3j;‘-^4- 1) . x_ 

j (.r*4-x4-l)^ .x*^*4-x4-l’ 


Note E. Legendre’s SubsStitution applied to 
Functions of Form IjXyjY , 

1894. With regard to integrals of the form dx, 

where X=^ayX^+2b^x+c^, Y discussed in Art. 

291 onwards, in which we have adopted the substitution 
Y 

y— it should be mentioned that Greenhill in his “Chapter 

A y 

on the Integral Calculus” generally prefers to put y*— jg- 

This of course alters the character of the substitution-graphs, 
making them symmetrical about the ic-axis. (See Ex. 56, p. 323. 
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Vol. I.) An alternative substitution is mentioned by Mr. 
Hardy as being followed by Stolz (Grundzuge der Diff. und Int.- 
rechnung) and by Dr. I*A. Bromwich, viz. to use the same 
substitution as that of Legendre in the reduction of an 

Elliptic Integral to Standard form, viz. whereby 

X takes the form ' 


{ 4- 2 (ajXu "h ^iX “h/A ^ 4* 4- ^i) } /(^ 4* 1 

and Y takes a similar form with suffixes 2. Then, if X, /n be 
so chosen that 


ajX/x4-5i(X4-M)+Ci=0, a2V4-5.^(X4-/a)4-C2=^0 (cf. Art. 1463) 
I is reduced to the form 


idi 




it 


J (af 4-6Va^H'&^ J (af 4-6)W4-6' 

where A, B, o, 6, a\ b' are certain constants. And now we 
may proceed either as in Art. 310, or use the substitutions 
W\V^‘^4-6'“~- 1 in the first; in the second, wdiich 

reduce each integral to the form J 'p^^Q' ^ method 

fails if a^aj+6, ==^ and proceed 

as in Art. 309. 


Note F. Continuity, Double Limits, Differentiation 
OF AN Integral, etc. 

1895. Continuity of a Function of two real Independent 
Variables. 

Let z^:/(x, y) be a single-valued function of two independent 
real variables x and y which may be regarded as fixing a 
definite point. Construct a small rectangle with centre at 
y and with corners Then if 0i, be positive 

proper fractions and finite values of tj can be found for 
which the value of f{x±.0^^, y=fc^2v)~~/(3^» y) taken positively 
is determinate and less than any arbitrarily chosen positive 
quantity e, however small, for all combinations of the quantities 
02 » the function is said to be continuous at the point x, y 
and throughout any region of the x-y plane for each point of 
which the same test is satisfied. 
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1896. In the case of such a function as the above, viz. 
z~f{x, y)y it may happen that in evaluating the value of z 
for a point for which x=Xq and the mode of approach 

of 05, y to the limiting position Xq, y^ is not immaterial. That 
is f{x, y) may not be the same thing as 

y)' 

Take for instance the case of Sir R. Ball’s Cylindroid, viz. 


At any point for which x=Xq, y—y^ 


the surface 

other than those which lie on the z-axis, the value of z is 
dependent upon the direction in which 

X, y approaches its limiting position. But for points on the 
z-axis putting y-—mx so that the direction of approach is defined 

as being in a definite direction, ^ ^ changes 

from 0 to 1, z changes from 0 to a, so that if the direction of 
approach to the point for which x=^0, y=0 be unassigned, the 
value of z cannot be assigned, and there is discontinuity in 
that its value is not independent of the relative mode of 
approach of x and y to their ultimately zero values. As a 
matter of fact, the z-axis is a nodal line upon the cylindroid. 


1897. In partial differentiation of a function of two inde- 
pendent variables, z=/{x, y), which is itself single-valued, finite 
and continuous for all values of x and y which lie within 

specified limits, the value of the fraction — 

will in general approach a definite limit when Sy becomes 
indefinitely small for each value of x within the specified 


range. The limit is then denoted by ^/(*» !/)• 


possible that within this range of values of x there may be 
one or more values of x for which no such limit exists. In 
such case the operation of differentiation fails and is an 
illegitimate process. Take the case /(x, y)=xsinxy. Here 
/(a?, y+Sy)-f(x, y) ^ XQinx(y+Sy)-xa\n xy 
Sy Sy 

and for all finite values of x and y this tends uniformly to 
the limi^ x^cosx^ when Sy is indefinitely diminished. 
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But if a; be increased indefinitely, the limit when = 0 of 

does not vanish, but may assume any value we please, however 
great. Therefore, for instance, the second differentiation 
suggested in Ex. 37, p. 381, Vol. I., would be an illegitimate 
operation. 

f" 

But in the case w= I where r is a positive integer 

Jo 


and a is real and positive. 


=r 

Jo 


p— af4o_ 




1 


X be zero, finite or infinitely large, x^e' 


Sa 


Sa 


dXy and whether 
tends uni- 


formly to the limiting form — vanishing whether 

05=0 or x=oo . Hence the differentiations employed in Ex. 3 
p. 369, Vol. I., are legitimate although the range of x is 
inhnite. Similar remarks apply to Arts. 1039, 1041, 1046, 
etc., as therein noted. 

1898. If discontinuity in such a function as z^f(x^ y) 

exists for any values of sc, y, the equation — is not 

necessarily true for such points. This equation holds for any 
point sc, y if a small rectangle whose centre is x, y can be 
constructed in the plane of x-y within which each of the 
difierentiations is a possible operation, ».e. provided there be 
no discontinuity in the function or in either of its differential 
coefficients. 

The rule (Art. 354) (1) 

is virtually a consequence of 


0*5 


_ ( 2 ) 

0X0C 0C0X ^ 

For yjr(x, c)=j0(x, c)dx is only another way of writing 

whence And the assertion of 

0x dc dc ox 

rule (1) is that 

0 0 0 >^ 00 
c)dx, which is the same as ^ 
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Hence the assertion (1) is equivalent to the assertion (2); 
and therefore, where the one rule fails, the other breaks down 
also. 

1899. In all multiple integral evaluations and theorems, 
such for instance as that of Art. 361, viz. 

n ,},(x,y)dxiyr={ \ ^{x,y)dydx, 

a J aJ Cq' 

it is assumed that the subject of integration remains finite 
and continuous for all points within and at the boundaries 
of the region over which the integration is conducted; and 
moreover that the differentials which we integrate do not 
become infinite or discontinuous at any point within the 
range of the integration at each step of the process. If this 
be not the case, anomalies and contradictions may arise such 
as that noted in Ex. 38, p. 381, Yol. I. 

Note G. Unifoum Convergence. 

1900. After the investigations of Stokes {Trans, Camb, Phil, 
Soc,y viii. 1847) and Seidel {Abh. d, Bayerischen Akad., 1848), 
some time elapsed before writers on the General Theory of 
Functions realised fully the importance of careful distinction 
between the uniform and non-uniform convergence of infinite 
.series. The question of uniformity of convergence is a funda- 
mental point in this General Theory, and it always arises when 
we have under consideration the limiting value of a function 
depending upon more than one independent variable. For a 
very useful discussion of the Convergence of Infinite Series 
and Products, we may refer to Chrystals Algebra, vol. ii., 
pages 113-185. Reference may also be made to Dr. Hobson s 
Trigonometry, ch. xiv., or Harkness and Morley, Th, of F,, 
ch. iii. 

1901. Consider any series u,^+u^+u ^+ ... which 

each term is a single-valued finite and continuous function of 
a variable z, which may be complex, and lying within a given 
region F in the Argand diagram, and of the integral number n 
which signifies its position in the series; then, if for every 
positive value of e, however small we can assign a positive 
integer v independent of z, such that for all values of n 
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greater than i/, the modulus of the residue of the series beyond 
the term is less than e, the series is said to be uniformly 
convergent for all points within that region (Chrystal, Alg,, ii., 
p. 144). If converges uniformly within the aforesaid 
region to a definite value ^( 2 ^), then is itself a continuous 
function of z for all points within the region. That is at 
each point within the region F, writing Ur^f{z, r), 

1 1 1 
(See references above.) 


1902. With the definition of an integral as in Art. 1266, 

n 

viz. Ltn^^,'^(Zr~Zr-i)(Or~i, and supposing that each of the 

w’s is a single-valued finite and continuous function of z and 
a complex constant a, which both lie in a definite region 1" 
of the Argand diagram, say ^)* and that when 

a and z are made to approach indefinitely near definitely 
assigned points Oq and Zq lying within the region F, the 
function /^(a, z) kuids uniformly to the value z^) and is 
continuous, then we shall have 

n w 

i.e. J/(a, z)dz=^U,^^(a, 2 )d 2 = j/(a„, z)dz. 

This result, for the case when z and a are real, has been 
assumed in Art. 354. 


Note H. Unicursal Curves. 

1903. In any case of a rational integral function of x and y, 
say ^(.r, y), in which the real variables a;, y are connected by 
a rational integral algebraic equation F{x, y)=0 whose graph 
is a curve of deficiency zero, and therefore unicursal, both 
X and y are expressible as rational algebraic functions of a 

dr 

third variable as also and therefore in all such cases 
the integration 1 ^( 515 , y)dx can be effected with the limitation 
nientioned in Note D, and the result is partly rational and 
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partly a logarithmic transcendent of form 2.^4 log (cc — a), 
where A and a are certain constants. 

1904. The principal elementary cases of iinicursal curves are 
(a) the conic, (b) the nodal cubic, (c) the three-node quartic. 

(а) The equation of a conic may be written as 

where are linear functions of x and y. Putting 

Wi— X m?i, and solving, we may express both x and y as 

rational algebraic functions of A. 

( б ) The equation of a nodal cubic may be written u^Vy^- w^, 
where Wj , Vy are linear homogeneous functions of x and y, and 
Wj is homogeneous and of degree 3. Putting y=\x, we can 
express both x and y as rational algebraic functions of A. 

(c) The general equation of a threo-node quai*tic n»ay be 
written in homogeneous coordinates (say areals) as 

ax-^ + by-^ + + 2fy-H~^ + 2gz' ^x-^ -f- ^hx-^y-'^ — 0 , 
and therefore, taking another point x\ y\ z connected with 

y» ^ by the relations we have 

ax'^ -f Ijy'^ -f cz'^ + 2 /y 2 ' -f 2gz'x -j- 2}ix'y' = 0 , 
i.e. the three-node quartic may be regarded as the “ inverse ” 
of a conic, using the term inversion in the sense in which it 
is employed by Dr. Salmon, H. PL Curves, p. 244. 

Now x', y, z' being the coordinates of a point on a conic, 
which is a unicursal curve, may be expressed in terms of a 
fourth new variable t as rational functions of t, and therefore 
X, y, z, the coordinates of a point on the inverse three-node 
quartic, can also be expressed in the same manner. For writing 
x' _ ^ _ 2' 1 

wrMrMTm’ 

where F=/i+/2+/8 and 0 = 7 +;^ fi, we have 

/i J 2 Jz 

X 1 

i 7 /r'~ 1/72 ”17/8 

, etc. Hence the “ inverse ” 
of any unicursal curve is itself unicursal. 

In all such cases the integral ff^(x, y)dx will only require 


f 1 

So that if etc., then x=^^j 
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for its expression, rational integral algebraic functions and 
simple logarithmic transcendents. 

The general cubic may be written uvw=z, where u, v, w, z 
are linear functions of x and y. Any point upon it may be 

defined by the equations vw=\z, If there be no node, 

A 

the deficiency is unity. The curve is not then unicursal. But 
if these equations be solved for x and y, we have \x and \y 
expressed in the form P+^jQ, where P and Q are rational 
polynomials in X of degrees not higher than 2 and 4 respectively. 

Hence in this case, for the integration of y)dx elliptic 

integrals will in general be required. Similarly, if the deficiency 
of the connecting relation be of higher degree, transcendents 
of a higher complexity than the elliptic integrals would in 
general be required. 

Note I. General Review. 

1905. The functions of a single variable x, with which we 
have been more particularly concerned, may be classed as 
(I) Algebraic, (II) Transcendental. 

(I) An Algebraic function is one which may be theoretically 
expressed as a root of the equation 

/o(*)y”4/i (*) »/"“* + . . . + /„(x)= 0, 
where n is a positive integer and /q, /j, are polynomials, 
rational as regards x, but in which the coefficients may be 
either commensurable or incommensurable, real or imaginary, 
but independent of x. 

This will include as particular cases, 

(a) The general rational integral polynomial. 

(l>) The rational algebraic function, which is the ratio of 
two rational polynomials. 

(c) The general irrational species, in which commensurable 
fractional indices may occur as power’s of rational polynomials. 

(II) Of Transcendental functions we have such as involve 
an exponentiation of the variable or the taking of a logarithm. 
And as the variable may be a complex quantity, this will 
include, besides the elementary cases of or log x, the trigono- 
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metrical or hyperbolic functions and their inverses. For a 
single exponentiation or the taking of a logarithm, the function 
is said to be a transcendent of the first order, but if these 
operations be repeated the function is said to be a trans- 
cendent of the second or higher order. Thus e**, log log log x 
are said to be respectively of the second and third orders 
of transcendents. 

We may also have any arithmetical combination of the sum, 
difference, product or quotient of two or more of these groups. 

Such functions are said to be simple or elementary 
functions. 


1906. We have, besides such functions as described above, 
transcendents of a higher degree of complexity, such as 

Soldner’s function li(®), which is f or f — — ; the Cosine 
' ' J log® J X 

and 'Sine integrals, viz. Ci(®)sJ Si(®)sJ dx \ 

Fresnel’s Integrals ; Kramp’s Integral ; Spence’s Transcendents, 

defined as ^±etc., the Elliptic 

Integrals, or others which have been computed and tabulated 
for special purposes. 


1907. The problem of Integration with which we have been 
confronted is this : Supposing that we are given the differential 

equation ^=:/(®), where f(x) is one or other of the known 

classes of functions, or a combination of them, is it possible for 
us to solve this equation so that y can be recognised as itself 
one or other of these classes of functions or a combination of 
them ? When no such solution exists y is a new transcendent 


1908. The general discussion as to how completely this 
question can be answered would occupy much more space than 
we have at disposal. The reader may be referred to Bertrand, 
Cato, /trt., ch. v., and to Caw6. Math, TractSt No. 2 (2nd ed.), by 
Mr. G. H. Hardy. 

But we may remark that, in the first place, if f(x) be a 
rational function of ®, it appears from Chap. V. and the 
remarks in Note D that the integral y is in all cases partly 
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rational, partly logarithmic; that when the denominator is 
factorisable into linear or quadratic factors, the complete 
integral can be found. But when the denominator is of the 
fifth or higher degree and unfactorisable, though the rational 
part can be found by Hermite’s process, the transcendental 
logarithmic portion can only be obtained in certain cases. 
But the only barrier to complete integration in all such 
general cases is that of the impossibility of solving the general 
quintic or higher degree equation. 

If f(x) be an irrational algebraic function of the form 

^ T where A, B, C, D are rational polynomials and Q is a 


polynomial of not more than the fourth degree, it has been 
seen that its integration can always be effected, and when the 
degree of Q is not above the second, only simple functions will 
be required ; but when Q is of the third or fourth degree, the 
integration will usually call for the assistance of the Elliptic 
Integrals. 

It has also been seen that in all cases in which 0(», y) is a 
rational integral algebraic function of x and y, and y is 
connected with x by an equation whose graph is unicursal, 

the integration ^<t){x,y)dx can be effected in terms of the 

elementary rational algebraic and logarithmic functions. 


1909. In addition to these facts, a theorem due to Abel 
states that if y be an algebraic function of x, defined as above 
in (I) by the equation + +/n(®)=0, then 


^ydx can always be 


expressed as 


where B^y Bi, ... are polynomials in a?. And further, that 
in the case when y"=a rational function of a?, the integral 



X a rational function of x. 


The proof of the first of 


these theorems is somewhat difficult and long. Reference for 
them both may be maxle to the works already cited. Other 

forms for which Jy dx is expressible by means of algebraic 

functions and logarithms will be found given by Bertrand. 
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1910. It may be noted that, since differentiation of a func- 
tion involving irrational algebraic quantities or exponentials 
cannot destroy them, such quantities cannot appear upon the 
integration of a function that does not already contain them. 
Logarithms may appear upon the integration of an algebraic 
function, but always multiplied by mere constants and by no 
functions of x. For the operation of differentiation upon the 
result could not eliminate logarithmic terms otherwise 
involved. 

If, therefore, the integral of an algebraic function be expres- 
sible by means of the simple functions at all, it cannot contain 
exponentials, and whatever logarithmic terms occur are such 
as to appear in the first degree as transcendents of the first 
order multiplied by constants. 

Many cases have been discussed of the integration ^f(x)dx, 

in which f(x) has involved exponential, logarithmic, trigono- 
metric or hyperbolic functions, but there is no general rule 
which would indicate the nature of the result to be expected 
as there is in the case of rational algebraic functions, and the 
theory is far less complete. Reference may be made to 
Liouville’s “Memoire” (Jour.f, Math., 1835). 


PROBLEMS. 

1. Integrate 

4 a:S-l , 1 - 7j8 . 3 ^.9 + 1 2x® -f J 

+ ^ (1 + (1-fx + x®)- 

o 1 . , fl + 2x + 6x®4-13x« + 6xii 

2. Obtain the rational part of I ^2 dx. 

J ( 1 + X -f X®) 

3. Show that 

px2(2x3-l)(x4~3x2 + 2x+l) . 1 , 76 29 

J 2 (x3-x+l)2(ar‘-2x+l) 175* 

4. Show that if f 7 dx be rational, ac' + ac~ 2 ^ 6 ', 

J (a x^ + 25 X + c 

and find the integral. [Harov, No. 2, Camb. Math. Tracts, p. 18. 
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5. Discuss the convergency of the integrals (a) £ log sin X dx, 

J ®® gin X 

dx, although convergent, is not absolutely 
coiivergeiii/. [Carslaw, Fourier's Series^ p. 103.] 

7. If the function </)(.r) be positive in sign, but diminishing in 


value as x varies from a to oo , then the series 
convergent or divergent according as 1 <j>(x)dx is finite or infinite, 

J oo Jo pso 

(f>(x)dxand I <i){x)dx. 
a Ja-l 

[Cauchy, Boole, F. Dif, p. 126.] 



8 . 


If a > 0, discuss the convergency of the series 

O) 1 00^ J 

+ ^(a + w) {log(a + ?i)}’'‘ 

00 I 

^ (a-f ?0 rog(f/ +n) {loglog(a + n)}»«‘ 


[Boole, /.c.] 


9. In the curve x* + 4 - = 3a.ry, show that we may express 

X and y in the form 2x- c + ± A\ 2y - r + aX = T lu where 

= 4X8 - 9 rt 2 X 2 ^ Qack - r- and c-a^ - 
by putting j + y + ^ ~ cX-b 

Hence show that a + fix yx- Sx^) dx can in all cases be 

reduced to an elliptic integral. [See Hardy, l.c. sup., p. 50.] 

10. Prove that 


11. If f(x) l>e an even function of x, prove that 


[Liouville.] 


ir ’T 

(ii) j’ f(s\n 26) sec ^ = 2 £ /(cos* 6) sec 6 dB. 


[Olaishbr.] 
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12. If <l>(x)^<l>{2a-x), show that 

(i) !”<#'(*) -^(®) = I + -^> - *)} rfx ; 

W IT 

(ii) j* /(sin 20) = i /(sin20)(f0; 


[Glaisher.] 


(iii) f /(sin 20) sec20 <f0 = 2 [ /(cos 0) sec® 0 dS, 

Jo Jo 

,3.n/.-r a;" /(sin x) dx^ show that if n be an odd integer, 

(ii) <• ^ 1) J. - 


[(iLAISHKR. ] 


14. Prove that if <^>(a;) = <^(l -ar), then will 

J i in If' 

log r(a;)(fx = ^- log IT J 4>(x)dx-^^ <^>(j) logsin ; 

fi 1 1 

(ii) I sin TTX log F (x) rfx - log ~ (log 2 - 1 ) ; 

Jo ir ir 

(iii) £ sin*«logr(.)<ix = ^(‘ilog2,r- 1). 

15. By the transformation z—l — show that 
^ 1+3^* 


Jo l-2x-x2 1+x® «• 


[Glaisher.] 


16. Show that the curve 0 = <^ on unit sphere consists of two 
loops each of area tt - 2 ; 0 and being colatitude and azimuthal 
angle. 

17. Show that the solid angle of the cone 

z® (x® + y®)® =s x*(x® + y® + ^?®) 

is IT. 


18. Examine the nature of the curve on unit sphere defined by 
the equation 2sin ]^0cos^<^=> 1, and show that the solid angle of 
this cone is 2%/3. 
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19. Prove that 

II />~*cos 0 cos 6' dS dS' = - i || log p cos \p ds ds\ 

where dSy dS' are any elements of two unclosed surfaces over which 
the first integral is taken, and p the distance between them which 
makes angles 6 and S' with the normals at its extremities ; also ds, 
ds are «any two elements of their bounding arcs over which the 
second integral is taken, the directions of these elements of arcs 
being inclined at an angle Give an optical interpretation of the 
result. [Math. Trip., 1886.] 

[See Arts. 846, 1783, and Herman, Optics, Art. 157.] 


20. If a*, y» ' be each real, finite and determinate functions of 
cos a, sin a cos and sin a sin /?, the locus of the point x, y, z will be 
a closed surface containing a volume 




Vay 2a 

11 .' 




3^, 

y, 2 


da dp, 


where .TaS;^, etc. 

da’ 

[Math. Trip., 1870.] 


21. The volume enclosed by a closed oval (synclastic) surface is 

F; its area is S, and I denotes the integral || (^ "^ ^) ^^ extended 

over the surface, p^, p^ being the principal radii of curvature at the 
point where d(r is the element of area. A sphere of any diameter 
rolls on the outside of the surface; and for the envelope of the 
sphere the corresponding integrals are constructed. Show that 


V^Jlt S4-— P 

^ 87r^*‘^^ 1927r2^ 


is the same for the envelope as for the original surface. 


22. Show that the length of an arc of a curve on the sphere 
3!- -I- y2 ^ _ ,.2 1)0 expressed in terms of the coordinates it, v 

of a point on a plane curve by the transformation 

X ^ y z 1 

4 rhi irh * — 4r*) r + 4r*^ * 

by the formula « = J 

[G. B. Mathews, Nature, Feb. 1921. Art. on 
“ Einstein’s Theory of Relativity ”.] 
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CHAPTER XXVI. 

Paqb 212. 

4. 7r/2. 

5. A system of discontinuous lines and points, the origin being the 

centre of the system, 

(-*<4r<-l), *= -J, (-J<X<0), 

rr v w TT ^ etc. 


y--4> y“~ie* y'a’ 


y=i-6’ 


6. The part of the plane zs 1 between y ss dbx 

which contains (1, 0, 1). 

The part of the plane «= - 1 between y=s ±4? 

which contains (-1,0, - 1 ). 

The parts of the plane 2 0 between ±x 

which contain the y-axis. 

The portions of the lines x/l sy/1 s (s - i)/0, 

a;/l=y/(- l)*=(^-i)/0, for which x is positive. 
The portions of the lines ar/l=sy/ls3(2+i)/0, 

<*^/l =^/( - l)=(«+i)/0, for which x is negative. 
9. A staircase of treads and risers,” the former consisting of lines, the 
latter marked by points. 


Paqb 237. 


V — y-4gc 

-« . 
a 




20. (a)0,(6)i,(c)«,(<J)i. 

„ 2 r ...f, 




_ _ 2w • ^ 

23.^, .00.^. 


42. •Jirl2e, 


CHAPTER XXVII. 

Pagx 289. 

27. (i) log^!^; (ii) (n + 4)log(« + 4)-2(n + 2)log(n+2) + wlogn ; 

(iii) 4{(n+6)*log(n +6)-3(n + 4)*log(n + 4) + 3{n + 2)*log(n + 2)-n*log n}. 


CHAPTER XXVIII. 

Paob 363. 

^ (ifc+n)(it+»- !)...«■ va'jtn. 

23. a'y'4-ay' + a')3+/37' = ay + a'y-f ; 

a'y'(a + /3) « ay (a' + ^0* 



ANSWERS TO EXAMPLES AND PROBLEMS. 


969 


CHAPTER XXIX. 


Page 415. 


1. (i) ntan*"^^; 


(ii) (iii) a\ yloga. 

(iv) e«logv5r^‘-6tan-y/*^ 6 log + a tan-^y/o;. 

( V ) •J cosh* y - coH* .r, tan”* ; 

tan.r 

(vi) N/co8h*y--8in*.r, - tan”^ (tan .r tanh y) ; 

<■«) 

Wll) ^[(u„-.j-^)’+(u„l,-.pp5jp)’]*. 

tan”* I tanh”* ---f ^ / tan“* - — ^ — i,) . 

I l+:pHyV l-x^-y^i 

4. (i) 2±4 n/ 2; (ii) l±t, ~2±tV2; 

(iii) -l±t, -2±tV2; (iv) l±t, 2 ±t\/ 2 . 

5. (i) One in each quadrant ; (ii) n in each quadrant ; 

(iii) One in each quadrant and one on negative part of .r>axis ; 

(iv) and (v) n in each quad, and one on — ” part of .r-axis ; 

(vi) n in each quad, and one on each part ofy-axis. 

6. (i) ±t, ±2t, - 1 ±t ; (ii) ±t, ±2i, 6. 

7. (i) Casainian, (ii) Two st. lines, (iii) Rect. Hyp. 

8. (X* — a*c 08 ^r)^/Vj* 8 in rcos^c. 9. p = rt*/4r*. 11. A diameter. 

16. (ii) J, = ae"'^co8:^, r, = «e— ^ sin ; 

(v) (a) Concurrent lines, Meridians ; (^) Cone, circles, Parallels of lat. ; 
(c) Equi, spirals, Rhumb lines. 

16. (Gi^-aa^XV- 


CHAPTER XXX. 

Page 479. 

1. (i) 5 ( 2 ,-l)^ + 5t, (ii) Jc-§( 2 j-l)^. 2. 27risin(i,2iricosa, -fftsina 

3. 2rrta, 47rtf/, 27rt, 0. 12. 

17. ^sin a + sin ^oosh ^^^^-\^3co8^8inh , if a < 1 ; Oi a > 1, 

18. 0 if a > 1, Stti log ( I - (/) — 2ir'* if a < L 19. 2w, 27r. 
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CHAPTER XXXI. 

Paob 520. 

6. a=^7r. 

22. (i) ^sin-M^an w) ; (ii) I tnit-amt/. 

31. (i) am u; (ii) - j, tan*"^ ctn u j ; (iii) - 8ech““^(it sn u). 

62. {(ar>+y*)(l-4:«y*)-c*(l+xVW*4:*^y(l-^)0 _ 

63. Put y=(l +l;>r/(l -hkx^). Multiplier 1/(1 +k), Mod 2\'i(r/(l +^). 


CHAPTER XXXII. 

Paqb 561. 

11. P"‘*’^(w)/(» + l) ; log|9(u); ; 2\/4jp*(w) - Ip{u) - J. 

(Art. 1432) : [log«*-f>^g^)+c], where p(e)=0 ; 

««+«>)- 2ttp(i-)-p'(t»)/^J ; 

2{^W [■*'<“" ") - 2«P'(*') -P'"('’)/ ^ - 3**' • 

19. y=«i4>(«. »)+«»'#>(«■ -v)- 

32. (i) |p'“+|(pi’)'+^}»+2p(r)f(«‘) + C'; 

(»> ^[ - 2up(»)-^J {^“8 «*“«•> 

39. x-{p(5^)-p((«,)}/{p(|’)-p(<»,)}. 

CHAPTER XXXIII. 

Page 598. 

1. /«l + 3A*, H=-144[A(x*-hy*)-(l-3Aa):r2y*], 

A=:(9A*-1)*. 

8. ««|f>(v,39,25), .r=«/(2-l). 10. 2«-3-f6/jc». 

12. 8 in~*u, C08~*?A, 1, taiii£) for 1 :» 0 ; tanh“*u, Bech~*w, sechUf ainhw, 

for ifc=l. 

1 A -pL=. tan'^* —fi ; y=L=. tanh"* \/ ; (a - ej 
16. u=p-‘(y, 0, 36), y=l+<*; or V<t^ 4 ' 


16. -2ltt=p-i(»,0,iJ»), <-l/4i. 


(' 


-i)- 
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22 . (i) 2[{(o)-f(u)], where 0 , 4 ) and p(o)=a; 

(ii) where *=«»(«, 0 , 4 ), a=r>( 2 , 0 , 4 ) ; 

(iii) 2 « - ^ log ? Cft“ - “) + w(«+o) - 4 «], a=*>-‘( 2 , 0 , 4 ) 

(IV) iog«- or(a + tt)+V2‘"8«^ (r(/3+a)* 

where a;=§+p(«,J^, -^y), p(a) = 2, Jl)()3) = l 
(V) u+loge*«fC)^g^J, where and j»(a) = 2. 

^ ’ ip{v) ^X. <r{v+u)}^ 

where v=^{«r3+(«i --C 2 )«*, ^ 

27. W3 = ^~aniu, W3 = sn u \^3/dn W3 ; modv^i/S^; 

ory=^9(<ui-tt) where + and j:=(122-7)/(12z+11). 

28 . «=-7^ — 

'v(«4-«2)(aj -a^) \ x-a^ ^ a^-a^ a^-aj 

(Art. 1339). 


CHAPTER XXXIV. Section I. 

Paoe 660 . 

1 . The points are opp. extremities of a diam. of a circle, centre at origin 

diam. =a. 

2 . y = 8inh7ia.78iDhna. 4 . r"* sin m^ = o’", where (7i + l)w=7i. 



. 

1 

ii 

iii 

iv 

V 

vi 

Force/a* =s 

y/a* 

al2y^ 

aV(«*+y*)* 

aV^ 

y/a* 

al2y^ 


rep. 

att. 

rep. 

att. 

att. 

rep. 

Line 

y=o 

yzt^co 

y-o 

y=<30 

y=ra 

II 


vii 

viii 

ix 

X 

Force/»* = 

aVf 

l/ 3 a»y‘ 

2oV 


(a*+y)* 

{6‘+(a»-6W 


rep. 

att. 

att. 

rep. 

Line 

y^a 

y = a 

yssQO 

o 

11 
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; i 

ii 

iii 

iv 

V 

vi ! vii 

viii 

Force « j const. 

r 




,.-8 1 ,,an+i 

1 . . 

r 

1 

' rep. 

rep. 

rep. 

rep. 

rep. 

_ 1 rep. ?i > - 1 

^ ■ j att. ?i < - 1 

rep. 

Circle r = 0 

r=0 ' )-=0 

1 

r=0 

r=() 

r=0 

’•=* 1 r = oo 

r=^a 


ix 

X 

xi 

xii 

Force oc 

p^ = Ai^+S 

r 

' =1+1 
r* a* 
r/(r»+o*)* 

P‘ 

rl(a}+b^-r‘f 

5* 2a , 

pi f, 

1 /(2a ->•)'' 


rep. A 4- 
att. A - ” 

rep. 

rep. 

rep 

3 

Circle 

r=^ 

/- 

A 

0 

II 

t.. 

?•= ao 

r = ( 


9. The parabola l)-f 3.r(ar+4)— 0 satisfies the conditions. 

10. Two straight lines equally inclined in opp. directions to the.r-axi 8 . 

11. Rect. Hyp, 

12 and 13. Circular arc. Discont. solutions as in Art. 1505 ( 1 ). 

li. A central conic. 16. ?/= a sin where a is known. 

19. Ellipse, Centre on initial line. Action a min. Free path under 
att. radial force to focus. 

22. A circle. 25. A. catenary. 

28. A circle. Max. area for given length + /i cos (^r -j- a)]. 

31. Parabolic arc wTapped on a cone. Focus at vertex. Axis along a 
generator 

CHAPTER XXXIV. Section II. 

Page 692 . 

1. ?/=aco 8 h«(.r- 6 ). Minimum. 

3. Taking c 4 -** and 

.r„ > - a, (.r, > .ro> - a, min.), (xq > 4 :, >a, max.), (jq > - a > .r, , neither) ; 
Xq < - a, < .r©, max.), {x^ < < - a, min.), (j*© < - a <-^ 1 , neither). 

CHAPTER XXXV. Section I. 

Page 717 . 

1 . If a cosine curve y = cos jr be drawn from = 0 to and a point 
placed at the origin, the total graph consists of this portion with 
repetitions from tt to 2 ir, Stt to Stt, etc. 

10 . <#>(.r)= 2 d „ sin^^, where 
1 

c,( 1-COH WTT ^ l + CofcOSWJT — -cos )-f Cjf COS «7r - COS 717r 

nyrL a^/ \ «3 03/ *\ O3 ^ 
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CO CO 

11. <^(^)=^0 + ^^lnC082n7r^/a3-{-2^n»i“ 2«7r^/a3, where 
4o = {CiCL^ + C^(l^ — flj) 4* ~ 

^ n * “ {«i »in 2nvaja^ + C 2 (sin ^rnra^la^ - sin ^nica^la^) ' 

^ -C38in27i7ra2/a3}, 

■■^®®^”’^^*^'“3)+C2(co8 2n7ra,/a3 -co8 27rna2/as) 

4-C3(1 - cos ^nva^fa^)}. 

14. Bepetitionsof tbeportionofy=j7(7r2~.r2)/12wlnchliesbetweenj7= d:7r. 


1. ?^V ^ 


CHAPTER XXXV. Section II. 
Page 737. 

(2r4- 1 )7ra’ 


7r2-S'(2r+l)2^^“ 2^i 

TT^ * 1 

2. -g + 42( ~ 1 ^ cos fx (-T <x<ir). A series of equal parabolic arcs, 
o ,,, 1 (2f + l)irx. tl 1 (2r+l)2irj; 

v» (27+I)» — r— = 4 - IciTTi? — r- - 

8 ** 1 

4, “2 sin (2r4- l).r ; 0 to tt ioclusive. 


_ 27i/r« 1 . . pir . pvx 

5- 75 -fp 2(>-oospir)sini^8iniy . 

6. (0to2 c-a); ,y= 


2<;-“a 


_ ^ . . nTTJ 

7. 2 „ sin 


2(2c ~ x\ (2c ~ a to 2c). 
nrr 


r / 41^ \ nir , 2^* . nrr 4l^ 

’ ■^"“V 2nir‘^n3pj«“'‘2' + SV®'" 2 »iV 

/? I V » O / 4^2 \ . nTT 2 /* 7 i 7 r „ 

fi. + S5„cos-^, 5„ = (^-;j3;^js.n.^ + p^cos-2-. B.=^. 

^ repetitions of the part between 

and x^l. 

13. If /(.r) changes to <^(x) and f (x) to <l>Xx) at j"=a, 

B §= [ /(■‘^) s‘" ^ sin^iir, 
iJ,| = ^"^B+f[.A«)cos^-/(0)] + f[^W(-l)«-<^(a)cos’?^^ 


19. 


iy ^ 

TT 0 2r 4- 1 


sin (2r 4-1)^. 


27. I tan-^ — - - -^ -. Arc of a circle, centre at the origin, and radius 

2 1 .... j 1 j- 

^wa symmetrically placed about the initial line, and subtending an 
angle ir-2a at the origin ; together with the origin itself. 
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Chartres, 1662. 

Chasles, 583, 584. 

Chauvenet, 1778, (ii) p. 876. 

Chrystal, 1900, 1901. 

Circular Arc, 525. 

Clausius, (i) p. 63. 

Clerk MaxweU, 467, 604, 1671, etc., 
(ii) p. 791, 1790. 

Clifford, 382. 

Coffin, (i) p. 522. 

Complex Constants, 1189, etc. ; Vari- 
ables, 1202, etc., 1266. 
Condensation graph, 1692. 

Condorcet, 1701. 

Conformal representation, 1235, etc. 
Conjugate points on stationary curve, 
1576. 

Continuity, 1225, etc., 1895. 

Contour integration, 1301, etc. 
Convergence of infinite integral, 1884 
et seq. 

Cornu, 660, 1169. 

Corresponding points, 463. 

Cotes’ Spirals, 609. 

Cournot, (ii) p. 150. 

Crofton, 1727-1731, (ii) p. 851. 

Cullen, (ii) p. 242. 

Culverwcll, 1568, etc. 

Curvature (conformal representation), 
1251. 

Curves on cylinder, 717 ; sphere, 
721. 

Cycloid, 518, 540. 

Cylindrical Coordinates, 774, 777. 
Cylindroid, 1896. 

Czuber, 1725. 

D’Alembert : Mortality Curve, 1736, 
1742. 

Definite Integrals. 

988-1070. Some well-known In- 
tegrals. 

1071-1120. Various groups. Logar- 
ithmic. 

1121 -1201. Derivation from Scries, 
etc. 

Deformation of path, 1276. 

De Moivre, 1217. 

De Morgan, 706, 897, 916, 946-949, 
957, (u) p. 147, (ii) p. 148, (it) p. 
150, 1189, 1200, (ii) p. 650, 1548, 
1761, (ii) p. 741. 

Density of Distribution, 1692. 
Differentiation. 

Definite Integral, 354, 1898, 1902. 
Multiple Integral, 364. 

DimidJation, IsifiO, 1359. 


Dirichlet, 968, etc., 1601, 1616, (ii) 
p. 936. 

Divergence Theorem, 1783. 

Donkin, 1600. 

Double Differentiation and Integra- 
tion, 360. 1897, 1899. 

Double Limits, 1902. 

Duplication, 1355. 

Eccentric Anomaly, 1166. 

Einstein, (ii) p 965. 

Elastica, 603-607. 

Elementarv functions, 1905. 

Elliott, 495, 1182, etc., 1187. 

Ellipse, Orbit, 199 ; Kectification, 567. 

Ellipsoid, 761. 

Elliptic Coordinates, 812. 

Elliptic functions. Periodicity, 375. 
Legendnan, 367, etc., 1329, etc. 
Weierstrassian, 1380, etc. 

Reduction, 1446, etc. 

Encke, 1778. 

Energy condition of equilibrium, 1545, 

Epicycloid, 540, 556. 

Epinome, 372. 

Equations of Condition, 1761 
Normal, 1764. 

Equiangular Spiral, 528, 529. 

Errors, 1744, etc., m.e. ; e.m.s. ; p.e., 
1750, 1752, 1757. 

Eta function (Jacobi), 1366. 

Euler, (i) pp. 103 and 104, (i) pp. (316, 
318, 319, 371, 382, 536, 852, 853, 
856, 864 ; Euler’s Constant, 897, 
911, 915, 917, 932, 1079, 1081, 
1099, (ii) p. 268, 1166; Euler’s 
Numbers, 879, 1073. 

Exclusion of poles, 128.5. 

Expansions : (u), 1416 ; f (u), 1418 ; 

ir (u). 1418 ; Taylor, 1300 ; Cauchy 
for log r(x-i-l), 940; Spherical 
Harmonics, 1868, etc. ; Legendre, 
1832, etc. 

Expectation of Life, 1741. 

Factorial Series, 950. 

Fagnano, 370, 575. 

Fermat, 518. 

Ferrers. 382, 450, 693, 1155. 

Forsyth, 1553, (ii) p. 742. 

Fourier, (ii) p. 241, 1201 ; Theorem, 
1589, 1591, 1626, 1637. 

Frequency Curve, 1692 ; Law, 1747. 

Fresnel, 560, 1166, 1169, 1172, etc., 
1323. 

FruUani, 989, 1014, 1182. 

Functionality, 1228. 
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Qammft Function, 232, 855 onwards 

Graph, 922. 

Gauss, 823, 873, 874, 882, 886, 903, 
906, 954, 982, 987, 1663, 1778, 
(ii) p. 877. 

General Theorems. 

321, etc. From definition of 

Cauchy. 

1881, etc. From definition of 

Riemann. 

General value, 344. 

Generalised formulae (Rectification), 
739. 

Genocchi, 615. 

Geodesic, 714, 1524 et aeq. 

Ghosh, (ii) p. 242. 

Gilbert, 560, 1169; Tables, 1176. 

Girard, 781. 

Glaisher, 877, (ii) p. 213, 1074, (ii) p. 
292, 1156, (ii) p, 361, 1373. 1374, 
(ii) p. 626, 1749, 1778, 1779, (ii) 
pp. 963, 964. 

Glissette, 686, etc. 

Graves, 583, 586. 

Green, 1782, 1784, etc. 

Greenhill, 59, 68. 70, 71, 184, 305, 316. 
382, 578, 581, 604, 1350, 1351, 
(ii) p. 625, p. 627, p. 628, 1398, 
(ii) p. 562, 563, 1480, (ii) p. 659. 

Gregory (Series), 963, 

Gregory and Walton, 518, 856, 970, 
972, 1049, 1068, (ii) p. 241, 1117, 
(ii) p. 290. 1201. 

Gudermann, 69, (ii) p. 149. 

Guldin, 762. 

HaU, (i) p. 319, (i) p. 359. 

Halphen, 1245. 

Hansen, 1778. 

Hardy, (ii) p. 243, 1894, 1908, (ii) p. 
962. 

Harkness and Morley, 1238, 1262, 
(ii) p. 416, 1900. 

HeUx, 712. 

Herman, (ii) p. 965. 

Hermite, 206, (i) p. 205 ; Rational 
integral forms, 1891, etc. 

Heterogeneous medium (Ray), 1536. 

Hobson. 69, 68, 70, 71, 614. 871, 
873, 899. 994, 999, 1002, 1007, 
1900. 

Holditch, 478, 484. 

Holomorphio functions, 1245. 

Homographio relation, 1265. 

Huygens, 518, (i) p. 633. 

Hyperbola, 388; Rectification, 588, 
591. 
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Hyperbolic functions, 69, 180, 184, 
188, 189, 192, 194, 197. 

Periodicity of, 67. 

/•loci, 666. 

Infinite Series, 1274, 1900. 
Instantaneous Centre, 649. 

Integration. Standard forms, 44, 89. 
by change of variable, 47, etc. 
by parts, 90. 

Sines, cosines, 114, etc. 

Rational Algebraic forms, 127, 1891, 
etc. 

Form (o+ftcosx+csina:)-!, etc., 
170, etc. 

Reduction, 208, etc. 

Form F(a:, >/^), 275. 
in terms of integrand, 182, etc. 
by Weierstrassian forms, 1433, etc. 
Intrinsic Equation, 438, 536, etc. 
Inverse Curves, 443, 621. 

Inverse Probability, 1696. 

Inversion, 725. 

Involute of circle, 555. 

Isogonal property, 1247. 

Isoperimetric companionship, 701, etc. 
Ivory, (ii) p. 47 ; Equation, 1867. 
t-y i^uations, 688. 

Jacobi, 377, 833, (ii) p. 48, (ii) p. 241. 
Jacobi’s 33 foimulae, 1351. 

Jacobian functions, 377, 1329, etc. 
Jacobians, 833, etc. 

X = 0 (Integrability of), 1500. 

Kelvin (Lord). Set Thomson and 
Tait. 

Kempe, 48h, 499. 

Kenelly, 70. 

Kirchofi, (ii) p. 525. 

Knookenhauer, 560, 1169, 1175. 
Kramp, Table, 1761. 

Kummer, 989, 1 100. 

Lacroix, (i) p. 322, 852, (ii) p. 148, (ii) 
p. 652, 1548, (ii) p. 692. 
Lagrange, 365, 366, 371, 504, 852, 853, 
1584. 

Lagrange’s Rule, 1504, 1558. 

Landen, 371, 1120, (ii) p. 291 ; Trans- 
formation, 1480. 

Laplace. 895. 1037, 1041, 1046, 1048, 
1061, (ii) p. 238, 1166, 1696, 1701, 
1704, (ii) p. 862, 1746, 1778. 
Laplace’s Equation : Various forms, 
1813 ; Hydrodyn., 1814. 

Least Action, 1533. 
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Least Squares, 1749, (Principle of) 
1763, etc. 

Legendre, 70, 271, 274, 375. 382, 391, 
530, 807, 852, 853, 897, 916, 919, 
943, 1037, (ii) p. 216, 1099, 1117, 
1120, (ii) p. 290, 1139, 1153, 1158, 
1168, 1481, 1778. 

Legendre’s Coefficients, 1798, etc., 
1818, etc. (working formulae), 
1853; Graphs, 1855, etc.; Various 
forms, 1801, etc., (Differential Co- 
efficients of) 1841, (Properties) 
1841, etc. 

Lemniscate, 592, 598, 645, 872. 

Leslie Ellis, (ii) p. 268, 1746. 

Leudesdorf, 480, 498, 1182, 1188. 

Le.xell, (i) p. 104. 

Liagre, 1778. 

Libri, 1049. 

Lima^on, 594, 1255. 

Limiting forms as definite integrals, 
319. 

Line Integral (Stokes), 467. 

Lines crossing a contour, 1709, etc. 

Lintearia, 603. 

Liouville, (i) p. 639, (li) p. 150, 962, 
968, 969, 986, 987, (ii) p. 179, 
(ii) p. 361, 1910. 

Lodge, A., 70. 

Lo codrome, 722, 730. 

MacCullagh, 584. 

Maclaurin, 369, 911, 931, 1300. 

Malet, (ii) p. 603. 

Mathews, (ii) p. 528, (ii) p. 965. 

Maxwell. See Clerk Maxwell. 

Mean V'alues, 1640, etc., (Combina- 
tion of) 1642 ; Distribution, 1646 ; 
if(p), 1650, etc. ; 1651 ; 

Mip*), 1657, if(p’»), 1661 ; M(.4), 
M{ F), 1662 ; Miscellaneous, 1663 ; 
(Restricted) 1666 ; Geometric 
Mean (Maxwell), 167M678. 

Mechanical Integrators, 505, (i) p. 522. 

Mercator’s Projection, (ii) p. 417. 

Meromorphic functions, 1245. 

Merrimsn, 1746, 1778. 

Miller, (ii) p. 291. 

Minchin, 604. 

Modular Equation, 1480. 

Modulus. Legendrian, 371, 1453, 
1454, etc. 

Weierstrassian, 1380. 

Errors, 1748. 

Moigno, 352. 

Moment of Inertia, 455, 526, 771. 

Monge, 1553, 1655. 


Morley, (ii) p. 291. 

Motion of a rod, 473. 

Multiple Angles, 117. 

Murphy, (i) p. 169. 

Nanson, (ii) p. 360. 

Neil, 516. 

Neison, 1741. 

Newton, 4, 9, 10. 

Nome, 372. 

Norm, 1876. 

Normal Equations, 1764. 

Origins of pedals of given area, 444. 
Orthogonal Coordinates, 789. 

Oval, 440, 441, 445, 448. 

Ovoid, 627. 

o(u) Expansion, 1416. 

II function, 8K6, etc. 

Pappus, 7,52. 

Parallel Curves, 435. 

Parallel Rulings, 1704. 

Paranome, 372. 

Parker, (i) p. 64. 

Partial Fractions, 139, etc., 1891, etc. 
Pascal, 518. 

Peacock, (i) p. 319. 

Pedal Curves. 422, 424, 561, 563, 564. 
Pedal of Evolute, 425. 

Pedal of Minimum Area, 449. 

Peirce, 1778. 

Pendulum, 389. 

Periodicity, Elliptic function, 1297, 
etc.. 1330, etc., 1.335, 1352; ^{u), 
1385. 

Hyperbolic function, 67. 

Period Parallelogram, 1298. 

Petzval, (i) p. 380. 

Plana, 929, 1183. 

Plan i meter, 505. 

Poisson, 989. 990, 1068, 1108, 11,39, 
(ii) p. 358, 1548, 1601, (ii) p. 741. 
1778. 

Polar Subtangent, 437. 

Pole, 1244. 

Pole Clusters, 1317. 

Popoff, 366. 

Powers, etc., of sines and cosines, 114. 
Preston, 560, 1169, 1174, 1175, 1176. 
Principal Values, 344. 

Product of Inertia, 526. 
yjr function, 911, etc., 950, etc. 

Quadrature, 393, etc. ; Line Integral 
398 ; Sectorial Areas, 407 ; Tan- 
gen tial-Polars, 418; Trilinears, 
460. 

Quasi -Inversion, 1255. 
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Raabe. 1083. 

Random Points, 1688, etc. ; Lines, 
1707. 

Rankine, (i) p. 31. 

Rational fractional forms, 127, etc., 
1891, etc. 

Reciprocal Quartic, 314. 

Rectification formulae, 611, etc., 739. 

Reduction formulae, 101, 185, 208, 
etc., 1057, 1144, 1148. 

Reduction to standard form : Legend - 
rian, 1459, etc. ; Weierstrassian 
1449, etc. 

Relative Maxima and Minima, 1504, 
1558, 1665, 1582, 

Review of cases of integration by 
means of elementary functions, 
1905. etc. 

Regnault, (i) p- 64. 

Rhodoneae, 705. 

Rhumb line, 722, 730. 

Riemann : Surface, 1261 ; Definition, 
1876, etc. ; Theorem, 1878, etc. 

Roberts, 614, 615. 

Roberts. R. A., 623, 625, 642, 647, 
(i) p. 670, 710. 

Rodrigues, 1802, 1828. 

Rolling Curves, 655. 

Roulette, 678. 

Routh, 363, 504, 603, 604, (i) p. 637, 
756. 771, 823, 877, (ii) p. 179, (ii) 
p. .52.‘). 1651, 1652, 1653. 1661, 
1663, (11) p. 933. 

Russell, 305. 

Russell, W. H. L,, (ii) p. 360, p. 361. 

Salmon, ,583, 584, 743, 1904, 

Sanjaiia, (ii) p. 291, 1650. 

Schulz, 733. 

Schwarz, 1398, 1431. 

Secants, 120. 

Seidel, 1900. 

Semi -cubical Parabola, 516. 

Serret, 271, 3.34, 352, 601, (i) p. 638, 
646, 647, 648, (i) p 669, p. 670, 
807, 897, 907, 922, 944, (ii) p, 
149, 1159, 1164, 1168, 1201, 

Sheets, 1261. 

Short-range V^ariations, 1574. 

Sigma functions, Weierstrassian, 1381; 
Expansion, 1418. 

Simpson, 21. 

Singularities, 1243. 

Six connections, 217, 219, 225. 

Smaasen. (ii) p. 360. 

Smith, C., 460, 713, 789, 899, 911. 
1696. 


Smith, H. J. S., 1876, 1878, 1880. 

Soldner, 1178, etc.. 1906. 

Solid Angle, 821 . 

Spence, 1906. 

Spherical areas, 780 ; curves, 728 ; 
triangle, 781 ; polar elements, 
775-778. 

Spherical Harmonics, 1786, etc., 1789 ; 
Poles and Axes, 1790 ; Number 
of constants, 1788 and 1796 ; Sur- 
face Harmonics, 1787; Derivation 
of, 1791 ; General form, 1792 ; 
Zonal Harmonics, 1795; Sectorial 
Harmonics, 1866 ; Tesseral Har- 
monics, 1865 ; Differentiation of 
Zonal Harmonics, 1873. 

Sphero-Conic, 388, 73^ 

Spitzer, (i) 379. 

Standard forms. Elementary, 44, 89. 

Legendrian, 371, 1329, etc., 1459, 
etc. 

Weierstrassian, 1380, etc., 1446, 
etc. 

Strict accuracy of, 1890. 

Standard Results, Gamma Function, 
955. 

Stanham, (ii) p. 851. 

Stationary Curves, 1570, etc. 

Steiner, 672, 675. 

Stereographic Projection, 727, (ii) p. 
417. 

Stirling, 875, 877, 884, 941. 

! Stokes, 466, 467, (ii) p. 152, 1781, 
etc., 1900. 

I Stolz, 1892 (application of Legen^ian 
j Substitution to form I/X-JY). 

j Substitutions, 55. 

■ Surface (Element), 772, (curves on a), 
' Calculus of Variations, 151 1. 

! Surface Integrals, 451, etc., 1781. 

1 Surface of Ellipsoid, 807, 809. 

I Surface of Revolution, 748. 

! Sylvester, (ii) p. 47, 1725. 
i Synectic Functions, 1243. 

System of moving particles, 492. 

Table of standard forms, 44, 89. 

Table of values of Sp^ 957. 

Tail, 433. 

Tait and Steele, (i) p. 377, (ii) p. 
525. 

Tangents and Cotangents, 125. 

Taylor, 365 ; Theorem, 1300. 

Tchebechef, 1073. 

; Tetrahedrals, 804. 

] Theta functions (Jacobi), 1366, 1627. 
i Thomson, Sir J. J., (ii) p* 623. 
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Thomson and Tait, 1592, 1782, (Lord 
Kelvin’s Extension of Green’s 
Theorem), 1786. 

Todhunter, (i) p. 169, 353, (i) p. 377, 

(i) p. 378, 820, 852, (u) p. 48, 
897, (u) p. 151, 972. 1185, (ii) p. 
417, 1507, (ii) p. 657, (ii) p. 719, 

(ii) p. 741, (ii) p. 743, 1701, 1704, 
1736, 1742, (ii) p. 852, 1746, 1749, 
1805, (ii) pp. 934, 936. 

Todhunter and Leathern, 733, 781 , 824. 
Townsend, 1540, (ii) p. 651. 
Transcendents (orders of), 1905. 
Trapezoidal Rule, 22. 

Trembley, 1701. 
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IDEALTHEORIE 
By W. KRULL 

— (Ergeb. der Moth.) 1935. 159 pp. 5y2x8V2 Ong. publ. 
(poper bound) Qt $7.00. [48] Cloth, $ 3.95 


GROUP THEORY 


By A. KUROSH 

Translated from the second Russian edition and 
with added notes by Prop. K. A. Hirsch. 

A complete rewriting of the first, and already 
famous, Russian edition. 

Partial Contents: Part one: The Elements of 
Group Theory. Chap. I. Definition. II. Subgroups 
(Systems, Cyclic Groups, Ascending Sequences of 
Groups). III. Normal Subgroups. IV. Endomor- 
phisms and Automorahisms. Groups with Opera- 
tors. V. Series of Subgroups. Direct Products. 
Defining Relations, etc. Part two: Abelian Groups. 
VI. Foundations of the Theory of Abelian Groups 
(Finite Abelian Groups, Rings of Endomorphisms, 
Abelian Groups with Operators). VII. Primary 
and Mixed Abelian Groups. VIII. Torsion-Free 
Abelian Groups. Editor's Notes. Bibliography. 

Vol. II. Part Three: Group-Theoretical Con- 
structions. IX. Free Products and Free Groups 
(Free Products with Amalgamated Subgroup, 
Fully Invariant Subgroups). X. Finitely Genera- 
ted Groups. XI. Direct Products. Lattices (Modu- 
lar, Complete Modular, etc.). XII. Extensions of 
Groups (of Abelian Groups, of Non-commutative 
Groups, Cohomology Groups). Part Four: Solv- 
able and Nilpotent Groups. XIII. Finiteness Con- 
ditions, Sylow Subgroups, etc. XIV. Solvable 
Groups (Solvable and Generalized Sol vable Groups, 
Local Theorems). XV. Nilpotent Groups (General- 
ized, Complete, Locally Nilpotent Torsion-Free, 
etc.). Editor's Notes. Bibliography. 

— Vol I 2nd ed 1959 271 pp 6x9. [1071 $4.95 

— Vol ll.2nded 1960 308 pp 6x9. [109] $4.95 


DIFFERENTIAL AND INTEGRAL CALCULUS 
By E. LANDAU 

Landau's sparkling Einfiihrung in English trans- 
lation. Completely rigorous, completely self- 
contained, borrowing not even the fundamental 
theorem of algebra (of which it gives a rigorous 
elementary proof), it develops the entire calculus 
including Fourier series, starting only with the 
properties of the number system. A masterpiece of 
rigor and clarity. ^ 

— 2nd ed. 1960. 372 pp. 6x9 f78] $6.00 


ELEMENTARE ZAHLENTHEORIE 
By E. LANDAU 

^'Interest is enlisted at once and sustain^ by the 
accuracy, skill, and enthusiasm with u^ich Landau 
marshals . . , facts and simplifies . . . details. 

— (?. D. Birkhoff, Bulletin of the A. M. S* 
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VORLESUNGEN UBER ZAHLENTHEORIE 

By E. LANDAU 

The various sections of this important work 
(Additive, Analytic, Geometric, and Algrebraic 
Number Theory) can be read independently of one 
another. 

— ^Vol. I, Pt. 2. *( Additive Number Theory ) xii -f 180 pp. Vol. 
11.1 Analytical Number Theory and Geometrical Number Theory ) 
viii -H 30o pp. Vol. III. (Algebraic Number Theory and Fermat's 
Lost Theorem) viii -f 341 pp. S'AxS 1 / 4 . * (Vol. I, Pt, 1 is issued 
as elementary Member Theory.) Originally pubi at $26 40 
[321 Three vols in one $ 14.00 


ELEMENTARY NUMBER THEORY 

By E, LANDAU 

The present work is a translation of Prof. Lan- 
dau’s famous Elementare Zahlentheorie, with 
added exercises by Prof. Paul T. Bateman. 

Part One. Foundations of Number Theory. I. 
Divisors. II. Prime Numbers, Prime Factoriza- 
tion. III. G.C.D. IV. Number-theoretic Func- 
tions. V. Congruences. VI. Quadratic Residues. 
VII. Pell’s Equation. Part Two. Brun’s Theorem 
and Dirichlet’s Theorem. PaRt Three. Decompo- 
sition into Two, Three, and Four Squares. I. 
Farey Fractions. II. Dec. into 2 Squares. III. Dec. 
into 4 Squares. IV. Dec. into 3 Squares. Part 
Four. Class Numbers of Binaiw Qua(iratic Forms. 
II. Classes of Forms. III. Finiteness of Class 
Number. IV. Primary Representation . . . VI. 
Gaussian Sums . . . IX. Final Formulas for Class 
Number. 

Exercises for Parts One, Two, and Three. 
—1958. 256 pp. 6x9. [1251 $4.9$ 


EINFUHRUNG IN DIE ELEMENTARE UND 
ANALYTISCHE THEORIE DER 
ALGEBRAISCHE ZAHLEN UND DER IDEALE 
By E. LANDAU 

—2nd ed. vii 147 pp. 5‘/2*8 [621 $2.95 


GRUNDLAGEN DER ANALYSIS 

By E. LANDAU 

The student who wishes to study mathematical 
German will find Landau’s famous Grundlagen der 
Analyaia ideally suited to his needs. 

Only a few score of German words will enable 
him to read the entire book with only an occasional 
glance at the Vocabulary! [A Complete German- 
English vocabulary, prepared with the novice 
especially in mind, has been appended to the book.] 

—3rd ed. 1960. 173 pp. 5%x8. , [241 Cloth |3.S0 

ri411 Paper $1.9$ 
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FOUNDATIONS OF ANALYSIS 

By B, LANDAU 

"'Certainly no clearer treatment of the foundations 
of the number system can be offered. . . . One can 
only be thankful to the author for this fundamental 
piece of exposition, which is alive with his vitality 
and genius.”— F. Ritt, Amer, Math. Monthly. 

— 2nded 1960.6x9. [79] $3.50 


HANDBUCH DER LEMRE VON DER 
VERTEILUNG DER PRIMZAHLEN 

By F. LANDAU 

To Landau's monumental work on prime-number 
theory there has been added, in this edition, two of 
Landau’s papers and an up-to-date guide to the 
work: an Appendix by Prof. Paul T. Bateman. 

— 2nd ed 1953. 1.028 pp SVixSVi [961 Two vol set $14.95 

UEBER ANALYSIS 

By E. LANDAU, B. RIEMANN, and H. WEYL 

— See Weyl-Landau-Ricmann 

MEMOIRES SUR LA THEORIE DES SYSTEMES 
DES EQUATIONS DIFFERENTIELLES 
LINEAIRES, Vols. I, II. Ill 

By J. A. LAPPO DANlLEVSKir 

Three volumes in one. 

Some of the chapter titles are: General theory of 
functions of matrices; Analytic theory of matrices; 
Problem of Poincar^; Systems of equations in 
neighborhood of a pole; Analytic continuation; In- 
tegral equations and their application to the theory 
of linear differential equations; Riemann’s prob- 
lem; etc. . .. , 

‘"The theory of [systems of linear differential 
equations] is treated with elegance and generality 
by the author, and his contributions constitute an 
important addition to the field of differential equa- 
tions .” — Applied Mechanics Reviews. 

— 3 volumes bound as one. 689 pp [94] $10.00 


TOPOLOGY 

By S. LEFSCHETZ 
CONTENTS: I. Elementary Combinatorial 

Theory of Complexes. II. TopoWal lnv^^^^ 


of Homology Characters. HI. Manifolds ana their 
Duality Theorems. IV. Intersections of Chains 
on a Manifold. V. Product Complexes. VI. Tran^ 
formations of Manifolds, their C<»"“4®"®«?' 
Points. VII. Infinite Complexes. VIII. Applica- 
tions to Analytical and Algebraic Varieties. 

— Znd ed. (Corr. repr. of Ut ed ). x-H'110 

I I lO I 
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ELEMENTS OF ALGEBRA 

By HOWARD LEVf 

“This book is addressed to bcf^inning: students of 
mathematics. . . . The level of the book, however, is 
so unusually hij^h, mathematically as well as peda- 
gogical! y, that it merits the attention of profes- 
sional mathematicians (as well as of professional 
pedagogues) interested in the wider dissemina- 
tion of their subject among cultured people ... a 
closer approximation to the right way to teach 
mathematics to beginners than anything else now 
in existence .” — Bulletin of the A. M. S, 

— Third ed. 1960 xi 4 161 pp. 5Vb^B [1031 $3.25 


LE CALCUL DES RESIDUS 

By E, UNDELOF 

Important applications in a striking diversity of 
mathematical fields: statistics, number theory, the 
theory of Fourier series, the calculus of finite 
differences, mathematical physici. and advanced 
calculus, as well as function theory itself. 

— 151 pp 5’/2«8V2 134 1 $3.25 

THE THEORY OF MATRICES 

By C. C. MacOUFFEE 

“No mathematical library can afford to be without 
this book .” — Bulletin of the .4. M. S. 

— 1 Ergeb der Moth > 2nd edition 116 pp 6x9 Ong pubi 

ot $5 20 1281 $2.95 

MACMAHON, "Introduction . . " smm Klein 


COMBINATORY ANALYSIS, Vols. I and II 

By P. A. A4ACMAHON 

Two VOLI^MES IN ONE. 

A broad and extensive tieatise on an important 
branch of mathematics. 

— XX 300 -t- XX -T 340 pp 53/t,x8 {137) Two voli m one 

$7.50 


FORMULAS AND THEOREMS FOR THE 
FUNCTIONS OF MATHEMATICAL PHYSICS 
By W. MAGNUS and F, OBERHETTINGER 

Gathered into a compact, handy and well-arranged 
reference work are thousands of results on the 
many important functions needed by the physicist, 
engineer and applied mathematician. 

Translated by J. Wermer. 

— 1954 182 pp. 6x9. Germon edition wos $7 00 (51 I $3.90 
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THE DEVELOPMENT OF 
MATHEMATICS IN CHINA AND JAPAN 

By Y. MIKAMI 
A scholarly work. 

— First ed 1913 vm ■+ 347 pp 5%x8 Summer, '61 

IM91 Prob ^3.95 


GEOMETRIE DER ZAHLEN 

By H. MINKOWSKI 

— VIII 256 pp SVixSVii [93] M.50 

DIOPHANTISCHE APPROXIAdATIONEN 

By H. MINKOWSKI 

‘"Since the author has g-iven an elementary, enter- 
taining, account, both in geometric and arithmetic 
language, of some important original results as 
well as the salient features of a classic theory, but 
presented in a novel manner, his work is deserving 
of the attention of the very widest circle of 
readers.*' — L. £7. Dickson. 

— VIII -4 235 pp. 5V4X8V4 [U8] $4.50 

MORDELL, ''Fermat's Last Theorem," see K!min 

INVERSIVE GEOMETRY 

By F. MORLEY and F. V. MORLEY 

Chapter Headings: I. Operations of Elementary 
Geometry. II. Algebra. III. The Euclidean Group. 
IV. Inversions, V. Quadratics. VI. The Inversive 
Group of the Plane. VII. Finite Inversive Groups. 
VIII. Parabolic, Hyperbolic, and Elliptic Geom- 
etries. IX. Celestial Sphere. X. Flow. Xl. Differ- 
ential Geometry. XII. The Line and the Circle. 
XIII. Regular Polygons. XIV. Motions. XV. The 
Triangle. XVI. Invariants under Homologies. 
XVII. Rational Curves. XVIII. Conics. XIX. 
Cardioid and Deltoid. XX. Cremona Transforma- 
tions. XXI. The w-Line. 

— xi-f-273 pp 5Vax8Va [1011 $3.95 

LEHRBUCH DER KOMBINATORIK 

By E. NETTO 

The standard work on the fascinating subject of 
Combinatory Analysis. 

— Second edition vni + 348 pp 5x8 in. [1231 $4.95 


VORLESUNGEN UBER 
DIFFERENZENRECHNUNG 
By N. H. NORLUND 

— ix -f- 551 pp. 5x8. Orig. publ. at $1 1 .50. 


[tool $5.95 
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FUNCTIONS OF REAL VARIABLES 
FUNCTIONS OF A COMPLEX VARIABLE 
By W. F. OSGOOD 

Two VOLUMES IN ONE. 

** Well-organized courses, systematic, lucid, fun- 
damental, with many brief sets of appropriate 
exercises, and occasional su^grestions for more ex- 
tensive reading^. The technical terms have been 
kept to a minimum, and have been clearly ex- 
plained. The aim has been to develop the student’s 
power and to furnish him with a substantial body 
of classic theorems, whose proofs illustrate the 
methods and whose results provide equipment for 
further progress.” — Bulletin of A, M, S 
— 676 pp. 5x8. 2 vols. in 1 . iMA] $4.95 


DIE LEHRE VON DEN KETTENBRUECHEN 

By O. PEBRON 

Both the Arithmetic Theory and the Analytic 
Theory are treated fully. 

“An indispensable work . . . Perron remains the 
best guide for the novice. The style is simple and 
precise and presents no difficulties.” 

— Mathematical Gazette. 
— 2nded 536 pp 5»/4x8 [731 %S.9S 


IRRATIONALZAHLEN 

By O. PERRON 

Methods of introducing irrational numbers 
(Cauchy, Bolzano, Weierstrass, Dedekind, Cantor, 
Meray, Bachman, etc.) Systematic fractions, con- 
tinued fractions. Cantoris aeries and algorithm, 
Liiroth's and Engel* a series. Cantoris products. 
Approximations, Kronecker theorem. Algebraic 
and transcendental numbers {including transcen- 
den’cy proofs for e and n; Liouville numbers, etc.) 
— 2nd ed. 1939 207 pp 5'/4x8*A [47 J Cloth $J.2$ 

[1131 Paper $1.50 


EIGHT-PLACE TABLES OF 
TRIGONOMETRIC FUNCTIONS 
By J. PETERS 

With an appendix on the computation to twenty 
decimal places. 

— Approx. 950 pp. 8x11 . [ 1 54 1 In prep. 


SUBHARMONIC FUNCTIONS 

By T. RAOO 

<Cro«b. der Moth.) 1937. iv + 56 pp. SVznBVz. [60] $2.00 
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THE PROBLEM OF PLATEAU 

By T. KADO 

— (Ergeb. der Math ) 1933. 113 pp. Orig. pubt. <in 

paper bindmg) at $5.10. fSl] Cloth, $2.95 

EiNFUHRUNG IN DIE KOMBINATORISCHE 
TOPOLOGIE 

By K, REIDEMEISTER 

Group Theory occupies the first half of the book; 
applications to Topologry, the second. This well- 
known book is of interest both to algrebraists and 
topologrists. 

— 221 pp. 5»/2 x8>/4 [76] $3.50 


KNOTENTHEORIE 

By K. REIDEMEISTER 

— (Ergeb der Moth ) 1932 78 pp SVixSVi. HO] $2.25 


FOURIER SERIES 

By W. ROGOSINSKI 

Translated by H. Cohn. Desigrned for begrinners 
with no more backg^round than a year of calculus, 
this text covers, nevertheless, an amazing amount 
of grround. It is suitable for self-study courses as 
well as classroom use. 

“The field covered is extensive and the treatment 
is thoroug:hly modern in outlook . . . An admirable 
^uide to the theory .” — Mathematical Gazette, 

— Second ed. 1959. vi -f 176 pp. 4 1 / 2 x 6 ^/z- [67] $2.25 


CONIC SECTIONS 

By G. SALMON 

“The classic book on the subject, coverings the whole 
ground and full of touches of genius.” 

— Mathematical Association. 
— 6th ed. XV + ^00 pp. 51 / 4 x 81 / 4 . 199] Cloth $3.25 

(981 Paper $1.94 


HIGHER PLANE CURVES 

By G. SALMON 

Chapter Headings: I. Coordinates. II. General 
Properties of Algebraic Curves. III. Envelopes. IV. 
Metrical Properties. V. Cubics. VI. Quartics. VII. 
Transcendental Curves. VIII. Transformation of 
Curves. IX. General Theory of Curves. 

— 3rd ed. xix + 395 pp. 54%x8. 


[1381 $4.95 




CHELSEA SCIENTIFIC BOOKS 


ANALYTIC GEOMETRY OF 
THREE DIMENSIONS 
By G. SALMON 

A rich and detailed treatrhent by the author of 
Conic Sections, Higher Plane Curves, etc. 

— Seventh edition (V. 1). 406 pp. 5x8 [1221 ^ 4.95 

INTRODUCTION TO MODERN ALGEBRA 
AND MATRIX THEORY 

By O. SCHREIER and E, SPERNER 

An Engflish translation of the revolutionary work, 
Einfiihrung in die Analytische Geometrie und 
Algebra. Chapter Headin^Ts: I. Affine Space. Linear 
Equations. (Vector Spaces). II. Euclidean Space. 
Theory of Determinants. III. The Theory of Fields. 
Fundamental Theorem of Algebra. IV. Elements 
of Group Theory. V. Matrices and Linear Trans- 
formations. The treatment of matrices is especially 
extensive. 

** Outstanding . . . good introduction . . . well 
suited for use as a text . . . Self-contained and each 
topic is painstakingly developed.** 

— Mathematics Teacher. 
— Second ed. 1959. viu -H 378 pp. [80! $6.00 

PROJECTIVE GEOMETRY OF n DIMENSIONS 
By O. SCHREIER and E. SPERNER 

Translated from the German by Calvin A. Rogers. 

A textbook on the analytic projective geometry 
of n dimensions whose clarity and explicitness of 
presentation can hardly be surpassed. 

Suitable for a one-semester course on the senior 
undergraduate or first-year graduate level. The 
background required is minimal: The definition 
and simplest properties of vector spaces and the 
elements of matrix theory. For the reader lacking 
this background, suitable reference is, made to the 
Authors* companion volume Introduction to Mod- 
em Algebra and Matrix Theory. 

There are exercises at the end of each chapter 
to enable the student to test his mastery of the 
material. 

Chapter Headings: I. n-Dimensional Projective 
Space. II. General Projective Coordinates. III. 
Hyperplane Coordinates. The Duality Principle. 
IV. The Cross Ratio. V. Projectivities. VI. Linear 
Projectivities of Pn onto Itself. VII. Correlations. 
VIII. Hypersurfaces of the Second Order. IX. 
Projective Classification of Hypersurfaces of the 
Second Order. X. Projective Properties of Hyper- 
surfaces of the Second Order. XI. The Affine 
Classification of Hypersurfaces of the Second Or- 
der. XII. The Metric Classification of Hyper- 
surfaces of the Second Order. 

— 1961. 208 pp. 6x9. 


[1261 $ 4.95 
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PROJECTIVE METHODS 
IN PLANE ANALYTICAL GEOMETRY 
By C. A. SCOTT 

The original title of the present work, as it ap- 
peared in the first and second editions, was **An 
Introductory Account of Certain Modern Ideas and 
Methods in Plane Analytic Geometry.** The title 
has been changed to the present more concise and 
more descriptive form, and the corrections indi- 
cated in the second edition have been incorporated 
into the text. 

Chapter Headings: I. Point and Line Co- 
ordinates. II. Infinity. Transformation of Coordi- 
nates. III. Figures Determined by Four Elements. 
IV. The Principle of Duality. V. Descriptive Prop- 
erties of Curves. VI. Metric Properties of Curves; 
Line at Infinity. VII. Metric Properties of Curves; 
Circular Points. VIII. Unicursal (Rational) 
Curves. Tracing of Curves. IX. Cross-Ratio, 
Homograph y, and Involution. X. Projection and 
Linear Transformation. XI. Theory of Corre- 
spondence. XII. The Absolute. XIII. Invariants 
and Covariants. 

— Ready, Summer, 1961, 3rd ed xiv 4- 288 pp. 5x8. 

[M6] Probably $3.50 

LEHRBUCH DER TOPOLOGIE 

By H. SEIFERT and W. THRELFALL 

This famous book is the only modern work on com- 
binatorial topology addressed to the student as well 
as to the specialist. It is almost indispensable to 
the mathematician who wishes to gain a knowledge 
of this important field. 

“The exposition proceeds by easy stages with 
examples and illustrations at every turn.'* 

— Bulletin of the A. M. S. 
— 1934 360 pp SVziiSVz. Orig. publ. at $8.00, [31] $ 4.95 


SHEPPARD, 'Trom Determinant to Tensor/' see Klein 

HYPOTHESE DU CONTINU 

By W. SIERPINSKI 

An appendix consisting of sixteen research papers 
now brings this important work up to date. This 
represents an increase of more than forty percent 
in the number of pages. 

“One sees how deeply this postulate cuts through 
all phases of the foundations of mathematics, how 
intimately many fundamental questions of anal- 
ysis and geometry are connected with it ... a most 
excellent addition to our mathematical literature.*’ 

— Bulletin of A. Af. S. 
Second edition. 1957. xvli 4- 274 pp. 5x8. [117) $ 4.95 

SINGH, "Non-Differentioble Functions," see Hobson 
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DIOPHANTISCHE GLEICHUNGEN 

By r. SKOLEM 

**Thi8 comprehensive presentation . . . should be 
warmly welcomed. We recommend the book most 
heartily .” — Acta Szeged. 

— (Ergeb. der Moth.) 1938. ix+130 pp. 5Vix8Vi. Cloth. 
Orig. pubt. at $6.50. [75] $3.S0 

ALGEBRAISCHE THEORIE DER KOERPER 

By E. STEINITZ 

“Epoch-makingr.” — A. Hoar, Aca Szeged, 

— 177 pp. including two oppendices. SVa^cSVa. [77] $3.25 


INTERPOLATION 
By J, F. STEFFENSEN 

*‘A landmark in the history of the subject. 

“Starting: from scratch, the author deals with 
formulae of interpolation, construction of tables, 
inverse interpolation, summation of formulae, 
the symbolic calculus, interpolation with several 
variables, in a clear, elegrant and rigorous manner 
. . , The student . . . will be rewarded by a compre- 
hensive view of the whole field. ... A classic ac- 
count which no serious student can afford to 
neglect.” — Mathematical Gazette, 

—•1950. 2nd cd. 256 pp. Ong. $8 00 [71] $4.95 

A HISTORY OF THE MATHEMATICAL 
THEORY OF PROBABILITY 
By /. TODHUNTER 

Introduces the reader to almost every process and 
every species of problem which the literature of 
the subject can furnish. Hundreds of problems are 
solved in detail. 

— 640 pp. 5!4x8. Previously publ. at $8.00. [57] $6.00 

SET TOPOLOGY 

By R, VAIDYANATHASWAMY 

In this text on Topology, the first edition of which 
was published in India, the concept of partial order 
has been made the unifying theme. 

Over 500 exercises for the reader enrich the text. 
Chapter Headings: I. Algebra of Subsets of a 
Set. II. Rings and Fields of Sets. III. Algebra of 
Partial Order. IV. The Closure Function. V. Neigh- 
borhood Topology. VI. Open and Closed Sets. VII. 
Topological Maps. VIII. The Derived Set in T, 
Space. IX. The Topological Product. X. Con- 
vergence in Metrical Space. XI. Convergence 
Topology. 

—2nd ad. 1960. vi -f 305 pp. 6x9. 


[ 1 39] $6.00 
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LECTURES ON THE GENERAL THEORY OF 
INTEGRAL FUNCTIONS 
By G. VALIRON 

— 1923. XI 14 - 2 O 8 pp. S'AxS. (561 fl.50 


GRUPPEN VON LINEAREN 
TRANSFORMATIONEN 

By B. L. VAN DER WAERDEN 

— (Ergeb. der Math.) 1935. 94 pp. SVixSVi- $2.50 


LEHRBUCH DER ALGEBRA 

By H, WEBER 

The bible of classical algrebra, still unsurpassed for 
its clarity and completeness. Much of the material 
on elliptic functions is not available elsewhere in 
connected form. 

Partial Contents: VOL, I, Chap. I. Rational 
Functions. II. Determinants. III. Roots of Alge- 
braic Equations. V. Symmetric Functions. V. 
Linear Transformations. Invariants. VI. Tchirn- 
haus Transformation. VII. Reality of Roots. VIII. 
Sturm’s Theorem. X. Limits on Roots. X. Approxi- 
mate Computation of Roots. XI. Continued Frac- 
tions. XII. Roots of Unity. XIII. Galois Theory. 
XIV. Applications of Permutation Group to 
Equations. XV. Cyclic Equations. XVI. Kreistei- 
lunff. XVII. Algebraic Solution of Equations. 
XVIII. Roots of Metacyclic Equations. 

VOL, 77. Chaps. I.-V, Group Theory. VI.-X. 
Theory of Linear Groups. XI.-XVI. Applications 
of Group Theory (General Equation of Fifth De- 
gree. The Group Gm and Equations of Seventh 
Degree . . .). XVII.-XXIV. Algebraic Numbers. 
XXV. Transcendental Numbers. 

VOL. Ill, Chap. I. Elliptic Integral. II. Theta 
Functions. III. Transformation of Theta Functions. 
IV. Elliptic Functions. V, Modular Function. V. 
Multifilication of Elliptic Functions. Division. VII. 
Equations of Transformation. VIII. Groups of the 
Transformation Equations and the Equation of 
Fifth Degree . . . XI.-XVI. Quadratic Fields. XVII. 
Elliptic Functions and Quadratic Forms. XVIII. 
Galois Group of Class Equation. XIX. Computa- 
tion of Class Invariant . . . XII. Cayley’s Develop- 
ment of Modular Function. XXIII. Class Fields. 
XXIV.-XXVI. Algebraic Functions. XXVII. Alge- 
braic and Abelian Differentials. 

—•Ready. Fall. '61. 3rd ed. (C. rapr. oi2nd ad.). 2.345 pp. 5x8. 

£144] Thraa vol. tat. Probably $19.50 
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DAS KONTINUUM, 
und andere Monographien 
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